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Abstract

In this thesis we consider the problem of determining whether two or more independent time
series have been generated by the same underlying stochastic process, or by the same mech-
anism. There is an extensive literature on comparing time series from univariate stationary
processes on the basis of their second order properties, that is, their dependence structures
over time. These existing methods are nonparametric and are based on comparing peri-
odograms or sample autocovariances. They are generally limited by requiring equal sample
sizes and Gaussian assumptions. We introduce a parametric approach which involves fitting
parametric models to the time series and comparing model parameters. The parametric ap-
proach avoids the limitations of the nonparametric and simulations are used to show that
it results in a more powerful test. We also show how to extend the parametric approach to
compare time series from multivariate stationary processes.

A further extension is to compare time series which are from stochastic processes which
contain periodic components. Such time series are typically modelled using mixed models
which are made up of a deterministic periodic component and a stationary stochastic compo-
nent. We develop tests for whether two or more time series have been generated by processes
with periodicities at the same fixed frequencies and stationary components with the same
second order properties. In order to extend the procedures to the multivariate case we first

develop novel methods for frequency estimation in the multivariate mixed model.
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Introduction

This thesis is concerned with methods for comparing time series in order to determine if they
have been generated by the same source, or by the same underlying mechanism. The need
to compare, or in other words, to discriminate between, time series arises in a wide variety
of applications. For example, time series discrimination can be used for fault detection in a
mechanical system by comparing a vibration signal to a reference signal which is known to
be in working order (Bassily et al., 2009; Jin, 2011). Climate data from different locations
may be compared to determine if different regions display the same weather patterns (Lund
et al., 2009). Comparing the physical properties of wireless signals can be used to enhance
the security of wireless networks (Tugnait, 2013). In economics, it may be of interest to know
if asset prices behave differently in different time periods (Coates and Diggle, 1986) or across

different markets.

A time series is a single, partial, realisation of a stochastic process, or sequence of random
variables, observed over time. We wish to compare, therefore, the statistical properties of
the underlying stochastic processes of the time series being analysed. In many practical
applications, it is sufficient to compare stochastic processes on the basis of their second order

properties, that is, their dependence structure over time. This is commonly measured by



2 Introduction

the covariances between the random variables separated by fixed time lags, known as the
autocovariances. An alternative measure of the dependence structure is the discrete Fourier
transform of the autocovariances, known as the spectral density. We therefore require a test
which compares the autocovariances, or equivalently, the spectral densities, of the stochastic

processes generating the time series.

In practice, it will often be more relevant to test whether the stochastic processes have
the same autocorrelations rather than the same autocovariances. This would be the case
if, for example, a signal was recorded by two devices at different distances. The recordings
would differ in scale, but we would wish that our test did not discriminate between the two.
If two processes have the same autocorrelations, this is equivalent to the ratio of the spectral

densities being constant, and we would say that the processes have the same spectral shape.

The topic of this thesis was originally studied in my Master of Research (MRes) thesis.
The MRes thesis reviewed the existing literature on time series discrimination, which is mostly
focused on the comparison of two time series from univariate stationary processes. That is,
stochastic processes whose statistical properties remain the same over time. Almost all of the
existing methods are nonparametric in that they are not based on fitting models to the time
series. Instead, tests are based on either sample autocovariances or the periodogram, which

is proportional to the squared modulus of the discrete Fourier transform of a time series.

The original work on the topic was by Coates and Diggle (1986) who proposed tests for
comparing spectral densities based on computing the periodograms of the two time series
at the Fourier frequencies, which can be done efficiently using the fast Fourier transform
algorithm. To test for differences in spectral shape, they took the logarithm of the ratios
of these values and used their range as a test statistic. It was shown that the test based
on this range statistic has very low power. However, there has been a number of papers in
recent years which have developed further tests based on comparing the values obtained by
evaluating periodograms at the Fourier frequencies. A common approach, for example, is to
consider distance measures between these values from each time series. These new tests have

generally been shown to be improvements on those of Coates and Diggle (1986).

It is easy to see the appeal in using the periodogram as a basis for spectral discrimination,
since smoothing the periodogram leads to a consistent estimator of the spectral density.
Furthermore, the random variables obtained by computing the periodogram at a fixed set of
points are asymptotically independent and identically distributed as multiples of chi-squared
random variables. This property can be used to derive asymptotic theory of a periodogram

based test statistic. However, if the periodogram is computed at a set of frequencies that



is not fixed as the sample size increases, such as the Fourier frequencies, these asymptotic
properties do not hold except in the case where the underlying processes are Gaussian and
white. The asymptotic theory for the periodogram based tests therefore requires these fairly
strong assumptions to be made. A further drawback to the nonparametric tests is that they
generally require the sample sizes of the time series to be equal, although some tests have

been adjusted to account for unequal sample sizes.

The MRes thesis examined a parametric approach which was proposed by Quinn (2006).
Under this approach, autoregressions are fitted to the two time series. If two autoregressive
processes have the same spectral shape then they have the same autoregressive parameters.
Therefore, the null hypothesis of interest is that the two time series are from autoregressions
with the same autogressive parameters. The alternative hypothesis is that the autoregressive
parameters are not all the same. A test statistic was derived using a likelihood ratio procedure
based on Gaussian likelihood functions. Since it is not assumed that the time series are from
processes which are Gaussian, it is in fact a pseudo-likelihood ratio procedure. In order to
compute the test statistic, autoregressive models must be fitted to two time series with the
same autoregressive parameters but potentially different residual variances and sample sizes.
The use of a parametric approach was motivated by the fact that parametric methods are
generally expected to be more powerful than nonparametric. It also allows for time series

with unequal sample sizes.

The MRes thesis presented algorithms for computing the pseudo-likelihood ratio test
statistic and examined its distribution using simulations. The simulations suggested that
when the time series are generated by autoregressions with known orders, the test statistic
follows a chi-squared distribution even when the processes are not Gaussian. When the time
series are generated by autoregressions of unknown orders, it was shown how to estimate the
orders using information criteria. Simulations suggested that in this case the test statistic
still follows a chi-squared distribution, which is expected since the orders are estimated using
consistent procedures. However, when the time series are not generated by autoregressions,
the test does not perform well in simulation studies. An important extension of the parametric
approach therefore is to generalise it to the case of more general processes, since we do not
wish to assume that the time series truly are autoregressive. A further extension is to the

comparison of multivariate time series, which has not been studied widely in the literature.

The conclusion to the MRes thesis also discussed an extension to the case of time series
which are generated by mixed models with both periodic and stationary components. These

models are used for phenomena with periodicities which commonly arise in, for example,
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signal processing and astronomy. The periodic signal is typically modelled as the sum of si-
nusoids and the stationary component may be modelled, for example, using an autoregression.
Of central importance in the analysis of these models is the estimation of the frequencies of
the periodic components. In the discrimination context, we may wish to determine whether
independent time series have periodic components at the same fixed frequencies. Depend-
ing on the application, we may also wish to incorporate the comparison of the stationary

components, or these may be considered to be entirely background noise.

In this thesis we focus on the parametric approach for time series discrimination, con-
centrating in particular on the aforementioned extensions. The outline of the thesis is as

follows.

In Chapter 2 we give background information relating to the models used throughout the

thesis. We also introduce some of the notation and statistical theory that is commonly used.

In Chapter 3 we consider methods for discriminating between time series from univariate
stationary processes. We begin with an overview of the existing nonparametric methods.
We describe the parametric approach based on fitting autoregressions, with orders estimated
using information criteria, and demonstrate the problems which arise when the time series
are not autoregressive, as identified in the MRes thesis. We then propose a modification to
the parametric test which fits autoregressions where the order is fixed at a function of the
sample sizes. It is shown that this fixed order autoregressive approach results in a test which
performs well even when the underlying processes are not autoregressive. We also establish
the asymptotic properties of the estimators of the model parameters and the asymptotic
distribution of the test statistic using weaker assumptions than Gaussianity. A simulation
study compares the parametric approach with nonparametric alternatives and demonstrates
that the parametric test is more powerful. Finally, we show how to extend the procedure for

comparing more than two time series.

In Chapter 4 we develop a parametric test based on the same pseudo-likelihood ratio
procedure as before but where we fit autoregressive-moving average models to the time se-
ries. This requires a procedure for fitting autoregressive-moving average models to two time
series with the same model parameters but with potentially different residual variances and
sample sizes. The procedure we develop is based on an extension of the Hannan—Rissanen
algorithm (Hannan and Rissanen, 1982; Hannan and Kavalieris, 1984a). It is shown using
simulations that this new test is more powerful than that which fits autoregressions if the true

autoregressive and moving average orders are known. However, when the orders need to be



estimated, which will be the case in practice, the simulations suggest that there is no advan-
tage in fitting autoregressive-moving average models over fitting fixed order autoregressions
of sufficient length.

In Chapter 5 we consider the comparison of two or more multivariate stationary processes.
We develop tests using a similar pseudo-likelihood ratio procedure used in previous chapters
for three different null hypotheses. The first is that the time series have been generated
by vector autoregressions with the same autoregressive parameters. The second is that the
spectral densities of the underlying stochastic processes differ only by the multiplication of a
constant. The third, which is the most general, is that the corresponding components of each
of the vector processes have the same spectral shape. The tests are based on fitting vector
autoregressions to the time series. We establish asymptotic properties of the parameter
estimators under the null hypotheses and demonstrate the performance of the tests using
simulations.

In Chapter 6 we consider the estimation of frequency in time series with periodic compo-
nents. Although frequency estimation for univariate time series from periodic processes is a
widely studied problem, little attention has been given to the case where the time series are
multivariate. In the multivariate, or multichannel, model that we consider in this chapter, the
time series is generated by a vector process where each element of the periodic component has
the same fixed frequencies but potentially different amplitudes and phases. We develop novel
methods for the estimation of these fixed frequencies and establish the asymptotic properties
of the estimators. We also demonstrate the performance of the estimation techniques in a
simulation study.

In Chapter 7 we develop methods for discriminating between time series from processes
which contain periodic components, both in the univariate and multivariate cases. We con-
sider two different null hypotheses. The first is that the time series are from processes which
have periodic components at the same fixed frequencies and stationary noise with the same
spectral shape. The second is that the time series are from processes which have periodic
components at the same fixed frequencies and with possibly independent noise. We motivate
the techniques by considering the comparison of two univariate time series from processes
with periodic components. We then generalise the procedures for the case of more than two
time series and then for the case of multivariate time series.

We finish in Chapter 8 with a summary of the thesis and some discussion of areas for

future research.



Introduction




Background

In this chapter we give many of the definitions and notations that will be used throughout the
thesis. We introduce standard time series models and provide some statistical theory which is
useful in establishing asymptotic properties of estimators. Much of the background material
in this chapter, except where otherwise referenced, can be found in standard time series
textbooks, for example, Priestley (1981). Note that we mostly consider univariate random
variables in this chapter. The multivariate generalisations are often straightforward, and
where they are not they will be given in the thesis as needed. For detail on the multivariate

versions of the background material, see, for example, Reinsel (1993).

2.1 Stationary Stochastic Processes

A stochastic process is a sequence of random variables, {X;}, where ¢ is some directional
variable. Generally, t is considered to represent time, although in practice it can represent
something else, such as space. In this thesis, we will assume that {X;} is a discrete time
stochastic process, that is, that ¢ is an integer. We will also assume implicitly that the
process has second order moments. A time series is a single partial realisation of a stochastic

process, observed at t =0,...,T — 1 where T is the sample size. We denote by {X;} both a
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time series and its underlying stochastic process, and will rely on the context to differentiate

between the two.

Definition 2.1 A stochastic process is stationary if the joint distribution of Xg, X1,...Xs

and Xt, X¢a1, ... Xprs 1S the same for all s and t.

Definition 2.2 A stochastic process is weakly stationary if, for some constant u, E (Xy) = u

for all t and cov (X, Xiys) = cov (Xo, Xs) for all s and t.

We always assume that a stationary process is also ergodic. Loosely speaking, ergodicity
ensures that the sample mean of any given realisation of a stochastic process will converge to
the true mean of the stochastic process as the size of the sample increases (see, for example,
Priestley, 1981, Section 5.3.6). In general, ergodicity is required in order to obtain estimators
with good properties in time series analysis. However, it cannot be verified in practice since
we only ever see a single realisation.

We are often particularly concerned with the second order properties of a weakly station-
ary stochastic process, that is, its dependence structure over time. This dependence structure
can be measured by the autocovariances or autocorrelations. An alternative measure of the

dependence structure is the spectral density.

Definition 2.3 The autocovariances of { X} are given by
v () =7 (=4) = cov (X, Xi—j) .

Definition 2.4 The autocorrelations of { X} are given by

v (9)

7(0)°

Definition 2.5 The spectral density of {X;} is

j=—c0

Because f (w) is periodic with period 27, and even, it need only be defined for values w € [0, x].

The spectral density is the discrete Fourier transform of the autocovariance sequence.
Given the spectral density, we can obtain the autocovariances by

T

1) = [ @) de.

—T
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Definition 2.6 The stochastic process {e:} is white noise if E (¢;) =0 and

0%, ifs=t
E (gse1) = )
0, otherwise

for all s and t.

That is, a white noise process is a sequence of uncorrelated random variables. The term
‘white’ comes from the fact that the spectral density of {&;} is constant for all w. A stochastic

process which is not white is referred to as coloured.

Definition 2.7 The stochastic process {e;} is Gaussian if any subset of the {4} is jointly

normally distributed.

If a white noise process is stationary and Gaussian, then the random variables are inde-
pendent and identically distributed (i.i.d.). If a weakly stationary process is i.i.d. then this
implies it is white noise. In time series analysis, we often require more structure than is given
by white noise. However, it may not be desirable to make the fairly strong assumptions of
independence and Gaussianity. The condition given in the following definition lies between

the two.

Definition 2.8 The stochastic process {e;} is a sequence of martingale differences if

E (g1 | Fio1) =0 for all t, where Fy is the o-field generated by e¢,e4-1, .. ..

The assumption that {e;} is a sequence of martingale differences is often the weakest
assumption that can be made to get good properties of estimators of time series model pa-
rameters. The following theorems relating to martingale differences therefore will be useful
when establishing asymptotic properties of the estimators that we derive in this thesis. The
first is the central limit theorem for sequences of martingale differences and is due to Billings-
ley (1961). The second is the law of the iterated logarithm for martingale differences and is
due to Stout (1970).

Theorem 2.1 (Martingale central limit theorem) Let {e;} be a stationary sequence of
martingale differences such that E (8?) is finite. Then the distribution of T~/ tT;OI €t

converges to the normal distribution with mean zero and variance E (£7).

Theorem 2.2 (Law of the iterated logarithm for martingale differences) Let {c}

be a stationary sequence of martingale differences with E (5%) =1. Then

T—o00

T-1
lim sup (27 log log T)_l/2 Z er =1
t=0

almost surely.
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2.2 Autoregressive-Moving Average Models

According to the Wold decomposition theorem, any weakly stationary process, {X;}, can be
represented by the sum of a purely deterministic and a purely non-deterministic component.
We assume that the deterministic component is constant at zero, that is, that {X;} has zero

mean. We can therefore represent {X;} by

o0
Xt = Z(Ijﬁt_j, (2'1)
j=0
where
o0
ag =1, Za? < 00
j=0

and {e;} is white. Since (2.1) has an infinite number of parameters, it is difficult to work
with in practice. However, it can be shown that (2.1) can be approximated arbitrarily well

by a finite parameter process satisfying an equation of the form
Xe+ 51X+ + B Xip =+ g1+ + ogei—g, (2.2)

subject to certain conditions on {;} and {«;} which we discuss below. A process satisfying
an equation of this form is known as the autoregressive-moving average process of orders p
and ¢, denoted ARMA (p, q). When ¢ = 0 the process is said to be an autoregression of order
p, denoted AR(p), and when p = 0 the process is said to be a moving average process of
order ¢, denoted MA(q). Thus, fi,..., 5, are referred to as the autoregressive parameters,
and a1, ..., o4 are referred to as the moving average parameters. The class of ARMA(p, q)
processes therefore provides a way of modelling stationary processes using finite parameter
linear models.

It is often convenient to write (2.2) using backshift notation. Let z be the backshift

operator such that 2/ X; = Xi—j. We define the polynomials
p . q .
bg(z) =1+ Z Bz and an (z) =1+ Z a;z’.
j=1 j=1

Then (2.2) can be written as
bs (2) Xt = an (2) €. (2.3)

In order for (2.2), or equivalently (2.3), to be a good approximation to (2.1), the following

conditions must be met.
Condition 2.1 bg (2) and a, (2) have no common zeros.

Condition 2.2 The zeros of bg () all lie outside the unit circle.
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Condition 2.3 The zeros of aq (2) all lie outside the unit circle.

If Condition 2.1 is not met then the common factors would cancel in (2.3). Conditions 2.2
and 2.3 ensure that the model has a stationary solution, and that it is causal and invertible.
It follows from Definitions 2.3 and 2.5 that the spectral density of a stationary process
that follows an ARMA(p, q) process is given by
o? o ()
flw)= -t
27 |bg (=)
We can therefore estimate the spectral densities of stationary processes using ARMA(p, q)

model parameter estimators.

2.3 The Periodogram

A widely used function in time series analysis, particularly in spectral analysis, is the peri-
odogram. The periodogram is defined by

2

T-1
§ Xtefiwt
t=0

It is easy to see the appeal in using the periodogram for spectral analysis, since the spectral

2
IT,X (w) = T

density is the discrete Fourier transform of the autocovariance sequence. However, the peri-
odogram is not a consistent estimator of the spectral density. It can be shown though that
by smoothing the periodogram, using for example, a mean or median smoother, a consistent
estimator of the spectral density can be obtained.

Another appeal of the periodogram is that it can be efficiently computed at the set of

2] ‘ T-1

frequencies

where k] is the largest integer smaller than or equal to k, using the fast Fourier transform
algorithm. The frequencies given by (2.4) are referred to as the Fourier frequencies.

For a given frequency A, the random variable

Irx (A)
2m f (M)
has asymptotically the chi-squared (y?) distribution with two degrees of freedom. Further-
more, for any fixed set of frequencies A1, ..., A\, the random variables
I Aj
r.x () j=1,...,m,

21 f (Aj)’
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are asymptotically independent and have the x? distribution with two degrees of freedom.
This follows from Theorem 2.6 below. Note that this is not true for the whole set of Fourier
frequencies, except for the case where {X;} is Gaussian white noise.

Suppose that {X;} is generated by (2.1) with {e;} a sequence of martingale differences
and E (6%) =02, Let

T-1 T—1
Cr (w) = Z et cos (wt) and St (w) = Z ¢ sin (wt) .
t=0 t=0
The following theorems are due to An et al. (1983).

Theorem 2.3

lim sup max [TX—(W) <1
Tooo @ 27f (w) logT'

almost surely.

Theorem 2.4
C? 52
lim sup max Lw) <1 and lim sup maxﬁ <1
Tosoo w 02T logT Tooo w 02TlogT

almost surely.

The periodogram is discussed in further detail in Chapter 6, where it is shown how it

arises in the estimation of fixed frequencies in periodic processes.

2.4 Theorems Used for Establishing Asymptotic Properties of

Estimators

In this section we provide two theorems that will be widely used throughout the thesis in
order to prove the strong consistency and central limit theorems of estimators. The first is
Lemma 1 of Wu (1981), who gave a sufficient condition for the strong consistency of non-
linear least squares estimators. The sufficient condition in fact applies to any estimator which
is the minimiser or maximiser of a function.

Let St (#) be a function of a parameter # depending on sample size 7', such that St ()
diverges to oo at rate O (T') for all §. Denote the minimiser of St (#) with respect to 6 by O,

and the true value of 6 by 6.

Theorem 2.5 Suppose, for any 6 > 0,

liminf inf {ST (9) —Sr (90)} >0

T—o00 |9—60|2(5

almost surely. Then §T — 0y almost surely as T — oo.
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The next theorem is originally due to Hannan (1973a) and later generalised by Hannan
(1979). We give here a version of the theorem which is Theorem 4 of Quinn and Hannan
(2001). It relates to the asymptotic distribution of the real and imaginary parts of random

variables of the form

T-1 .
; 2
T—(2k+1)/2 § tkgte_thj, wj = %«]’ (25)
t=0

where {g;} is stationary with mean zero and spectral density f (w) which is continuous at
a fixed frequency wg. Random variables of this form arise often in time series analysis. For

example, they have been seen in the previous section in the periodogram.

Theorem 2.6 Let k = 0,1,..., K — 1 and consider the 2Km quantities that are the real
and imaginary parts of (2.5), for m values of w; nearest to wo, 0 < wo < w. Then the
distribution of these 2K'm random variables converges to the distribution of a vector of normal
random variables with zero means. For different values of j the limiting random variables
are independent and the imaginary terms are independent of the real. For fized j, and for
each of the real and imaginary components, the K limiting random variables have covariance

matriz with (k,1)th entry nf (wo) /(k+1+1), k,1=0,..., K — 1.

2.5 The Kronecker Product and Vec Operator

When dealing with vectors and matrices we will often make use of the Kronecker product
and the vec operator. These are defined below, as well a theorem which connects the two.

The definitions and theorem can be found in, for example, Neudecker (1969).

Definition 2.9 Let A and B be m X n and p X ¢ matrices, respectively. Then the Kronecker
product A® B is the mp x nqg matriz with (i, j)th block a;; B, where a;j is the (i,j)th element
of A.

Note that, for matrices A, B, C and D of appropriate dimensions,
(A® B) (C® D)= AC ® BD.

Definition 2.10 Let A be an m x n matriz. Then vec A is the mn-dimensional column

vector produced by stacking each column of A on top of each other, in order from left to right.

Theorem 2.7 Let A, B and C be matrices of appropriate dimensions. Then

vec (ABC) = (C' @ A) vec B.
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Background




Autoregressive Spectral Discrimination

3.1 Introduction

The problem of determining whether two independent time series are realisations of the
same weakly stationary stochastic process was first considered by Coates and Diggle (1986),
who proposed nonparametric tests based on the periodogram to compare theoretical spectral
densities. Two null hypotheses were considered. The first was that the spectral densities of
the underlying processes are the same. The second was that the ratio of the spectral densities
is constant, that is, that the two processes have the same spectral shape.

Suppose we have two time series from the same source. If they were collected at different
distances from the source, they would have the same autocorrelation structure but would differ
in amplitude. Similarly, the spectral densities might not be exactly equal due to calibration
problems in the measuring devices. It is therefore of more interest to consider whether the
two samples come from underlying processes with the same spectral shape.

Consider two univariate, stationary stochastic processes, {X;} and {Y;}, assumed to have
zero means. Their spectral densities are

Ix (u)) = % Z vx (]) e~ Wi and fy (w) = % Z Ty <]> e—iwj7
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where vx (j) and ~y (j) are the autocovariances of {X;} and {Y;}, respectively. The null
hypothesis is that fx (w) /fy (w) is the same for all w € (0, 7), and the alternative hypothesis
is its complement.

The tests of Coates and Diggle (1986) were based on the ratios of the periodogram ordi-
nates at the Fourier frequencies. To compare spectral shape they considered the range of the
logarithm of the periodogram ratios, with a large range indicating a departure from the null
hypothesis. The test requires Gaussian assumptions and was shown to have very low power.
Further work by Diggle and Fisher (1991) produced a test using the normalised cumulative
periodogram based on Bartlett’s test for white noise (Bartlett, 1954).

There has been considerable interest in the problem in recent years. Lund et al. (2009)
and Jin (2015) proposed testing for equality of autocovariances and autocorrelations up to
a chosen lag. The obvious drawback to this method is that an arbitrary, finite number of
autocovariances must be chosen to test. Jin and Wang (2016) derived a new test which
compares the first r autocorrelations for r = O (log T/ loglog T'), where T is the sample size.

Dette et al. (2011) and Preu and Hildebrandt (2013) considered measures of distance
between periodogram ordinates. Fokianos and Savvides (2008) and Jin (2011) proposed
semiparametric methods, which fit parametric models to log{fx (w) /fy (w)}. Other tests
based on the periodogram have been given by Tugnait (2013), Lu and Li (2013) and Decowski
and Li (2015). These nonparametric and semiparametric tests generally require Gaussian
assumptions and most require equal sample sizes.

A less obvious, but natural, approach to discriminating between spectral densities is
parametric, where the processes are modelled as, for example, long-order autoregressions.
There is a long history of fitting long-order autoregressions to stationary processes in the
hope of estimating spectral shape (see, for example, Durbin, 1959 and Durbin, 1960). Let
{X:} and {Y;} satisfy

X+ ﬂX,lXt—l +---+ BX,pXXt—pX =&t

and

}/t + BY,lY;ffl +---+ BY,pYY;ffpy = Ut,

respectively, for some parameters 8x 1,...,B8xpx and By 1,..., By,py, and orders px and py.
It is assumed that the innovation processes, {e;} and {u;}, are independent sequences of

martingale differences with

E (6? | ftfl) = O’? and E (th | gtfl) = U?u
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where F; and G; are the o-fields generated by {e;,e-1,...} and {ug, u¢—1, ...}, respectively.

The spectral densities of {X;} and {Y;} are

o2 o2
£ 5 and fr(w) =

Py p—ijw
21|11 + =1 ﬁy’Je J

fx (W)=

= 5
px o ijw
2m |1+ ) 5%, Bx eV

Thus, fx (w) and fy (w) will have the same shape if and only if the autoregressive parameters

are equal. The null and alternative hypotheses are then

Hy: Bxj=PBy; Vj

Hy : 3 j such that Bx; # By,;-

Quinn (2006) briefly outlined a likelihood ratio approach for testing this hypothesis, and
a similar hypothesis for mixed sinusoidal and autoregressive processes. Also proposed was
an iterative procedure for estimating parameters under Hy, as well as an indication of how
to estimate the sinusoidal and autoregressive orders. Several simulations were carried out,
for the case of two sinusoids added to first order autoregressive noise. The results were
inconclusive, and few details were given, as the paper and content were geared towards an
Engineering audience. An alternative method for comparing autoregressive parameters has
been given by De Souza and Thomson (1982).

The parametric approach has a number of advantages over the nonparametric. It does
not require Gaussian assumptions and allows for unequal sample sizes. Also, since it is based
on the likelihood ratio principle, it is expected to be asymptotically more powerful than
the nonparametric tests, especially when the spectral densities are those of autoregressions.
So, for example, the test will be more powerful than any based on an increasing number of
autocovariances, such as that of Jin and Wang (2016), when the processes are autoregressive,
or near-autoregressive.

In this chapter we derive the likelihood ratio statistic and propose novel methods for its
computation. We prove the strong consistency and central limit theorem of the estimators,
and the asymptotic distribution of the test statistic, under Hy. The properties of the test
statistic are then examined using simulations. It is shown that the test performs well when
the time series are from autoregressions, but not when the processes are not autoregressive.
A modification to the test is proposed which is shown to improve its performance when the
time series do not come from autoregressions. The modified test is then compared with
nonparametric alternatives using simulations and is shown to have higher power. Much of

the material in this chapter has been published in Grant and Quinn (2017).
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3.2 The Likelihood Ratio Test

The test statistic will be derived using the likelihood ratio principle. Denoting the maximised

log-likelihood functions under Hy and H 4 as ZE) and lAA, respectively, the test statistic is
A=2 (TA - TO) .

When the autoregressive orders are known, A will be shown to follow, asymptotically, a x? dis-
tribution with degrees of freedom the difference between the number of parameters estimated
under H4 and under Hy, even without Gaussian assumptions. The autoregressive orders are
not known, however, and must be estimated. The effect on the asymptotic distribution is
examined in Section 3.5.

Although no assumptions are made about the distributions of {e;} and {u;}, the likelihood
functions are derived as though these processes are Gaussian. Hence we are using a pseudo-
likelihood, or Gaussian likelihood, procedure. We avoid the preperiod value problem by
conditioning the joint distributions of {¢;} and {u;} on the first px and py values, respectively,
remaining fixed at their observed values. The conditional Gaussian log-likelihood functions

are therefore
Ti—1

T 1
Ix (ﬁx,dg) = —7110g (2#052) ~ 5.2 Z {bgy (2) Xt}2
€ t=px
and . _
by (By.o0) = =5 log (2n07) — 5 5 > {bay () Vi,
U t=py

where T} and Ty are the sample sizes of {X;} and {Y;}, respectively.

3.3 Parameter Estimation

3.3.1 Parameter Estimation Under the Alternative Hypothesis

Under Hy, {X;} and {Y;} are independent autoregressions, and their parameters can be
estimated using the usual techniques to maximise the conditional Gaussian log-likelihoods.
Quite often the Levinson-Durbin approach (Levinson, 1947; Durbin, 1960) is used to estimate
model parameters rather than maximum likelihood. Asymptotically this will have no impact.

Summing the two individually maximised log-likelihoods, we have

~ T+ 1Ty 1T ~ T ~
T - 1-2F 2_?110g(27r ?;A)_glog(Qﬂ-ai;A)’

where 82; 4 and 83; 4 are whichever estimators are used of o2 and o2, respectively, under Hy.
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3.3.2 Parameter Estimation Under the Null Hypothesis

Under Hy, we have a particular case of two autoregressions with the same autoregressive

parameters but with potentially different innovation variances and sample sizes. We thus

have
Xi+01 X1+ + B Xsp =&
and
i+ 61Yio1+ -+ BpYiep = s,
where 8 = [ Bi o By }/ are the common parameters and p is the common order. The

conditional Gaussian log-likelihood is

(ﬂ ) —Elo (me )_Zlo 27T0 Z 2—1%1{17 (2) Yy
k) = g o o) 3 g " 2 g

Instead of maximising this, we reparametrise and use a profile likelihood approach. Letting

02 = \o2, we rewrite the conditional Gaussian log-likelihood as

T1—1 To—1

log (2ma2) + 71 /\—[Z{bg ) X} +AZ{bﬁ

T+ T
lO (/870-37)\) = 2

This is maximised with respect to 8, for fixed A, by

o~ /
Br = [ Bt o Py } =-Cyley,

where C) is the p X p matrix with (7, j)th element

T1—-1 To—1
(Ty + To)~ (Z X;oiXe ﬁAZYt Yy j>

and c) is the p x 1 vector with ith element

Tl]- T2 1
(T + Do)~ (Z XX Z+AZYth )

We then have l~0 (ag, A) =l (EM 02, )\>, which is maximised with respect to o , for fixed A,
by

Ti-1 1271 2
FZy=(M+T) | Y {bE Xt} tA Z { }
t=p

We thus obtain the profile log-likelihood

» ~ TV+T, Ti+T T
lo(\) =1lo (625, A) = — 12 2 _ 12 210g(27m€)\)+?210g)\.
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By maximising I (\) with respect to A, we may obtain estimators of all the parameters.
Denoting the maximiser by X, the estimator of 3 is

B=p5= BXJ g&p = —CSles (3.1)

=2  _ =2 =2  _ =2 /Yy =2 =2 : 2 2
Then 675 = o 5 and 0,0 = 0Z/A, where 72, and G, are the estimators of o7 and o,

&
respectively, under Hy.

Any optimisation procedure can be used to find . One such iterative procedure is as
follows. Given a current estimate of A\, denoted by X, B is estimated by EX' Then A is
re-estimated by

TQ&EQ;X
m s (o)

and the process repeats until convergence. An initial value of X can be obtained from the

estimates under the alternative hypothesis, that is, by letting A = 352; a4/ 812“ A

3.3.3 Asymptotic Properties of the Estimators

In this section we establish the strong consistency and central limit theorem of the estimators
under Hy. Proofs of Theorems 3.1 and 3.2 as well as Lemma 3.1 are given in the Appendix.

Let Cx and Cy be the p x p matrices with (7, j)th elements

Ti—1 Ty—1
'Y XX, and T ) YieiYi,
t=p t=p
respectively. Letting I'y and I'y be the p x p matrices with (i,j)th elements given by
vx (Ji — j]) and vy (]i — j|), respectively, note that

Ox - Tx =020 and Cy — Ty =020

/
almost surely, where (2 depends only on 3. Let 0 = | g’ o2 o2 } , and let Iy (6) be max-

. . / ’
imised at 8 = [ G ’g‘g 33 } . Denote the true parameter values by 6y = [ Bl o2

=) ‘730 )
/
where By = [ Boi -+ Bop } .
Theorem 3.1 § — 0o almost surely as Ty, To — oo.

Lemma 3.1 is required in the proof of Theorem 3.2. It is almost obvious, and straightfor-

ward to prove.

Lemma 3.1 Let {&} and {(;} be independent sequences of random variables, each converging
in distribution to the standard normal. Let

T T
§ry 1\
T+ 1T, T+ 1T,

(-

Zr T, =
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Then the distribution of Z1, 1, converges to the standard normal as Ty, Ty — oo.

Theorem 3.2 Assume that E (E? | ]-'t,l) and E (u? | gH) are constants, and that E (621) <

oo and E (uf) < 00. Then, as Ty, To — 0o, the distribution of

(Ty + Tx)"? (3— 50)
T11/2 (33 - U?o)

T21/2 (35 - 050)

converges to the normal distribution with mean zero and covariance matrix

Ot 0 0
Y= 0 (030)4 v 0 )
0 0 (050)4 U]
where v and n are given by
1 1 1 1
v=—E(e}) - and 0= E (uf) -
(030)4 (%0)2 (030)4 (030)2

If {e:} and {u:} are Gaussian then

Q0 0
S=| 0 2(3)? o0
0 0 2(02)’

3.3.4 Order Estimation

Although we have implicitly assumed above that the orders are known, this will, of course,
not be the case in general. We can estimate the orders using information criteria. In what
follows, we assume that the processes are autoregressions. Under H 4, the estimated order of

{X:}, px, is the minimiser of

(k) = —20¢) + kg (Ty)

=Tilog Ei(j) + kg (T1)

(k)

over k=0,..., K, where Z(;) is the maximised log-likelihood and Ei ', is the estimator of 03
assuming the order is k, ¢ (T') is a chosen penalty function and K is assumed to be greater
than or equal to px. This procedure is easily incorporated into the Levinson—Durbin algo-
rithm. The estimated order of {Y;}, py, is computed in the same way. Common choices
of information criterion are AIC where g (T') = 2 (Akaike, 1969); BIC, where g (T') = logT
(Akaike, 1978; Schwarz, 1978); and HQIC, where ¢ (T') = kloglogT for x > 2 (Hannan and



22 Autoregressive Spectral Discrimination

Quinn, 1979). It is known that AIC will not produce a consistent estimator and will over-
estimate the order with a probability of approximately 0.2883 (Shibata, 1976; Quinn, 1988).
Both BIC and HQIC provide consistent estimators, with HQIC tending to underestimate the
order less often than BIC.

Under Hy, the information criterion we minimise is
6 (k) = =20 + kg (Ty, Tv),

where k is the number of parameters being estimated, equal to the common order. The

estimated order, p, is thus the minimiser of
6 (k) = T log 52 + Ty log Gy + kg (T1, T)

over k =0,..., K, where K is assumed to be greater than or equal to p. AIC, BIC or HQIC
can then be applied. Here, we use g (11,T2) = g (11 + T»).

3.3.5 An Alternative Procedure Based on the Levinson—Durbin Algorithm

A more practically efficient approach to parameter estimation under Hy is to make use of the
properties of Toeplitz matrices, which allows us to use the Levinson—Durbin algorithm (see,
for example, Hannan and Rissanen, 1982 or Hannan and Kavalieris, 1984b). We shall replace
the computations in (3.1) with Toeplitz versions of the statistics in the following manner.

Fori=0,...,p, put

T1—1 To—1

cli)=(T1+Ty)"" <Z XX+ A ) mz) ,

t=i t=1i
where A\ = 52,,/07., and 62, and 7., are current estimates of o7 and o3, respectively. For a
given order p, consider the estimator of 3

Bp = _f];l’,)\/p’

where 4P is the p x 1 vector with ith element given by ¢ (i), and fp is the p x p matrix with
(1, 7)th element given by ¢ (| — j|). We can then use the Levinson-Durbin algorithm, because
of the structures of IA“;; I and AP. The procedure needs to be iterated for fixed p, as 83;0 and

0.0 need to be updated.

At each step in the algorithm, we define the information criterion as
¢ (p,N) = (T1 + Tz) log 528 — Tolog A+ pg (T1 + T).
We put py equal to the minimiser over p =0,..., K and
¥ (A) =0 (Dx ).

We then define X to be the minimiser of ¥ (A) and p to be equal to ps.
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3.4 The Test Statistic

The test statistic is

AZQ(TA—ZE)>

-~2 -~2
[ ag;.
=T log (3;7()) + 15 log (8;7()) .
A u; A

Theorem 3.3 gives the asymptotic distribution of A for a given p.

Theorem 3.3 Under Hy the distribution of A converges to the x? distribution with p degrees

of freedom as Ty, Ts — oo.

If we compute the test statistic at the true orders, we reject Hy at significance level «
when A is greater than the 100 (1 — a)th percentile of the x? distribution with p degrees of
freedom. If we instead estimate the orders, the degrees of freedom of the x? distribution need
to be estimated by px + py — p. We use BIC or HQIC since they give consistent estimators.

In order for the likelihood ratio test to give realistic results, Hy must be a subspace of
H 4. This will be the case when the order under Hy is less than or equal to the orders under
H,. That is, when p < min (px,py). In practice, if the algorithm incorrectly estimates the
orders, it is possible that this will not be true even when Hj is true. This could occur if
one or both of the orders under H,4 are underestimated, or if the common order under Hj is
overestimated. This will produce a test statistic that is too small and potentially negative.

The simplest way to get around this is to ensure that p < min (px, py ).

3.5 Simulations

The first simulation study shown in this section examines the distribution of the test statistic
when the autoregressive orders are known. The test was applied to time series which were

simulated from either the AR(1) processes
X; +0.5X1 =¢¢ and Y: + 0.5Y; 1 = uy,
the AR(2) processes
Xi+05Xi1+05X;_9=c¢ and Y; +0.5Y; 1 +0.5Y; o = uy,
or the AR(3) processes

X:+0.5X;1+05X; 9+0.5X;_3=¢ and Y; +0.5Y;_1 +0.5Y;_o + 0.5Y;_3 = uy.
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Table 3.1: Distributions of {&;} and {u;}, where N (0,0?) denotes the normal distribution
with mean zero and variance o2, Exp(u) denotes the exponential distribution with mean p
and t (v) denotes the t-distribution with degrees of freedom v.

Innovations i ii iii iv v vi
{et} N (0,1) Exp(l) t(4) N(0,1) N(0,1) Exp(1)
fu}  N(0.4) BExp(2) t(4) Exp(2) t(4)  t(4)

Table 3.2: Summary of test statistics from simulations when p is known for the different
distributions of the innovations (inn.) given by Table 3.1.

Inn. Mean Var Typel Mean Var Typel Mean Var Typel

i 0979 1.894 0.047 1974 3948 0.0561 2989 5944 0.048
ii 1.009 2.010 0.050 2.002 4.100 0.051 2.962 5.904 0.049
iii 1.010 2.032 0.052 1.995 4.022 0.061 2995 6.123 0.051
iv 1.031 2.095 0.054 2.006 3.878 0.048 3.012 5.899 0.050
\ 1.003 1.981 0.050 1.983 3.960 0.050 3.000 6.005 0.050
vi 0.981 1971 0.050 1.978 3.928 0.048 3.000 6.205 0.052

For each process, six sets of 10,000 pairs of time series were generated, where {e;} and {u;}
were simulated from the distributions given in Table 3.1. The sample sizes were 17 = 1,000
and Ty = 2,000. Table 3.2 gives the means and variances of the resulting test statistics. Also
shown are the Type I error rates at the 0.05 significance level, that is, the proportion of test
statistics which were greater than the 95th percentile of the y? distribution with p degrees
of freedom where p is the true order.

As shown in Table 3.2, in each set of simulations, the means and variances are consistent
with the test statistics following the x? distribution with p degrees of freedom. That is, the
means are close to p and the variances are close to 2p. The Type I error rates are close to
0.05 in each case. These results agree with the assertion that the test statistic will follow a y?
distribution with p degrees of freedom when the time series have come from autoregressions
of order p. The results also suggest that the test is robust to non-Gaussianity and unequal
sample sizes.

The test was then run over simulations from the same autoregressive processes as before,

but this time p was unknown and was estimated using BIC with K = 8. Table 3.3 gives the
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Table 3.3: Summary of test statistics from simulations when p is unknown for the different
distributions of the innovations (inn.) given by Table 3.1.

Inn. Mean Var Typel Mean Var Typel Mean Var Typel

i 1.111 3.3v5 0.061 2.152 5.530 0.061 3.140 7.260 0.063
ii 1.145 3.599 0.063 2.093 4.826 0.057 3.202 7.800 0.069
iii 1.144 3.889 0.062 2.125 5.514 0.061 3.085 7.481 0.057
iv 1.157 3.557 0.067 2122 5304 0.063 3.064 6.800 0.055
v 1.110 3.202 0.061 2.105 5.232 0.061 3.063 7.289 0.058
vi 1.169 3.935 0.064 2.127v 5.341 0.060 3.113 7.383 0.062

means, variances and Type I error rates of the resulting test statistics.

As shown in Table 3.3, the means, variances and Type I error rates are higher than their
theoretical values. These were inflated due to a small number of incorrect order estimates.
In each case approximately 1.5% of simulations had at least one order estimated incorrectly.

The next simulation study examines the power of the test. It will be interesting at
this stage to consider a case where the processes are not autoregressions. Thus, along with
simulating from autoregressions of varying order, we also simulated from a moving average
process of order 1. We are not expecting the power in this case to be very high, since we are
not estimating the true order of an autoregression.

The test was applied to four sets of 10,000 pairs of time series. The first set of time series

were simulated from the AR(1) processes

X;+05X4_1 =¢; and Y, + 8Y: 1 = uy.
The second set of time series were simulated from the AR(2) processes

X; +05X1+0.5X;_9 =¢; and Y; +0.5Y; 1 + BY;_9 = uy.
The third set of time series were simulated from the AR(3) processes
X; +05X;_1+05X;_o+0.5X;_3=¢ and Y; +0.5Y;1 +0.5Y; o + BY;_3 = uy.

The fourth set of time series were simulated the MA(1) processes

X =&+ 0564 and Y; = ug + Pug_q.

The four null spectral densities are described in Figure 3.1. In each set, T} = T5 = 1,000 and

{e+} and {u;} were simulated from normal distributions with variances 1 and 4, respectively.
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Figure 3.1: Spectral densities for the four {X;} processes described in Section 3.5.

The orders were estimated using BIC with K = 8. Figure 3.2 shows the empirical power,
that is the proportion of times the test rejected Hp at the 5% significance level, for 8 =
0.01,0.02,...,0.99.

The plots in Figure 3.2 show that the test performs well when the time series are generated
by autoregressions. The Type I error rates, that is when 8 = 0.5, are slightly above 0.05.
This is expected and is due to a small number of incorrect order estimates. When the time
series are generated by moving average processes, the Type I error rate is close to 0.6. There
is clearly a problem when the time series have not come from autoregressions. In the next

section we propose a modification to the test to correct this.

3.6 Fixed Order Autoregressive Approximation

Using long-order autoregressions to estimate the parameters in autoregressive-moving average
(ARMA) models has a long history (see, for example, Durbin, 1959, Durbin, 1960, and Han-
nan and Rissanen, 1982). However, it was shown in the previous section that the size of the
parametric test is incorrect, most likely because the autoregressive order is being estimated.
The proposed solution is to fix the autoregressive order, under both Hy and H4, at some
sufficiently large number n = np, 1, where n is of lower order than min (77,75). The test

then rejects Hy at significance level o when the test statistic is greater than the 100 (1 — «)th
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Figure 3.2: Empirical power of the likelihood ratio test when the orders were estimated using
BIC. The lowest horizontal line in each plot indicates the significance level of 0.05.

percentile of the x? distribution with n degrees of freedom. By fitting autoregressions of suffi-
ciently large order, the dependence structure of the underlying processes should be captured
regardless of their true nature. There will of course be a reduction in the power of the test
when the processes really are autoregressions.

An et al. (1982) discuss fitting autoregressions to approximate more general processes by
increasing the order of the autoregression with the sample size. Following their Theorem 6,
we set n = | (log Trin)" |, where Tinin = min (71, T3) and v > 1.

To examine the behaviour of the fixed order method for the ARMA case, the test was

applied to 10,000 pairs of time series which were simulated from the MA(1) processes
Xt =1+ Ber and Y: = up + Bug—1,
as well as 10,000 pairs of time series which were simulated from the MA(2) processes
Xy =4+ 0.5ep1 + Beg_o and Y; = ur + 0.5us_1 + Pug_o

for different sample sizes and for § = 0.05,0.10,...,0.95. In each case, {&;} and {u;} were
simulated from normal distributions with variances 1 and 4, respectively, 77 = T = T and
v = 1.1. Figure 3.3 shows the Type I error rates for varying values of 8 and for different sample
sizes. For the MA(2) case, the Type I error rates are plotted only for 5 = —0.45,...,0.95,

since this is the range in which the processes are invertible.
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Figure 3.3: Type I error rates using the fixed order method when the time series are from
MA(1) and MA(2) processes with sample size T' = 125 (solid), 7" = 500 (dashes), 7' = 1,000
(small dashes) and T' = 2,000 (dot-dash).

The Type I error rates are now close to 0.05, which is a significant improvement over
the results shown in Figure 3.2. At either end of the plots, where the roots of the auxiliary
equations are close to the unit circle, the Type I error rates spike up above the 0.05 line.
By increasing v we would reduce the Type I error rate in these cases, however this may also
reduce the power of the test. In the simulations which follow we set v = 1.1. As long as
the roots of the auxiliary equations are not too close to the unit circle, this should retain an
acceptable Type I error rate without a loss of power.

To compare the power of the fixed order method with the previous method which esti-
mated the orders using BIC, both tests were applied to 10,000 pairs of time series which were
simulated from the same four processes as in Section 3.5. Figure 3.4 shows a comparison of
the empirical powers for 5 = 0.01,0.02,...,0.99.

The fixed order method performs much better for the moving average case. For the
autoregression cases, the Type I error rates of the fixed order method are at or below 0.05.

There is some loss of power in the autoregression cases, as expected.

3.7 Comparison With Nonparametric Tests

In this section we show the results of another power study which compares the parametric
test using the fixed order method with the range test of Coates and Diggle (1986), the
normalised cumulative periodogram test of Diggle and Fisher (1991) and the test for equal
autocovariances of Lund et al. (2009). Since the nonparametric tests require equal sample
sizes, we suppose that 77 =T, =T.

The range test has test statistic

I ; I ;
R = max log {T’X () } — min log {T’X () } ,

J=1,..,q Ity (wj) J=1,..q Ity (wj)
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Figure 3.4: Empirical power of the likelihood ratio test when the orders were estimated using
BIC (solid) and when using the fixed order method (dashes). The lowest horizontal line in
each plot indicates the significance level of 0.05.

where I7 x (wj) and Iry (w;) are the periodograms of {X;} and {Y;}, respectively, w; =
27j/T and ¢ = [(T' — 1) /2]. The null hypothesis is rejected when Rp is large. Coates and
Diggle (1986) expressed the distribution of Ry under Hy in terms of an infinite sum and
computed critical values for ¢ up to 45. We can in fact compute an asymptotic distribution
under i.i.d. Gaussian assumptions. Let Wr = Rp — 2logq. Then, under Hy, it is shown in

the Appendix that the cumulative distribution function (cdf) of W converges to
Fy (w) = 2¢"?K, <2€_w/2) ,

as T — oo, where K (x) is the modified Bessel function of the second kind of order one.
At the 0.05 significance level, the critical value for Wrp is 4.4644, in agreement with the
computations of Coates and Diggle (1986).

The normalised cumulative periodogram test has test statistic
DT = jlnlaxq |FX (wj) — Fy (wj)] y

where
J q J q
Fx (wy) =Y Irx (wi) /D Irx (i), Fy(w) =Y Iny (W) /> Iny (wi),
k=1 k=1 k=1 k=1

Wi = 4T an = — . € nu othesis is rejected when T 1S large. owever
i =2mj/T and ¢ = (T — 1) /2). The null hypothesis is rejected when Dy is large. H :

the distribution of D7 is not known. For this power study, we define the critical value to be
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that which cuts off the largest 5% of simulated values of Dy when Hy is true. That is, we
fix the significance level at 0.05 which allows us to compare the power properties with other
tests.

The test for equal autocovariances has null and alternative hypotheses

Hy:vx (i) =9y (i), i=0,...,L,

Hy:3i€d0,...,L} such that vx (i) # vy (4)

where L is the number of autocovariances considered. The test is based on Bartlett’s formula
(Bartlett, 1946). Since we wish to test for differences in spectral shape, we begin by dividing

the time series by their sample standard deviations. The sample autocovariances are
T-1 T—1
Ix () =T'> XXy and  Fy () =T Vi,
t=i t=i

Let 7 (i) = {7x (1) + 7y (i)} /2. Assuming that {&;} and {u;} are Gaussian, the test statistic
is
Cr=5 AFW A7,
where A% is the (L + 1) x 1 vector with elements given by 7x (i) — 3y (i), ¢ =0,..., L, and
W is the (L+1) x (L + 1) matrix with (7, 7)th element
(73]
Y. WAk —i+ ) +7k+)7k-1D)}.
k=—|T"/3 ]
The null hypothesis is rejected at significance level @ when Cp is greater than the
100 (1 — a)th percentile of the x? distribution with L -+ 1 degrees of freedom. We put L = 10
as suggested in Lund et al. (2009).

Each test was applied to four sets of 10,000 pairs of time series which were simulated from
the same processes as in Section 3.5 with sample sizes of T'= 128 and 7' = 1,024. Note that
the parametric test used orders of 5 and 8, respectively, for these sample sizes. Figure 3.5
and Figure 3.6 compare the empirical powers for g = 0.01,0.02,...,0.99.

As expected, the range test has very low empirical power in all cases. For the AR(1)
and AR(2) cases, the empirical powers of the parametric and other nonparametric tests are
very close. For the AR(3) case, the parametric test has higher empirical power than the
normalised cumulative periodogram test. The test for equal autocovariances has Type I error
rates of 0.17 and 0.11 for the AR(3) case. As expected, this test does not perform as well for
higher order processes, since only a finite number of autocovariances are considered. For the

MA(1) case, the parametric test has the highest empirical power.
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Figure 3.5: Comparison of empirical power of the parametric test (solid), range test (dashes),

normalised cumulative periodogram test (small dashes), and test for equal autocovariances

(dot-dash), for T" = 128. The lowest horizontal line in each plot indicates the significance

level of 0.05.
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Figure 3.6: Comparison of empirical power of the parametric test (solid), range test (dashes),
normalised cumulative periodogram test (small dashes) and test for equal autocovariances
(dot-dash), for T = 1,024. The lowest horizontal line in each plot indicates the significance
level of 0.05.
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3.8 Comparing More Than Two Time Series

In this section we extend the parametric test using the fixed order method for comparing
more than two time series. Let {Xj.}, K = 1,...,n, be independent, univariate, stationary
time series, assumed to have zero mean. We wish to test the hypothesis that the n spectral
densities have the same shape. That is, that the ratio of any two of the spectral densities is
constant.

We fit autoregressions of order p = |(log Twin)" |, where T}, is the sample size of {X} .},
Tinin = min (T1,...,T,) and v > 1. That is, for k = 1,...,n, we fit

Xt + Bk Xpp—1+ -+ BepXkt—p = €kt

/
for some parameters 3 = [ Bri - Brp } . As before, it is assumed that the {ey .} are

independent sequences of martingale differences with
2 2
E (e | Fry-1) = o,

where Fj,; is the o-field generated by {ej ¢, €1, .-}
The spectral density of {X; .}, k=1,...,n,is

2
O

ka (w) = 12T
2m |1+ 375 Brje~

Thus, the spectral densities will have the same shape if and only if the autoregressive param-

eters are all equal for all k. The null hypothesis is then

Hy:p1="-=0n

and the alternative hypothesis, H 4, is its complement.

The conditional Gaussian log-likelihood for {X} .}, k=1,...,n, is

T, 1
lk (,Bk,ai) = —éclog (27‘(‘0’%) — TC'I% Z {bﬂk (Z) X]Wg}Q .
t=p

Under the alternative hypothesis, these can be maximised separately or, alternatively, the
Levinson—Durbin algorithm can be used to compute estimators of £ and 013. The maximised

conditional Gaussian log-likelihood under H 4 is then
~ 1 = 1
la= —3 {1 +log(27r)}ZTj - §Zleog3j2-;A,
j=1 j=1

where 3,%, 4 is whichever estimator is used of a,% under Hq, k=1,...,n.
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Under Hj the conditional Gaussian log-likelihood is

T—1

1 o 1
lo (B,a%, e, 0 ~5 Z T; log 27ra Z {bg (2 j7t}2
7=1 J] t=p
/
where 8 = [ Bi - By } is the common parameter vector. Let C, be the p x p matrix

with (4, j)th element
n -1 1 Ll
DIEAI SED ST
m=1 k=1 k t=p
and let ¢, be the p x 1 vector with ith element

-1

n Tk 1
2.1 Z Z Xt X
j=1 =1 7k 1=
Then [ (6, a%, cee ai) is maximised with respect to 3, for fixed a%, ...,0%, by
2 -1
180'%,...,0% = 7Cn c
and with respect to 0']%, for fixed 5,by
Tp—1
Grp =T, ' Y Xi,+2¢,8+B8CB,
t=p
k=1,...,n. The maximised conditional Gaussian log-likelihood under Hy is then

~ 1 - 1 ~
lo= —5{1 + log (2%)}21} - §ZTjIOg%0
j=1 j=1

where 8,%,0 is the estimator of a,% under Hy, k = 1,...n. The parameters can therefore be
estimated iteratively as follows. Given estimates for 0,%, k=1,...,n, estimate 8 by

5-3

=2 =2 .
91,0590

Then update the estimates of a,%, k=1,...,n, by

and repeat until convergence. In practice, we use 3,3. 4 as an initial estimate of 3,3.0, k =
1,...,n.

The test statistic is
A=2 (TA — %)

= Tjlog{ =3¢
> ree{ 50

j=1 JiA

and Hj is rejected at significance level a when A is greater than the 100 (1 — «)th percentile

of the x? distribution with p (n — 1) degrees of freedom.
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3.9 Appendix

In what follows, where convergence is indicated, it will mean convergence in the almost sure

sense, unless otherwise indicated.

3.9.1 Proof of Theorem 3.1

For a given 3, the values of 02 and o2 that maximise Iy (f) are given by

-1 Tr—1

=Tyt ) ()X and Gl (B) =Ty Y {bs () ¥4},

respectively. Let

=10 {B.52(8).52(8)}

T T, L =
5 log {27r )} — ?log {27rau (5)} — m g {bg (2) X}
To—1
Z {5 (=
_ _T? log {2752 (8)} — %1og {2r33 (8)} — 12
Then
_ a2 (B) T . (B)
89 -89 =~ o] Zror k- e 20}
But
p
b (2) Xe = Xo+ > BiXiy
j—l
= Xt + Z/BO,]Xt -7 + Z 60,] Xt —j
=g+ Z — Bo,j) Xi—j.
Thus
) 2
{bs (2) X1} = 7 + 25 Z — Bog) Xe—j+ > (B; — Boj) Xy
7j=1 7j=1
and so
T1 1 T1 1 P T1 1 P 2

Tl_IZE%—l-QTllZEtZ 50] th—l-T_lZ Z _ﬁO,j)Xt—j
t=p j=1

t=p | Jj=1
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Now,

a2 (B)

a2 (Bo)

. 62(B) =32 (bo)

b a2 (o)
2
_, 27y ! Zﬁ;l et 0y (B — Bog) Xeej + Ty ! ZtTi;l { b (Bi = Boy) thj}
o 52 (Bo)
2

_1 2T Y0 (B — Bog) Xity e X + T ! { L1 (Bj = Boy) thj}
- 52 (Bo)

However, as 177 — oo, by the strong law of large numbers,

T1—1

~2 -1 2 2
O¢ (BO) = Tl Z € =7 00
t=p

and
T1—1
T aXe ;= E(X;)=0j=1,..p, (3.2)
t=p
since

E(e1Xi—j) = E{E (e Xy | Fr1)} = E{XyjE (¢ | F1-1)} = 0.
Also, as T7 — o0,

2
T1—1 D
Tty {Z (85 — 50,3‘)th} = (B—Bo) Cx (B— Bo)
t=p | J=1

— (B—=B0)' Tx (B fo)-
Thus

o2 (B :
%((BO)) -1+ (6 _/80) Q(B _/30) 2 1+ ‘5 - 60‘2wmin7

where wpi, is the smallest eigenvalue of Q. Let § > 0. If |8 — fy| > d then

a2 (B)
lim == > 1+ 6%wmin > 1.
o2 (o)
Therefore
T, ~2
lim —llog{fQ5 () } = —00.
Ty —o0 2 06 (BO)
Similarly,
. b o2 (B)
| ——1 u = —
Tomso 2 Og{ag (Bo) o
and so

Llm 5(8)= S (80) = —oc.

35
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Consequently,

liminf inf {S(Bo) —S(B)} >0

Ty, Ta—00 |B—PBo| =0

and the sufficiency condition of Theorem 2.5 is met. Thus B — Bo-

Now,
52 (B) — o2 = {52 (B) — 2 (80) } + {52 (Bo) — o}
Also,
T1—1 p T1—1 p 2
e (3) —G2(Bo) =2T7" > ey (BJ - ﬁo,j) X +T70 ) (B\] - 50,;‘) Xi—j
t=p j=1 t=p | j=1
i1 X1
=t (-0) Yoa | i |+ (B-s) Cx (B-50)
t=p X,

— 0,
from (3.2) and since
0< (B—0) Cx (B o) < (8- 6o) (5~ o) B

where FEp.x is the largest eigenvalue of C'x which converges to the largest eigenvalue of

I'y < co. Hence

Similarly,

=2 2 =2 2
Therefore 0z — 02, and o, — 05.
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3.9.2 Proof of Lemma 3.1

The characteristic function of Zp, 7, is, letting ¢y denote the characteristic function of a

. Ty Ty
¢ZT1,T2 (S) = E exp {25 ( mgﬂ + M<T2> }

. Tl . T2
= —_— E
oo (4 e ) b { o (i Pgen )
_{%“G H+B> wp<28ﬂ+ﬂ>+%p<2sﬂ+ﬂ

X < ¢ s 12 — exp —182 2k + exp —152 12
r, T+ Ts 2" Ty + T 2° Ty + Ty

random variable U,

) 2
+6Xp< 2° T1+T2> {%1 (S T1+T2> eXp< 2" T, + Ty

Now,

S —e ——5 < s t)—e ——t
¢m< H+B> m<2 E+BM &M%ﬂ) w<2

— 0,

as 17 — o0, as sequences of characteristic functions converge uniformly in any closed interval

(see, for example, Lukacs, 1970, Corollary 1 to Theorem 3.6.1). Similarly,

i’ T, 1, T 0
w\Nn+n) P\ T2

as Ty — oo. Hence
1
PZr, 1, (s) — exp (—252>

and so the distribution of Z7, 1, converges to the standard normal.
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3.9.3 Proof of Theorem 3.2

From the mean value theorem, letting 6; denote the jth component of 6, we have

PN ~

028“@>_WM%L+W%@0(5_%»

00, 06, 96,00'

where 5] lies on the line segment between 6y and 0. From Theorem 3.1, 53 — 0pgas Ty, To — oo

for all j, and so o — fp has the same asymptotic distribution as

{920 (00) " f 9lo (60) (33
0000’ 00 ' '
The first derivatives of Iy (0) are
thl Y;ffl
dlo (0) 1 : 1= .
a3 :—;Zbﬁ(Z)Xt : —ﬁzbﬁ(z)n : )
€ t=p U t=p
thp Y;ffp
olo(6) T 1= )
=t s Y () X,
B0 202 " 2(02)? ; prEr
To—1
8l0 (9) T2 1 2
=—— 4+ —— b (2) Y}~
do2 202 2(03)2 ; {bs (2) 12}

The second derivatives of Iy (6) are

62l0 (9) . Ty Ty

0poF ~ a2 X Tz

Rl(0) T 1= )
= — bg (2) Xi}7,

02 "2 e & X

% (0) T 1 =

(002 2(02)°  (02)° &

X,
ano (9) 1 le—:lb (Z)X t—1
= B t )
0pdo?  (02)* &
Xi—p
Y
821, () 1 = ,
= bﬁ (Z) Y;i : )
0BIc2  (g2)? ;}
Yip
2
07 (6) _ (3.4)

2002
0o2002
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Consider
_1/9 Ol (9 ) _1 20l (9 ) _1 201y (6p)
/ 1/2 Oto (o / /
T11/2 T21/2
/ /
_ Wa Zl,Tl + (Tl n T2)1/2a Zgj2 + b1Z3,T1 + b2Z4,T2,
where a = | ap }/, b1 and by are constants, and
1 T -1 1 =
Zir ;=T 2 Z et Xi—j, Zomyg = —Ty 2 Z urYi—j,
50 t=p UO t=p
R = 1/2 =
Zyg, =T, —a D (6 -0k)  Zun =Ty / E Z
2(060) t=p u
Let
b
i=——a Yy ;X (ef — o)
50)
Then
b
(Vi | Fier) = — Zajxt G Fea | B(er | Fio) 5 {E (7 | Fior) — 0%}
50 j=1 ( 50)
=0
and
E(V?) =E{E (V| Fi-1)}
1 P i
_ ﬁE' Zant_j E (E? ’ }-t—l)
(050) j=
Zant —j 51& ‘ft 1)
( 80)
v 2 \2
+ A BB (e} | Fir) = 205 (6} | Fir) + (0%)"}
4 (050)
- 1g p p X ;X b : 2
= 2 B D> mXe Xy |+ { B () — (o
€0 j=1 k=1 (er)
2
=a'Qa+ ﬁv,
where
1 1
v = E(e}) -
(Ugo i#) (030)2
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Thus, by the martingale central limit theorem, a'Zy 7, + 11 Zs, =T, 1/2 Zg;l V; is asymp-
totically normal with variance a’Qa + bv/4. Similarly, o’ Za 1, + baZy T, is asymptotically
normal with variance a'Qa + b3n/4, where

1

(030)2.

Note that if {e;} and {u;} are Gaussian, v = 2 (030)_2 and n = 2 (050)_2. Since a'Zy 1, +

LB (uf) -

b1Zs 1, and o’ Zy 1, + baZa 1, are independent, then Zy 7, Zom,, Z3 1, and Zyp, are jointly
asymptotically normal. Also, from Lemma 3.1,

T2 1/2
1 / 2 '
——————adZ\ + ————55a Zar
(M+T) T ()T
is asymptotically normal with mean zero and variance a’Qa as T1,T» — co. Thus

1 L (00) 1201 (00) 1201 (60)
G/ (Tl + T2) / W =+ blTl T‘g + bQTQ T.’%

is asymptotically normal with mean zero and variance

a
[a’ by bg}] by )
by
where
Q 0 0
J=10 7 0
0 O g
Hence

(Ty + ) ~1/2 25
T—1/2 0lo(0o)

1 o2
—1/2 010 (6o)
L T2 Oc2

is asymptotically normal with mean zero and covariance matrix 5. Now, from (3.3) and (3.4),
~ / 1!
[ (5 — 50) 02 — 02, 02— 02, | hasthe same asymptotic distribution as

-1

PPlo(B0)  9*(80) 8% (fo) dl(6o)
oBoB! 0B902 0B0c?2 BL]
o 82l0(90) 82l0(90) 0 0l(6p)
80’28,3/ (60’3)2 80’?
9219 (6o) 0 021y (o Ol(6o)
d020p (902)? do?
Let
(Ty +To) 21, 0 0
My, 1, = 0 T 0
~1/2

0 0o T
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Then }
(T +T)Y?1L, 0 0
Myt = 0 T2 0
0 0 T?
and so
Mty [ (B-m) w20t 7oy |

has the same asymptotic distribution as

8%15(00)  9%1p(00)  8%10(6o)

—1/2 8%l (o)

0B9c2

Aly(6o)
dBOR’ 0pdc?  OB0s2 op
-1 9210(6 %o (0 -1 Alo (0
- MT1 Ty 802(850’) (agé)g) 0 MT1 s MT17T2 laoc(rgO)
92ly(6o) 0 9210 (o) 9lo (0o)
dc20p8' (002)? o2
9o(00)  9%0(0y)  9%1(0o) -1 Alo(6o)
dpop’  OBdoZ  OPds2 o8
921/(6 921o(6
=—| Mnm aa%ﬁ? (agé)g) 0 Mr1, | Mmoo, alaof,%())
8210(00) 0 9210(60) dlo (o)
00294’ (802)? o2
That is,
(Ty + Tp)*/? (B— 50)
1/2 [~
Tl/ (‘73 - U?O)
1/2 /~
TQ/ (UZ - 050)
has the same asymptotic distribution as
r _ 2 _ _ 2 _
(T T gy T )T G (T T
-1/2 —1/2 8%1o(6 —18%1(0
— | TV (T )R ) T el 0
-1/2 —1/2 8%lo (6 —18%10(0
| 1, (14 Ty) Y D) 0 Ty Tl
(Ty + Tp) /2 Z500)
—1/281(6
x T T(gé’)
—1/281(6
i oA / 8(0 5)
But
9%y (0 1 0%y (0 1
T Og g> ————— and T;liog g> ——
(902) 2(a2) (9o3) 2(o3)
Also,
_1 0%lg (60) L T Ty
T + T 174-92 T+ 15 —— Cx—O'QQ—icy 2,0
( ) aﬁaﬂ/ ( ) 0_20( 0 ) O_ZO( w0 )
— 0,
and so
1 0% (0
(Tl +T2) 1 0( 0) —Q.

0808
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In addition,

, -1 Xi-1
0%ly (6o) _ 1 Z .
ooz (%) 15
Xi—p
and, for all j =1,...,p,
_ _ 9%lo (Ao) 1 |0%1 (60)
TY2 (7 4 )12 0 <T!
r (D) 0002 | 9B;002
1 B T -1
= — |l ) aXiy
(050) t=p
— 0.
Similarly, for all j =1,...,p,
_ _ 0?1y (6
Ty 2 (T + 1) Y2 8595002) 0.
J U
That is
dlo (0o)
T1,1T> WMTI,TQ — _']7
where
Q 0 0
T=10 57 O
0 0 sy
Thus,

(Ty + Ty)'/? <§— 50)
T11/2 (33 - Ugo)
T21/2 (33 - 030)

is asymptotically normal with mean zero and covariance matrix >, where

0! 0 0
Yy=J 4 tl= 0 (030)41) 0
0 0 (030)4 n
If {e;} and {u;} are Gaussian, then
Ot 0 0
S=| 0 20 0
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3.9.4 Proof of Theorem 3.3

/
Let 6 = [ 0, o2 o 0 ] , where 61 = Sx and 0, = fy — Bx. The hypothesis test is then

£ u

Hy:0,=0

HA:GQ#O.

The test statistic is

AZQ{Sgpl(Q) _:;%Z(e)},

where
1(0) = Ix (Bx,02) + 1y (By,0) -

/ /
Let 0, = [ 0 o2 o2 } and denote the true value of § under Hy by 6y = [ 0y 0 ] . The

£

estimators under Hy and H 4, denoted 50 and §A, respectively, satisfy

o ol (9]) o (50)

a0 and 0= 7@0* ,

~ N /
where 0y = [ 0, 0 } . From the mean value theorem, letting 60, 6,; and 64; denote the jth

components of 0, 6, and 6 4, respectively,

Co(Ba) o) ()

V= 26, 06, | 06,00 (gf‘_go) (3.5)
and - )
al (0 921 (6.

- 8g*j) N %i-)) * ae*ga(z;) (820 = 0.0) (3.6)

where 6 4j is a point on the line segment between 6y and §A7 and 50j is a point on the line
segment between 6y and é\o. Since Bx = 61 and By = 601 + 09, the first derivatives of [ (6)

with respect to 61 and 6, at 6 are

Ol (8p) Ol (by) n ol (6p)

. 1/2 1/2
= =— ~-T
26,  0Bx | 9Py e

and
al (0o) _ al (0p) _ _Tl/zz
89, 9Py 2

where

12 T -U/2 Tl
7= 12 Z&{thl thp} and 2z = 22 Zut[n* o Y

R — -
Therefore
ol (6
( 0) - _NT1,T227

00
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where
%1, 0 1)1
NTl,TQZ 0 IQ O 3
o o0 7,7
/
ZZ[Z'l a zé}
and

a=[ 20 20 }’,

902 do2
The second derivatives of [ (6) with respect to 61 and 6, at 0y are
%L (0y) 621 (6o) N 021 (6o) N 0?1 (6) n ?l(6) T T
90,100, 9Bx0By = 9Bx0By, = OByOBy\ = O0By0B, o2 o2
9?1 (0y) 9% (6y) —EC
00,00, — Opyop, o2 "
%L (0o) 9% (o) n %L (0o) —EC
00,00, ~ 0Bx0B, | 0ByoB, o2

1 (B) _ 1) | L) _ Tb
00,00, — 9pyOfy = OByOBy, ol

u

Under Hy, using a second order Taylor expansion of [ («/9\ A) around 6y and since é\A — 6,

l (5 A) — 1 (0p) has the same asymptotic properties as

) (52 o 3 (51 ) ) (51 ).

which, because of (3.5), is equal to

1 20(6)\ 1 2L (0 =
_7Z/N§_‘1’T2 {a ( 0)} NT17T2Z — _§Z/ {N—l a ( 0) (N/}\17T2) 1} Z

2 0000’ Tz 9goe’
-1
LCx 0 0
1 €
=§Z’ 0 A4 0 Z,
0 0 %Cy
where
921(0) 0
A= | @527
0 921(6) )
(902)°

Similarly, from (3.6), { (50) — [ (6p) has the same asymptotic properties under Hy as

-1
LCx 0 0

1
L) +5Z2'| 0 A0 Z
0 00
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Thus A has the same asymptotic distribution under Hy as

1 —1
25 (UQCY) Z9.
u

But 25 is asymptotically normal with mean zero and covariance matrix € and

1

u

Thus, under Hp, A asymptotically has the y? distribution with p degrees of freedom since

dim Q) = p.

3.9.5 The Asymptotic Distribution of the Range Statistic Under H,

Suppose that the X;’s are i.i.d. and Gaussian, then the random variables Ir x (w;) /o2,
j=1,...,q = [(T —1)/2], are asymptotically independent and follow the x? distribution
with 2 degrees of freedom. Thus, letting ¢ = 02/02,

_Irx (w))

J((“)J) - CIT,Y (Wj),

j:]-a"'7Q7

asymptotically follow the F, o distribution. Let Z; =log J (w;) and Z(x) be the kth smallest
of the Z;, 5 =1,...,q. Then

ez

14 e

-1

P(Zj<z)=P(J(wj) <€) — =(1+e7)

as T'— oo. Let U = Z(y) +1logq and V = Z(;) —logg. Then
P(V<v)={P(Zj<logg+v)}'=(1+qg e ) " —e"

as T — oo. It follows that, as T — oo,

PU<u)—»1—e*°".

Since
PWU>u,V<v)=P(-logg+u<Zj<logg+wv, 1 <j<q)
={P(Z; <logq+v) - P(Z; < —logg+u)}
—e @ e
as T' — oo,
FUVV(u,v)ZP(Uéu,ng)
=PV <v)—PU>uV <)
—e @ —e e
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as T — oo, which is the cdf of independent random variables U and V. Hence Wp =

Z(q) — Zq) — 2log ¢ has limiting cdf

Fy (w)=P((V -U < w)

:/Oop(vgquw)fU(u)du

—00

o0 —W ,—Uu u
:/ e ¢ ¢ e'e® du.

—00

Let e % = o2 and as = e*. Then e*du = ads and
o0 -1
Fy (w) = a/ e=o(s+57") gs.
0
Now put s = e*. Then ds = e*dz and we have
o
FW (w) — a/ e—?acoshzezdz
—00
oo
= Qa/ e—2coshz oooh 2dz
0

= 2aK; (2a),
from Abramowitz and Stegun (1965), Section 9.6.24. Thus

Fy (w) = 2¢7%/?K, (267“’/2) .



ARMA Spectral Discrimination

4.1 Introduction

In Chapter 3 we developed a parametric test to discriminate between time series on the basis
of their spectral shape. The test was based on fitting fixed order autoregressions to the time
series and using a pseudo-likelihood ratio procedure. It was shown that fitting long-order au-
toregressions in this way produced a test which performed well when discriminating between
time series which have been generated by processes which are not purely autoregressive, for
example, which are from a moving average process. A natural extension is to develop a test
based on fitting autoregressive-moving average (ARMA) models. If the true orders of the un-
derlying processes are known, then a test based on fitting ARMA models would be expected
to have higher power than one based on fitting long-order autoregressions.

Let {X;} and {Y;} be univariate, stationary stochastic processes, assumed to have zero

means. Given samples of sizes T7 and T5, respectively, we fit the ARMA models
Xi+ BxaXi—1+ -+ Bxpx Xi—px =&+ ax16-1+ - Qx,gxEt—qx (4.1)

and

Yi+ ByaYer+ - 4 Byipy Yipx = Ut + ayti—1 + -+ gy Ut—gy - (4.2)
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2

We assume that the innovation processes, {e;} and {u:}, have zero mean with E (¢}) = o2

and E (uf) = o2.
The null hypothesis is that the spectral densities of the two processes have the same shape,
that is, that their ratio is constant. If {X;} and {Y;} satisfy (4.1) and (4.2), respectively,

then their spectral densities are

o2 L axpe ™

; 2
_on L+ X avke™ ™|
‘1 + 2755 Bxje ‘

Ix (w) o7 g2
[ESSr—

and  fy (w)

Thus, fx (w) and fy (w) will have the same shape if and only if the autoregressive parameters

are equal and the moving average parameters are equal. The null hypothesis is then
Hy : Bx,j = By, Vi, axk = ayy, Yk,

and the alternative hypothesis, H 4, is its complement. In order to estimate the param-
eters under Hy, we therefore require a procedure for fitting ARMA models with common
autoregressive and moving average parameters to two time series with potentially different
innovation variances and sample sizes.

Fitting ARMA models to two or more time series with common parameters has been
previously studied by Bowden and Clarke (2012), who proposed the interleaving method.
This method combines n time series of length T, denoted {Xj:}, K = 1,...,n, to create a

single series given by
X1,00- -5 Xm0, X1,15 -, X, 15 -+, X1,1-15 -+ X 71

An ARMA model is then fitted to the new series using standard procedures, subject to the
constraint that the autoregressive and moving average parameters are only non-zero for lags
which are multiples of n. The technique was used to model maximum daily temperatures for
a given week in the year by considering measurements over a sixty six year period. Bowden
and Clarke (2017) extended the interleaving method to the multivariate case. The method
assumes that the innovation variances are the same and that the sample sizes are equal. If
the sample sizes are not equal, the shorter series’ are zero-padded to be the length of the
longest.

The procedure that we develop is motivated by the Hannan—Rissanen procedure for es-
timating ARMA parameters (Hannan and Rissanen, 1982; Hannan and Kavalieris, 1984a).
This procedure is based on minimising the least squares function and can incorporate order
estimation using an information criterion.

In this chapter we show how the pseudo-likelihood ratio procedure used in Chapter 3 can

be adapted to the case of fitting ARMA models. We detail the Hannan—Rissanen procedure
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which can be used to maximise the pseudo-likelihoods under H4. We then show how to
extend the procedure for fitting ARMA models with common parameters to two time series
in order to maximise the pseudo-likelihood under Hy. The results of simulation studies are
presented that compare the new test to that based on fitting fixed order autoregressions. It is
shown that fitting ARMA models results in a more powerful test when the orders are known.
However, when the orders are not known and need to be estimated, which will be the case
in practice, the fixed order autoregressive test performs better than the one based on fitting

ARMA models.

4.2 The Likelihood Ratio Test

The conditional Gaussian log-likelihoods of {X;} and {Y;} are

T -1 2
T 1 ba (2
—Llog (2m02) 5 E i { )Xt
2 20

| t=max(px,qx) Qo (2)

and

To—1 2
T 1 bs, (z
—2log (2m0?) — 5 g sy ( )Y} ,
2 202

| t=max(py ,qy) Gay (2)

respectively. Under H 4, these can be maximised independently using, for example, the
Hannan—Rissanen procedure. This procedure is described in Section 4.3. The maximised
conditional Gaussian log-likelihood under H,4 is the sum of the two maximised individual

ones, which is

~ T1+ 2
la=

{1 +log(2m)} — flog A flogouA,

where 83; 4 and 33; 4 are the estimators of ag and o2, respectively.

Under Hy, {X:} and {Y;} have the same autoregressive and moving average parameters
and orders. Let g = [ Bi - By }/ and o = [ ar oy }/ be the common model
parameters and let p and ¢ be the common orders. The conditional Gaussian log-likelihood

is

lo (B, 0%,02) = f%bg (2mo?) — %bg (2r02) — 212 Z
O’&‘

- IRt

U [t=max(p,q)

In Section 4.4 we show how to maximise this using an approach based on the Hannan—

Rissanen procedure.
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4.3 The Hannan—Rissanen Procedure

The Hannan-Rissanen procedure was first proposed by Hannan and Rissanen (1982) and

later modified by Hannan and Kavalieris (1984a) to estimate the parameters of the model
Xe+ 81X 1+ +BpXs p=cr +arg 1+ + agEi—g,

which we can write as

bs (2) Xt = aq (2) &

The method has three stages. In the first stage, the unobserved innovation process, {e;}, is
estimated by fitting an autoregression to {X;} of order m, where m is chosen using AIC (see
Section 3.3.4). Denoting the estimators of the autoregressive parameters by 50,1, ce Bom,

{e¢} is estimated by

m
g =X+ BoiXi
i=1

t=0,...,T—1, where T is the sample size and X; = 0 for ¢ < 0. In the second stage, initial
estimates of p autoregressive and ¢ moving average parameters are obtained by regressing
—X; on

thl, cee ,Xt,p, —Et—1y--+y —Et—q,

t =0,...,7 — 1. These initial estimates are then used in the third stage to maximise the
conditional Gaussian log-likelihood, or equivalently, the least squares function. The method
of doing this proposed by Hannan and Rissanen (1982) comes from applying the Newton—
Raphson method to the least squares function as follows. Let

s- 2 feee

t=max(p,q)

In what follows, a summation with a subscript ¢ denotes summing from ¢ = max (p, q) to the

maximum value indicated. Let

B=1|p6 - BP},’ 04:[041 aq}/ and 9:[5’ a’},-

Given a current estimate of #, denoted 5, a new estimate is obtained by

i ( 028 >1 a8 (43

0000') 06
Let
1 1
= X, =
T @ T ()
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and
Cbg(z) 1
TEE T wE™

t=20,...,7—1, where X; = 0 and g4 = 0 for ¢ < 0. The first and second derivatives of S

with respect to 8 and « are given by
T-1
0S
a7 =2 EtTlt—j,
7, P 25

T—1
oS
2= 2 ek,
t

80éj
028 —
=2 M
and
928 - 1
aﬁ]aak‘ = _2Z€t k77t ] 2§t: agl Z Etthjfkh
T-1 T-1

~—

0%S bs (2)
dov; 0, 2;& kEt—j + zt: a3 (2 EtAt—j—k-

But, by the strong law of large numbers,

T-1

1 1
T! Xt jn— ——FE (Xt 1) =0,
D E R :
for all j,k =1,...,max (p,q). Note that convergence here means convergence in the almost

sure sense, and will do so in what follows. Similarly,

-1 - bs (2)
Z 3( )EtXt—j—k —>0,
t

as, (2

for all j,k=1,...,max(p,q). Thus

825 T-1
= -2 —kMi—s T
and _—
028 -
aa]aak - 2 Zt: ét—ké‘t-] + o (T) )

where o (+) is in the almost sure sense. Let
/

/ ~ ~
Ht nt 1 . ﬁt—p :| and Et = gt—l e ét—p R

where ~ is used to indicate that the quantities have been computed using 0 in place of 6.

Then (4.3) is asymptotically equivalent to

-1
~ mH, ->I'HE ST HE

0 —
T 1= T—1—= —y T—1— ~
— Ht n Sy — Zt ZtEt

Y
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which is equal to

-1

St HE - HE G - ) w
— > ' EH] [ EE -y 'E (H/ﬁ —5t)

Now
_ p _ q
HB-Za—8=Y Bjij— Y a& j—&
j=1 =1
=N+ gt — &

—t

Computing (4.4) is therefore equivalent to regressing —m; + é — & on [ H] -E| } This
regression gives the updated estimate of # and the procedure repeats until convergence.
Denoting the autoregressive parameter estimators by 31, e ,B\p and the moving average

parameter estimators by v, ..., &g, the variance of ¢ is estimated by

e (2

The orders p and ¢ may be estimated by running the procedure over all p =0,..., P and

qg=0,...,Q, where P and @) are assumed to be greater than the true orders, then using an
information criterion, for example BIC. That is, the estimates of p and ¢ are chosen as those
that minimise, for example,

T log 812,’[1 + (p+q)logT.

4.4 Parameter Estimation Under the Null Hypothesis

As we did in Chapter 3, we reparametrise the conditional Gaussian log-likelihood and then

use a profile likelihood approach to maximise it. Let 02 = Ao2. Then Iy (8, ,02,02) can be

rewritten as

Ty —1 2 T —1 2
Ty + 1T 1 bs (2) (2)
Pt B oy [ {2 a5 {225

€ t

(4.5)

In order to maximise this with respect to o and S, for fixed \, we minimise

T5—1

S = TIZI{ th} +)\Z{ i }2

/
using the Newton—Raphson method. Let 6 = [ B o } . Given a current estimate of 6,
denoted 5, a new estimate is obtained by

- () o (46)
0000 00
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93

Let
1 1
Nxt= ——F At = 7 Et a
o (2) bg (2)
t=0,...,71 — 1, and let
bs () 1
= X = & 5 a.
RO T Wl
t=20,...,71 — 2. Also let
nX,t—1 ny,i—1
HX,t = ’ HY,t = )
ﬁX,t—p ﬁY,t—p

where, again, ~

—

nd

nd

1]

Xt =

1 1
= Y:
M= 0 ()T b ()

U,

bs (2) 1
= Y =
gXﬂf—l gY;t—l
and Zy,; = ,
gX,t—q gY;t—q

is used to indicate that the quantities have been computed using 0 in place

of #. Following the same calculations as in the previous section, (4.6) is asymptotically

equivalent to

T1—-1 / -1 —
Zt HX,tHX,t - Zt HXat'_'Xﬂf
Ti—1 —

— / h—1=

T2t ~X7tHX,t t
T1—1 TS -~ ~

>t Hxy (HX,tﬁ —Ex YT 5t>

h—1= /A = o~ =
2 (HX,tﬁ_‘—‘X,ta_et)

=/

=X =Xt

SXt

+A

+ A

| -2 B

To—1 / To—1 —/
Zt HY,tHY,t - Zt HY,tﬂ/,t
Tb—1 = / Tp—1 jpu =/
- Zt “Y,tHY,t Zt =Y, i=y
Tr—1 IR = =~
> Hy, (HY,tB B ut)
IR = o~ ~
(Hyﬂfﬁ — By — ut)

(4.

7)

Computing this gives the updated estimate of 6 and the process repeats until convergence.

Of course, A above needs to be updated. This will be discussed later.

In order to obtain an initial estimate of 6, we can follow a similar process to the first

two stages of the Hannan—Rissanen procedure, utilising the methods developed in Chapter

3 for fitting common autoregressive parameters to two time series.

We begin by fitting

autoregressions of order m to { X} and {Y;} with the same autoregressive parameters, denoted

by 50,1, e Bo,m, using AIC to estimate m (see Section 3.3). Put
m ~
& =X+ Y BoiXiy,
j=1
t=0,...,71 — 1, letting X; = 0 for t < 0, and

m
U =Y+ Y BoiYij
j=1

t=0,...,T5 — 1, letting Y; = 0 for ¢ < 0. We then obtain an initial estimate of 6 from (4.7)

with Hx ¢, Hy, ZEx and Zy; computed with

Nxt = Xt

and

fX,t = gtv
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t=0,...,71 — 1, and

ﬁY,t =Y and fY,t = Uy,
t=20,...,75— 1.
Denoting the common autoregressive parameter estimators by Bl» el Ep and the common
moving average parameter estimators by a1,..., a4, (4.5) is maximised with respect to o2,

for fixed A, by

t

) T1—1 ba (Z) To—1 z 2
~2 _ —

Tepq(A) = (T +T3) Z {aa(z Xf} /\Z {QA (z) }
The maximised conditional Gaussian log-likelihood, for fixed A, is therefore

T+ Ty

()= 0 10g (2m)) - LEE

- T:
log {52,,, (V) } + 5 log A

By maximising l~0 (\) with respect to A\, we obtain estimators of all the parameters. The
procedure above will therefore need to be iterated in order to update A. One method for
updating A is as follows. Given a current estimator of A, denoted by X, estimate the model

parameters as above and then re-estimate A by

Tyo? =poq (X)

5
-1 | b3(2)
t2 {ai(z)YVt}

Use this new estimate of A\ to re-estimate the model parameters and repeat the whole pro-

cedure until convergence. An initial estimate of A can be obtained from the estimates under
H 4, that is by letting A = G2.4/52% 4.
To estimate p and ¢ we make use of an information criterion. Let Xp,q be the value of A

which maximises I (M) for a given p and ¢. Then let

¢ (p,q) = (T1 + 12) log { Ozpg (Xp,q)} — Ty log Apq + (p + q) log (T1 + T) .

The estimators of p and ¢, denoted p and g, respectively, are the minimisers of ¢ (p, q) over
allp=20,...,Pand ¢ =0,...,Q, where P and @ are assumed to be greater than the true

orders. The estimators of 02 and o2 under Hy are then
~2 _ L ~2  _~2 5
Go0 = 0cpa </\ ) and G0 = 050/ Apay

respectively.
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4.5 The Test Statistic

~2 ~2
g_. o,.

A =T log A;O + 15 log A;,O .
Us;A Ju;A

If p and ¢ are known, Hj is rejected at significance level @ when A is greater than the

The test statistic is

100 (1 — a)th percentile of the x? distribution with p + ¢ degrees of freedom. If p and ¢
are unknown, Hy is rejected when A is greater than the 100 (1 — a)th percentile of the 2
distribution with p + ¢ degrees of freedom.

4.6 Simulations

In this section we show the results of simulations which compare the test based on fitting
ARMA models developed in this chapter with the method based on fitting fixed order au-
toregressions which was developed in Chapter 3. Pairs of time series were simulated from the
AR(1) processes

X +05X 1 =¢ and Y + BY;1 = wy,

the MA(1) processes
Xy =&+ 058 and Y = us + Pug—1,
the ARMA(1, 1) processes
Xt + 05X 1 =& + a1 and Y + BYi-1 = up + qug—1,
and the ARMA(2,2) processes
Xi+05Xi 1+B8Xi_9 =etagi_1+tagi—o  and  Yi+0.5Y;_1+8Yi 90 = uptaup_1+aui_o.

The floating parameter 5 was varied from 0.01,0.02,...,0.99. For the ARMA processes, the
simulations were run with both a = 0.6 and o = 0.8. In each case, {e;} and {u;} were
simulated from normal distributions with mean zero and variances 1 and 4, respectively. The
AR(1) and MA(1) processes are the same as those used in the power simulations in Section
3.5 and the null spectral densities of {X;} are described in Figure 3.1. The null spectral
densities of {X;} for the ARMA processes are described in Figure 4.1.

For each of the six processes and for each level of 3, three tests were applied with 10,000
replications with sample sizes 77 = 100 and 75 = 125, and 10,000 replications with sample
sizes T7 = 1,000 and T5 = 1,250. The first test applied was that developed in this chapter

based on fitting ARMA models where p and ¢ were known. The second test applied also



56 ARMA Spectral Discrimination
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Figure 4.1: Spectral densities of {X;} for the ARMA(1,1) and ARMA(2,2) processes described
in Section 4.6.

fitted ARMA models but the orders were unknown and were estimated using the information
criterion given in Section 4.4. The maximum orders were set to one greater than the true
values. The third test applied was that developed in Chapter 3 based on fitting fixed order
autoregressions. The autoregressive orders were |log (1,000)|'! =5 for the short series and
llog (1,000)]** = 8 for the long series. The empirical powers are shown in Figures 4.2 and

4.3.

For the short series, the ARMA method with known orders and the fixed order autore-
gressive method performed well, with the former having higher power, as expected. When
the orders were estimated the ARMA method did not perform well, with Type I error rates
between 0.23 and 0.85.

For the long series, when the time series were from the AR(1) and MA(1) processes, the
ARMA method with estimated orders had almost identical power to the ARMA method
with known orders, although the Type I error rate was a little over 0.05 when the orders
were estimated. Both methods had higher power than the fixed order autoregressive method.
When the time series were simulated from the ARMA(1,1) and ARMA(2,2) processes with
a = 0.6, the ARMA method with estimated orders did not perform well, with Type I error
rates of 0.71 and 0.82. It performed better when o = 0.8, although the Type I error rates
were still higher than 0.05. The ARMA method with known orders and the fixed order

autoregressive method performed similarly well, with the former having slightly higher power.
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Figure 4.2: Empirical power of the likelihood ratio test using ARMA(p, q) models with the
orders known (solid), ARMA(p, ¢) models with the orders estimated (dashes) and the fixed
order autoregressive method (small dashes), for 71 = 100 and 75 = 125. The lowest horizontal
line in each plot indicates the significance level of 0.05.

4.7 Discussion

The simulations have shown that if ARMA models are fitted with the true orders, then the
pseudo-likelihood ratio procedure will result in a test which is more powerful than fitting fixed
order autoregressions. This is expected, since the methods will more closely approximate the
true spectral densities. In practice, however, the ARMA orders will not be known and will
need to be estimated. The simulations suggest that this method will not always perform well.
As in the previous chapter, simulations have demonstrated that the fixed order autoregressive
method will work well even when the time series are not from autoregressive processes.

In light of this, the fixed order autoregressive method is a better choice for time series
discrimination than the method which fits ARMA models in practice, since the true orders

will not be known. For this reason we will not pursue the ARMA methods any further in the
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Figure 4.3: Empirical power of the likelihood ratio test using ARMA(p, q) models with the
orders known (solid), ARMA(p, ¢) models with the orders estimated (dashes) and the fixed
order autoregressive method (small dashes), for 73 = 1,000 and 75 = 1,250. The lowest
horizontal line in each plot indicates the significance level of 0.05.

discrimination context when considering, for example, multivariate time series. However, the
technique that has been developed in this chapter for fitting common ARMA models to two
time series may have applications beyond the parametric test for time series discrimination.
For example, Bowden and Clarke (2012) have discussed the use of modelling measurements
of daily maximum temperatures in a given period over several years to forecast electricity
demand. An area for future research therefore will be to extend the procedure developed in
this chapter to, say, the case of more than two time series, and to study the properties of the

parameter estimators.



Comparing Multivariate Time Series

5.1 Introduction

While there is an extensive literature on comparing univariate time series from stationary
processes, there has been much less work for the multivariate case. Most of the existing
methods test the null hypothesis that the spectral densities of two independent stationary
processes are the same. For this null hypothesis, Bassily et al. (2009), Lund et al. (2009)
and Ravishanker et al. (2010) have developed nonparametric methods based on comparing
smoothed periodograms at the Fourier frequencies. Tugnait (2016) considered the complex
case using a similar approach. Lund et al. (2009) also proposed a test based on comparing
sample autocovariances. Kakizawa et al. (1998) compares several time series using disparity
measures between smoothed periodograms for the purposes of clustering and classification.

An alternative null hypothesis, suggested by Ravishanker et al. (2010), is that the spectral
densities differ in scale but still share the same second order dynamics. That is, that the
spectral densities of each of the corresponding components of the two processes have the same
shape. This is a multivariate generalisation of the null hypothesis considered in Chapters 3
and 4.

Another null hypothesis of interest is that two time series are from vector autoregressions
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with the same autoregressive parameters. A test of Maharaj (1999) fits vector autoregressions
to two time series using an information criterion to select the autoregressive orders, and
considers the differences between the independent parameter estimates for each process.

The above suggests a number of null hypotheses related to comparing multivariate time
series. We can develop tests for these by generalising the parametric approach of Chapter 3
to the multivariate case.

Let {X;} and {Y;} be d-dimensional stationary stochastic processes, assumed to have zero
mean. We fit a d-dimensional vector autoregression of order px to {X;} and of order py to

{Y;}. That is, we fit the models
Xie+ Bx1Xi—1 4+ Bxpx Xt—pyx = €t (5.1)

and

}/1; + B}/,l)/;f—l +-+ /BY',py}/;f—py = Ut, (52)

where 8x;,j=1,...,px,and By, j =1,...,py, are dxd and {e;} and {u;} are independent
d-dimensional innovation processes. We make the usual assumptions that {e;} and {u;} are

sequences of martingale differences, that is that
E (et | Fio1) = E(ut | G—1) = 0,

and also that
E (6,562 | ftfl) =2, (utu:f | gtfl) = 2,

where F; and G, are the o-fields generated by {e;,&1—1,...} and {us, us—1,...}, respectively.

The spectral densities of {X,;} and {Y;} are
fxw) =5= > Tx(@e™ and fyw)=5 Y Ty(j)e ™, (5.3)

respectively, where Ty (j) = E (XtX{ +j) and Ty (j) = E <Yth’+j>. If {X,} and {Y;} satisfy

(5.1) and (5.2), then their spectral densities are

1 Px o -1 Px o YT
Ix @)= oo (Tt Yo Bxge ™ | Bed (Tt D Brye ™
T j=1 j=1
and i
1 Py o -1 Py o !
frw)= o (1ot D Byie | Suq [ La+ Y Brye ™ :
=1 i=1

respectively, where x denotes the complex conjugate transpose (Reinsel, 1993, Section 2.3).
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We do not want to assume that {X;} and {Y;} truly are autoregressive but instead use
long-order autoregressions to approximate more general processes. Following the approach
of Chapter 3, we let px = py = p and derive test statistics, parameter estimators and their
asymptotic properties for fixed p. When applying the test procedures in practice we then let
p = |(log Tinin)€ |, where Tinin = min (71,75) and ¢ > 1 (see Section 3.6).

The first null hypothesis we consider is that the autoregressive parameters of {X;} and
{Y;} are equal, that is

HY : Bxj = By, Vi.

Under Ho(l), the innovation processes can have different covariance matrices, and so the
spectral densities of {X;} and {Y;} are not necessarily the same.
The second null hypothesis we consider is that fx (w) = Afy (w) for some positive constant

A. This is equivalent to

HY 2 Bxj = By Vi, Te = ASy.

Under H(SQ) , the spectral densities of each of the corresponding components of {X;} and {Y;}
differ only by a common scale. A special case is when A = 1, which is when the spectral
densities are equal.

The third null hypothesis we consider is that fx (w) = Afy (w)A, where A =
diag (A1,...,Aq) and Aq,..., \g are positive constants. This is the null hypothesis suggested
by Ravishanker et al. (2010). Its interpretation is that the spectral density of each component
of {X;} has the same shape as the corresponding component of {Y;}. If this is the case then,
from (5.3),

Ly (j) = E (YiY{y;) = E (AX; X{y jA) = ATx (j) A,

and it follows that this null hypothesis is equivalent to
HY : Bx; = ABy A7V, Se = AS,A.

In each case, the alternative hypothesis, H 4, is the complement of the null hypothesis.
We shall introduce three more null hypotheses when we extend the tests to compare more
than two time series.

In this chapter we show how to use the pseudo-likelihood ratio procedure for the multi-
variate case to derive tests for each of the hypotheses given above. We present methods for
estimating the parameters under each null hypothesis and establish asymptotic theory for
the estimators. We also show how to extend the tests to compare more than two time series.
The results of simulation studies are presented which demonstrate the behaviour of the test

statistics under the null hypotheses.



62 Comparing Multivariate Time Series

5.2 The Likelihood Ratio Procedure

Let
X+ BxZx =c¢
and
Y + By Zy = u,
where
XZ[X,, XT171]> Y:[yp YT1—1]>
ZX:|:ZX,p ZX,Tl—l}v ZY:|:ZY,p ZY,T2—1]7
ZX,t:[X{_l Xé_p}/, Zy7t:[yt/_1 yt/_p]/,
c=lep o ena ] w=lup o wna ],

Bx=[Bxi - Bxp|s  Br=[Bva - By
The conditional Gaussian log-likelihoods for {X;} and {Y;} are

Ty d T _
x (Bx,%e) = —Llog (2m) — *1Og\2 - tf{zs Ysxm (Bx)}

and

v (By,Xu) = —@ log (27) — —log |Zu] — Ztr {Z Sy, (By)} ,

where

sxn (B) =T (X + BZx) (X + BZx),
sy, (B) =Ty ' (Y + BZy) (Y + BZy)

and |-| denotes the determinant. Under the alternative hypotheses {X;} and {Y;} are inde-
pendent vector autoregressive processes of order p, denoted VAR(p), and their likelihoods can
be maximised separately. The maximum Gaussian likelihood, or least squares, estimators for
the parameters of VAR(p) processes, and their properties, are well known (see, for example,

Hannan, 1970). The estimators of Sx and fy are

1

U and By =-YZy (ZvZy)

Bx = —X 2% (ZxZ%)

respectively, and the estimators of 3. and ¥, are

~

ia;A =sx1 (BX) and YA = Sy (3}/) ;

respectively. Alternatively, the parameters can be estimated using the Whittle recursion

(Whittle, 1963), which, asymptotically, is equivalent to least squares estimation. The Whittle
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recursion makes use of the properties of block Toeplitz matrices, and is computationally fast
since it involves only one d X d matrix inversion at each step. The recursion is summarised
in the Appendix. The maximised conditional Gaussian log-likelihood under the alternative

hypotheses is the sum of the individual ones, which is

(Tl + Tg) d

Iy=—
4 2

T P T: -
{1+log(2m)} — %log ’ZE;A‘ - ?Qlog ‘EU;A‘ :

Under the null hypotheses, the maximised conditional Gaussian log-likelihood is again
the sum of the individual ones maximised over the relevant parameter subspace. That is,

letting Zgr) be the maximised log-likelihood under Hér), r=1,2,3,

157 = max {Ix (Bx, 52) + Iy (By. Zu)}
Hg"

We show in the following section how to compute the parameter estimators which maximise
7(r)
ly .

5.3 Parameter Estimation Under the Null Hypotheses

5.3.1 Parameter Estimation Under H((]I)

/
Under H(()l) Bx = Py. Letting 5=| B, ... B, | be the common autoregressive parame-

ters, the conditional Gaussian log-likelihood is

UCHISREEC RS L

——tr{E sxm ( }——tr{Z sYTQ(ﬁ)}.

T T
log (2r) — - log | S| — 5 log[%u]

This is maximised with respect to 5 when
SIBZxZN + 2182y Zy = — (ST1 X Z + 2,V ZY)

and maximised with respect to ¥. and ¥, when ¥, = sx 7 () and X, = sy, (8), re-
spectively. The estimates can therefore be computed iteratively as follows. Given current

estimates of ¥, and 3, denoted 25;1 and iu;l, estimate 3 by B where
~ ~ ~ -1 ~ ~
vee (B) == {(2x 2k o S21) + (v 2 0 530} {vee (S21X 2 ) +vee (Si1v 2y )}

Then re-estimate Y. and X, by

~

Yel = Sx1y (3) and iu;l = SYTy (3) )

respectively. Use these new estimates to update B and repeat the process until convergence.

For initial estimates of 3, and 3, we use i‘s; 4 and iu; A, respectively.
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5.3.2 Parameter Estimation Under HO(Q)

Let Bx = By = [ as before. Since . = AX,, where A\ is some positive constant, the

conditional Gaussian log-likelihood is

(T1 -+ Tz) d

T+ Ty
2

T
Y (5,5,,0) = - log (27) — log |52 + T2 log A
T

—itr{Eglsx,Tl B} - /\*tr{Ea_lSY,Tz(ﬁ)}-

We maximise this using a profile likelihood approach. For a given A, l (B e, A) is max-
imised with respect to 8 by

-1

By = — (XZ + \Y Zy) (Zx 2 + N2y Z4) (5.4)
Then l (BA, e, /\) is maximised with respect to X. by
Sen = (Th + o)™ {T1SX,T1 (BA) + Aasy, (BA)} ; (5.5)

and we thus obtain the profile log-likelihood

IAOE <5A7 el )

(Tl + Tz)

= {1+1log(2m)} —

T
1; 2log‘25)\‘ —i——log)\

Let A be the maximiser of Z((f) (M\). The parameter estimators of 3, . and X, are then
B = ﬁX7 EE;Z = Ee;/)\\ and i\ju;2 = i\)5;2/X7

respectively.
Any optimisation procedure can be used to maximise 262) (A). The derivative of
2) (8,%e,\) with respect to A is

Tod Ty

DU *tF{E sy, (8)}

which equals zero when
A=d/te{S sy, (B)} -
This suggests the following iterative procedure. Given a current estimate of A\, denoted by X,

compute /B\X and ig-i' Then re-estimate A\ by

d/ tr {Es_;%SY’TQ (ﬁx)}
and repeat the process until convergence. For an initial estimate of A, we use
d/ tr (i;;im) .
A special case of H(()Z) is when A = 1. That is, the null hypothesis is that fx (w) = fy (w).

This simplifies the procedure since A no longer needs to be estimated. Therefore 5 and X,

can be estimated using (5.4) and (5.5) with A = 1, and no iteration is required.
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5.3.3 Parameter Estimation Under Hé3)

Let Bx = 3, then By = A~13 (I, ® A), where A = diag (A1, ..., \q) and A1, ..., \g are positive

constants. Since Y. = AY, A, the conditional Gaussian log-likelihood is

Ti + To)d T
T
— 5t {2 sxn ( }——tr[Z sy, (A8 (I, @ A)} A].

As before, we use a profile likelihood approach to maximise this. For a given A, l (6 Yo, )

is maximised with respect to 8 by
By = —{XZ + AY ZYy (I, @ MY { Zx Z + (I, @ A) Zy ZYy (I, @ A)}
Then l (,BA, Y, A) is maximised with respect to 3. by
Sen = (T + 1) " [Tusxr, (Br) + Tohsyin, {A7"Ba (1, @ 4) b A

and the profile log-likelihood is

157 () = 1§ (Br, Sen )

(Th +T»)d

= - g 2m)} - T2

log ’ig;A) + Trlog|A|.
Let A be the maximiser of 263) (A). The parameter estimators of , ¥, and ¥, are then
B = /3K7 ie;?) = EE;K and iu;g = A 125 3A_

In practice, since we cannot obtain a closed form solution for A given 8 and X, we make

use of computer search algorithms to maximise 283) (A). For an initial estimate of A we let

Og;A (]a])

X = 2
I Ou;A (]7])

) j = ]" et 7d7
where 0.4 (i, j) and oy,4 (4, j) are the (i, j)th elements of ES;A and /X\lu;A, respectively.

5.3.4 Parameter Estimation Using the Whittle Recursion

Under Héz) and Hég), the parameters can be estimated using the Whittle recursion by re-

placing the statistics X Z%, Y Z},, Zx Z’; and Zy Z;, with their block Toeplitz versions. Let

T1—1 To—1
Tx()=T7" Y X ;X{ and Ty()=T3") Vi,V
t=j t=j

To estimate the parameters under HSQ), for a given A, let

~

Pa(G) = (T + 7o) {TiPx () + ADEY (7))
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Then let T'y be the dp x dp block matrix with (i,7)th block Ty (i—j),i>7j,and f’A (5 —1),
i < j. Also let 4 be the d x dp block matrix with (1, j)th block f’)\ (7). The estimators of 3
and Y. are then

By = —IY!

and

~ ~

Sen =1 (0) — A4,
which can be computed using the Whittle recursion.
To estimate the parameters under Hé3), for a given A, let

~

Ta(j) = (Ty + 1) {Tle () + T2ATy (j) A} :

Then let T'y be the dp x dp block matrix with (i, 7)th block T'a (i — 5), i > j, and Ty (j — i),
i < j. Also let 4 be the d x dp block matrix with (1, 7)th block fﬁ\ (7). The estimators of

and Y. are then
Ba = AT}

and

~ ~

Seia = La (0) — AT 174,

which can be computed using the Whittle recursion.

5.4 The Test Statistics

The maximised conditional Gaussian log-likelihood under H(gr), r=1,23,is

/l~(r) B _(T1 —I—Tz)
0 =

d T - T ~
5 {1+ log(2m)} — ?1 log ‘Ea;r - ?2 log ‘Eu;r .

Thus, the test statistic for H(ST) is

o) 9 (;A _f(()r))

~ ~

‘EE;A‘ Eu;A
The null hypothesis is rejected at significance level a when 6(") is greater than the
100 (1 — )th percentile of the x? distribution with v(") degrees of freedom, where

v = d?p,

v® =d’p+d(d+1)/2-1,

v® =d’p+d(d+1)/2-d.
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5.5 Asymptotic Properties of the Estimators Under the Null

Hypotheses

In this section we establish the strong consistency of the estimators under the null hypotheses,
and also establish the central limit theorem for the estimators of the autoregressive parame-
ters. In order to prove the central limit theorem under Hél) we need to make the assumption
that T5 = kT3 for some constant «. That is, that the sample sizes increase at the same rate.
This assumption is not needed for the other theorems. The proofs of the theorems are in the
Appendix.

Let I'x and I'y be the dp x dp matrices with (i,j)th block given by I'x (i — j) and

Iy (i — j), respectively. Note that
T, ZxZ - Tx  and  Ty'ZyZy —» Ty

almost surely as T — oo and Tb — oo, respectively. In the theorems below and their proofs,

a parameter written with a 0 in the subscript will denote the true value of that parameter.

Theorem 5.1 Under Hél), B\ — B, ig;l — Yo and iu;l — Y0 almost surely as Ty, To —

0.
Theorem 5.2 Under HéQ), A= Ao, BX — By and ia-i — X0 almost surely as Ty, Ty — oo.
Theorem 5.3 Under H(gg), A — Ao, BK — Bo and iaﬁ — Y0 almost surely as 11,15 — .

In order to prove the central limit theorems we will make use of the following lemma.

The proof of the lemma is in the Appendix.

Lemma 5.1 The distribution of Tl_l/2 vec (eZ') converges to the normal distribution with
mean zero and covariance matrix I'x @ ¥c as Ty — oo. The distribution of T2_1/2 vec (uZy,)
converges to the normal distribution with mean zero and covariance matriz I'y ® ¥, as Ty —

Q.

Theorem 5.4 Let 15 = k17 for some constant k. Then, under H[()l), the distribution of

Tll/2 vec (B\ — Bg) converges to the normal distribution with mean zero and covariance matriz
_ 1y -1
{(Tx®%4) +r Ty ®%,0)}

as Ty — oo.
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Theorem 5.5 Under Hé2), the distribution of (Ty 4—T2)1/2 vec (3— 60) converges to the

normal distribution with mean zero and covariance matrix
-1 -1
FX b2y 260 = Fy ® EuOy
as Ty, T — oo.

Theorem 5.6 Under Hég), the distribution of (T +Tg)1/2 vec (B— ﬁo) converges to the

normal distribution with mean zero and covariance matrix
-1 -1
FX ®EEO:FY ®Eu07

as Tl,TQ — O0.

5.6 Comparing More Than Two Time Series

In this section we show how to extend the above procedures to the case of comparing more
than two time series. Let {X};} be a d-dimensional stationary process. If we have n such
processes, we fit VAR(p) models to samples of size T}, from {Xj;}, k =1,...,n. That is, for
k=1,...,n,

Xiet + B Xki—1+ -+ BepXki—p = €kt

where 8,5, j =1,...,p, k =1,...,n, are d x d and {ex;}, k = 1,...,n, are independent
d-dimensional innovation processes. We make the usual assumptions that the {e;,} are

sequences of martingale differences and that
E (erehs | Fra—1) = Sk,

where Fy, ¢ is the o-field generated by {e +, €41, ...}. We redefine the three null hypotheses

as follows.
Ho(l) 2P == By Vi,
H(()2) (B = =By Vi, Y= AXe = = A Xy,
where Ag, ...\, are positive constants, and
HPY By = Moo Ay = = A Ar Vi, B0 = Ag¥olhy = - = Ay SoA,,
where Ay, = diag (A1, .., Aa) and Mg 1,..., Apd, K = 2,...n, are positive constants. In each

case, the alternative hypothesis is the complement of the null hypothesis. In what follows,
the test statistics will be derived for fixed p. In practice we let p = |log (Tiin)¢], where
Tinin = min (71,...7),) and ¢ > 1.
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Let
Xk + BrZi = e,
where
Xk = |: Xk,p Xk,Tk—l :| ,
Zk: = |: Zk,p .. Zk,Tk—l :| ,
!
Lt = [ X1 Xk } ’
€k = [ €kp T ERTi-L ]

Bk:[ﬂm 5@]

Under the alternative hypotheses, the estimators of S and ¥ are
B =X 2 (Z:21) "
and
Ska =T (Xe + BZ) (Xi + BZ)

k=1,...,n, and the maximised conditional Gaussian log-likelihood is

~ d n n T; ~
Iy = —5{1 + log (QW)}Z;TJ- - 22log‘2j;14‘.
j= j=

In order to maximise the conditional Gaussian log-likelihood under H(()l), we extend the
procedure of Section 5.3.1 as follows. Given current estimates of Y, denoted ik;l, k =

1,...,n, estimate 8 by B where

-1
n n
vee (B) P (ij; ® iﬁ) > vec (i;}szg)
; -
Then re-estimate Y by
S ~ —~ /
Ekgl = Tk_l <Xk + ﬁZk) (Xk —+ ﬁZk) ,

k=1,...,n, and repeat the process until convergence.

Under HSQ), the profile log-likelihood is

d

1§ = =5 {1 +1og 2m} YTy — 5 [ D75 | log |5 + 5 Y- Ty log .
j=1 j=1 j=2

where
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n n

~ —~ —~ !
Y= ZT] Z/\j (Xj—i-,B,\Zj) (Xj—i-,B,\Zj) ,
j=1 j=1
-1
R n n
By = — ZAijz; ZAJ-Z]Z}
j=1 j=1
and \; = 1. Letting 2 = [ 3\\2 Xn } be the maximiser of Z((f) (M), the parameter
estimators of 8 and ¥, k=1,...,n, are
A= BX, i1;2 = ig and i\31@2 = fJ1;2//>:1g, k> 2.

We can use a similar iterative procedure to maximise i(()z) (A) as that given in Section 5.3.2.
Given a current estimate of A, denoted by X, compute BX and EX' Then re-estimate Ag,

k=2,...,n, by
~ ~ ~ ~ /
N = d tr [2;1 {T,;l (X + B3 2) (X + B3 21 ) H
and repeat the process until convergence. Initial estimates of A\x can be obtained from
d/ tr (il_,lqik,A) ,
k=1,...,n.

Under HS?, the profile log-likelihood is

() = =5 1108 (2m)} YT — 5 [ D15 | tog [Ba| + Y- Ty log Ay
j=1 j=1 j=2

where
A:[Az An}’
—1
~ n n _1A _1,\ !
= (ST 3 A, {Xj + A7 By (1p®Aj)zk} {Xj + A7 By (Ip®Aj)Zk} Al
j=1 j=1
n n _1
Br == NX;Z (I, ® A) (I, ® Aj) Z; Z; (I, @ Ay)
j=1 j=1
and Ay = I;. Letting A = { /A\Q Kn ] be the maximiser of 583) (A), the parameter
estimators of § and X, k=1,...,n, are

B =B i1;3 = EK and ik;3 = /A\,zlil;gf\,;l, k> 2.

As before, we make use of computer search algorithms to maximise l~0 (A) in practice, with

initial estimates of Ag, k = 2,...,n, given by
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j=1,...,d, where oy, (i, ) is the (7, j)th element of f]k;A.
The test statistic under Hér), r=1,2,3,1is

o) — ;Tj log ‘Zj;A‘

The null hypothesis is rejected at significance level a when 6(") is greater than the

100 (1 — «)th percentile of the y? distribution with v(") degrees of freedom, where

v = (n—1)dp,
v = -1)d*p+n-1)dd+1)/2—(n—1),

v =(n=1)p+n—-1d(d+1)/2—(n—1)d.

5.7 Simulations

In order to examine the behaviour of the test statistics under the null hypotheses when
comparing two time series, that is when n = 2, the tests were applied to pairs of time series

which were simulated from either the VAR(1) processes
Xe+ b1 X1 =& and Y+ B1Yi1 = uy,
the VAR(2) processes
X+ p1 X1+ Po X2 =& and Yi+ 1Yo + B3Yi—2 = uy,
the VMA(1) processes
Xt =&+ a1 and Y =w + oju—q,
the VMA(2) processes
Xy =&+ a1 + g2 and Y = u + ojus—1 + aqup—1,
or the VARMA(1, 1) processes
X+ /1 X1 =+ a1 and Y+ B1Yio1 = ue + afue—1.

Note that VMA(q) denotes a vector moving average process of order ¢ and VARMA (p, q)
denotes a vector autoregressive-moving average process of orders p and g. Simulations were
run for d = 2 and d = 3. In all cases, {¢;} was simulated from the normal distribution

with covariance matrix . = I;. In the simulations run under Hél) and H(()Z), 1 = B,
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By = P2, af = aq, o = ag and {u;} was simulated from the normal distribution with mean
zero and covariance matrix ¥, = 2¥.. For the simulations run under Hég), BT = Ay 131 As,
By = AglﬁgAg, af = A;lalAQ, ab = A;lagAg and {u;} was simulated from the normal

distribution with mean zero and covariance matrix 3, = Ay 1251\2_ 1 The parameters when

d = 2 were
0.7 0.3 0.3 0.1
61 = ) /82 =
—-0.3 0.7 —-0.2 0.3
0.8 0.1 0.2 0.2 05 0
a1 = y Qo = and AQ =
—0.1 0.8 —0.1 0.2 0 1.5

The parameters when d = 3 were

0.7 0.3 0.1 03 01 0.1
pr=1|-03 07 02|, Ba=1| —-02 03 005 |,
0.1 0.05 0.7 0.1 005 05
0.8 01 0.1 0.2 0.2 0.05
ar=| —01 0.8 0.05 |, a=|-02 02 0
0.1 005 04 005 0 02
and
05 0 0
Ao=1 0 15 0
0 0 1

Figure 5.1 shows the spectral densities for each component of the { X;} processes for the d = 2

case. Also shown is their coherency, which is

| fx 12 (w)[?
fx11 (W) fx22 (W)’

where fx;; (w) is the (4, j)th element of fx (w). Figure 5.2 shows the spectral densities for

each component of the {X;} processes for the d = 3 case.

The simulations were run with sample sizes of 73 = 1,000 and 75 = 1,250, and also
Ty = 2,000 and T = 2,500. The tests were applied by fitting vector autoregressions of
order 7, which is the integer component of both log (1,000)"°" and log (2,000)"%". When
computing the test statistic under H, (3), the fminsearch function in MATLAB was used.

Tables 5.1-5.6 give the means and variances of the resulting test statistics as well as the
Type I error rates, that is, the proportion of times the null hypothesis was rejected at the
5% significance level. The means and variances are mostly close to the theoretical means

and variances of the y? distribution with the indicated degrees of freedom. For the smaller
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Figure 5.1: The spectral densities of each component, as well as their coherency, for each
2-dimensional {X;} process described in Section 5.7.
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Figure 5.2: The spectral densities of each component for each 3-dimensional {X;} process

described in Section 5.7.
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sample sizes, the Type I error rates are mostly close to 0.06. For the larger sample sizes the
Type I errors are mostly close to 0.05.

To examine the behaviour of the test statistics under the null hypotheses when comparing
more than two time series, a third time series, {Z;}, was simulated along with {X;} and {Y}}
from either the VAR(1) process

Zy+ By Zt—1 = wy,

the VAR(2) process
Zy+ By Zy1 + By Zy—2 = wy,

the VMA(1) process

Kk
Zt = W¢ + a Wi—1,

the VMA(2) process

kk *kk
Zy = w + o] we—1 + oy w_a,

or the VARMA(1, 1) process

*kk k%
Zi+ B Zi—1 = wy + o w1

For the simulations run under Ho(l) and H(g2), =01 =p1, 8 =065 =0, off =af =a,

as* = ab = ag and {w;} was simulated from the normal distribution with mean zero and
covariance matrix X,, = 0.5%.. For the simulations run under Hé3), the autoregressive and
moving average parameters were given by 31 = AQBTA; = Agﬁi‘*Agl, By = Agﬁé“Az_l =
A3B3 Azt a1 = Aoad Ayt = Azaf Azt and an = AsajAst = Azad*Ast, and {w;} was
simulated from the normal distribution with mean zero and covariance matrix given by ¥, =

AzzuAg = AngAg, where

075 0
As =
0 1.25
when d = 2 and
075 0 O
Ag = 0 125 0
0 0 1

when d = 3.

Tables 5.7-5.12 give the means, variances and Type I error rates of the resulting test
statistics. The means and variances are mostly close to their theoretical values, although
they are a little higher for the d = 3 simulations, particularly for the shorter time series. For
the shorter time series, the Type I error rates are around 0.06 for the d = 2 cases and around

0.07 for the d = 3 cases. For the longer time series, the Type I error rates are closer to 0.05.



Comparing Multivariate Time Series

Table 5.1: Summary of simulations under Ho(l) when n =2 and d = 2.

Ty = 1,000 77 = 2,000
df Mean Var  Typel | Mean Var  Typel

VAR(1) 28 28.312 56.394 0.055 | 28.192 57.454 0.057
VAR(2) 28 28.226 54.386 0.051 | 28.189 57.770 0.054
VMA(1) 28 28.547 58.515 0.061 | 28.156 56.892  0.053
VMA(2) 28 28.542 58.478 0.056 | 28.326 57.302 0.056

VARMA(1,1) | 28 28.306 56.609 0.053 | 28.159 57.049  0.053

Table 5.2: Summary of simulations under H0(2) when n = 2 and d = 2.

Ty = 1,000 Ty = 2,000
df Mean Var  Type I | Mean Var  Typel

VAR(1) 30 30.437 61.471 0.056 | 30.281 61.465 0.056
VAR(2) 30 30.605 61.867 0.058 | 30.236 61.586 0.053
VMA(1) 30 30.459 62.303 0.060 | 30.289 62.788  0.057
VMA(2) 30 30.573 63.783 0.063 | 30.266 60.743  0.053

VARMA(1,1) | 30 30.217 63.549 0.055 | 30.130 59.270 0.051

Table 5.3: Summary of simulations under H(g?’) when n = 2 and d = 2.

Ty = 1,000 Ty = 2,000
df Mean Var  Type I | Mean Var  Typel

VAR(1) 29 29.452 59.250 0.058 | 29.250 58.319 0.051
VAR(2) 29 29475 60.035 0.057 | 29.184 57.873 0.052
VMA(1) 29 29415 59.114 0.059 | 29.197 59.852 0.056
VMA(2) 29 29.594 59.548 0.059 | 29.200 56.510 0.051

VARMA(1,1) | 29 29.419 59.355 0.056 | 29.168 58.293  0.052
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Table 5.4: Summary of simulations under Hél) when n = 2 and d = 3.

77 = 1,000 Ty = 2,000
df Mean Var Type I | Mean Var Type I
VAR(1) 63 64.357 130.537 0.066 | 63.592 127.580  0.055
VAR(2) 63 64.091 132.386 0.065 | 63.694 126.771  0.055
VMA(1) 63 64.452 132.225 0.065 | 63.808 127.054 0.055
VMA(2) 63 64.482 131.225 0.063 | 63.637 126.864 0.055
VARMA(1,1) | 63 64.171 131.726 0.062 | 63.525 130.989  0.057

Table 5.5: Summary of simulations under Héz) when n =2 and d = 3.

71 = 1,000 Ty = 2,000
df Mean Var Type I | Mean Var Type I
VAR(1) 68 69.285 138.706 0.063 | 68.762 139.288  0.056
VAR(2) 68 69.531 143.669 0.070 | 68.747 140.467  0.058
VMA(1) 68 69.595 143.638 0.070 | 68.569 142.632  0.056
VMA(2) 68 69.624 143.532 0.065 | 68.902 143.231  0.060
VARMA(1,1) | 68 69.445 146.348 0.073 | 68.771 141.682  0.060

Table 5.6: Summary of simulations under Hé3) when n = 2 and d = 3.

71 = 1,000 11 = 2,000
df Mean Var Type I | Mean Var Type I
VAR(1) 66 67.308 138.384 0.066 | 66.780 137.056  0.059
VAR(2) 66 67.382 138.232 0.068 | 66.614 132.128 0.056
VMA(1) 66 67.605 139.483 0.073 | 66.522 131.531 0.051
VMA(2) 66 67.550 136.227 0.068 | 66.778 136.942  0.060
VARMA(1,1) | 66 67.320 136.891 0.067 | 66.583 138.284  0.057
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Table 5.7: Summary of simulations under Ho(l) when n = 3 and d = 2.

11 = 1,000 T = 2,000
df Mean Var Type I | Mean Var Type I
VAR(1) 56 56.909 114.701  0.059 | 56.359 114.595  0.056
VAR(2) 56 56.683 112.586  0.056 | 56.475 113.747  0.054
VMA(1) 56  56.728 117.763  0.062 | 56.158 113.059  0.053
VMA(2) 56 57.116 117.236  0.064 | 56.569 110.778  0.056
VARMA(1,1) | 56 56.428 113.487 0.053 | 56.359 114.700  0.056

Table 5.8: Summary of simulations under H0(2) when n = 3 and d = 2.

71 = 1,000 Ty = 2,000
df Mean Var Type I | Mean Var Type I
VAR(1) 60 60.918 123.845 0.060 | 60.252 120.459 0.052
VAR(2) 60 60.985 123.060 0.061 | 60.286 116.923 0.050
VMA(1) 60 60.707 123.230 0.058 | 60.237 124.625 0.057
VMA(2) 60 61.263 123.257 0.065 | 60.733 121.923  0.060
VARMA(1,1) | 60 60.692 123.090 0.057 | 60.154 119.101  0.051

Table 5.9: Summary of simulations under H(g?’) when n =3 and d = 2.

71 = 1,000 11 = 2,000
df Mean Var Type I | Mean Var Type I
VAR(1) 58 58.820 119.354  0.060 | 58.507 116.387  0.054
VAR(2) 58 58.662 117.137  0.057 | 58.608 115.720  0.056
VMA(1) 58 58.690 122.232 0.059 | 58.377 121.126  0.057
VMA(2) 58 59.065 124.436  0.068 | 58.535 121.191  0.058
VARMA(1,1) | 58 58.670 118.422 0.058 | 58.132 117.195 0.052
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Table 5.10: Summary of simulations under H(()l) when n = 3 and d = 3.

77 = 1,000 T, = 2,000
df  Mean Var Type I | Mean Var Type I
VAR(1) 126 128.466 258.064 0.071 | 127.169 262.934  0.058
VAR(2) 126 128.484 260.588  0.067 | 127.304 254.056  0.058
VMA(1) 126 128.245 260.805 0.067 | 127.212 254.869  0.057
VMA(2) 126 128.479 267.426  0.072 | 127.253 254.975  0.056
VARMA(1,1) | 126 128.162 267.925 0.068 | 126.908 260.099  0.057

Table 5.11: Summary of simulations under HéQ) when n = 3 and d = 3.

71 = 1,000 Ty = 2,000
df  Mean Var Type I | Mean Var Type I
VAR(1) 136 138.673 278.539  0.071 | 137.303 277.509  0.058
VAR(2) 136 138.647 286.885 0.070 | 137.181 278.882  0.060
VMA(1) 136 138.763 284.278 0.071 | 137.316 279.728  0.057
VMA(2) 136 138.641 292403 0.073 | 137.696 276.100 0.058
VARMA(1,1) | 136 138.256 285.143  0.069 | 136.855 282.930 0.060

Table 5.12: Summary of simulations under Hég) when n = 3 and d = 3.

71 = 1,000 T1 = 2,000
df Mean Var TypeI | Mean Var Type I
VAR(1) 132 134.340 274.708 0.067 | 133.416 272.047 0.061
VAR(2) 132 134.495 269.531 0.068 | 133.451 257.342  0.055
VMA(1) 132 134.345 274.657  0.069 | 133.509 277.072  0.062
VMA(2) 132 134.589 278.575 0.071 | 133.381 268.399  0.059
VARMA(1,1) | 132 134.399 278.490 0.068 | 132.982 270.539  0.057
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5.A Appendix

In what follows, where convergence is indicated, it will mean convergence in the almost sure
sense, unless otherwise indicated. Where order notation is used, it will also mean orders in

the almost sure sense.

5.A.1 The Whittle Recursion

Consider the vector autoregression of order k,
k
Xi+ Y BpiXij=e,

Jj=1

where E (g6}) = Gp. The Whittle recursion, originally due to Whittle (1963), com-

putes fBri,...,0kr and Gy, for successive values of k, given the autocovariances
rig) = E (Xth ﬂ-). The version given below includes modifications from Quinn
(1980).

Let Go = Go =T'(0). Then, for k =0, ...,

k
Ap =T (=k=1)+> BT (j—k—1)
j=1

k
Appr =T (k+1)+ Y B, T (k+1-j)

i=1
—1
Brt1,k+1 = —Ar1Gy,
B = —Ap1Gt
k1 k1 = —Arn1 Gy

Bty = Bryg + Bett k1B pi1—jr 3 =1, k,
ﬂkHJ = er,j + 5k+1,k+15k,k+1—j, i=1,...,k,
Gk+1 = (Id - /Bk+1,k+lgk+17k+1) Gy

Gri1 = (I = Brsr k1 Bkt 1h41) G-

Parameter estimators are obtained by replacing the I" () with the sample autocovariances,

T (§), noting that T' (—j) = I (4).
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5.A.2 Proof of Theorem 5.1

For a given S, l(()l) (8,3, ) is maximised by 3. (8) = sx (B) and Su(8) = sy, (B). Let

10 =1 {55958}

T
= 1;_ 2 {1+ dlog (27)

Then
im (s (By) = _%1Og ( ;:((5))0‘) _ %log ( 5"((;)0)
Now,
X+ pZx =X+ poZx + (8 —Po) Zx
=+ (B~ Bo) Zx,
and so

. (B) =Ty {ee' +eZ (B—Bo) + (B— Bo) Zxe' + (B — Bo) ZxZx (B— Bo)'} -

But, as T7 — oo,

T/ 'ee - E (ese;) = E{E (ese; | Fio1) } = Beo (5.6)
and
T ' Zxe' — 0, (5.7)
since
T1—1
T Y Xy jet = E(Xejep) = E{X; ;E (¢} | Fi1)} = 0.
t=p
Thus, as T7 — o0,
e (B) = oo+ (8- Bo) Tx (B Bo) (5.8)
and so R
Y (B
- ! = [l + 227 (8 - 60) Tx (8- o) =57
Es (/8)0‘
Similarly,
S (B
— ( )’ ‘Id+2_1/2 (B—Bo)Ty (B po) _1/2’-
£u ()
Now,

d
[1a+ 2207 (8= Bo)Tx (8= o) 52| = H +ep),
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where the e; are the eigenvalues of
£07% (8~ Bo) Tx (B — o) 7%, (5.9)

which are non-negative since (5.9) is non-negative definite. However, the e; are all zero if

and only if (8 — By) = 0. The same holds for
Li+ 5" (8= Bo) Ty (B — fo)’ 21701/2‘

and so, for any 6 > 0,

swp {187 (8) 1" (50}
B;llB—Boll>o

diverges to —oo as T1,T> — oo, where ||-|| is any norm. It follows from Theorem 2.5 that

§—> Bo- It then follows from (5.8) that EE;I — Y0 and, similarly, iu;l — 30

5.A.3 Proof of Theorem 5.2

Consider N
1) =1 (h) =~ log =) - 5o (AAO) ’
Yo
where
Sea = (T1+ T2) {Tisxzy (B) + XTasy,n, (B)} -
Now,

Tisxm (B) = (e — BoZx + BZx) (e — BoZx + BZx)’

=ec' +eZx (B—Po) + (B — o) Zxe' + (B — o) Zx Zx (B — Bo)'
and, similarly,
Tosy,r, (B) = wu' +uZy (B — Bo) + (B — Bo) Zyu' + (B — Bo) Zy Zy (B — Bo)’ -
Also,

Br=—{(e = BoZx) Zi + N(u— poZy) Zy} (Zx Z + N2y Z3) ™"

= Bo— (eZ + \uZy) (ZxZx + A2y Zy) (5.10)
and so

(Ty + To) Sey = e’ +wt — (2 + MuZyy) (Zx Zx + A2y Z3) ' (Zxe' + A Zyu!) . (5.11)
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Therefore

I () =15 (o)

__hi+Dy \56’ ut — (eZy + €uZi) (Zx Zh + A2y Zi) " (Zxe' + AZyu)
2 )55' ! — (eZ 4+ MouZl) (Zx Zh + XoZy Z},) " (Zxe! + Mo Zy )
Tod, (o
— —— 10 —_— | .
2 5\ 1\
From (5.6),
T e — Yo (5.12)

and, similarly,

Ty tud — Sy = )\10250. (5.13)
From (5.7),
T ez =0 (5.14)
and, similarly,
Ty 'uzy, — 0. (5.15)
Also,
T, ' ZxZ - Tx  and Ty 'ZyZy — Ty = )\10FX. (5.16)
Thus
}55’ ! — (eZ% + MuZiy) (ZxZh + A2y Z4,) " (Zxe + Ny ud)
lee/ + uw’ — (2l + ouZyy) (Zx 2 + MZy Zy) " (Zxe! + NoZy )
‘leso + ,\%Tzzso +o(T1)+o (T2))
T 130 + oS0 + 0 (Th) + 0 (Th))]
(T + A1) La+ 0 (T1) + o (1)
T (M AT I+ o (Th) + o (T)]
d
() oo
Hence

A
~2) @) B (Th +T)d T + )TOT2 _ Tod &
lO ()\) 0 ()\0) = B lo T1 i T2 72 log b\ +o (Tl + TQ) .
Let
T + 21>
=—(Th+Ty)1 Ts1 .
i) =~ (T + Ta)tog (552 ) + Tologa
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Then
d 15 T
el - (T +To) — 22 =2
dxf(x) (Th + 2)T1+£L‘T2+ T
Ty
S R -
T+ Ty T

and so f (z) is evidently maximised when 2 = 1. Consequently,

72 (yy )
. ly” (A) =1y~ (Ao)
1 0 0 <
T 7711211;00 Sl)l\p { T1 + T2 0

with equality if and only if A = Ag and so, for any § > 0,

{ié” ) =5 () } o

lim sup

Tl,T2_>OO)\;|)\_)\O|>5 Tl +T2

It follows from Theorem 2.5 that A — Ag. It also follows from (5.10), (5.12), (5.13), (5.14),
(5.15) and (5.16) that BX — Bo and, furthermore, from (5.11) that ﬁE'X — Xe0.

5.A.4 Proof of Theorem 5.3

Consider
T, +T ‘Ea;Ao A
7 4) =1 (ho) = P log =~ Talog
ES;A’ A
T + T ’if;/\‘
= — 1; 2log — + Trlog |,
‘EE;AO
where

Yopn= (T +Ty) ™" [T1SX,T1 (31\) + ToAsy, {A_IEA I, ® A)} A}

and ) = AAEI. Now,

B =—{cZk — BoZxZx + MuZy (I, ® A) — AAG ' Bo (I @ o) Zy Zyy (I, @ A) }
x {ZxZ5 + (I, @ N) Zy Z4y (I, @ A)}
=—[eZ + MuZy (I, ® ) — Bo {Zx Zx — (I, ® A) Zy Zy (I, ® N) }
+B0 (I, ® A) Zy Zyy (I, ® A) — QB (I ® No) Zy Zy (I, @ A)]
< {ZxZx + (I, ® N) Zy Zy (I, A)} !
= Bo — {eZi + AuZiy (I, @ N} {Zx Z + (I, @ A) Zy Ziy (I, @ A)}
— [{BoIp @A) Zy Zy (I, ® A) } — QB0 (I @ Ao) Zy Zy (I, @ A)]

x {ZxZ + (I, ® N) Zy Ziy (I, @ A)} " (5.17)
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Also,

Tisx, (Ba) = {e+ (8 = Bo) Zx e + (8 o) Zx
=ce' +eZx (B—Bo) + (B — Bo) Zxe"+ (B — Bo) ZxZx (B — bo)

=TS0+ T (B—Bo)Tx (B—Bo) +o(Th)

and, similarly,

Tohsyr, {N '8 (I, ® A)} A = QTE,0Q + (8 — Bo) (1, @ Q) Tol'x (I, ® Q) (B — Bo)’
+{QB0 — (I, ® Q) By} Tol'x {QB0 — (I, ® Q) By}
+ (B = Bo) (I, ® Q) ToT'x {Bo (I, ® Q) — QBo}
+ {80 (I, ® Q) — QBo} BoL'x (I, ® Q) (B — fo)' + 0 (I2),
since, from (5.6) and (5.7),
Trlee =¥ and  Ty'eZy =0 (5.18)
and, similarly,
Ty luu' — o = Ag'SeoAy' and Ty 'uZy — 0, (5.19)
and, in addition,
T 'ZxZx - Tx  and  Ty'ZyZy Ty = (Lo Ay ) Tx (L@ Ag").  (5.20)

Thus

(Ty + To) Sean
=T130 + QT ,002
+ (5 0) it (B= o) + (B o) (1, © ) ToTx (1, 2 9) (B 5o
+{Q60 — (I, ® Q) By } Tol'x { QB0 — (I, © Q) B }
+ (B = 50) (1, ® O Tolx {60 (1, ® ©) — oY
+ {80 (1, ® Q) ~ B} BTx (L, @) (B~ o) +o0(Ti +7T)
= Ty 300 + Qo502 + 2Tolx 2 — 2 (ToTx) 2 Z (Iay + 2'2) ™ Z/ (ToTx)/? 2/

+o(Th +17),

where

z=Po (I, ®Q) — Qb
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and
Z = (ToT'x)Y2 (I, ® Q) (TiTx) V2.
But
Tyl x — (ToTx)? Z (Iyy + 2'2) ' Z' (TyTx)"/?
=ToI'x + (T2rx)1/2 ([dp + ZZ/)il (TQF)()l/Q —TI'yx
— (T x)Y? (Iay + 22') " (TTx) /2,
since
2T+ 2'2)" 7' =Ty — (Iap+ 22) ",
and so
(Th + T3) ia;A
= T1 300 + Q500 + 2 (ol x)YV? (Lyy + 22') " (lx)Y2 2 + 0 (Ty + ). (5.21)
Therefore
ig;A‘ > ‘i‘ + ’z (L0 x)"? (I, + 22') " (L0 x)V? 2| + 0 (1)
>[5,
where

S T13c0 + QT53082
T+ 1T, ’

since z (T, x)"/? (Lap + 77" (ToT'x)Y? 2/ is non-negative definite. Let
Y.0 = PAP’

be the Jordan canonical form of ¥.y. Then

]i) B ‘TlA + TQP’QPAP’QP'
T + T
Toly+ To A Y2P'QPAP'QPA-1/?
T+ 15

] ThIq+ ToQQ’
T + T

= 4]

)

where

Q=A"12pQpPAY/?,
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Note that |QQ'| = 2| and so

ZE;A‘

(Th + T») log — 2T, log |Q]

‘EE;AO

ThIq+ ToQQ’
T+ Ty

> (Ty + Ty) log — 2T 10g |QQ'| + o (Ty + T3)

d Ty + Top
1 25
=1

where the y; are the eigenvalues of QQ’. But

0 Ty + Top; T 15
Tl ) log (22K plogp b= (4 ) 2 22
M{(l 2tog (1T — gytog s | - e T
T
= (T Ty (T Towy)
pj (T1 + Topuj) i ! 2
TiT5

" 1y (T + Topyy) (s =1)- (523

The derivatives of B
T

‘ZE;AO

are thus all 0 if and only if all of the y; are 1, that is when QQ’ = I;. But then

(T1 + T3) log — 2T log |92

P'QPAP'QP = A,

that is,
QZEOQ = 250,

which can only occur when € = I; which is when A = Ay. However, from (5.23), there is
only one turning point, which is clearly a minimum since (5.23) is negative when p; < 1 and
positive when p; > 1. Moreover, (5.22) is 0 at this turning point. Thus for any § > 0,
lim sup {%3) (A) — Z(()?’) (Ao)} < 0.
Ty, Ta—00 max; | A;—Xoj|>d

It follows from Theorem 2.5 that A — Ag as Ty, Ty — oco. It then follows from (5.17), (5.18),
(5.19) and (5.20) that B — By and, furthermore, from (5.21) that Yo — Beg as Ty, Tp — 0.

5.A.5 Proof of Lemma 5.1

Let
T -1
Wr, = a’ vec (SZS() =ad Z Vi,
t=p
/
where a = | a; -+ ag, |, @1, ..,aq4), are constants and V; = (Zx+ ®et). Now,

E(Vi| Fic1) =Zx1 Q@ FE(e¢ | Fro1) =0
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and

E (V) = E{E(V\V] | Fist)} = (Tx © Se0).

Thus, by the martingale central limit theorem, 7 1/ 2I/VT1 is asymptotically normal with mean
zero and covariance matrix o’ (I'y ® Y0)a as T} — oo. The distribution of Tl_l/2 vec (eZY)
therefore converges to the normal distribution with mean zero and covariance matrix 'y ®

/2

Y0 as T1 — oo. Similarly, the distribution of T2_1 vec (uZy,) converges to the normal

distribution with mean zero and covariance matrix I'y ® X0 as T — oo.

5.A.6 Proof of Theorem 5.4

/
Let B =vec3, A. = vec (E;l), A, = vec (E;l) and 0 = [ B AL A ] . From the mean

value theorem, and since 0 — Ao, (5 — 00) has the same asymptotic distribution as

{01y (B0)\ " 9o (%)
9000’ 6

Now, if C and D are n x m and n x n matrices, respectively, then
tr (C'DC) = (vecC)' (I, ® D) vec C.
Thus
T tr {Zglsx;rl (ﬂ)}
= tr {(X +8Zx)' =1 (X + 82x)}

= {vec (X + BZx)}Y (Ir, ® 821 vec (X + BZx)

= (vec X)' (I, @ 5. ") vec X + 2B' (Zx @ S ") vec X + B' (ZxZ% @ ') B

and so

o)

Splitr {(SClsxn (B)} =2(Zx @57 ") vee X +2 (ZxZ5 ® £7') B.
Similarly,

(;;TQ tr{S, sy, (B)} =2(Zy @2, ") vecY +2(2ZyZy @ £, ') B.

The first derivative of Iy () with respect to B is therefore

al;g) =—(Zx®3 ) veeX — (ZxZx @SB — (Zy @ £, ") vecY — (Zy Zy @ 5,') B
= — {ZX (X/ —+ ZS(B/) X Id} As — {Zy (Y/ =+ ngﬂ,) [ Id} Au
Thus

9%y (0)
OBOAL

= —{(X+B2Zx) Zx ® 1}
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and so
9%l (6o)
—1 0 \Y0 -1
T gpoay =~ (T efx @) =0
from (5.7). Similarly,
9%ly (6p)
-1 0 \Y0 —1
T oo, — ~ (WA @l =0

It follows that T11 /2 <§ — Bo) has the same asymptotic distribution as

_ T713210(90) - T—1/2510(90)
L 9BOB’ 1 OB |-

The second derivative of Iy (#) with respect to B is

1o (9) / 1 P
SBaD — (ZxZx @3 — (ZyZy @5, )
and so
—Tfl(m - (x®2y)+sTyeXy,).
Also,
dly (6o)

95— (Zxe' @ Iz) Aco = (Zy! © 1) Auo

= — (lap ® Sy ) vec (e 2% ) — (Iap ® Sy ) vec (uZy) .
From Lemma 5.1, the distribution of
Tl_l/2 (Idp ® E;)l) vec (EZS()

converges to the normal distribution with mean zero and covariance matrix I'y ® E{;)l as

T1 — oo. Similarly, the distribution of

T2 (1 © 530 vec (uZy)

converges to the normal distribution with mean zero and covariance matrix s (Fy ® E;OI) as
T1 — oo. The distribution of vec (B — ﬁg> therefore converges to the normal distribution

with mean zero and covariance matrix
{Cx@3g) +x(Ty @ 3)}

as 17 — oo.
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5.A.7 Proof of Theorem 5.5

/
Let B = vec 3, A, = vec (EE_I) and 6 = [ B AL A } . From the mean value theorem, and

since 6 — o, (é\ — 6?0) has the same asymptotic distribution as

B {3210 (6o) }_1 Olo (6o)

0000’ 00
The first derivative of Iy (#) with respect to B is
85601(39) =—(Zx @S ) vecX — (ZxZx @SB — A (Zy @ £.1) vecY
~XN(2yZy 03" B
=—{Zx (X' +2ZxB) @13} Ac = X {Zy (Y' + ZyB') @ 14} Ae.
Thus
62[0 (9) / /
OBOAl {(X +BZx) Zx @ I} = A{(Y + BZy) Zy @ 14}
and
%1y (6
00 (m (v 4B L) A
Therefore
— (T + Tp) 1o (0o) = (T +To) {(eZx ®1y) + X (uZy @ I3)} — 0
OBOAL X Y
and
1010 (0 _
~Ty 8103(8;) =Ty (Zyu' @ 1) Aco

= T2_1 (Idp ® 26_01) vec (ngf)

— 0.

It follows that (77 + Tg)l/ 2 (E — BO> has the same asymptotic distribution as

-1

The second derivative of Iy (#) with respect to B is

&y (9)
0BOB’

=~ (ZxZk @37 N (Zy Zy @ 271
Now,
T'x (0) = E (XoX{)
= E {(c0 — BoZx) (€0 — BoZx0)'}
= E (e0g0 — c0Z% 080 — BoZx 060 + BZx 07 o)

= Y0 + Bol'x 3
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and, similarly,

Iy (0) = Xuo + Boly Bp-

Since 250 = )\Qzuo,

FX (0) - BOFXB(I) = )\OFY (0) - )\oﬂoryﬂé.

Thus I'xy = A\oI'y and so

1 0%y (0 _
— (T1 +T2) ! 8353(30/) — (FX ® 2501) .
Also,
8loa(3f0) = — (Zxé‘, & Id) Ao — No (Zyu/ ® Id) A

= _ (Idp ® 2;01) vec (623() — o (Idp ® 25_01) vec (ng/) .
From Lemma 5.1, the distribution of
T2 (Igp © ) vec (2% )

converges to the normal distribution with mean zero and covariance matrix (F x® 2;01) as

T1 — oo. Similarly, the distribution of
-1/2 -1 /
Ty X0 (Iap @ B ) vee (uZy)

converges to the normal distribution with mean zero and covariance matrix (F X ® 2;01) as
T5 — oco. Let a = [ ar oo age } for constants ay,...,aq2,. Then, from Lemma 3.1, the

distribution of
(Th + TQ)_1/2 a [(Idp ® 2;01) vec (523() + Ao (Idp ® 25_01) vec (ng/)]

converges to the normal distribution with mean zero and variance a’ (F x ® 2;01) a. The
distribution of (77 + Tg)l/ % vec <§ — ﬁ()) therefore converges to the normal distribution with

mean zero and covariance matrix F)_(l ® Yeg as T, T — oo.

5.A.8 Proof of Theorem 5.6

!/

Let B = vec 3, A. = vec (Ee_l), L =vecA and 0 = [ B Al L } . From the mean value

theorem, and since o — 0y, <§— 90> has the same asymptotic distribution as

{010 (80) " 9l (9)
9606’ 90
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The first derivative of Iy (#) with respect to B is

8laof(39) =—(Zx@S ) veeX — (ZxZx @S ) B —{(I, ® A) Zy @ £.'A} vecY
—{(I,®AN) ZyZy (I, o \) @21} B
=—{Zx (X'+2ZxB) @ La} Ac — [(I, ® A) Zy {Y'A+ Zy (I, ® A) §'} @ 14] Ac
As before,
— (T +Ty) " %22)6(3? — 0.
It can also be shown that

It follows that (77 + Tg)l/ 2 (E — B0> has the same asymptotic distribution as

-1

The second derivative of Iy (#) with respect to B is

21, ()
dBOB’

=—(2ZxZx0S") —{(I, @A) Zy Zy (I, e A) @ 21}

Now,
I'x (0) =X+ B xf

and

Iy (0) =3, + Ay 160( ®A0)Fy(p®A0)/36Aal.

Since X0 = AX oA,
Ix (0) — BT xB" = ALy (0) Ag — Bo (I, @ Ag) T'y (I, @ Ao) By

Thus 'y = (I, ® Ag) 'y (I, ® Ag) and so

_1 &%y (6p)
1 0% (0o B
—(T1 + 13) 9BOB — (FX®Z€01).
Also,
lo (6
8%530) = —(Zxe' ®I4) Ao — {(I, ® No) Zyu'No ® 14} Aco

— (Igp ® 25_01) vec (2 ) — { (I, ® No) ® S Ao} vee (uZy) .
From Lemma 5.1, the distribution of

T, 1/2 (Idp ® X ) vec (EZS()
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converges to the normal distribution with mean zero and covariance matrix I'y ® 2;01 as

Ty — oo. Similarly, the distribution of
Ty 2 {(I, ® Ao) ® £ Ao} vec (uZy)

converges to the normal distribution with mean zero and covariance matrix I'y ® 2;01 as
T5 — oco. Let a = [ ar oo age } for constants ay,...,aq2,. Then, from Lemma 3.1, the

distribution of
(Ty + To) 2 [(Lgp @ 31) vee (62 ) + {(I, ® Ao) @ St Ao} vee (uZyy)]

converges to the normal distribution with mean zero and covariance matrix a’ (I‘ x® Egol) a.
The distribution of (77 + T 2)1/ 2 vec (B — ﬂ0> therefore converges to the normal distribution

with mean zero and covariance matrix F)_(l ® Yo as 11, Ty — oo.
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The Estimation of Frequency in the Multichannel
Sinusoidal Model

6.1 Introduction

An important class of stationary processes, arising in many applications, consist of those
which contain periodic components. An example of a periodic process is the vibration through
the air produced by a musical note. The soundwave will oscillate at a fixed, regular, interval,
known as the period. The number of oscillations that occur for each unit of time is the
frequency. In practice, a recording of the note will not oscillate exactly at this fixed frequency
since the recording will be subject to, for example, background noise or variation in the
recording device. The time series can therefore be considered to be generated by a process
which consists of both a deterministic periodic component, which we refer to as the signal, and
a stationary stochastic component, which we refer to as the noise. The stationary component
also reflects the fact that some phenomena which we model in this way are only approximately
periodic. It is often of interest to estimate the fixed frequency, or frequencies, of the periodic
components given the noisy signal.

Typically, periodic processes are modelled as the sum of sinusoids and a stationary



96 The Estimation of Frequency in the Multichannel Sinusoidal Model

stochastic noise process, that is,

f

Xt:,u—i—ijcos (wjt + ¢j) + &, (6.1)
j=1

where p; is the amplitude and ¢; is the phase of the jth sinusoid, i is a constant mean term
and w € (0,7). These are called mixed spectra models. The noise process, {;}, is assumed
to be stationary with a smooth spectral density, and can be modelled as, for example, an

autoregression. It is often convenient to reparametrise (6.1) as

/
Xi=p+ Z {oyj cos (w;t) + B sin (w;t)} + &4, (6.2)
j=1
where a; = pjcos¢; and §; = —p;sin ¢;.

There is an extensive literature on the estimation of the parameters in (6.1), or equiva-
lently in (6.2), when {X;} is univariate (see, for example, Quinn and Hannan, 2001). There
has, however, been little work on the case where {X;} is a vector process. In the multivariate
case, the model we consider is the same as (6.2), but where o and g, j =1,..., f, are d x 1
and {e;} is d-dimensional. Its interpretation is that we have a periodic vector process where
each component of the deterministic part is made up of sinusoids with common frequencies
but with possibly different amplitudes and phases. It has been referred to as the multichannel

sinusoidal model (Sakai, 1993).

The estimation of frequency in the multichannel model was considered by Sakai (1993)
for the case where the true frequencies were Fourier frequencies. It was also assumed that
the noise was Gaussian and white. In practice, the true frequencies are unlikely to be exactly
Fourier frequencies and the noise may be non-Gaussian and/or coloured. In this chapter we

develop procedures for estimating the frequencies in this more general setting.

The chapter begins with a brief overview of univariate frequency estimation which will
motivate the methods used in the multivariate case. We then develop procedures for esti-
mating a single frequency in the multichannel model and establish the asymptotic properties
of the estimators. We also discuss how to use the procedures to estimate more than one
frequency. Results of simulation studies are presented which demonstrate the performance

of the estimation procedures in practice.
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6.2 Univariate Frequency Estimation

6.2.1 Estimating a Single Frequency

We begin by considering the case where there is a single frequency, that is where f =1, and

{et} is Gaussian and white. That is, we consider the model

Xi = p+ acos (wt) + Bsin (wt) + &,

(6.3)

where &; is normal with mean zero and variance 02, t =0, ...,T —1, and T is the sample size.

Gaussianity is assumed initially so that the maximum likelihood and least squares techniques

are the same. Later on, the assumption of Gaussianity will be dropped.

The log-likelihood is

—glog(27r02)—T;{X—MT(w)H}/{X—MT(w)O},
where
X:[XO XTA}:
(s o o]

and M7 (w) is the T x 3 matrix with (¢ + 1)th row
[ 1 cos(wt) sin(wt) } ;
t=0,...,7 — 1. For fixed w, (6.4) is maximised with respect to 6 by
{Mf (@) My (@)} {M () X}

But
M) () My (w) = T diag (1, 3 ;) 1o

since, for w # 0, 7,

T-1 T T-1 T
> cos® (wt) = S +0), sin? (wt) = S +o),
t=0 t=0
and
T—1 T-1 T-1
cos (wt) = O (1), Z sin (wt) = O (1), cos (wt) sin (wt) = O (1).
=0 t=0 t=0

Hence the maximum likelihood estimator of # has the same asymptotic properties as

~ /

Or (w) = [ X 21 'S Xy cos (wt) 27 0! Xysin (wt) |

(6.7)

(6.8)



98 The Estimation of Frequency in the Multichannel Sinusoidal Model

where X = 7! ZtT:_Ol X:. Maximum likelihood estimation of w therefore consists of min-

imising
X'X — 207 (w) { M7 () X} + 0 (w) {MF (w) My ()} 01 (w) (6.9)
with respect to w. From (6.5) and (6.8), (6.9) is equal to
T-1 T-1 2
Z(Xt 2 o7 {ZXtcos (wt) } —2T_1{2thin(wt)} +o(1).
t=0 t=0

Thus, the maximum likelihood estimator of w is asymptotically equivalent to the maximiser

of

-1 2
It x (w) =2T" {ZXtcos (wt) } +2T_1{2thin(wt)}
t=0

T_ 2

§ : fzwt

t=0

which is the periodogram.

Let @ be the maximiser of I7 x (w) and wy be the true frequency. Walker (1971) showed
that T (& — wp) — 0 almost surely and that the distribution of T%/2 (& — wg) converges to
the normal distribution with mean zero and variance 2402 /p?, where p? = o2 4+ 2. Hannan
(1973b) showed that if {e;} is not white, but coloured, with spectral density f: (w), and not
necessarily Gaussian, T (& — wg) — 0 almost surely and the distribution of T3/ (& — wp)

converges to the normal distribution with mean zero and variance 487 f. (wo) /p>.

6.2.2 Estimating More Than One Frequency

We now consider the case where f > 1. If {¢;} is Gaussian and white, the same calculations
as above show that maximum likelihood estimation of wy,...,wy is asymptotically equivalent

to minimising

~
L

f
Y I (). (6.10)
=1

t

Il
=)

This is the same as finding local maxima for I x (w). This cannot be done in practice, as
associated with each local maximum are “sidelobes”, which give rise to other local maxima
close to these. Providing none of the frequencies are too close together, they can be estimated
one at a time, with the sinusoid corresponding to each estimated frequency removed from
the time series by regression before estimating the next. The procedure for estimating the f
frequencies is given in Algorithm 6.1 (see Quinn and Hannan, 2001).

Now suppose that {e;} is coloured with spectral density f. (w) and let I'; be the T'x T

matrix with (4, j)th element I’z (]i — j|), where

Le () = E (e1et45) ,
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Algorithm 6.1 Estimating f frequencies in the univariate sinusoidal model
1. Let j = 1.

2. Maximise the periodogram of {X;} in order to obtain @;, where &; is the estimator of
the frequency with the jth largest amplitude.
3. Estimate a; and 3; by

T-1 -1
a; =271 Z X cos (w;t) and Bj =2or! Z Xisin (@;t)
t=0 =0
respectively.
4. Put

X, = X; — @ cos (@) — B, sin (@;t) .

5. Let j=75+1.

6. Repeat steps 2-5 until f frequencies have been estimated.

which is the jth autocovariance. The Gaussian log-likelihood is then
T 1 1 /=1
= 5 log (2m) — S log [Te| — 5 {X — My (w) 0} To7 {X — My (w) 0}, (6.11)

where
/
9f:[u a - ap B 5f}

and Mr s (w) is the T x (2f 4 1) matrix with (¢ 4 1)th row
1 cos(wit) --- cos(wyst) sin(wit) --- sin(wyt) } ;

t=0,...,7—1. As shown in Quinn and Hannan (2001), the maximiser of (6.11) is asymp-
totically equivalent to the maximiser of
f

3 I, x (w))

ot 47 fe (wy)

It follows that even if the spectral density is known, or unknown but estimated in some con-
sistent way, we do not get better estimates, asymptotically, than we do by simply minimising
(6.10). We can therefore use Algorithm 6.1 to estimate frequencies without assuming that

the noise is Gaussian and white. The exception to this is the case where the frequencies are

harmonics of a fundamental frequency, that is, when

f
Xi=p+ Z {aj cos (jwt) + B sin (jwt)} + €. (6.12)
j=1
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Quinn and Thomson (1991) showed that w in (6.12) can be estimated by maximising

where f. (w) is a consistent estimator of f. (w). Such an estimator may be obtained, for
example, from a smoothed periodogram or by fitting a long-order autoregression.

We finally mention, for completeness, the case where two frequencies are close together.
The procedures described above may not work in this case, since they may not discriminate
between a local maximum of the periodogram due to one of the frequencies and a sidelobe
of the other. We will not consider this case here but refer the reader to Hannan and Quinn

(1989) for more details.

6.2.3 Maximising the Periodogram

In practice, the periodogram is very difficult to maximise. However, it can be easily evaluated
at the set of Fourier frequencies using the fast Fourier transform algorithm. The maximiser
of the periodogram over the Fourier frequencies will give an estimator for w which is accurate
to O (T‘l) which is less than the desired accuracy of O (T -3/ 2). It is often used, however,
as an initial estimate in some other estimation technique. For example, it may be used to
initialise the Gauss—Newton algorithm to maximise the Gaussian white log-likelihood. Using
the Gauss—Newton algorithm in this way is not guaranteed to converge to the true frequency
(see, for example, Rice and Rosenblatt, 1988). However, Quinn et al. (2008) have shown that
it will converge if the initial estimate is computed using the periodogram of the time series
zero-padded to four times its length. An alternative approach to maximising the periodogram
is to use the Quinn-Fernandes technique (Quinn and Fernandes, 1991). This technique is
computationally fast and will result in an estimator which has the same central limit theorem

as the periodogram maximiser. Both approaches are detailed below.

Maximising the Gaussian White Log-Likelihood Using the Gauss—Newton Algo-

rithm

From the asymptotic results in Section 6.2.1, we can maximise the Gaussian white log-
likelihood by minimising

Ry (w) = Er (w) Er (w),

where

Er(w)=X — My (w)0 (w).
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The derivative of Ry (w) is

2B () %ET ()

and so, given a current estimate of w, denoted w, the Gauss—Newton algorithm updates the

estimate by
L B@LE® 613
4o b (@) 5 Br (@)

and repeats until convergence. The derivative of Ep (w) is

{ ot @)} @)

37 @) (7 () o @)} [ { 2007 ) 2 )0 ) - { 20 @ x] . 010)

Even using asymptotic results, this can be onerous to compute. However, the algorithm can
be computed efficiently, and the required quantities calculated exactly, by reparametrising
(6.3) as

Xi=p"+a*[cos{w(t—v)} —¢(w)]+ " sin{w (t —v)} + &4,

where v = (T — 1) /2,

T-1
or(w)=T"1 Z cos{w (t —v)} and w=p+a’er (w).
t=0

Let

Bj (w) = X — Mj (w) 07 (w)
where
B (w) = {MF () Mf ()} { M7 (w) X}
and M7 (w) is the T' x 3 matrix with (¢ + 1)th row

[ 1 cos{w(t—v)}—¢r(w) sin{w(t—v)} ] ; (6.15)

t=0,...,7 — 1. Under the reparametrisation, M}/ (w) M7 (w), its inverse and its derivative

can easily be computed exactly since

~
L

cos{2w (t —v)}

~+
I
(en)

is the real part of

b

e2in -1 ein o e—in sin (O.)T)

2iw(t—v) _ ,—2iwv _ _
e2iw — 1 ew — g—iw sin (w)

it
o
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Letting sp (w) = sin (wT') / sin (w),

T 0 0
Mq*—‘/ (w) Mj*-* (w) = 0 DTl (w) 0 ’
0 0 Dry (w)

where
T—1 T 1
Dr (w) = [cos {w (t — 1)} —¢(w)]* = 3 + 55T (w) =T 1s% (w/2)
t=0
and
T 1
2 J— — —
Dy (w Zsm {lwt-1}= 5~ 3% st (w) .
The derivatives of st (w) and s2 (w) are
is () = T'cos (wT)  cos(w)sin (wT)
dw "V T sin (w) sin? (w)
and
d d
d—s?p (w)=2 {deT (w)} st (w)
Thus
0 0 0
d *. *
dw My (w) My (w)} =10 %qu (w) 0 )
0 0 @DTQ (w)
where
d 1d d
P (w) = 25T (w)—T71 {dsT (w/Z)} st (w/2)
and

d 1d
%DT2(W)——§% st (w) .

Finally, dM7 (w) /dw is the T' x 3 matrix with (¢ + 1)th row

0 —(t—v)sin{w(t—v)}— Q7)™ Lsp(w/2) (t—v)cos{w(t—v)} |,
t = 0,...,7 — 1. The algorithm can therefore be performed by replacing Er (w) and
dE7 (w) /dw in (6.13) by E}. (w) and dE}. (w) /dw, respectively, which are given by replacing
Or (w) and Mp (w) with 5} (w) and M7 (w), respectively.
The Quinn—Fernandes Technique

The Quinn—Fernandes technique is motivated by the fact that, assuming p = 0 and with {g;}

not necessarily white, (6.3) can be rewritten as

X¢ —2cos (w) Xi—1 + X2 =4 — 2cos (w) e1—1 + €42,
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which is the ARMA(2, 2)-like model
X —bXi 1+ Xi_o =54 — age_1 + €4—2, (6.16)
where a = b = 2cosw. Letting {&} be the process given by
& =Xy +ag—1 — &—2,
where €1 =& 9 =0, (6.16) becomes
§t + &—2 = 0&—1 + &4
Thus, given an estimate of a, b can be estimated by regressing & + &_o on &_1. That is, by

261 (& +&—2) & st Sy Xiia

Ti—1 #2 T—-1 ¢2 ’
tio §i1 Zt:O &1

This estimate of b can be used to re-estimate a which can in turn be used to re-compute {&;}.

(6.17)

An accelerated version of the algorithm multiplies the final term in (6.17) by two, increasing
the rate of convergence. The full procedure is given in Algorithm 6.2. Note that since we are

assuming that the process has zero mean, the data should be first mean corrected.

Algorithm 6.2 The Quinn—Fernandes Technique

1. Put @ = 2cos®, where @ is an initial estimate of w.
2. Fort=0,...,T —1, let
§=Xp+ a1 — &2,

where £_1 =& 9 =0.

3. Letb=a+ v, where
_ 9 tT:_ol Xt&t—1
v= T—1,.0
>ot—0 Si-1
and put a = b.
4. Repeat steps 2 and 3 until |v| converges to 0.

5. Put @ = cos™! (@/2).

Quinn and Fernandes (1991) showed that the estimator of w obtained by Algorithm 6.2 is
strongly consistent and follows the same central limit theorem as the periodogram maximiser.
Furthermore, provided the initial estimator of w is accurate to O (T -1/ 2), steps 2 and 3 need
to be repeated only once in order for the algorithm to be accurate to O (T -3/ 2). Such an
initial estimator will be obtained from the maximiser of the periodogram of {X;} evaluated

at the Fourier frequencies.
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6.2.4 Estimating the Number of Frequencies

Until now we have assumed that the number of frequencies, f, is known. However, in practice
this will not be the case. Quinn (1989), Wang (1993) and Kavalieris and Hannan (1994) have
proposed information criteria to estimate the number of frequencies. The most general result

is that of Kavalieris and Hannan (1994) which uses the information criterion

¢ (f,p) = Tlog (5%,) + (p+5/)log T,

where 8]20717 is the estimator of the residual variance obtained by fitting an autoregression of
order p to the time series given by removing f sinusoids from {X;} by regression. The 5f term
reflects the fact that, for each additional frequency estimated, cAf%p involves the estimation of
an additional two parameters, ay and [y, which have asymptotic standard error of O (T -1/ 2)
and of one additional parameter, wy, which has asymptotic standard error of O (T*3/ 2). For
each f =0,...,F, where F is assumed to be greater than the true number of frequencies,
the autoregressive order is estimated by p, and then the number of frequencies is estimated

A~

by the minimiser of ¢ (f,p)

6.3 Multichannel Frequency Estimation

6.3.1 Estimating a Single Frequency

As in the univariate case, we begin with the case where f = 1. That is, we consider the
model

Xt = p+ acos (wt) + fsin (wt) + &, (6.18)

where u, o, 8, Xy and ¢; are d x 1. We will motivate the estimation techniques by maximising
the log-likelihood as though &; is d-dimensional multivariate normal with mean zero and

covariance matrix X, ¢t =0,...,7 — 1. The log-likelihood is then

- %d log (27) — %log 5] — %tr (X —oMp @) s (X -0 )], (629)
where
X:[XO XT_l},
S

and My (w) is defined in the same way as in the univariate case. Note that X is now a d x T
matrix whose columns are the different samples. For fixed w, the maximiser of (6.19) with

respect to 0 is

{X My (@)} {Mf (w) Mr (@)},
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which, because of (6.6) and (6.7), has the same asymptotic properties as

~

or (W)= | X 21 '3} o cos (wt) Xy 2T~ DY o sin (wt) Xy

The maximiser of (6.19) with respect to X therefore has the same asymptotic properties as

T_1 IH (w) Ild(w)
Sr(w)=T" (X = X) (X = X) - : ,
= Idl (w) Idd (w)
where
T—1 T
Li (w) = 2T~ {Zcos wt Xt,j} {Z cos (wt th}

and X; ; is the jth component of X;. Substituting br (w) and S (w) into (6.19), we have
Td T -
— - {1+1log (2m)} — 5 log ‘ZT (w)’ .

The maximum likelihood estimator of w is thus found by minimising ’f]T (w)’ In order to
minimise this, and to derive the asymptotic properties of the minimiser, the following lemma

will be useful. The proof of the lemma is in the Appendix.
Lemma 6.1 If A and B are d-dimensional vectors then
I — AA' — BB'| =1 - (A'A+ B'B) + (A'A) (B'B) — (A'B)?

and

I+ AA' + BB'| = 1+ (A'A+ B'B) + (A'A) (B'B) — (A'B)”.

Now, letting

~
-

Ve =Y (X;—-X) (X - X),

~+
Il
()

T-1
Cr (w) = V2112 Z cos (wt) X
=0

and

T-1
St (w) = V21712 Z sin (wt) Xy,
=0
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St (w) can be rewritten as
St (w) =T {Vr — Cr (w) Cf (w) — St (w) S7 (w) } -
The determinant of S (w) is therefore

T~V — Cr (w) Cf (w) — St (w) S (w)]
_ 7 \VTW] ‘Id V207 (w) O () Vi V2 = VY28 (w) S (w) VT‘”?) \V;/Z\ .

From Lemma 6.1, putting
A=V;"?Cr(w)  and  B=V;"’S (w),
we have

1o = Vi PCr (@) O @) Ve 2 = Vi S () S5 () Vi P
=1-C% (W) Vi 'Cr (w) = S (w) Vi 'S7 (W) + {CF (w) Vi O () } {ST () Vit S (w) }
2
—{CF (w) V7 ' Sr (w)} .

In order to compute the maximum likelihood estimator of w we must therefore maximise

Jr (w) = Cf (w) Vi 'O (w) + S (w) Vi 1St (w) — {CF (w) Vi 'O (w) } {Sh (w) Vi ' Sr (w) }

_ 2
+{C7 (w) Vi LSy (w)}™.
Suppose now that {e;} is not white, but coloured, with spectral density f. (w). Let
W = arg max Jr (w)

and denote by wo, ¥g and 0y = | ug a9 By | the true values of w, 3 and 6, respectively.
Theorem 6.1 shows that T (&0 — wp) converges almost surely to 0 and Theorem 6.2 establishes

the central limit theorem. The proofs of the theorems are in the Appendix.
Theorem 6.1 T (0 —wp) — 0 almost surely as T — oo.

Theorem 6.2 The distribution of T2 (& — wy) converges to the normal distribution with

mean zero and variance

apSg " f (wo) Bg oo + BYEG ! f (wo) S5 ' Bo
(0402 a0+ﬁo 1»30)

487

as T — oo.
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The above suggests that rather than maximising J7 (w), we might maximise the simpler

function

Jr.a W) = C (w) Q07 (W) 4 S (w) QST (w)

= F} (w) QFr (w),
where
FT (w) = CT (w) — ’iST (w)
T—1
— \/§T_1/2 Z e—ztht
t=0
and € is a suitable positive definite symmetric matrix. Let
& = argmax Jrg (w) .
w

Theorem 6.3 shows that 1" (w — wy) converges almost surely to 0 and Theorem 6.4 establishes

the central limit theorem.
Theorem 6.3 T (W —wp) — 0 almost surely as T — oo.

Theorem 6.4 The distribution of T%/% (& — wy) converges to the normal distribution with
mean zero and variance

7T046Qfs (wo) Qag + By fe (wo) 230

48 :
(0 Qo + BH$250)

(6.20)
as T — oo.

Letting no = ap — 15y, (6.20) can be rewritten as

neS2fz (wo) Qo
(ngmo)?

An application of the Kantorovich matrix inequality (see Gentle, 2017, Section 8.4.3) shows

481

that
1682fe (wo) Qo 1
(5 2m0)° nef= (wo) mo

with equality if and only if Q = cf-! (wp) for some constant c. To see this, consider the

(6.21)

Cauchy—Schwarz inequality,
2
(') (v'y) = («'y)
with equality if and only if z = ¢y, for vectors 2 and y and any constant ¢. Putting z = Q22

and y = Q'/2z, where Q is positive definite, we have

(z'Q_lz) (z'Qz) > (z’z)2
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with equality if and only if
Q_1/2Z _ cQ1/2z,

that is, if and only if Q = ¢I;. Now, putting z = QY2 and Q = S2*1/2j";1 (wo) Q12 we

)

obtain (6.21) and have equality if and only if
Q2 (wo) Q2 = ey,

that is, if and only if Q = cf=! (wp), for some scalar constant c.

An efficient estimator of w can therefore be obtained by maximising j/TVQ (w) with Q
equal to f=! (wp). In practice, f (wo) will not be known, and will need to be estimated. Note
that the multivariate case is thus very different from the univariate, where estimation of the

spectral density is not needed.

6.3.2 Autoregressive Approximation
Since {g;} is stationary, it can be modelled by a long-order autoregression. We thus fit

Xt = p+ acos (wt) + Bsin (wt) + &,

where
P
Z 0j€t—j = Ug,
j=0
do = 14, 05, 5 = 1,...,p, are d x d and {w;} is d-dimensional. We assume that {u;} is a

sequence of martingale differences and that
E (utug \ }"t_l) =G,

where F; is the o-field generated by {u¢, u;—1,...}. Note that

-1 sy —1
1

p p
few)= o | La+ Y 6e77 ) G (Lt dje
j=1 j=1

The autoregressive order, p, will in general be unknown and may be estimated using an
information criterion (see Section 3.3.4). Alternatively, the order could be fixed at | (logT)¢],
¢ > 1 (see Section 3.6). In what follows, we will assume that p is known, and then introduce
its estimation into the resulting algorithms.
Let
Dzvecézvec[ & o Oy }

and G = vec G. The Gaussian log-likelihood is

T-1

Td T 1 _

1(8) = == log (27) — S log |G| — 5 > UG,
t=0
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where
!

@:[M/ D é/ o ﬁ’w ,
U =ds (2) {X¢t — p — acos (wt) — Bsin (wt) }

and dj (z) = I+ >_5_; §;27. Let
w = argmax! (©)

and let wg be the true value of w. Theorem 6.5 establishes the central limit theorem for @.

The proof of the theorem is in the Appendix.

Theorem 6.5 The distribution of T2 (& — wy) converges to the normal distribution with

mean zero and variance
487

s f (wo) mo
as T — oo.

In light of this, an efficient estimator of w may be obtained by fitting a long-order autore-
gression to the noise process {e;} and using the inverse of the estimated spectral density in

place of 2 in maximising :]VT,Q (w).

6.3.3 A Procedure for Multichannel Frequency Estimation

As we have seen, an efficient estimator of w in (6.18) is obtained by maximising jT@ (w)
with Q = ]‘“;_1 (w), where 2 (w) is an estimator of f. (w) which can be obtained by fitting
a long-order autoregression to {g;}. However, in order to estimate f. (w) we first need an
estimate of w. We can therefore estimate w in two stages. We begin by maximising jTQ (w)
with © equal to a suitable symmetric positive definite matrix, for example I5. Although the
resulting estimator will not be efficient, it is of the correct order of efficiency. The sinusoid
at the estimated frequency is then removed by regression and f; (w) is estimated by fitting
a long-order autoregression to the residuals. The inverse of the estimated spectral density is
then used in place of 2 when maximising jT@ (w) in the second stage. The full procedure is
given in Algorithm 6.3.

It remains to maximise :]VT’Q (w) for a given Q. This can be done, for example, using
the Gauss—Newton algorithm. Given a current estimate of w, denoted w, the Gauss—Newton

algorithm updates the estimate by
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Algorithm 6.3 Estimating a single frequency in the multichannel sinusoidal model
1. Put Q = I; and let

W = arg max jT7Q (w).
w

2. Fit an autoregression of order p to

~

X; — X — @cos (wt) — Bsin (wt) ,

where

T—1
a=2T"1Y cos(@t) Xy, B=2r"" Z sin (Wt) Xy
=0

and p is either estimated using an information criterion or fixed at {(log T )1+CJ ,c>0.
Denote the autoregressive parameter estimates by 31, e ,gp and the residual covariance

matrix estimate by G.

3. Put .
p o~ e~ o~ p o~ e~
O =27 Id—I—Z(Sje_W Gt Id—FZ(Sje_”w
j=1 j=1
4. Let
W = arg max jT7Q (w).
w
where

T—1
0 . —-1/2 —iwt
%FT (w) = —iV2T ; te "' Xy.

An alternative method for maximising :]vT7Q (w) is to use a multivariate version of the Quinn—

Fernandes technique which we introduce below.

As discussed in Section 6.2.3, the estimator obtained using the Gauss—Newton algorithm
will converge to the true value in the univariate case if the initial value is computed by
maximising the periodogram at the Fourier frequencies with the time series first zero-padded
to four times its length. Whether this result applies to the multivariate case remains an
open problem, however simulations suggest that a zero-padding factor of four is appropriate
here. For example, for the simulation study presented in Section 6.4, zero-padding the time
series to four times their length generally produced the same results as zero-padding them to
eight times their length. For now, therefore, we will compute initial values in practice using
a zero-padding factor of four. Confirming the appropriate zero-padding factor theoretically

will be left for future work.
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6.3.4 The Multivariate Quinn—Fernandes Technique

As in the univariate case, and assuming that p = 0, we can rewrite (6.18) as
Xt —2cos (w) Xp—1 + X2 =& — 2cos (w) €4—1 + £¢—2.
We therefore fit the VARMA (p, ¢)-like model
X —bXi 1+ Xy o=¢r —ag—1 + 12

subject to the constraint that a = b. Let

& =Xy +ag—1 — &—2,
where £_1 = £_9 = 0. We then wish to estimate b in

§+&—2 =051+

We can estimate b by, for example,

Z §t 192 (& + &t—2) _ E ft 192X, (6.22)

Yo &1 Zt 0 S

Thus, given an estimate of a, b can be estimated using (6.22). This estimate of b can be used

to re-estimate a and the procedure can be repeated until convergence. As in the univariate
case, an accelerated version of the algorithm multiplies the second term in (6.22) by two,

which increases the rate of convergence. The full procedure is given in Algorithm 6.4.

Algorithm 6.4 The multivariate Quinn—Fernandes technique for a given €2

1. Put @ = 2cos (W), where @ is an initial estimate of w.
2. Fort=0,..., T —1, let
& =Xi+ a1 — &2,

where £_1 =& 9 =0.
3. Replace a by a + v, where
Z g 1QXt
Zt 0 &—1926—1
4. Repeat steps 2 and 3 until |v| converges to 0.

5. Put & = cos™! (a@/2).

Let a; be the jth iterate of a and w; = cos™! (a;/2). Then

aj+1 — aj =2 sinwth (wj) N
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where .
. —1 &7
sinw ), 5 & 19Xy

. T—1 :
sin” w Dot—o §-1926—1

hT (w) =
Now, a; = 2cosw; and so
aj41 — aj = 2C0Swjy1 — 2CoSWj
= -2 sinwj (wj+1 — wj) + O {(ij — Wj)Q} .

Thus, provided the algorithm begins with an initial estimate which is o (T‘l/ 2), the (j + 1)th

iterate of w is asymptotically equivalent to
Wi — hT (w]') .

An alternative version of Algorithm 6.4 therefore replaces step 3 with updating & by
T-1
CAL) _ Zt:O gllf—IQXt
T—1
>i—0 §1—18%11

then letting @ = 2cos@. Step 5 is then not required.

Theorem 6.6 shows that there is a unique point, Wy, such that T (Wp — wp) — 0 almost
surely for all v < 3/2. Theorem 6.7 shows how many iterates of the algorithm are needed to
converge to the unique point and, in particular, that if the initial estimator is O (T *1), only
two iterates are needed. Theorem 6.8 shows that the estimator has the same central limit

theorem as the maximiser of jT7Q (w). The proofs of the theorems are in the Appendix.

Theorem 6.6 Let Ar (v) = {w;|w —wo| < TV}, for fixred constants ¢ > 0 and 1 < v <
3/2. Then there exists a unique Wy € Ap (v) such that hp (Or) = 0 almost surely as T — oo.

Thus there is a unique solution to hr (or) = 0 for which TV (or — wo) — 0 almost surely as

T — o0, for allv < 3/2.

Theorem 6.7 Let wy € Ar (v) and wjt1 = wj — hr (wj). If 1 <v < 3/2, then
Wit = Or = (w; - ©r) O {T7/2 (10g T)*},

while if 1/2 < v < 1,

Wist — O = (wj — B7) O {T—I/H (log T)1/2} +0 {T‘1/2_2” (log T)1/2} .

Also,
Wr —wp =0 {T_3/2 (logT)1/2}
and
wj —Wr =o0 (T*3/2>
for

j=13—log(2v—1)/log2].
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Theorem 6.8 The distribution of T%? (&1 — wo) converges to the normal distribution with
mean zero and variance

Wozf)ﬂfs (wo) Qg + By fe (wo) Qo

48 :
(aQag + By$25o)

as T — oo.

We can therefore estimate w in (6.18) by using the procedure described in Section 6.3.3
with Algorithm 6.4 replacing the maximisation of :]VT’Q (w). For an initial estimate, we can

use the maximiser of Jr o (w) over the Fourier frequencies.

6.3.5 Estimating More Than One Frequency

When there is more than one frequency, that is, when f > 1, the Gaussian white log-likelihood

is

7% log (2) — glog ] — %tr [{X — 0, My (W)} STH{X — 0, M, (w)}} ,
where
ez[u o - ap B - gf},
This is maximised when
f
Ve =Y {Or (w)) Cp (wj) + St (wy) S7 (w)) }
j=1

is minimised. Thus, just as in the univariate case, the frequencies can be estimated one at a
time, providing none of them are too close together, using a procedure similar to that given
in Section 6.2.2. The estimation is performed in two stages. In the first, () is set to I;. In
the second, () is set to the inverse of the estimated spectral density of the residuals after
removing the f sinusoids. The full procedure is given in Algorithm 6.5.

To estimate the number of frequencies we can use an information criterion along the lines
of that proposed by Kavalieris and Hannan (1994) for the univariate case (see Section 6.2.4).

We estimate f using

¢ (f,p) =Tlog ’@f,p‘ + {dp® + (2d + 3) f} log T,

where G #p is the estimator of X assuming there are f frequencies and the autoregressive
order is p. For each f = 0,..., F, where F' is assumed to be greater than the true number
of frequencies, the autoregressive order is estimated by p; and then the estimator of f is the

minimiser of ¢ (f,Dy).
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Algorithm 6.5 Estimating f frequencies in the multichannel sinusoidal model
1. Put Q; =14, 5=1,..., f.

2. Let j =1.
3. Let
Wj = argmax jT@j (w)
w
and
X¢ = Xy —acos (wjt) — Bsin (wjt),
where
T-1 N T-1
a=2T"" Z cos (wj;t) Xy and Bj =271 Z sin (w;t) X;.
t=0 t=0

4. Let j =75+ 1.

5. Repeat steps 24 until f frequencies have been estimated.

6. Fit an autoregression of order p to {X;} where p is either estimated using an information
criterion or fixed at |(logT)“], ¢ > 1. Denote the autoregressive parameter estimates
by 51, e ,5\5 and the residual covariance matrix estimate by G.

7. For j=1,..., f, put

*

p p
Qj =27 Id + Z 5j€_ijaj G_l Id + Z 5j€_ijwj
=1 =1

8. Repeat steps 2-5 once.

6.4 Simulations

The frequency estimation procedure described in Section 6.3.3 was applied to sets of time

series with 10, 000 replications simulated from the model
Xi = p+ acos (wt) + Bsin (wt) + &,

where

p=0, a=|1/V2 1/\@]/ and B:[—l/ﬁ —1/\@]/-

Note that the amplitude of the sinusoid is 1. The sample sizes were T = 100, 250, 500
and 1,000. The noise process was either generated from white noise, where ¢, = uy, the

autoregressive model

€t + 0161 = W
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with
0.7 0.3

-0.3 0.7
or the moving average model
€ = Uz + doUp_1
with
0.8 0.1
—-0.1 0.8

dg =

The residuals, {u;}, were simulated from the multivariate normal distribution with mean
zero and covariance matrix GG, where G was equal to gls, g = 0.1,0.2,...4. Both the Gauss—
Newton algorithm and Quinn—Fernandes technique were used to maximise jT’Q (w) with a
tolerance for convergence of 1.076. That is, the algorithms were stopped when successive
iterates were within 1.076 of each other. The autoregressive orders were estimated using
BIC.

The AR(1) and MA(1) parts of Figure 5.1 show the component spectral densities and
coherency for the two processes used here for the case where g = 1. The simulations were
run for both w = 7/5 + 7/ (4T) and w = 47w /5 — 7w/ (4T). When the true frequency is high,
the autoregressive noise causes a spike in jT’Q (w) close to the true frequency, making it more
difficult to estimate it particularly with a low signal to noise ratio. The same occurs when
the true frequency is low and the noise is from the moving average process. The addition or
subtraction of 7w/ (4T") ensures the true frequency falls in the middle of two Fourier frequencies,
which is a worst case scenario.

Figures 6.1-6.10 show the resulting mean estimates of w and the logarithm of their mean
squared errors (MSE). The plots show that the estimation procedure works well, with the
mean estimates of w close to the true values and their MSEs close to the theoretical variances,
up to a point at which the signal-to-noise ratio becomes too small. That is, when g becomes
large. This is known as the threshold effect (Quinn and Kootsookos, 1994) and, when it
occurs, can be clearly seen in the log(MSE) plots. For example, when 7" = 100 and {&;}
is white noise, Figure 6.2 shows the threshold effect occurring around ¢ = 1.8. It occurs
sooner in the AR(1) and MA(1) cases than for the white noise cases. After the threshold
effect occurs, the mean estimates of w move toward the peak of the noise spectral density.
In all cases, there was no threshold effect when T = 1,000 up to g = 4. Although the
two methods used produced very similar results, there appears to be a small bias when the

Quinn—Fernandes technique is used.
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Figure 6.1: Mean w when {¢;} is white noise and wp = ¥ + 7, using the Gauss-Newton
(solid) and Quinn-Fernandes (dashes) methods. The true frequency is indicated by the grey

line.
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Figure 6.2: log(MSE) for & when {¢;} is white noise and wg = ¥ + 75, using the Gauss—
Newton (solid) and Quinn-Fernandes (dashes) methods. The theoretical variance is indicated

by the grey line.
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Figure 6.3: Mean w when {&;} is an AR(1) and wo = £ + 7, using the Gauss-Newton (solid)
and Quinn—Fernandes (dashes) methods. The true frequency is indicated by the grey line.
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Figure 6.4: log(MSE) for @ when {e;} is an AR(1) and wg = £ + 77, using the Gauss-Newton
(solid) and Quinn—Fernandes (dashes) methods. The theoretical variance is indicated by the

grey line.
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Figure 6.5: Mean w when {e;} is an AR(1) and wy = 4% — 47 using the Gauss-Newton
(solid) and Quinn—Fernandes (dashes) methods. The true frequency is indicated by the grey

line.
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Figure 6.6: log(MSE) for w when {;} is an AR(1) and wg = % — 75, using the Gauss-Newton
(solid) and Quinn—Fernandes (dashes) methods. The theoretical variance is indicated by the

grey line.
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Figure 6.7: Mean w when {¢;} is an MA(1) and wo = £ + 7, using the Gauss-Newton (solid)
and Quinn—Fernandes (dashes) methods. The true frequency is indicated by the grey line.
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Figure 6.8: log(MSE) for w when {&;} is an MA(1) and wo = ¥ + 77, using the Gauss-Newton
(solid) and Quinn—Fernandes (dashes) methods. The theoretical variance is indicated by the

grey line.
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Figure 6.9: Mean & when {&;} is an MA(1) and wy = ¥ — 7%, using the Gauss-Newton

(solid) and Quinn-Fernandes (dashes) methods. The true frequency is indicated by the grey

line.
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Figure 6.10: log(MSE) for @ when {&;} is an MA(1) and wy = % — 75, using the Gauss—
Newton (solid) and Quinn-Fernandes (dashes) methods. The theoretical variance is indicated

by the grey line.
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6.A Appendix

In what follows, where convergence is indicated, it will mean convergence in the almost sure
sense, unless otherwise stated. Where order notation is used, it will also mean orders in the

almost sure sense.

6.A.1 Proof of Lemma 6.1

Letting V = [ A B },
|1 — AA' = BB'| = |I; - VV'|.

Now, for any matrices C, D, E and F' of appropriate dimension,

C
=|F||C - DF~'C| =|C||F — EC™'D|.
E
Thus
Iy vV
I =L, -VV'|=|L-V'V].
V' I
But
1-A'A —A'B
|- V'V|=

-B'’A 1-B'B
—1— (A'A+ B'B) + (A'A) (B'B) — (4'B)?,
which is the first part of the lemma. Similarly,

14

=L+ VV|=|L+V'V]|
—V' L

and the second part of the lemma follows.

6.A.2 Proof of Theorem 6.1
Consider
FT (w) = CT (w) - iST (w)

T-1
VT2 Y X
t=0
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/

Let Wy (w) = 2T~ 1/2 Zf;Ol e~ Wie, Gy = [ a0 fBo } and my (w) = { cos (wt) sin (wt)
Then

T-1 T-1
Fr (w) = W (W) + V2T 24 Z et 4 /211124, Z my (wp) e !
t=0 t=0

T-1 e’iu.)Qt )
=Wy (w) + T—1/290 ‘ e+ 0(1)
2 =0 l'ezwot
1 |27 -1 [ efi(wfwo)t
=W + —=T7/4f +0(1
T (W) 7 0 ; —" (1)
1
= Wr (w) +-;ZETﬂ/2nohT(uJ—-WO)*-C7(1),

where 19 = ag — iy and

T-1
— T—l E e—ia)t

t=

I e—ia:T -1

G

_ 7 lp—ia(T-1)/2 sin (27'/2)
sin (z/2)

noting that hp (0) = 1. Consider the case where w = wp + a/T for some a > 0. Then
1~ ~
T Fr (wo + a/T) Ff (wo + a/T) = 59096 \hr (a/T)> + O (T og T),

since nong = 5056 and Wr (w) = O {(log T)l/Z}. Now,

- 2
I (a/T)| = 'e—mT—l)/z Tsslllxll((z//?:r)
(a/2)*

as T'— oo, and so

T~ Fr(wo +a/T) Ff (wo + a/T) — Qoe,sm 2 (a/2)

(a/2)?
as T — oo. Also,
T-1
X =po+T" 1902mt —i—leEt,
t=0
and so
X; — X =0gmy (w) + e+ 0 {Tfl (loglog T)l/Q}
since

T-1

7! Z e =0 { ! (log logT)l/Q}

t=0
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from Theorem 2.2. Thus

T-1 T-1
T YWp =171 Z eie) + T 10, {Z my (w) m (w)} b + O {T—l/2 (log log T)l/Z}
=0

1~ ~
— Yo+ 59096 (6-23)

as T' — oo. Now,

Jr(w)=1— ‘Id — Vi 20r () O (w) Vi 2 = Vi 280 (w) S (w) Vi 2

=1—|V; ! |Vp = F (w) F* (w)].

Therefore
Jr ( +»ﬂval—zﬁiﬁ@_lz+£a@_lgyﬂﬂﬂ9
T\Wo T~ a 0 200 0 200 200(@/2)2 .
Let
1 —1/27
A B|=—75""%,
4 5]= Lt
then
A 1~ _
B |4 B =505,
and so
1 ~ -
A'A+ BB =gt (9625190>
and

(A'A) (B'B) — (A'B)? = i

5625150} .
From Lemma 6.1,
= |Zo|

1+~ 1 1/o5 5o
So + 5000 Ii+ 5% V29,005,512

~ - 11~ -
= %] {1 +tr (8555 80) + T ]0()25100’}

and
1~ ~ 1~ sin?(a/2) C. (1 NP
» - [ P2 NPT » 1 = /E 1 = /E 1 ‘
‘ 0+ 5000 — 5606 2 15| +2tr(90 ; 90)+ 1965590 ¢
where
2
0<c—1- S (0/2)
(a/2)
Thus
1+ Str (5’2*15) 2 5’2*15(
2 020 0o) + T |V bo
Jr(wo+a/T) —1— = T
1t (B20) + 4 |8, 90‘
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as T'— oo, and so the almost sure limit of J7 (wo 4+ a/T) is 1 if and only if @ = 0. That is, if
Kk >0,
liminf  inf T{JT (wo) = Jr (w)} >0

T—oo |w—wo|>kK/

and it follows from Theorem 2.5 that T' (W — wp) — 0 as T — oo.

6.A.3 Proof of Theorem 6.2

Let
Krp (@) = log|Sr ().

From the mean value theorem,

d d d?
- k@)= LK il
0 do T (@) do T (wo) + dw?

Kr (W) (W —wo),
where w* is a point on the line segment between wy and &. Since T (W — wp) — 0, it follows
that 73/2 (& — wp) has the same asymptotic distribution as
~1/2 d
TP Ky (wo)
. :
T_zddﬁKT (wo)

The first and second derivatives of Kp (w) are

and

Lok =u| -5 @ { L8] 57 @ { L8} + 57 0 { Do w)].

The first and second derivatives of $7 (w) are

%ZT (w)y=-T"" { LOr (W) 4557 (W) } S/TE ;
T w

Ch(w

—T_l[CT(OJ) ST(W)] d: ,T( )

dw T(w)

and

2 . C/ w
LS =1 e fsrw] |0
St (w)

& Ol (w)
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where the first and second derivatives of Cr (w) are

T-1
d —1/2 . d2 —-1/2 2
@CT (w) = =21~V tgzotsm (wt) Xy and 2 Cr (w) = —v21r=Y E t* cos (wt) Xy,

and the first and second derivatives of St (w) are

T-1
d _ —1/2 d2 —1/2 2
@ST (w) = V2T 1;:()tcos (wt) Xy, and 2 Sr(w) = —V2T E t* sin (wt) X;.

Let
T-1 T-1
Yy (w) = V2712 Z cos (wt) &, Zr (w) = V21 ~1/? Z sin (wt) &4,
t=0 t=0

T-1 T-1
Yy (w) = —V/2171/2 Z tsin (wt) e, Zri (w) = V21712 Z t cos (wt) ¢,

T-1 T—1
Yo (w) = V2T 12y teos(wt)er,  Zra(w) = —V2T7Y2 Y " sin (wi)
t=0 t=0
Then, evaluating Cr (w), ST (w) and their derivatives at the true parameter values,
S o cos (wot)
Cr (wo) = V217124, b cos? (wot) + Y7 (wo)
ST cos (wot) sin (wot)
1
= ﬁTl/QOCO + YT (wo) + O (T_l/Q) s
tT 01 sin (wot)
St (wo) = \/§T_1/290 Zt o cos (wot) sin (wot) | + Z7 (wo)
ST sin? (wot

)
T1/250 + Zr (wo) + O (T_1/2>

\[
ST o tsin (wot)
d
25,01 (wo) = V2771205 | STVt sin (wot) cos (wot) | + Y71 (wo)
S tsin? (wot)
_ 3/2 1/2
2\[T Bo + Y71 (wo) + O (T )
ZtT:_Ol t cos (wot)
d
%ST (wo) = V2T~ 1/%4, St tcos? (wot) + Zr1 (wo)

ST cos (wot) sin (wot)

I Y 1/2
_2\/§T a0+ZT1(WQ)+O(T ),
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ZT_I t2 cos (wot)

d2
25207 (wo) = —V2T /2, S 2 cos? (wot) + Y72 (wo)
tho t2 cos (wot) sin (wot)
__ L s 3/2
= 3\/§T a0+YT2(wo)+O<T >,
, ZT ! 12 sin (wot)
d
25207 (wo) = —V217 124, = 2 sin (wot) cos (wot) | + Zr2 (wo)

T_Ol t2 sin? (wot)

_ 5/2 3/2
3\[T 50+ZT2(WO)+O<T )

Thus
St (wo) = X0 + O {T—W (log log T)1/2}

d ~ 1 1 1
T (wo) = —=T2B80Y7 (wo) — —=T Yy (wo) oy — —=T"* a0 2 (wo)

2v2 V2 2v2
1 ___ 1 1
v V2 21 (wo) By — okl 2a0Yzy (wo) + ﬁTl/QYT (wo) Ao
1 1
- ET_lmﬁozlﬂ (wo) — ﬁTl/QZT (wo) g + O (loglog T))
=0 {T1/2 (log logT)l/Q} ,

LQET (wo) = o) (a0 + BoBy) + O {T3/2 (log IOgT)l/Q}
w 3 4 0 0

= 15T (aacy + Bo8t) + O {T% oglog )2}
from (6.23) and since
O{ loglogT) 1/2} Zr (wo) = O {(log logT)l/z}
Y71 (wo) = O {T loglogT') 1/2} Zr1 (wo) = O {T(log logT)1/2}

Yrs (wo) = O {TQ log log T) 1/2} T (wo) = O {T2 (log log T)1/2}

(Hannan and Mackisack, 1986). Therefore
o d? 1 B —1
T2 K (w) = — tr {{zo +0 (1712 (loglog 7))} (agaf + ﬁoﬁg)]

+0 {T71/2 (loglog T)1/2}

1 _ _
— ﬁ (01620 10[0 —+ B(I)EO 1ﬁ0) .
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Also, -1/ 2%KT (wp) has the same asymptotic distribution as

1 1 B 1 B 1 _
\[ IYT (WO) \fT 104620 1YT1 ((,L)Q) — 2—\/504620 1ZT (wg) — ET 15620 1ZT1 (wo)
1 1 1
— T ey oY, T gylz — a1z
T o Y (wo) + \[50 T (wo) — \@ BoXo Zr1 (wo) N 7 (wo)
1
\/ionE o {27 Yy (wo) + Zr (wo) } — \/ Yot {277 Zr1 (wo) — Yr (wo)} -
Now,
T-1
2T Y7y (wo) + Zr (wo) = V2112 <1— > sin (wot) &, (6.24)
t=0
and
T-1 9
2T?12T1 (WO) — YT (wo) = —\/§T71/2 Z <1 — T) COS (WOt) Et. (625)
t=0

These are both asymptotically normal with mean zero and covariance matrix 27 f. (wo) /3.

To see this, let (; = gy, where ¢ is a d x 1 vector of constants, and consider

T-1 T-1
y= _T1/2 Z eiwotg} and = T 3/2 Z tei“’otg.
= t=0
/
From Theorem 2.6, both the real and imaginary components of { Yy oz } are asymptotically

normal with mean zero and covariance matrix

1 1/2

7 f¢ (wo
1/2 1/3

where

—ijw

fc(w):*' Y (d)e

1
_ 1) —ijw
=45 D =l)e c

j==o0

=cdf.(w)e

and 7¢ (j) and 7. (j) are the autocovariance functions of {(;} and {e;}, respectively. Thus
the real and imaginary components of —v/2y + 2v/2z are both asymptotically normal with

mean zero and variance

Lo1/2 || —vV2 | on
mfe(wo) | ~v2 2v3 P A B R

:cf{?fg(w)}c.
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The asymptotic distributions of (6.24) and (6.25) follow by applying the Cramér-Wold device.

Therefore T-1/ Z%K (wp) is asymptotically normal with mean zero and variance

127 _ _
535(’)20 lfs (WO) )Y 150

(apSg " f= (wo) S g + BEg " = (wo) B ' Bo) -

127 _ _
§?a620 LE (wo) X tag +

™

3

It follows that T°%/2 (& — wp) is asymptotically normal with mean zero and variance

Z (ah Sy fe (wo) Y + B4 f (wo) g ' Bo)
{3 (a5 a0 + 555" 50) Y
by fe (w0) g a0 + 5555 f- (w0) B o
(X a0 + 8535 o)

=48

6.A.4 Proof of Theorem 6.3

From the proof of Theorem 6.1,

T~ rq (wo +a/T) = T F* (wo + a/T) QF (wo + a/T)

1+ -~ sin®(a/2)

— —6,020 , as T — oo
O (a)2)?

with equality if and only if @ = 0. Thus

sin? (a/2) }

T T (w0) — T (w0 + /T) } = L6408, {1 T (0)2?

as T — oo and, for k > 0,

lim 7~ {fT (wo) — Jr (wo + /@/T)} > 0.

T—o0

It follows from Theorem 2.5 that T' (W — wy) — 0 as T — oc.

6.A.5 Proof of Theorem 6.4

From the mean value theorem,
0= L ira@) = Lo o) + L Jre (W) @ - wo)
dw ™ dw ™ dw? ™"
where w* is a point on the line segment between wy and w. Since T (w — wp) — 0, it follows
that T3/2 (& — wp) has the same asymptotic distribution as

B TﬁS/Q%jT@ (wo)

TﬁB%jT,Q (WO) '
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The first and second derivatives of jT7Q (w) are

L7 Cr @)
e @ =2 £ow &spe | [ s
and
T > o / T(w)
WJT,Q(w)ZQ[ L0 (w) 4580 ( )}Q 5 o
LCr(w)
+2| £CH (W) £Shw) |2 Y
|:dw T( ) dw T( ):| %ST(W)

Thus, using the results of the proof of Theorem 6.2,

d2

1
2 JTQ (wo) = —ET?’ (g + BHQ2B0) + O {T5/2 (loglog T)1/2}

and so
2

d 1
—773 TJTQ (wo) — E (056904() + 56950)

as T — oo. Also

d ~ 1 1
—J = —_T323.QY- 2T 20/ QY —T320/027
dio T.Q (wo) V2 Bo T(wo)-i-\f ap QY71 (wo) + /2 Q2 Zr (wo)

+ V272300711 (wo) + O (Tloglog T)
and so T3/ 2%}’1‘ (wp) has the same asymptotic distribution as

\}5 Nt \}iﬁgﬁ {277 Zp1 (wo) — Yo (wo)}

which, as shown in the proof of Theorem 6.2, is asymptotically normal with mean zero and

oy {277 Yy (wo) + Zr (wo

variance
T
3 {aéﬂfs (wo) Qag + By<Lf= (wo) Qﬁg} .
Therefore T%/% (& — wy) is asymptotically normal with mean zero and variance

a2 fe (wo) Qag + B2 fz (wo) Qﬁo
(aQag + BOQﬁU)

48

6.A.6 Proof of Theorem 6.5

Let ©y denote the true value of © and let

7= tim -1 21O

—1
Toeo 100000 Nr
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where

T Ly prnye 0
Np =
0 T3/2

The first derivatives of [ (©) with respect to © are

T-1

o1e) _ Rty
O — o
a®) = I -
oD — oD 7"
T-1
!
0 (?) — (G*1 ® Gil) vec Z Ul 3,
0G 0
oL(®) =,
da __g 80/G U
o1(O) = aU
B _; op ¢ Vb
() = oUl |
= — G Ut.
Ow pard Ow
Letting
E, = Xy — p— acos (wt) — fsin (wt)
and
/
Zt - Etlil A Egip } )
we have

Uy=E+06Z=FE+ (Z{®14) D

and so the first derivatives of U; are

ouy (©) 1
o
oU; (©
8;; ) = Z£ ® 14,
U (© u .
1O) _ S g cos wlt - )
j=0

U (©)
ap’

== gsinfw (- )},
j=0

Mzzgj lov (t — g) sin{w (t — §)} — B (t — 5) cos {w (t — 5)}].
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The second derivatives of [ (©) with respect to © are then

821 (©) .
=T
o G,
21 (O) =T
e~ C Do
noa P o
T—1 p
=Gy Y djcos{w (t - )},
t=0 j=0
P1O) _ U,
ouop — OB
T—1 p
=Gy Y dysin{w (t - )},
t=0 j=0
°10) 1TZ_1 o,
ouodD’ — 96’
T—-1
=GN (Zje 1),
t=0
PUO) _ a0l
oudw — Ow
T-1 p
= =G Y D dlat—g)sin{w(t —5)} = B(t—j)cos{w (t— )},
t=0 j=0

PLO) _ N~ PUr iy gy N Ut g 19U

Ahany = ~ = t(O) =) —= ~
oDoD’ 9500 pardG ) a8’
T-1
~=> (L0 D) G (Z{ e 1),
t=0

P2(O) <= Uy . = 0U, ,_,0U
aDos’ -2 G =2 56
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o — _ 8Ut 16Ut
0Dow Zaaaw t_g %7 e
T—1 P
S (Ze 1) G S5 (b — ) sin{w (E— )} — Bt — j)cos fw (t — )}
t=0 5=0
9 T-1
0 2(@) —(G'® G vec (2 % t’)
0GIu =0
T-1
- 2w )Y U,
=0
2LO) —
560D —( ® G 1) vec 2t:0 3D Ut
T-1
(G G )vec{Q (Z{@Id)Ut/},
=0
0’1 (6) g = WUy,
SN ——(G’ ® G )vec 2;80/@
T-1 p
= (G_1®G 1)vec 2 djcos{w(t—4)}U{ |,
t=0 j=0
821 (©) o =ou,
o =—(G'®G ") vec 2;86/@
T—
= (G'®G ) vec (222@ sin {w (tj)}U{) ,
t=0 j=0

Ow
T—-1 p
-(G'® G_l) vec (2 Z5j [a(t —7)sin{w (t —7)} — B (t —j)cos{w (t — j)}] Ut')

t=0
P T—1
~— Z 5§G_15k Z cos{w (t — j)}cos{w (t —k)},
k=0 t=0

aUt 18Ut
a-lu, — Z — G~ 95

~= 3 G, Zsin{w (t =)} sin{w (t = k)},
t=0
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P2(O) o 82U, ., oU, U,
dadp ; Oaaﬁ’G U= ; Ba ap
P T—1
N—Z 15chos{w t—j)}sin{w(t—k)}
j,k=0 t=0
2L(O) = U, ., ~9U, ,_, U,
dadw Z aaﬁwG Ut = %G Ow
t=0 t=0
D T-1
== FGY (t—j)sinf{w(t - )} U
§=0 t=0
p
+ > 8GT
4,k=0
T—1
x os{w (t —j)} [a(t — k) sin{w (t — k)} — B (t — k) cos {w (t — k)}],
t=0
T-1
PUO) _ R Py, Z aUtG laUt
9w = Pdw
P T—1
= Z(S;G_l (t—j)cos{w(t—3)}Us
§=0 t=0
p
+ ) 5G7,
§,k=0
T-1
X sin{w (t—j)}a(t—k)sin{w(t—k)} — B(t — k) cos{w (t — k)}],
t=0
PLO) _ N~ PUiyory, N OUL 10U
Ow? — Ow? ¢ — Ow Ow

x 8'G 10y [ (t — k) sin{w (t — k)} — B (t — k) cos {w (t — k)}],

where ~ denotes the term of the highest order. Now, E{U; (©9)} = E (u) = 0, and it follows

that the «, f and w components of Z are given by
Ay Ay 2 (—Asap + A1)
J=5 —Ay Ay 35 (—A2B0 — Aja)
5 (apA2 + BHAL) 5 (ByAs — apA1) g (apAiag + ByArSo — Bylzan + apAzfo)
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where

Ay = §pGy oR + 604Gy o1, Ay = —81GytoR + Gy tor,

p p
0r = Re Id—l—Z(SO]‘eii]’w , 0r =Im Id—i-Z(sojeiijw
j=1 j=1

The non-diagonal blocks of the p, D and G components of Z are zero. Let

Ar Ay Bo
T= and p=
SACINVAN| —ap
Then, since 7 is symmetric,
1 T %TQD
j:§ 1, 7 1 7
5P T 3PTY

and so, from the matrix inversion lemma,

Tl et o) H (@) r7t =it (rp) H

7h=2 :
—%H (')t H
where
1 1 1
H' = {390’w -4 @) (w)} = S¢'Te
That is,
~1 6 12
— 217+ gy Tore¥
12y 24
oo ¥ @'y

The first derivatives of [ (©) with respect to «, 8 and w at ©( are

T-1[ »p ]

algg@ - 2503' cos {wo (t — j)} | Gglus,
t=0 | =0 -
-1 »p ]

85(;;)0) - > dojsin{wo (8 —5)} | Gy tus,
t=0 [ j=0 i

T-1 p
OO0 5™ S oo (¢ — ) sin o (= )} — B (¢ — ) cos oo (£ — §)}] G e

o0 oy

It follows from the martingale central limit theorem that 7%/2 (& — wp) is asymptotically

p{2O0a©) _,

normal with mean zero and variance 24/¢'7¢. But

o' = ByAifo + g8y — ByAscg + ahArag

1

* p—1
:%nofa (wo) Mo,
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since

-1 xy —1

1 p » p »
fe (W) = o | fat Y sl G [ Tg+ )] e
j=1 j=1

6.A.7 Proof of Theorem 6.6

Dieudonné’s fixed point theorem (Dieudonné, 1960, Section 10.1) says that there exists a
unique point Wy € Ar (v) such that h (wr) = 0 provided the following two conditions are met

as T — oo.

Condition 6.1 There exists k, 0 < k < 1, such that if w,w’ € Ap (v) then

‘w—w'—i—hT(w) — ht (w')| < k‘w—w".
Condition 6.2 |h7 (wo)| < (1 —k)T™".

In order to show that these conditions hold, first note that

t
1 o
b= jzosm{(j + 1wl X (6.26)
Let
T-1
dr (w) =sinw » & 10X,
t=0
and
T-1
er (w) = sin®w Z & 106 1.
t=0
Then

hr (w) = sinwdy (w) ez' (W) .

Following the approach of Theorem 16 of Quinn and Hannan (2001), which shows the above

conditions hold in the univariate case, we will analyse dy (w) and er (w) separately using an
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expansion around wy. We will make use of the fact that

Z sin (jw) cos {(t — j) wo}
§=0

Z sin {j (w —wp) +two} + = ZSIH{] (w+wp) — two}

7=0 jO

t
— %cos (two) Zsin{j w—wg)}+%sin(two)2008{j (w—wo)}+0(1)

7=0 7=0
00 2k+1 t
- cos (twp) Z % + 1 Zj2k+1
k=0
4 > (JJ (.U(] 2k
51n (two) Z Z] +0(1
k=0
00 W0)2k+1
- cos (two) Z TJFZ) {t2k+2 L0 <t2k+1)}
k=0
= (w— wo)% 2k+1 2k
fsm twoz 7%{_’_1) {t + —|—O<t )}—I—O(l)
k=0 )

and, similarly,

Z sin (jw) sin {(t — 7) wo}

7=0
o0 2k+1
== sm (two) kz % {t2k+2 +0 (t2k+1)}
=0
o0 2k
_ fcos (two) Z m {tQk—I—l L0 (t2k>} +0(1).
=0
Also,
t
Zj cos (jw) cos {(t — j)wo}
j=0
o0 2k
,cos two z(:) 2]:‘}_’_2(";0()2@ {t2k+2 +0 (t2k+1)}
o )2k+1
—= sm (two) ZO ka+ 3;”(0% T {t2k+3 1O <t2k+2)} o)
and

t

chos (jw)sin{(t — j) wo}

=0
00 2k+1
2 COS (teoo) ZO 2k:w+ 3)w (02)k: 1)1 {Prevo(e)
00 2k
- sm (two) Z 2:_1_2% {t2k+2 10 <t2k+1)} o).

=0
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Furthermore,
T_l . . .
Z tle“ley = O {TJH/2 (log T)1/2} , (6.27)
t=0
which follows from Theorem 2.4.
We begin with ep (w) which, from (6.26), is equal to
-1 ( ¢
Zsm(jw e — {Zsm (kw) e k}
t=0 | j=0
T-1 t t
+ Z ajp Zsin (jw)cos {(t — j)wo} + B} Z sin (jw) sin {(t — 7) wo}
t=0 j=0 §=0
t t
x | ag Z sin (jw) cos {(t — j)wo} + Bo Z sin (jw) sin {(t — j) wo}
j=0 7=0
T-1 t t
+2 a Z sin (jw) cos {(t — j)wo} + B} Z sin (jw) sin {(t — j) wo}
t=0 §=0 §=0
t
X sin (jw) e4—j ¢ - (6.28)
j=0

T-1( t t
Z Zsm Jwo) €4 Q{Zsm kwy) &4 k}
t=0 | j=0 k=0
T-1 ¢t
(w— wo) chos (Jw™ 5t = {Zsm (kw™) e k}
t=0 | j=0

where w* is a point on the line segment between w and wg, which is

T-1 t

t
Z sin (jwo) €;_; 0 Q {Z sin (kwo) atk} + (w—wp) O (T?logT) = O (T%logT) .
t=0 | j=0 k=0
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The third term in (6.28) is

t=0 7=0

X {Z sin (ij) Et—j }
j=0

—1 t t
+ 2 (w — wop) {a&Zycos(gw )cos {(t —j )wo}+502jcos Jw*)sin{(t — j )wo}]

T—1
22 {aOZsm jw)cos{(t—j) w0}+BOZsm Jjw sm{(tj)wo}]

0 7=0

sin{(tj)w*}fsj}

T—1 t t
+ 2 (w — wop) |:oz6 sin (jw*)cos{(tj)wo}—l—ﬂéz:sin(jw*)sin{(tj)wo}:| Q

0 §=0

x { (tj)cos{(tj)w*}ej} ,
7=0

which is
T-1 t t
2 {% Z sin (juwo) cos {(t — j) wo} + By Z sin (jwo) sin {(t — j) wo}] Q
j=0

=0
X {Zsin (jwo) et]} + (w—wy) O {T7/2 (logT)l/z}

7=0

=0 {T5/2 (logT)l/Z}

The second term in (6.28) is

N

t

Il
o

—1 t
{a Zsm (jwo) cos {(t — 7) wo}+BOZsm Jwo sm{(tj)wo}}

7=0

X !Oéo > sin (jwo) cos {(t — j)wo} + Fo Y _ sin (jwo) sin {(¢ — 7) wo}]

=0 j=0

(w — wo) z_: {a Z]cos Jjw*)cos{(t —j )wo}—i-ﬁOZJCOS Jw*)sin{(t — j )wo}]
=0

Jj=0 7=0

X [ao Zsin (jw*)cos{(t — j)wo} + Bngin (jw*) sin {(t j)wo}] ,

J=0 J=0
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T-1 t t
ap Z sin (jwo) cos {(t — j)wo} + B Z sin (jwo) sin {(t — j) wo} |
t=0 j=0 Jj=0
t t
x |ag ) sin (jwo) cos {(t — j)wo} + Bo Y _ sin (jwo) sin {(t — j) wo}
j=0 §=0
+ (w - wo) O (Tg)
_ cifon + Ays 2y
24
Thus
er (w) = er (wo) + (W — wo) O {T7/2 (log T)1/2} (6.29)
and also
0z Y
er (w) _ Oé[) (67} + 50 50T3 + O {T5/2 (10gT>1/2} . (630)
24
Next we analyse dp (w), which is
T-1 t
ZsQQZsin Jw) Et—j
t=0 7=0
T-1 t
+ Z {a cos (two) + B sin (two }QZsm (jw)er—;j
t=0 7=0
T-1 t
+ ) &0 Z agsin (jw) cos {(t — j) wo} + Bosin (jw) sin {(t — j) wo }]
t=0 7=0
T-1
+ { e cos (two) + B sin (two) }
=0

X Z [ag sin (jw) cos {(t — j) wo} + Bo sin (jw) sin {(t — j) wo}] - (6.31)

.
Il
=)

Again using the mean value theorem, the first term in (6.31) i
T—1 t T—1 t
Z GAY Z sin (jwo) e4—j + (w — wo) Z GAY Zj cos (Jw*) er—j,
t=0 J=0 t=0 j=0

where w* is a point on the line segment between w and wg. By the Cauchy—Schwarz inequality,

2

-1 ¢
Z GAY Zj cos (jw*) er—;
=0 j=0

T-1 T-1( ¢ t
< {Zegﬂst} Z chos (Jw*) et ¢ Q chos (Jw*) er—;
t=0 j=0

t=0 | j=0

=0 (T5 log T)
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and so the first term in (6.31) is

Z s;QZsin (jwo) €t—j + (w — wp) O {T5/2 (1ogT)1/2} -0 {T3/2 (10gT)1/2} .

The second term in (6.31) is
T-1  T-1

D e sin{(j — ) wo} {ag cos (jwo) + Bosin (jwo)}

t=0 j=t

T-1  T-1
+ (w—wo ZE QZ J—t)cos{(j —t)w"}{agcos (jwo) + Bosin (jwo)}
t=0 j=t

T-1  T-1
= g;QZsm{(j —t)wo} {avo cos (jwo) + Bosin (jwo) }
=0 =t
’ T-1  T—1-t
+ (w—wp) Y &0 Z jeos (jw") [agcos {(t+ j)wo} + Bosin{(t + j)wo}],
=0 =0
which is
T-1  T-1
> el Y sin{(j — ) wo} {ao cos (juwio) + Bosin (jwo)} + (w — wo) O {T%2 (log 7)'/*}
=0 j=t
=0 {T3/2 (logT)l/z} ,
since
T—1-t
Z jcos (jw) cos {(t + j) wo}
=0
1cos tw i w—wo)% [(T — #2410 {(T - t)2k+1H
2 0) —~ (2k + 2) (2k)!
- sm (tw i (s — w0 [(T — 1?3 4 0 {(T - t)%”H +0(1)
0) ~ 2k+3)(2k+1)!
and
T—1—t
Z jcos (jw)sin{(t+ j)wo}
=0
— L in (tw i o (@)™ [(T — 5?24 0 {(T - t)%HH
2 0) ] (2k + 2) (2k)!
_ ECOS (tw )i (_1)2k+1 (w— wo)%+1 [(T _ t)2k+3 L0 {(T _ t)2k+2}] +o()
2 L (2k + 3) (2k + 1)! '
Similarly, the third term in (6.31) is
T—1 t
D QY [agsin (jwo) cos {(t — j)wo} + Bosin (jwo) sin { (£ — j) wo}]
t=0 =0

+ (w—wp) O {T5/2 (logT)l/Z}

=0 {T3/2 (log T)l/z} .
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The fourth term in (6.31) is

S
-

{a cos (two) + By sin (two) }
t

I
=)

X Z ap sin (jwo) cos {(t — 7) wo } + Po sin (jwo) sin {(t — j) wo }]
7=0

S
—

+ (w — wo) {aj cos (two) + Bj sin (two) }
¢

Il
=)

X Z apj cos (jw™) cos {(t — j)wo} + Poj cos (jw™) sin {(t — j)wo}]

=
_ (w — wo {O‘ oftao BOQBOT?’ +0 (T2)} . (6.32)
Thus
dr (w) = dr (wo) + (w — wp) [0‘690‘”225696%3 +0 {T5/2 (log T)l/z}] . (6.33)
Now,
hr (w) = hr () = dr (W) ep" () —dr (W) ez (W),
and so

er (w) er (w’) {hT (w) — hT (w')} = {dT (w) — dT (w/)} er (w) — {eT (w) —er (w’)} dT (w’)

which is, from (6.29), (6.30) and (6.33),

/ /
(w _ w/) [QOQQOQ—ZBOQBOTS +0 {T5/2 (10gT)1/2}:|

§ [%Zao + 396

24
_ (w — w/) 0] {T7/2 (logT)l/Q} 0 {T3/2 (logT)l/Q}

/ / 2
= (w—u) (aoﬂao + 50950) T 4+ 0 {T11/2 (logT)l/Q} .

T3 +0 {T5/2 (log T)I/QH

24
Thus
[(oma;fsw)? 76+ 0 {72 (log T)W}]
hr (w) —hr (w/) = (w B w/) > Xe 2
[%WTi” +0 {T5/2 (log T)1/2}]
= (w— ) [1 40 {T—1/2 (log T)W}] (6.34)
and so

w—w —hr(w)+ hr (w’) _ (w . w’) O {T—1/2 (logT)l/z} _
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Furthermore,
hr (wo) = dr (wo) e (wo)
0 {:r3/2 (log T)W}

= o SaotB0
%N)T3+O{T5/2(log7ﬂ)1/2}

~0 {T’3/2 (log T)1/2} . (6.35)

From (6.34) and (6.35), Conditions 6.1 and 6.2 hold for 1 < v < 3/2. Since Ar (v) is
expanding as v decreases, it follows that there is a unique point Wy such that h (wr) = 0 for

which T7% (Wr — wp) = 0 as T' — oo for any v < 3/2.

6.A.8 Proof of Theorem 6.7

We first consider the case where 1 < v < 3/2. From (6.34), letting w’ = &y,
w— G — hy (W) + by (B7) = (W — &7) O {T—W (log T)1/2} . (6.36)
But A7 (Wr) =0 and wj — hy (w)) = wjt1 sO
Wit = Or = (w; —&r) O {T72 10g T)' 2}
Putting w = wp in (6.36),

wo — Or = h (wo) + 0 (T’3/2) (6.37)

=0 {T_3/2 (logT)l/Q} .

We now analyse er (w) and dr (w) when 1/2 < v < 1. We begin with er (w), which is
given by (6.28). The first term is O (T 2log T). The second term is

2 2
T—1 ] ¢ T—1[ ¢
O/E_laz Zsin(jw) cos{(t —j)wo} —1—6’2_152 Zsin (jw)sin{(t — j) wo}
t=0 | j=0 t=0 | j=0

T-1[ ¢ t
+20/5713 Z |:Z sin (jw) cos {(t — j) wo} Zsin (jw)sin{(t — j) wo}
t=0

=0 =0
'Sl = | < i
=~ sin {j (w —wo) +two} + O (1)
t=0 | ;=0
g1l [ 12
+ 1 Zcos{j(w—wo)—i—two}—i—O(l)
t=0 | j=0 |
O/Z_lﬁ T-1 i t i t
+— Zsin{j(w—wo)—i-two}—i-O(l) Zcos{j(w—wo)—i-two}—i-O(l)
t=0 | j=0 | =0
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Letting A = (w — wyp) /2,

t

in{(t+1)X\
3 sin {j (w — wo) + two} = sin (two + tA) W (6.38)
§=0
and, similarly,
t
in{(t+ 1)\
Z cos {j (w — wp) + twp } = cos (twp + tA) Sm{(snj—)\)} (6.39)
=0
Thus
T-1 t 2 T-1 2
- - i t+1)A
Z sin {j (w — wo) + two}] = Z sin? (two + tA) w
, sin® A
t=0 ]:0 t=0
T—1
-1 Z {1 — cos (2twp + 2tA)} [1 — cos {2 (t + 1) A}]
4sin% A P 0
LT T—1
_ T _ 2i(t+1)X 1
Tz Re(tz:;e +0(1)
1 0 sin (T'\)
=——7F— |T - T+1)A 1
4sin% A cos{(T+1)A} sin +0( )]
| 1 sin{(2T+ 1) A}
RPN L osnyn 00
1 1
== A 01
J2T+1 (A) + R (1),
where
T sin (T'x)
gT(I)_siHQx{l Tsinz }
Similarly,
-1 ¢ 2 1 1
ZCOS {j (W —wo) +two}| = Q9T AN+ —-——=<0(1)
= = sin” A
and
T—1 ] ¢ t 1
Z Zsin{j(w—wo)—l—two} Zcos{j(w—wo)—l—two} = ——-0(1).
, , sin” A\
t=0 | j=0 7=0
Now,
GoT 41 ()\) -0 (T1+21/)
and
L _o@)
sin? \ '

Thus the second term of ep (w) is

0569040 —+ ﬂ(l)Qﬁo p

2 or+1 (A) + O (T?) .
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By the Cauchy—Schwarz inequality, the third term of e (w) is O {TS/ 2+ (log T)l/ 2} and so

a,Qag + B2
32

er (w) = gor+1 (A) + O {T3/2+” (log T)1/2} . (6.40)

We next analyse dr (w), which is given by (6.31), for 1/2 < v < 1. Let

T-1
_ 712 : !
T €t_]€t-
t=j

Then, for any w,

T-1T-1 T-1T-1
7! Z Z sin (jw) e,Qe;—j| = T Z sin (jw) tr (Qer—jey)
j=0 t=j j=0 t=j
T-1
= sin (jw) tr [ Q7! Z Et—jE)
j=0
T-1 T-1
= | > sin (jw) tr [ {C: (j) = Te ()} + D _ sin (jow) tr {QT: (7)}
j=0 j=0
< sup G () =T () +0(1)
j=0,...,T—1
—0(1), (6.41)

from An et al. (1982). Thus the first term in (6.31) is O (T"). The third term in (6.31) is

T-1 T-1
ZetQaOZsm jw) cos{(t — j) wo}—l-Za?tQﬁoZSlH Jw)sin{(t — j)wo}
t=0 j=0 t=0 Jj=0

which, from (6.38) and (6.39), is equal to

T-1
1 /
o tz:; £1Qaq [cos (twy — \) — cos {twp + (2t + 1) A}]
T-1
+ ! Z e1Qay [cos (—twg — A*) — cos {—twp + (2t + 1) \*}]
4sin A* = £2570 0 0
T-1
+ Ten Z £, [sin {two + (2t + 1) A} — sin (twp — N)]
T-1
+ o ; £1060 [sin { —two + (2t + 1) \*} — sin (—twp — A*)] (6.42)

where \* = (w + wp) /2. The second and fourth terms in (6.42) are O {T1/2 (log T)1/2}, and
the first and third terms in (6.42) are 1O {T1/2 (log T)1/2} Thus the third term in (6.31) is
L0 {T1/2 (log T)"/? } Similarly, the second term in (6.31) is also 250 {T1/2 (log T)1/2}

sin A
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The fourth term in (6.31) is

T-1
aOQaOZcos two) Zsm jw)cos{(t —j)wo}
t=0 7=0

+ B8 Z sin (twp) Z sin (jw) sin {(t — j) wo}
=0
T-1 " t
+ 0020 Y _ cos (two) Y _sin (jw) sin {(t — j) wo}
t=0 j=0
t
+ B5Qa0 Y sin (two) Y _ sin (jw) cos {(t — j) wo} - (6.43)
t j=0

N
-

Il
o

From (6.38) and (6.39),

~
_

t
cos (two) Z sin (jw) cos {(t — j) wo}
=0
T—1 ¢
cos (twp) Z sin (2jA + two) + O (T)
t=0 =0
T—
=5 z; s (two) sin (two 4+ A) sin {(t + 1) \} + O (T)
T—1 T—1

1 3 1 . .
~ 4sin A ; sin (2two + ) sin { (¢ + 1) A} + Tsnn ; sin (tA)sin{(t + 1) A\} + O (T)).

if
=)

(6.44)
The first term in (6.44) is O (T"). The second term in (6.44) is

1
4 sin

T-1 T—1
. . 1
)\;sm(t)\)sm{(t—i-l))\}—gsin)\ Tcos)\—;cos{@t—i-l))\}]

_ 1 {Tcos)\ _ sin (2T)\)}

2sin A
_ T {cos)\—l—l—l— sm(2T)\)}

2T sin A

Treating the other terms in (6.43) in the same way, the fourth term in (6.31) is

Oz6QOéo + B(l)QIBO

16 sin Agor (\) + O (Tl_”) .

Therefore

0169050 + ,B(l)QBO
16

dr () = sinAgar (V) + ——0 {TW (log T)" 2} (6.45)

sin A
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It follows from (6.40) and (6.45) that

dr (w) _ 1/2—v 1/2 —1/2—v 1/2
or (@) = (w —wp) [1+O{T (logT) H—I—O{T (logT) }
Thus
o~ 1/2—v 1/2 1/2—2v 1/2
hr (w) +w—wr = (w wT)O{T (logT) }—l—O{T (logT) }
and so
Wj+1 — WO = (Wj — (.AOT) O {T_l/Q_V (log T)I/Q} + 0 {T_I/Z_QV (10g T)1/2} .
Also,
hr (wo) +wo — G = O {T‘1/2_2” (log T)l/z} ,
and so
wo —wr =h (wo) +o (T_B/Q)
=0 {T*B/2 (logT)l/Q} ,
as before.

To prove the final part of the theorem, let w;y1 —r = O (T‘¢j+1) and ¢g = v. Then

1
$i+1 =20 — 5 + 5,

where k is arbitrarily small. Thus

1
¢pj =2 (1/ 2)+2+/<c

and so ¢; > 1 when
271 (20 — 1) > 1,

that is when
j>12—log(2v —1) /log (2)]

One more iteration is then required for to be within o (T_3/ 2) of .

6.A.9 Proof of Theorem 6.8

From (6.37),
W —wy = —dr (ao) 6;1 (ao) {1 +o (1)} .

From (6.30),

O/OQOZO + 569,80

T3 —
er (a) 24
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It remains to find the asymptotic distribution of T=%/2dy (a), which, from (6.31), (6.32) and
(6.41), is

-1 t
T—3/2 Z {a6 cos (twp) + 3 sin (two)} Q Z sin (jwo) £¢—;
=0 =0
T-1 t :
T2y lagsin (jw) cos {(t — j)wo} + Bosin (juo) sin {(t — ) w)]
=0 j=0
L0 (T*1/2> ' (6.46)

The first and second terms in (6.46) are

_— T-1
T—3/225 Qo Zsm (Jwo) cos{(t — j)wo} + ZCOS (jwo) sin {(j —t)wo}
t=0 7=0 Jj=t
' T-1
LT 3/22:E B, Z n (jwo)sin{(t — j)wo} + Zsm (jwo)sin{(j — t)wo}
t=0 j= J=t

which is equal to

T—1
T_3/2;5Qa0{(t+ 1) sin (tw) — (T — t) sin (fwo) + O (1)}

2

T—
+ %T_s/z Z e,Q80 {— (t + 1) cos (twp) + (T —t) cos (twp) + O (1)}

T-1 T—1
= %T*?’/Q Z e;Qayp (2t — T) sin (twp) + %T*?’/Z Z ;980 (2t — T') cos (twp) + O (Tﬁl/Q)
— t=0

T-1
1
= 20T 2N g, (1 — 2T V) sin (¢
/3 AT (=2

2v2

It was shown in the proof f Theorem 6.1 that

T-1
- LB(’)Q\@T—l/z Z er (1—2tT71) cos (two) + O (T—1/2> _
t=

T-1
Vor—1/2 Z er (1 —2¢T71) sin (fwp)
=0

and

T-1
Vor—1/? Z et (1 —2tT71) cos (tw)
t=0

are both asymptotically normal with mean zero and variance 2w f; (wp) /3. Thus (6.46) is

asymptotically normal with mean zero and variance

2 {0b0- (w0) Qa0 + B4 () Qo)

Hence T%/2 (& — wp) is asymptotically normal with mean zero and variance

a2z (wo) Qag + BLQfz (wo) Qﬁo
(o Qoo + ﬁOQﬁg)

48m
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Discriminating Between Time Series With Periodic

Components

7.1 Introduction

In this chapter we consider the problem of discriminating between two or more time series
which are generated by stochastic processes which contain periodic components. As in Chap-
ter 6, we model such processes as the sum of sinusoids at fixed frequencies and stationary
noise. Omne null hypothesis of interest is that the fixed frequencies of each process are the
same and the noise processes have the same spectral shape. Another is that the fixed fre-
quencies of the processes are the same without any restriction on the spectral densities of the
noise processes. This second test would be relevant if the signal of interest was defined by
the periodic component, and the stationary part was considered to be produced entirely by
background noise. An application for these tests arises, for example, in underwater sonar,
where we may have two sonar recordings obtained in different areas and/or at different times
and we wish to determine if they have been produced by the same man-made object, for
example a submarine.

Both tests described above were considered by Quinn (2006) for the case of discriminating
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between two univariate time series. Algorithms were given for computing estimators of the
common frequencies under the null hypotheses and test statistics were derived using the
pseudo-likelihood ratio approach described in previous chapters of this thesis. The noise
processes were modelled as autoregressions and the autoregressive orders were estimated using
information criteria (see Section 3.3.4). In this chapter we propose modified algorithms which
incorporate the work of previous chapters, in particular around modelling the noise processes
using fixed order autoregressive approximation (see Section 3.6). We derive the asymptotic
properties of the estimators and extend the procedures for the case of discriminating between
more than two time series. We then propose extensions for the case where the time series
are multivariate, drawing on the work of Chapter 6. The results of simulation studies are
presented which demonstrate the behaviour of the test statistics under the null hypotheses
as well as the power of the tests in detecting differences in the fixed frequencies of two or

more time series.

7.2 Discriminating Between Two Time Series With Periodic

Components

Let {X;} and {Y;} be univariate processes which are made up of a deterministic periodic
component and a stationary stochastic component. We model the periodic components as the
sum of fx and fy sinusoids, respectively and the stationary components as autoregressions

of order px and py, respectively. We therefore consider the models

fx
X =Y {axjcos (wx jt) + Bx jsin (wx ;t)} + By (7.1)
j=1
and
fy
Vi = {ay,cos (wyt) + By, sin (wy;t)} + U, (7.2)
j=1
where
px
E; + Z OxjEi—1=¢¢
j=1
and
py
Ut + Z 5Y,jUt—1 = Ut.
j=1

Note that we are assuming that {X;} and {Y;} have zero means and in practice we will mean
correct the data. We make the usual assumptions on {&;} and {w;}, that is, that they are

independent sequences of martingale differences and that

E (6? | ftfl) = a? and FE (u? | gtfl) = U?u
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where F; and G; are the o-fields generated by {ey,1-1,...} and {us, w1, ...}, respectively.
The first null hypothesis we consider is that {X;} and {Y;} have sinusoids at the same

frequencies and that {E;} and {U;} have the same spectral shape. This is equivalent to
Hél) TWX = Wy Vj, 5X,k = 5y7k Vk.

The second null hypothesis we consider is that {X;} and {Y;} have sinusoids at the same
frequencies with no restriction on the spectral densities of {E;} and {U;}. This is equivalent

to

H(g2) WX = Wy V]

In both cases, the alternative hypothesis, H 4, is the complement of the null. Procedures
will first be developed in order to test Hél) and then these will be modified for testing H(SQ),
which is the simpler of the two. Therefore throughout the chapter, when we refer to the null
hypothesis, we will mean H(()l), unless otherwise specified.

The test statistics will be derived using the same pseudo-likelihood ratio procedure as in
previous chapters. As in Chapter 3, we let px = py = p and derive test statistics, parameter
estimators and their asymptotic properties for fixed p. In practice we let p = | (log Tin)¢],
where Ty = min (71, 72) and ¢ > 1. In this way, we do not need to assume that {E;} and
{U;} truly are autoregressive and instead use long-order autoregressive approximation (see
Section 3.6).

Let ds (2) =1+ Z?:l §;z7. Then Fy = d(;_X1 (z) er and

fx
dsy (2) Xi =Y dsy (2) {ax g cos (wx jt) + Bxjsin (wx jt)} + .
j=1
Since
d5X (2) ewit — iwit 4 Zéx,jezwj'(t*])
j=1
— eiwjtd(SX (e—iwj) ,

(7.1) can be rewritten as

4 fx
X + Z 5X,th—j = Z {aXJ cos (vajt) + Bx,j sin (wx,jt)} + &4,
Jj=1 J=1

where ax ; and EX,j are related to ax j and Bx,; by the identity

aX’j + ZEXJ = d(sX (eiw) (OKXJ + ZBXJ) )
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j=1,..., fx. Similarly, (7.2) can be rewritten as
D fy _
Y, + Z Oy, Yi—j = Z {ay,j cos (wy,jt) + By, sin (wat)} + ug,
j=1 Jj=1
where

Ay + iy = ds, (™) (ay, +iBy).

j=1,...,fy. Let

X:[XO XTl—l]’ Y:{YO YT2,1],
, /
6X:|:(5X,1 6X,p:|’ 5yz|:5y,1 5y’pi|7
, /
wX:[WX,l WX,fX}’ wy:[wm vafY}’
_ B /
_ _ /
9Y:[ay,1 ey Byao oo BY,fY:|’

and Mr r (w) be the (T — p) x 2f matrix with (¢ — p 4+ 1)th row
{ cos (wit) - cos(wst) sin(wit) ---  sin(wyt) } ;

t=p,...,T —1. The Gaussian log-likelihoods are then

T 1
Ix (wx,0x,0x,02) = —51108; (2mo?) — 552 5X (wx,0x,0x,) (7.3)
g
and
2 I 2 1
ly (wy,Hy, Oy, Uu) =—3 log (27rau) ~ 5,25 (wy, Oy, dy), (7.4)
where
sx (wx,0x,0x) = {dsy (2) X — My, g (wx)0x} {dsy (2) X — M, g (wx)Ox}
and

sy (wy, Oy, 0y) = {dsy (2)Y — Mz, 5, (wy) Oy} {ds, (2)Y — Mz, f,, (wy) Oy} .

Under Hga, (7.3) and (7.4) can be maximised separately. The estimators of wx and Ox
which maximise (7.3) can be computed using the methods discussed in Section 6.2. The

estimated sinusoids can be removed from the time series by regression and then dx and

2

2 can be estimated by fitting autoregressions of order p to the residuals. The parameter

g,
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estimators which maximise (7.4) can be computed in the same way. The maximised Gaussian

log-likelihood is the sum of the individual ones, which is

i+ T

g = 5 {1+log(2m)} — > log (O’;A) ) log (O’Z;A) , (7.5)

where 62 4 and 52, are the estimators of o2 and o2, respectively.
Under H(()l), the frequencies and autoregressive parameters of the two processes are the
same. Let f = fx = fy, w = wx = wy and § = dx = dy denote the common parameters.

The Gaussian log-likelihood is then

Ly . 0y.0).  (7.6)

-5 log (QTF%) ) log (27mu) — 2028}( (w,0x,0) — ﬂ

&€

Let @, §X, é\y and 0 be the maximisers of (7.6) with respect to w, fx, fy and 0, respectively.

The maximisers of (7.6) with respect to o2 and o2 are then

A A

~2 —1 -~ 0 ~2 —1 ~ 7
05;0 = Tl SX <wX,0X,5) and Uu70 = T2 Sy (wY,ey,(5> N

respectively. Therefore the maximised Gaussian log-likelihood under the null hypothesis is

i+ T
2

T ~ T .
0= {1+1log(2m)} — ?1 log (052;0) — ?2 log (03,0) . (7.7)

Methods for computing @, 9. X, é\y and & are given in Section 7.3.

The test statistic is 2 (Z\A —le> which, from (7.5) and (7.7), is

~2 ~2
o_. ag,.

Af = Tl lOg A;’O + T2 log A;L’O .
Ua;A Ju;A

It will be shown that the asymptotic distribution of Ay under Hél) is chi-squared with p+ f

degrees of freedom. Therefore H(gl) is rejected at significance level & when A is greater than
the 100 (1 — a)th percentile of the x? distribution with p + f degrees of freedom.
7.3 Parameter Estimation Under the Null Hypothesis

7.3.1 Estimating a Single Common Frequency

We begin by considering the case where f = 1, that is where
Xi = ax cos (wt) + Bx sin (wt) + E; (7.8)

and

Y: = ay cos (wt) + By sin (wt) + Uy. (7.9)
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As in the case of a single time series, we will motivate the estimation techniques by first
considering the case where {E;} and {U;} are Gaussian and white. Putting p = 0, the

conditional Gaussian log-likelihood is

T T 1
_ ?1 log (2m02) — 52 log (2702) — 5 {X = Mr1 () Ox}Y {X — Mg, 1 (w)0x}
€
1
~ 53 {Y — Mg, 1 (w) 0y Y {Y — Mg, 1 (w) Oy} . (7.10)
u

For fixed w, the maximisers of (7.10) with respect to fx and fy have the same asymptotic

properties as

- 27! ST X, cos (wt) - 2Ty S50y, cos (wt)
Ox (w) = and Oy (w) = ,
277 Yo Xy sin (wt) o7y S22 Y, sin (wt)

respectively, from (6.6) and (6.7). It follows that the maximisers of (7.10) with respect to o2

and o2 have the same asymptotic properties as

T1—1 To—1
o2 (w) =17 { N XP - Inx <w>} and 52 (w) =Ty { SV - Iny <w>} ,
t=0 t=0

respectively. Thus the maximiser of (7.10) with respect to w has the same asymptotic prop-

erties as the maximiser of
~ T N b ~
lo (W) = —%log (62 (W)} - 5 log (62 (w)} . (7.11)

The asymptotic theory below shows that the maximiser of 70 (w) is a strongly consistent
estimator of the common frequency in (7.8) and (7.9). That is, we can maximise the likelihood
as though {E;} and {U;} are Gaussian and white and the resulting estimator will be strongly
consistent even if that is not the case. We will also establish the central limit theorem for
the estimator. Note that for the central limit theorem, we need to make the assumption that
To = kT for some constant k.

Let

& = argmaxlo (w) .
Also let fg (w) and fr (w) be the spectral densities of {E;} and {U;}, respectively, and

Px =0k +p% and  pp=af + 5.

In the theorems below and their proofs, a parameter written with a 0 in the subscript will

denote the true value of that parameter. The proofs of the theorems are in the Appendix.

Theorem 7.1 Ty, (0 — wo) — 0 almost surely as Ty, Ty — 0.
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Theorem 7.2 Letxk = Ty/Ty. Then the distribution oleg/2 (W — wp) converges to the normal

distribution with mean zero and variance

P%(o ’QSP%O }_1
i {fE wo) T For (wo)

as 17 — oo.

In practice, we can maximise % (w) using the Gauss—Newton algorithm by modifying the
procedure given in Section 6.2.3. Alternatively, we can estimate w using a generalisation of
the Quinn—Fernandes technique which was proposed by Quinn (2006). We describe these
two methods below and also show that the estimator from the Quinn-Fernandes technique
is strongly consistent and follows the same central limit theorem as @. For both methods we
introduce the parameter A = 02/02 and show how to maximise lo (w) for a given A. In the

algorithms which follow we incorporate the estimation of A.

Estimating the Common Frequency Using the Gauss—Newton Algorithm

Following the method of Section 6.2.3, we reparametrise (7.8) and (7.9) and let
X = Mj, (w)0x +e¢

and
Y = M7, (w) 0y + u,

/ /
where 6% = [ o By } , 0y = { o By ] and M7 (w) is the T' x 3 matrix with (¢ + 1)th
row given by (6.15). Also let

ex (W) =X — Mj ()05 (W) and ey (w) =Y — Mj, (w) 6} (),

where

Nk * * -1 *

0% (w) = {MTi (w) Mr, (W)} {MTi (W)X}

and

N * * -1 *
0y (w) = {MT; (w) My, (W)} {MT; (w) Y} .
The estimator of w is the minimiser of
S (w) = RX (w) + )\Ry (w) ,

where

Ry (w) =€y (w)ex (w) and Ry (w) =€y (w)ey (w).
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The derivative of S (w) is

%S (w) = 2€ly (w) %ex (W) + 2Xéy (W) %ey (w).

Thus, given X and a current estimate of w, denoted w, the Gauss—Newton algorithm updates

the estimate by
~ ey (@) %ex (@) + e}y (w) %ey (@)
sty (@) dhex (@) + Ahey (@) ghey (@)

and repeats until convergence. The functions ex (w), ey (w) and their derivatives can be

computed using the methods given in Section 6.2.3. For an initial estimate we use the
maximiser of

IT*,X (w) + )\IT*,Y (w)

over the Fourier frequencies, where 7% = 4max (717,72). That is, the periodograms are

computed by first zero-padding the time series to four times the length of the longest series.

Estimating the Common Frequency Using the Quinn—Fernandes Technique

Quinn (2006) proposed a generalisation to the Quinn—Fernandes technique to estimate the
common frequency from two time series with equal variances. Algorithm 7.1 presents a
modified version of this for the case where the variances of the time series are not necessarily
the same but where their ratio is known. That is, the algorithm estimates w for a given .

For an initial estimate of w, we use the maximiser of

IT,X (w) + )\ITy (OJ)

over the Fourier frequencies.

The asymptotic theory below shows that the estimator produced by Algorithm 7.1 is
strongly consistent and follows the same central limit theorem as the maximiser of l~0 (w). The
procedure for establishing the asymptotic properties follows closely that of the corresponding
theorems in Quinn and Hannan (2001) for the case of a single time series. Note that we make

the assumption that To = xT7.

Let
hT T (a) _ Zgial tht—l (CL) + A ZtTi()_l Y;fnt—l (a)
1,42 - — _ 9
tTio ! 21(a)+A ZtTio ! nt_ (a)
where

& (a) = ai—1(a) — &2 (a) + Xu and e (@) = amg—1 (a) — m—2 (a) + V2.

Also let ajy1 = a;j + 2hp m, (a;), wj = cos™ ! (a;/2) and Ap, (v) = {a:|a—ao| < I7V},

where ap = 2cos (wg). Theorem 7.3 shows that the sequence {a;} converges to a unique
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Algorithm 7.1 Estimating a common frequency from two time series using the Quinn—

Fernandes technique for a given A

1. Put @ = 2cos (@), where @ is an initial estimate of w.
2. Fort=0,...,771 — 1, put
& =a&—1 — S+ Xy,

where £_1 =& 9 =0,and fort =0,...,75 — 1, put
N = an—1 — M2 + Yy,
where 1 =n_o9 = 0.

3. Replace @ by a + v, where

S o Xibio1 + A0 Vit
ol Gt AT 2

4. Repeat steps 2 and 3 until |v| converges to 0.

5. Put @ = cos™! (@/2).

v=2

point ap, € Ap (v) which is such that hp, 7, (a7y,) = 0. It follows that there is a unique
point, Wz, , such that T (W, — wp) — 0 almost surely for any v < 3/2. Theorem 7.4 shows
how many iterates are needed to converge to the fixed point and that, provided the initial
estimator is within O (T 1 1) of wp, only two iterates are needed. Theorem 7.5 establishes the

central limit theorem for the estimator. The proofs of the theorems are in the Appendix.

Theorem 7.3 Let k =To/T and let Ar, (v) = {a:|a —ao| < ¢I7 "}, for fized constant c >
0. Then there exists a unique point ap, € Ar, (v) such that hpy 1, (a7,) =0 for 1 <v < 3/2.
Thus there is a unique solution to hr, (ag) = 0 for which T} (o, — wo) — 0 almost surely as

Ty — oo for all v < 3/2, where &y, = cos™ ! (ar, /2).
Theorem 7.4 Let a; € Ap, (v). If 1 <v < 3/2 then
ay1 —ar, = (a; — ar,) O {1y /2 (10g T1) '},
while if 1/2 < v < 1 then
a;41 — G, = (aj —a7,) O {Tll/“’*” (log T1)1/2} +0 {Tf/H” (log T1)1/2} .

Also
ar —ap =0 {T1_3/2 (log Tl)l/g}
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and
ar —ar, = o (Tf3/2)
for

k> |3—log(2v—1)/log2].

Theorem 7.5 Let k = Ty/Ty. Then the distribution of T13/2 (W, —wo) converges to the
normal distribution with mean zero and variance

P?Xo /13,0%/0 }_1
A8m {fE wo) T T (wo)

as 17 — oo.

7.3.2 Estimating More Than One Common Frequency

When f > 1 we have, under H(()l),

f
X, = Z {ax j cos (wjt) + Bx jsin (w;t)} + Ey
j=1
and
f
Y = Z {ay,j cos (wjt) + By,jsin (w;t) } + Us.
j=1
Following the same calculations as above, the common frequencies, w1, ...,ws, may be esti-

mated by the f greatest maximisers of ’l“o (w), ignoring sidelobes, where now

T —1 f
G2(w) =T Y XP =D In x (w))
t=0 j=1

and
To—1 f

Go(w) =Ty "4 Y Y2 =) Iy (wy)
=0 j=1

It follows that we can estimate the frequencies one at a time, just as in the case of a single
time series. That is, after each frequency is estimated, the sinusoid at that frequency is
removed from both time series by regression and the next frequency is estimated from the
residuals.

In order to estimate the number of frequencies, we can use an information criterion along
the lines of that given in Section 6.2.4. In this case, the estimation of f frequencies involves
estimators of 2 f parameters, from 6 x, which have asymptotic standard error of O (Tl_ 1/ 2) ,2f
parameters, from 6y, which have asymptotic standard error of O (T 271/ 2) , p parameters, from

&, which have asymptotic standard error of O {(T1 + T2)—1/2} and f parameters, wy,...,wy,
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which have asymptotic standard error of O {(T 1+ TQ)_S/ 2 } We therefore use the information

criterion

¢o (f) = T1log {ag;o ()} +Tolog {33;0 ()} + p+7f)log(Ty + T3),

2

where 83;0 (f) and 85;0 (f) are the estimators of o2 and o2,

respectively, obtained by fitting
autoregressions with common autoregressive parameters to the time series after removing f
common sinusoids by regression. The estimated number of frequencies is then the minimiser

of ¢o(f) over f = 0,...,F, where F is assumed to be greater than the true number of

frequencies.

7.4 The Test Statistic

)

The asymptotic distribution of the test statistic under Hél , for a given f, is given in Theorem

7.6. The proof of the theorem is in the Appendix.

Theorem 7.6 Under Hél), the distribution of Ay converges to the X? distribution with p+ f

degrees of freedom as Ty, To — oo.

The full procedure for computing the parameter estimators under both H, and H(()l)

for a given f is given in Algorithm 7.2. Note that at each step in the algorithm where
frequencies are estimated, under both the null and alternative hypotheses, the sinusoids
at these frequencies are removed from the time series by regression, and an autoregression
of order p is fitted to the residuals. The frequencies are then re-estimated on the time
series filtered by the autoregressive parameter estimates. This strengthens the algorithm
particularly if a root of the auxiliary equation is close to the unit circle or if the sample
sizes are small. Note also that the frequencies can be estimated either by maximising the
Gaussian white log-likelihood using the Gauss—Newton algorithm or by using the Quinn—
Fernandes technique. As shown above, the estimators are asymptotically equivalent, and even
in small samples simulations suggest the results will only differ negligibly. It is important,
however, that the same method is chosen for estimating the parameters under both the null
and alternative hypotheses. In practice, the Quinn—Fernandes technique is computationally
faster and so is generally preferred.

The test statistic is computed by applying Algorithm 7.2 for each f = 0,...,F and

calculating

fo=arg min o (f)
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Algorithm 7.2 Computing the parameter estimators under H,

(M and H 4 for a given f

1. Use Algorithm 6.1 to fit f sinusoids to {X;}. Remove the estimated sinusoids by
regression and fit an autoregression of order p to the residuals, denoting the parameter
estimates by dx and 852;,4 (f)- Repeat using {dgx (2) Xt} in place of {X;}.

2. Use Algorithm 6.1 to fit f sinusoids to {Y;}. Remove the estimated sinusoids by re-
gression and fit an autoregression of order p to the residuals, denoting the parameter
estimates by 0y and 52-,4 (f)- Repeat using {dA (2) Y}} in place of {Y;}.

3. Put X =52, (/) /32,4 (), { B} = {X;} and {Ti } = {13},

4. Estimate a common frequency using the methods of Section 7.3.1 to {Et} and {ﬁt}
with A = X. Remove the corresponding sinusoid from both time series using regression
and denote the residuals by {E’t} and {l//\}}

5. Repeat step 4 until f common frequencies have been estimated.

6. Use the methods of Chapter 3 to fit autoregressions of order p with the same autore-
gressive parameters to {X;} and {Y;} with A = ), denoting the parameter estimates by
55 and 72 Let {Et} {dA (2 )Xt} and {ﬁt} - {azgX (z)Yt}.

7. Repeat steps 46 once.

8. Update P\ by

23 5
pol (o)
and put { } = {X;} and { } ={Y:}.
9. Repeat steps 4-8 until h) converges.

10. Put 52, (f) = 325 and 52 (f) = 325 oy

as well as
fx = argmin g x (f) and  fy =arg min gy (f),
where
¢x (f) = Tilog {524 (f)} + (0 +5f) log T

and

¢y (f) =Talog {Go s (f)} + (p+5f)log Tb.

The test statistic is then

Ar » = =Tilogd — "/ N
Jo:fx.f ~ n N >
e UEQ;A (fX) Uz;A (fY)
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(1) . . . . _~ o~ —~
and Hy ' is rejected at significance level a when A FoFx Ty

percentile of the x? distribution with p + ﬁ) degrees of freedom.

is greater than the 100(1 — a)th

7.5 Discriminating Between the Fixed Frequencies Only

Under H, 82), the autoregressive orders of { E; } and {U;} are not necessarily the same. Further-
more, the estimators of o2 and o2 are calculated by fitting independent autoregressions to
the residuals obtained by removing f common frequencies from {X;} and {Y;}, respectively.
That is, dx and dy are not necessarily the same. The procedure for computing the parameter

estimators under both H4 and H(SQ)

for a given f is given in Algorithm 7.3. The algorithm
assumes that the autoregressive orders of {X;} and {Y;} are fixed at px and py, respectively.

In practice we let px = |(logT1)® | and py = |(log T2)®| where cy,co > 1.

Algorithm 7.3 Computing the parameter estimators under Héz) and H 4 for a given f
1. Use Algorithm 6.1 to fit f sinusoids to {X;}. Remove the estimated sinusoids by

regression and fit an autoregression of order px to the residuals, denoting the parameter
estimates by dx and ES;A (f)- Repeat using {dgx (2) Xt} in place of {X;}.

2. Use Algorithm 6.1 to fit f sinusoids to {Y;}. Remove the estimated sinusoids by re-
gression and fit an autoregression of order py to the residuals, denoting the parameter
estimates by dy and EQ.A (f)- Repeat using {dA (2) Y}} in place of {Y;}.

3. Put X =52, (/) /32,4 (), { Ei} = {Xi} and {T:} = {13},

4. Estimate a common frequency by applying the methods of Section 7.3.1 to {E’t} and
{ﬁt} with A = A. Remove the corresponding sinusoid from both time series using
regression and denote the residuals by {Et} and {ﬁt}

5. Repeat step 4 until f common frequencies have been estimated.

6. Fit an autoregression of order px to {Et}, denoting the parameter estimates by SX
and 852;0 (f), and fit an autoregression of order py to {ﬁt}, denoting the parameter
estimates by 0y and 33;0 (f). Let {Et} = {dgx (2) Xt} and {ﬁt} = {dgy (z)Y}}

7. Repeat steps 4-6 once.

8. Update X by 62, (f) /32 (f) and put { } = {X,} and { } = (V).

9. Repeat steps 4-8 until 82;0 (f) and a\u;o (f) converge.

The test statistic is computed by applying Algorithm 7.3 for each f = 0,...,F and

calculating

~

fo = argmin o (f)
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as well as

o~ o~

fx :argmfinqﬁx (f) and  fy :argmfin¢y (f),

where

657 (f) = Tilog {524 (f)} + Talog {524 ()} + px log T1 + py log Tp + 7f log (T1 + T3) .

The test statistic is then

A 71 LO (f0> Tl LO (fo)

fofx iy IO tialog =

ey =18 2 () 71 ()

and HSQ) is rejected at significance level o when Afo Fy.fy 18 greater than the 100(1 — a)th

percentile of the x? distribution with ﬁ) degrees of freedom.

7.6 Comparing More Than Two Time Series

The methods above are easily extended to the case where we wish to compare more than
two time series with periodic components. Suppose we have samples of size T}, from {X} .},

k=1,...,n. We fit the models

fr
X =Y {omcos (wijt) + B jsin (wp 1)} + Eiy,
j=1
where
Pk
B+ Z Ok j Bk i—1 = €ky-
7j=1

We make the usual assumptions on the noise processes, that is that they are independent

sequences of martingale differences and that
2 2
E (e | Fry-1) = o,

k=1,...,n, where Fj; is the o-field generated by {ej+,€5¢—1,...}. The first null hypothesis
of interest is that the processes have sinusoids at the same frequencies and that the noise

processes have the same spectral shape. This is equivalent to
2 7 vk
0 -%lj— = Wnj, V], 01,k = = On,k> .

The second null hypothesis of interest is that the processes have sinusoids at the same fre-
quencies with no restriction on the spectral densities of the noise processes. This is equivalent
to

2 .
Hé ) ZOJL]‘ = :(/JnJ‘, \V/j.
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In each case the alternative hypothesis, H 4, is the complement of the null hypothesis.
Under both H4, the n time series are independent and their parameters can be estimated
separately using the methods discussed in Section 6.2.

Under Hél), we derive the test procedure letting p;y = --- = p, = p, where p is fixed.
In practice we let p = |log (Tiin)¢|, where Tyin = min (T3,...,T;,) and ¢ > 1. We need to
estimate common frequencies from n time series. Suppose f = 1 and denote the common

frequency by w. The Gaussian log-likelihood is

_ Z ] log 271'0' ) 2% 2 {X MT 1 9 } {X MT 1 0 }] (7.12)
where
Xk; = |: Xk:,() Xk:,kal :| ,
~ /
Or = [ ay P }
and
ag + ng = ds, (eiw) (ak + Zﬁk) ,
k=1,...,n. Letting Ay =1 and A\ = 3%/3,3, k=2,...,n, we can rewrite (7.12) as
1
—Z ] log 271')\ 0'1) oy 2 {Xj_MTj,l (w)ej}/ {Xj—MTjJ (w)HJ}
This can be maximised with respect to w, for given A1,...,\,, using the Gauss—Newton

algorithm as follows. Let
ex () = Xk — Mj, () 6 ),
where

= {Mi} () M, (@)} {M] (@) X}

Given a current estimate of w, denoted w, the Gauss—Newton method updates the estimate

by

TN @) e (@)
W= n e d ~
Z de ](w)%e]( )
where e, (0), k = 1,...,n, and their derivatives can be computed using the methods given

in Section 7.3.1. An initial estimate can be obtained by maximising

Z )\jIT*,XJ (w)
7=1

over the Fourier frequencies, where T* = 4 max (11, ...,T,).
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An alternative method for estimating w is to use an extension of the Quinn—Fernandes
technique given in Section 7.3.1. Algorithm 7.4 estimates w for given A1,...,A,. The algo-

rithm can be initialised by maximising
n
D Ajlrx; (W)
j=1

over the Fourier frequencies.

Algorithm 7.4 Estimating a common frequency from more than two time series for given

Al, ..., Ap using the Quinn—Fernandes technique

1. Put @ = 2cos (W), where @ is an initial estimate of w.

2. Fork=1,...,n,t=0,...,T; — 1, put
Ekt = €k t—1 — Ekp—2 + Xiy,

where {k,—l = fk7_2 =0.

3. Replace a by a + v, where

22?:1 N Yo Xk _
ZZ:1 Ak ZtTiEl 16271

4. Repeat steps 2 and 3 until |v| converges to 0.

5. Put @ = cos™! (@/2).

If f > 1, the common frequencies can be estimated one at a time using the methods given
above. After each frequency is estimated, the corresponding sinusoid is removed from each
time series using regression and the next frequency is estimated from the residuals. Once
all the common frequencies have been removed, autoregressions with common autoregressive
parameters can be fitted to the residuals using the methods of Section 3.8. As before, the
frequencies can be re-estimated using the time series filtered by the autoregressive parame-
ters. The full procedure for computing the parameter estimates for a given f under both H4
and Hg(l) is given in Algorithm 7.5. Note that the algorithm uses the Quinn—Fernandes tech-
nique to estimate frequencies. This is asymptotically equivalent to maximising the Gaussian
likelihood and is computationally faster (see the discussion in Section 7.4).

The test statistic is computed by applying Algorithm 7.5 for each f = 0,..., F and

calculating

~

fo = arg Hlfin ¢o (f)
as well as

fr = argmin g (f)
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Algorithm 7.5 Computing the parameter estimators under H

(1) and H4 with more than

two time series for a given f

1.

For k =1,...,n, use Algorithm 6.1 to fit f sinusoids to {Xj,}. Remove the estimated
sinusoids by regression and fit an autoregression of order p to the residuals, denoting
the parameter estimates by o), and 3,3; 4 (f). Repeat using {dgk (2) Xk,t} in place of
{ Xk}

For k =1,...,n, put N, = 2.4 () /32 4 (f) and{Em} = {Xiy)-

Estimate a common frequency by applying Algorithm 7.4 to {El,t} Yoy {Ent} with
A = Xk, k=1,...,n. Remove the corresponding sinusoid from each time series using
regression and denote the residuals by {El,t} e {Ent}

Repeat step 3 until f frequencies have been estimated.

Use the methods of Chapter 3 to fit autoregressions of order p with the same autore-
gressive parameters to {El,t} sy {Em} with A\ = Xk, k =1,...,n, denoting the
parameter estimates by gX and 5?5. Let {Ekt} = {dgX (2) Xk.’t}, k=1,...,n.
Repeat steps 3—5 once.

For k =2,...,n, update Xk by

T.02 ~
ke)\

S0 ds () X

2

and put {Ekt} ={Xip:}, k=1,...,n

8. Repeat steps 3—7 until Xk, k=1,...,n, converge.
9. Put 8%;0 (f) = 5§;X and 82;0 (f) = '&ix/)\k, k=2,...,n
k=1,...,n, where
)= Tilog{T5 (£} +{p+2n+3) fYlog [ D T;
j=1 j=1
and

O (f) = Tilog {G%.4 ()} + (p+ 5f) log Ty

The test statistic is then

and H(g ) is rejected at significance level a when A+

7o (o)
Z log 8]2,;‘4 (E)

is greater than the 100(1 — a)th

vafla »fn

FiFtsen

percentile of the x? distribution with (n — 1) <p + fo> degrees of freedom.
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In order to test H((]Q), the procedure is almost the same except that autoregressions of

different orders, denoted by py, are fitted independently to {ex .}, k = 1,...,n, under both the

null and alternative hypotheses. The full procedure for computing the parameter estimates

for a given f under both H4 and HéQ) is given in Algorithm 7.6. The algorithm assumes that

p1,--

., pn are fixed. In practice we let pp = |(log T})?* |, where ¢t > 1, k =1,...,n.

Algorithm 7.6 Computing the parameter estimators under Hé2) and H4 with more than

two time series for a given f

1.

For k =1,...,n, use Algorithm 6.1 to fit f sinusoids to {X},}. Remove the estimated
sinusoids by regression and fit an autoregression of order p; to the residuals, denoting
the parameter estimates by o), and 3,3; 4 (f). Repeat using {dg)c (2) Xk,t} in place of
{ Xk}

For k= 1,...,n, put A, = 62,4 (f) /62,4 (f) and{Ek,t} - {)?kt}

Estimate a common frequency by applying Algorithm 7.4 to {Eu} Yy {Em} with
A = Xk, k=1,...,n. Remove the corresponding sinusoid from each time series using
regression and denote the residuals by {El,t} e {En,t}-

Repeat step 3 until f frequencies have been estimated.

For kK = 1,...,n, fit an autoregression of order p; to {Em}, denoting the parameter
estimates by Sk and 3,%;0 (f). Let {Ekt} = {dgk (2) kat}.

Repeat steps 3-5 once.

For k=1,...,n, update e by 8%;0 (f) /3,3;0 (f) and put {Ekt} = { X}

Repeat steps 3—7 until Eﬁ;o (f), k=1,...,n, converge.

The test statistic is computed by applying Algorithm 7.6 for each f = 0,...,F and

calculating

fo = aganind? 1),

where

n

0 () =3 Tylog {52 (N} + > pjlog Ty + (2n+3) flog [ Y15 | |
j=1

j=1 j=1

as well as

o~

fe = argm}nm (f),

k=1,...,n. The test statistic is then

n
Afo,fl,...,fn:;bg (7))
]:
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and the null hypothesis is rejected at significance level o when A AT is greater than the

100(1 — a)th percentile of the x2 distribution with (n — 1) fo degrees of freedom.

7.7 Comparing Multivariate Time Series With Periodic Com-

ponents

Using the results of Chapter 6 we can extend the procedures given in this chapter to the case

where {X}+}, k =1,...,n, are vector processes with periodic components. We model { X}, ;}
using the multichannel sinusoidal model. That is, for k =1,...,n,
Jk
X =D {oncos (whjt) + By sin (wp 1)} + By,
j=1
where
P
B = Z Ok, j Bk i—1 = €kit)
j=1

ks Brj, 7 =1,...,f,are d x 1 and {Xy .}, {Er+} and {e;+} are d-dimensional. We make
the usual assumptions on the noise processes, that is that they are independent sequences of

martingale differences and that
E (ergehs | Fri—1) = Si,

k=1,...,n, where Fj, is the o-field generated by {ex+, k1, -}
The first null hypothesis that we consider is that the processes have sinusoids at the same
frequencies and the spectral densities of the noise processes differ only by a common scale.

This is equivalent to
HY twi = =wn, Vi, 61 == 0np, Yk, Tp = AT = - = A\ Dy,

for positive constants Ao,...,A,. The condition placed on the noise spectral densities is
the same as that for the second null hypothesis considered in Chapter 5. The second null
hypothesis that we consider is that the processes have sinusoids at the same frequencies with

no restrictions on the spectral densities of the noise processes. This is equivalent to

2 .
Hé ) fWi = = Whyj, VL

In each case the alternative hypothesis, H4, is the complement of the null hypothesis.
Under both H 4, the parameters can be estimated separately for each {X .}, k =1,...,n,

using Algorithm 6.3.
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Under Hc()l)7 we derive the test statistic letting p; = --- = p, = p, where p is fixed. In
practice we let p = |log (Twmin)“], where Tiniy = min (7y,...,7,) and ¢ > 1. A common

frequency can be estimated by maximising

Z Jr,.0, (7.13)

where
JTIka (w) = F’;k (UJ) QkFTk (w) )
Tp—1
Fr, (w) = V2L 2 Y7 e,
t=0
and Q1,...,8, are suitable positive definite symmetric matrices. For given Ai,...,\,, the
estimation is performed in two stages. In the first stage, 2 is set to A\gly, k=1,...,n, and

the f common frequencies are estimated one at a time. For each estimated frequency, the
corresponding sinusoid is removed from each time series by regression and the next frequency
is estimated from the residuals. Once f sinusoids have been removed, vector autoregressions
with common autoregressive parameters and common order p are fitted to the residuals using
the methods of Section 5.6. In the second stage, 2, is set to Ay multiplied by the inverse of the
estimated spectral density, k = 1,...,n and the f common frequencies are then re-estimated
with the updated Q1,...,Q,.

In order to maximise (7.13), a modified version of the multivariate Quinn-Fernandes
technique can be used. Algorithm 7.7 computes the maximiser of (7.13) using the Quinn—
Fernandes technique for given ,...,Q,. The algorithm can be initialised by maximising
(7.13) over the Fourier frequencies. The full procedure for computing the parameter estimates
for a given f under both H4 and H(()l) is given in Algorithm 7.8.

The test statistic is computed by applying Algorithm 7.8 for each f = 0,...,F and

calculating
fo = argmin gy (f)
as well as
fr = argmin ¢y, (f),
k=1,...,n, where
£ =3 Tjlog )ij;o (f)‘ +{dp+ (2nd +3) fYlog [ 315
j=1 J=1
and

O () = Tilog S ()] + {dp + (24 +3) f} log T
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Algorithm 7.7 Estimating a common frequency from n time series for given Q1,...,Q,

using the Quinn—Fernandes technique

1. Put @ = 2cos (@), where @ is an initial estimate of w.

2. Fork=1,...,n,t=0,...,T; — 1, put

€kt = €k t—1 — Ekp—2 + Xkt

where &, 1 = &2 = 0.
3. Replace a by a + v, where
T;—1
Z?:l Ztio E;’,tflﬂij:t
To—1 :
D k=1 2120 1928k,
4. Repeats steps 2 and 3 until |v| converges to 0.

5. Put @ = cos™! (@/2).

Test statistic is then

n s (7
Sopng [ 0
Ar = = = T’ log ’7
f?f 7"’7fn ] S -
=R 5]

and H(gl) is rejected when A is greater than the 100(1 — a)th percentile of the 2

Jouf1seesfn
distribution with

(n—1) {d2p+fo+d(d+1)/2—1}

degrees of freedom.

Under HéZ), a common frequency can be estimated by maximising (7.13) in two stages. In
the first stage, 2 is set to Iy for k =1,...,n, and f common frequencies are estimated one
at a time. As usual, the sinusoid corresponding to each estimated frequency is removed from
each time series by regression before estimating the next. Independent vector autoregressions
of order p;, are then fitted to the residuals, and €);, is set to the inverse of the estimated spectral
density of the kth autoregression. In the second stage, the f common frequencies are then re-
estimated with the updated ;. The full procedure for computing the parameter estimators
under both H 4 and H(gQ) for a given f is given in Algorithm 7.9. The algorithm assumes that
p1,--.,pn are fixed and in practice we let pr = [(logT))* |, where ¢, > 1, k=1,...,n.

The test statistic is computed by applying Algorithm 7.9 for each f = 0,...,F and

calculating

fo = g o (1),
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Algorithm 7.8 Computing the estimators under both Hél) and H 4 with n multivariate time

series for a given f

1.

10.

For k =1,...,n, use Algorithm 6.3 to fit f sinusoids to {Xj.}, fitting vector autore-
gressions of order p. Denote the estimate of the residual covariance matrix by f]k; A (f).

For k=1,...,n, put Q = Xkld, where
Ne=d/ o {Sia (NS (N}

and put {Ekt} = { X}

Estimate a common frequency by applying Algorithm 7.7 to {Eu} Yy {Em} Re-
move the corresponding sinusoid from each time series using regression and denote the
residuals by {El,t} e {Ent}

Repeat step 3 until f frequencies have been estimated.

Use the methods of Section 5.6 to fit vector autoregressions of order p with the same
autoregressive parameters to {El,t} ey {Ent} subject to X1 = Xka, k=2,...,n.
Denote the parameter estimates by SX and EX‘

For k=1,...,n,let

*

p p
. e -
Qp=2mhg Lo+ D b5 e | ST+ ) o567,
j=1 j=1

where

Repeat steps 3-5 once.
For k = 2,...,n, update Xk by

d;
~ o~ ~ /
tr {le i { (Kt + 52021 5 X)) (X + 02 85, X005 H

T -

and put {Ekt} ={Xis}, k=1,...,n.
Repeat steps 3-8 until Xk, k=1,...,n, converge.

Put il;() (f) = ix and ik;o (f) = ix/}\\k, k=2,...,n.
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Algorithm 7.9 Computing the estimators under both H,

(2)

and H 4 with n multivariate time

series for a given f

1.

For k =1,...,n, use Algorithm 6.3 to fit f sinusoids to {X} .}, fitting autoregressions
of order pi. Denote the estimate of the residual covariance matrix by ik; A (f).
Fork=1,...,n, put Q. = I; and {Ekt} = { Xk}

Estimate a common frequency by applying Algorithm 7.7 to {El,t} s {En,t}. Re-
move the corresponding sinusoid from each time series using regression and denote the
residuals by {Eu} . {E’nt}

Repeat step 3 until f frequencies have been estimated.

For k =1,...,n, fit a vector autoregression of order pg to {Ek,t}, denoting the param-
eter estimates by d), and ik;g (f)-

For k=1,...,nlet

Pk Pk
Qp=2r [ I+ drje @ | Spi(f) | Lat+ D onge % |,

j=1
where
5 = [ o1 o Ok, }
7. Repeat steps 3-5 once.
where
n n
(2) ZTlog‘Ejo ‘+d22pjlog(Tj)+(2nd+3)flog ZT] ,
j=1 j=1
as well as
Ji = argmin gy (f),
k=1,...,n. Test statistic is then

and Hé ) is rejected when A

5 (3)
ZT log ‘AA
anfl) :fn ‘2]714 <f]> ‘

P is greater than the 100(1 — a)th percentile of the 2

distribution with (n — 1) o degrees of freedom.

7.8

Simulations

The first simulation study presented in this section examines the behaviour of the test statistic

under the null hypotheses. The number of time series compared, n, was 2 or 3, the dimension,



172 Discriminating Between Time Series With Periodic Components

d, was 1 or 2 and the true number of frequencies, f, was 1 or 2. When n = 2 time series were

simulated from the models
X; = aq cos (wit) + B sin (wit) + ag cos (wat) + P2 sin (wat) + Fy,

and

Y: = aj cos (wit) + f1sin (wit) 4+ g cos (wat) + B2 sin (wat) + Uy,

with sample sizes 1,000 and 1, 250, respectively. When n = 3 a third time series was simulated

from the model
Zy = aq cos (wit) + By sin (wit) + ag cos (wit) + Basin (wit) + W,

with sample size 1,500. The noise processes were either generated from white noise (WN),
that is,

Et = &, Ut = Ut and Wt = Wy,

the autoregressive models

Ei+61Ei1 = ¢y, U+ 01Ui—1 = ws and Wi+ 61 Wi—1 = wy,
or the moving average models

E; = et + 02641, U = ug + doup—q and Wi = wi + dowy—1.

The frequencies were w1 = 7/3 and we = 0 or 27/3. For the d = 1 case the parameter values

were

1 1

Eu 61 = _ﬁ and /62 = 07

and {e:}, {u:} and {w;} were simulated from the normal distribution with means zero and

01 =0.7, 02 = 0.8, a] = Q2=

variances 1, % and %, respectively. For the d = 2 case the parameter values were

0.7 0.1 0.8 0.1
61 = ) 52 =
—-0.1 0.7 —0.1 0.8
1 L 0
a1 = (g = \{5 s ,31:— \gi and /62: y
7 e 0

and {e;}, {us} and {w;} were simulated from the multivariate normal distribution with means
zero and covariance matrices Io, %Ig and %IQ, respectively. Figure 7.1 shows the component

spectral densities, and their coherency, of {E;} for the autoregressive case when d = 2. The
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Figure 7.1: The spectral densities of each component, as well as their coherency, of {E,},
when {F;} is autoregressive and d = 2.

MA(1) parts of Figure 5.1 show the component spectral densities, and their coherency, for
the moving average case when d = 2.

The tests for both H(()l) and H(()2) were applied to 10,000 replications of these simulations.
The maximum number of frequencies was set to one more than the true value. The simulations
were also repeated with all sample sizes doubled. Tables 7.1-7.8 summarise the means,
variances and Type I error rates of the resulting test statistics.

For the univariate cases, when testing Hél) , the means and variances were very close to
their theoretical values and the Type I error rates were all close to 0.05. When testing HSQ),
the means were very close to their theoretical values but the variances were a little higher,
and some of the Type I error rates were closer to 0.06 for the smaller sample sizes. When the
sample sizes were doubled, the variances generally closer to their theoretical values and the
Type I error rates were closer to 0.05 (see table 7.4).

For the multivariate cases, when testing both Ho(l) and H(()Z), the means were very close
to their theoretical values but the variances and Type I error rates were a little higher for
the smaller sample sizes. When the sample sizes were doubled, the variances were closer to
their theoretical values and the Type I error rates were closer to 0.05.

Note that when testing H[SQ), some of the test statistics were negative, but only slightly.
This could only occur if the likelihood maximised under the null is more than that under the
alternative. This may be due to numerical problems of convergence under the alternative or
underestimation of order estimates using BIC. Further simulations, not reported here, show
that the number of negative values is reduced as the sample sizes increase, and eventually

goes to zero.
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Table 7.1: Summary of simulations under H(gl) when d = 1.

f=1 f=2
df mean var Typel | df mean var Type I

n=2| WN 8§ 8.045 16.707 0.052 | 9 9.010 17.927 0.048
AR(1) | 8 8.007 16.177 0.048 | 9 8962 18.450 0.053
MA(1) | 8 8.024 16900 0.053 | 9 9.074 19.670 0.052
n=3 | WN 16 15965 32.397 0.050 | 18 18.151 36.766 0.055
AR(1) | 16 16.072 33.238 0.053 | 18 18.034 36.523 0.048
MA(1) | 16 15.968 33.761 0.053 | 18 17.973 37.566 0.049

Table 7.2: Summary of simulations under Hé2) when d = 1.

f=1 f=2
df mean var Typel | df mean var Typel

n=2|WN 1 1.014 2.366 0.054
AR(1) | 1 1.033 2259 0.053 2.025 4.,518 0.054
MA(1) | 1 1.108 2973 0.064 2.087 5.064 0.060

2 2029 4214 0.050
2
2
2.037 4377 0.054 | 4 4.107 8.442 0.054
4
4

n=3 | WN 2
AR(1) | 2 2.032 4.083 0.050 4.118 8.658 0.058
MA(1) | 2 2240 5.653 0.068 4.222 9.841 0.064

)

Table 7.3: Summary of simulations under Hél when d = 1 and the sample sizes were doubled.

f=1 f=2
df mean var TypelI | df mean var Type I

n=2| WN 8§ 7988 16.057 0.050 | 9 9.034 18.257 0.052
AR(1) | 8 7.98 15984 0.051 | 9 9.012 18.235 0.050
MA(1) | 8 7.910 15821 0.046 | 9 9.048 19.261 0.055
n=3| WN 16 16.011 31.881 0.049 | 18 18.129 36.406 0.050
AR(1) | 16 16.077 32.157 0.051 | 18 18.026 36.303 0.050
MA(1) | 16 16.037 33.149 0.049 | 18 18.002 37.719 0.050
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Table 7.4: Summary of simulations under Hé2) when d = 1 and the sample sizes were doubled.

f=1 f=2
df mean var Typel | df mean var Typel

n=2|WN 1 1015 2230 0.052
AR(1) | 1 1.005 2.044 0.052
MA(1) | 1 1.074 2.466 0.060

2 2.065 4.428 0.054
2
2
2.012 3.965 0.049 | 4 4.134 8.937 0.055
4
4

2.018 4.215 0.051
2.061 4.275 0.054

n=3| WN 2
AR(1) | 2 2.031 4.123 0.053 4.065 8.344 0.052
MA(1) | 2 2.081 4.918 0.059 4.111 9.092 0.058

Table 7.5: Summary of simulations under Hél) when d = 2.

f=1 f=2
df mean var Typel | df mean var Type 1

n=2| WN 31 31.503 65.042 0.060 | 32 32.490 65.590  0.057
AR(1) | 31 31.531 64.708 0.060 | 32 32.551 67.182  0.057
MA(1) | 31 31.636 65.188  0.059 | 32 32590 67.032 0.058
n=3| WN 62 62.567 126.923 0.054 | 64 64.632 128.962 0.055
AR(1) | 62 62312 124.759 0.051 | 64 64.684 134.290 0.061
MA(1) | 62 62.756 128.658 0.059 | 64 64.737 132.614 0.061

Table 7.6: Summary of simulations under HéQ) when d = 2.

f=1 f=2
df mean wvar Typel | df mean var Typel

n=2|WN 1 1.010 2.187 0.064 | 2 2.058 4.398 0.056

AR(1) | 1 1.003 2130 0.053 | 2 1.941 4.694 0.056
MA(1) | 1 1.035 2479 0.061 | 2 1.978 4.570 0.057
n=3|WN |2 1998 4240 0.056 | 4 4.102 8719 0.055
AR(1) | 2 2016 4379 0055 | 4 3.800 8612 0.052
MA(1) | 2 2123 5488 0.067 | 4 4.007 8.847 0.056
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Table 7.7: Summary of simulations under H(()l) when d = 2 and the sample sizes were doubled.

f=1 f=2
df mean var TypelI | df mean var Type 1

n=2| WN 31 31.267 63.135  0.054 | 32 32.385 65.639  0.055
AR(1) | 31 31.163 63.732  0.054 | 32 32.136 64.099 0.051
MA(1) | 31 31.267 62.760  0.052 | 32 32.131 65.266  0.051

n=3 | WN 62 62.161 121.031 0.049 | 64 63.953 129.494 0.052
AR(1) | 62 62.011 123.721 0.050 | 64 64.044 130.945 0.052
MA(1) | 62 61.992 126.453 0.050 | 64 64.172 131.361 0.052

Table 7.8: Summary of simulations under H(()Q) when d = 2 and the sample sizes were doubled.

f=1 f=2
df mean var Typel |df mean var Typel

n=2|WN |1 1032 2195 0.052
AR(1) | 1 0989 2203 0.053
MA(1) | 1 1.021 2236 0.054

2 1995 4.068 0.052
2
2
2.016 4.079 0.052 | 4 4.057 8.458 0.056
4
4

1.936 4.258  0.052
2.037 4.448 0.056

n=3| WN 2
AR(1) | 2 2.024 4.342 0.054 3.859 8.434 0.050
MA(1) | 2 2.071 4.586 0.058 4.043 8.477 0.055
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The second simulation study in this section demonstrates the power of the test in detecting
differences in a fixed frequency in two time series. Time series of equal length were simulated

from the models

X; = ag cos (wxt) + prsin (wxt) + Ey

and

Y: = aq cos (wyt) + B sin (wyt) + Uy,

where

and {E;} and {U;} were generated by the same white noise, autoregressive and moving
average processes as above. The case where d = 2 and {E;} and {U;} were autoregressive

was also considered. In this case

and 61 =—

o] =

S-S
S-S

The frequency wx was fixed at 7/3 and the frequency wy varied from

s

ng (-1,-0.98,...,1),

N

where T is the common sample size. The test for Hél) was applied to 10,000 replications of
these simulations. Figure 7.2 plots the empirical powers when the sample sizes were 250 and

Figure 7.3 plots the empirical powers when the sample sizes were 500.

For the smaller sample size, the test performed well when the noise processes were from
white noise and autoregressions, although the Type I error rates for the autoregressive cases
were over 0.05 (0.106 and 0.076 for the d = 1 and d = 2 cases, respectively). The test did
not perform well when the noise processes were from moving average processes, with a Type
I error rate of 0.339. When the sample sizes were increased to 500, the test performed much
better for the moving average case with a Type I error rate of 0.057. The Type I error rates

were also closer to 0.05 for the autoregressive cases.
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WN, d=1 AR(1),d=1

0.5

Empirical power
Empirical power

<

ot [

0 0 i i i
1.0346 1.0409 1.0472 1.0535 1.0598 1.0346 1.0409 1.0472 1.0535 1.0598
wy Wy
MA(1),d=1 AR(1), d =2
1F T T T 1 1F I T I T
g g
g g
2 [oN
05} ] S05¢ ]
-3 g
[N o
g g
= =
0 i i i 0 i i i
1.0346 1.0409 1.0472 1.0535 1.0598 1.0346 1.0409 1.0472 1.0535 1.0598
wy Wy

Figure 7.2: Empirical powers when the sample sizes were 250. The lowest horizontal line in
each plot indicates the significance level of 0.05.
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Figure 7.3: Empirical powers when the sample sizes were 500. The lowest horizontal line in
each plot indicates the significance level of 0.05.
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7.A Appendix

In what follows, where convergence is indicated, it will mean convergence in the almost sure
sense, unless otherwise stated. Where order notation is used, it will also mean orders in the

almost sure sense.

7.A.1 Proof of Theorem 7.1

From (7.11)

T
+ ilog

o) ~ o () = log { XX ]

Sx — I, x (wo)

{ Sy —In y (w) }

Sy — I,y (wo)

T I — I T I — T
_ 110g{1 L Inx (wo) = Iy x (W)} N 210g{1 Iy (@) = Iy (@) }
2 Sx — Iy x (wo) 2 Sy — I,y (wo)
where
Ti—1 To—1
Sx=Y X and Sy=) Y2
t=0 t=0
Now,
Ti—1 Ti—1 Ty -1 Ty -1
Z Xe Wt = Z Ere ™ + axg Z cos (wot) e ™" 4 Bxo Z sin (wot) e~
t=0 t=0 t=0 t=0
Ti—1 Ti—1 Ti—1
_ Z Etefiwt + % Z (eiwot _i_efiwot) e iwt + % Z (eiwot _ efiwot) o iwt
t=0 t=0 L
_ axo | Bxo) € —1
=Un (w)+( 2 2¢> eilwo—w) _ 1 +0(),
where
-1
Un (w) = Z Epe ™t
t=0
Thus
1 2 axo | Bxo) e —1 ’
Ty ' In x (w) =217 % |Uny (w)+< 5 + 5 ) =) 1 +0()] . (7.14)
But, from Theorem 2.3,
sup |Up, (w)]? = O (T1 log T1) (7.15)
w

and, also,
ei(wo—w)Tl -1 2
eilwo—w) _ 1

sin? {Ty (wo — w) /2}

~ TZsin? {(wo — w) /2}

T

Therefore, from (7.14) and (7.15),

_ ko sin? {7y (wo — w) /2}
T (@) = 50 sm;{(wz “oyjzy oW
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Also,
Ti—1 ‘ N 3
3 Xpe 0t = Upy (wo) + <;(° + 2X°> T+0(1)
t=0 !
and so
- P%{O
Tl 1IT17X (UJO) = T + 0(1) .
Therefore
2 .2
_ Pxo sin® {7} (wo — w) /2}]
T T ~1I = 1- 1).
T o) = I ) = 50 1= TGS oy
Furthermore,
Ti—1
T 'Sx =11 Z {axo cos (wot) + Bxosin (wot) + By}
t=0
02
:7E<O)+%+0(1)7
where v (0) = E (E?), and so
TiH {Sx — Ity x (wo)} =78 (0) +0(1). (7.16)

Let w = wg + /T for some x > 0. Then

2 .9
_ Pxo sin” (k/2)
T T — I +r/T1)} = — +o(1).
1 U1 x (wo) 7,x (wo + K/T1)} 9 T12 G2 {(x/ (2T1)} o(1)

Consider the function

sin? x

) = T oty

For any x # 0,

)

sin® x
fr (LE) — 5 <1

T

as T — oo. Therefore
lim I x (wo) — Ity x (wo + K/T1) Pko
T1—00 Sx — I, x (wo) 27E (0)
> 0.
Similarly,
Ty {Sy — Iy (wo)} = v (0) +0(1) (7.17)
and
i Ty (wo) = Ity (wo + k/T3) Pra
Ty—oo Sy — I,y (wo) 27y (0)
> 0,

where vy (0) = E (U?). Thus

lim inf inf {70 (wo) — Lo (w)} >0

T1,T2—00 |w—wo|>K/Tmin

and it follows from Theorem 2.5 that Ty, (W — wp) — 0 as 11, Ts — 0.
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7.A.2 Proof of Theorem 7.2

From the mean value theorem,

_ dlo () _ dlo (o) | &’lo(3)

0 dw dw dw?

(@ —wo),

where @ is a point on the line segment between wy and @. Since Ty (W —wy) — 0 as
T1,To — 00, @ — wp has the same asymptotic distribution as

~ -1 ~
o { d2l0 (LL)O) } dlo ((.L)U)

dw? dw

The first and second derivatives of Iy (w) are

do(w) T ghlnx W) T fhlny W)

dw 2 Sx — It x (W) 2 m

and

~ 2
dl (w) A %ITl,X (w) i %ITMX (w)
dw? 2 | Sx —Inx (W) )

2 SX_ITl,X (w

2 2
Ty | dplny @) { s Iy (@)
)

2 | Sy — I,y (w) Sy — Iy (w

From Hannan (1973b), T} 3/ 2dIT1’ x (wp) /dw is asymptotically normal with mean zero and

variance
27 5 (wo) Pio
6

and also T} 2d?I7, x (w) /dw? — —p3/12. Similarly, T2_3/2dIT27y (wp) /dw is asymptotically

normal with mean zero and variance

27 fu (wo) Py
6

and also Ty *d?Ir, y (w) /dw? — —p?/12. Thus, from (7.16) and (7.17), TfS/Qd% (wo) /dw

is asymptotically normal with mean zero and variance

27 fE (WO) Pg(o 27 fu (WO) H3P§/o

24~% (0) 24~% (0)
Also, _
T1—3d2l0 (wo) e Pxo _ v
dw? 24vg (0) 24y (0)
since

{ %ITI’X (wo) }2 =0 (1) and { %ITQ’Y (o) }2 =0 (1)
) ) '

Sx — Iy x (wo Sy — I,y (wo
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Thus Tf’ /2 (W — wp) is asymptotically normal with mean zero and variance
-2
48 { fE (wo) P%{o fu (wo) ng%o } { p%(o "13/)%/0 }
us 5 + 5 +
7z (0) 777 (0) 7E(0) v (0)

_ Pko | KPio }_1
=487 { fE(0) * fu (0)

(1)

since, under H ~,

fe (@) _ fu(wo)
ve (0) Yo (0)

7.A.3 Proof of Theorem 7.3

Following the proof of Theorem 16 of Quinn and Hannan (2001) we use Dieudonné’s fixed
point theorem (Dieudonné, 1960, Section 10.1). We must show that the following two condi-

tions are met as 17 — oo.

Condition 7.1 There exists k, 0 < k < 1, such that if a,a’ € Ap, (v) then
la —a’ + 2h7, (a) — 2hy, (W)] < kla—d].

Condition 7.2 |2h7 (ag)| < (1 —k)T7".

Let

T -1 To—1
dr, x (@) =sinw Z Xi&i—1(a), dp,y (a) =sinw Z Yine—1 (a),
t=0 t=0
T1—-1 To—1
er, x (a) = = sin? Z & (a), eny (a) = = sin? Z n? 4 (
Then

hrm, (a) = sinw {dr, x (a) + M,y ()} {er x (a) + Aen,y (a)} .

From the proof of Theorem 16 of Quinn and Hannan (2001),

er, x (a) = 25 P gy +0 {17 (g 1)}, (7.18)
ery (a) = 24T2 +0 {1, (og 1) *}, (7.19)
and
eri,x (a) = er, x (a0) + (w — wo) O { T7/* (10g T1)'/ },
ey (@) = eny (a0) + (w = w0) O { T (log T2)' 2}
Also

2
dry,x (a) = dry x (ao) + (w — wo) {2455(0) 17 + O (Tf)}
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and
2
dr,y (@) = dryy (ag) + (w — wo) {245Y(0) T3 4+ O (T22)} ;

which are both O {T13/2 (logT1)1/2}. Let a = 2cosw and o’ = 2cosw’. Then hp 1, (@) —

hr, 1, (a') is equal to
sinw {dr, x (a) + M,y (a)} {er, x (a) + Neryy (a)} "
~sine {dpy x () + My (@)} {enx (@) + Aeny (@)} "
Thus
{er, x (@) + Xen,y (a)} {er, x (¢') + Aeny (d') } {hr, 1, (@) = hry 1, (a)) }
= (sinw — sinw’) {dn x (a) + Adm,y (a)} {en, x (a') + Aeny (d') }
+sinw’ {dr, x (a) + Adp,y (a) — dp, x (a') = Mdpy (a') } {en, x (a) + Xen,y (a)}
—sinw’ {dr, x (a) + Mdn,y (a)} {er, x (a) + Xen,y (a) —er, x () — Aen,y (d')}
which is equal to

(w—u') O{Tlg/2 (logT1)1/2} + (w—=w')O (Tf’logTI)

2 3 2\ 2
+sine (w - o) <pX+MpY> Tf |1+ 0 {1 (g )"}

24
Thus
{eTl,X ((1) + )\6T2’y (a)} {eTl,X (a/) + )\(ZTQ’y (a/)} {th,Tg (a) — th,Tg (a’)}
=sinw’ (w — ') M 2T6 [1 +0 {T_1/2 (long)l/z}}
24 ! ! ’
and so
th7T2 (CL) — th,Tg (a/) = sin w’ (w — w') [1 + O {Tf1/2 (log Tl)l/Q}} .
Now,
a—a =2cos(w) —2cos (w') = —2sin (W) (w— ') +0 (T} ?),
and so
a—d +2hpm, (a) = 2hpy 1, (d') = (a—d) O {T1_1/2 (log T1)1/2} (7.20)
Also,
. 3/2 1/2 Px + ARSpd ? 3 5/2 1/2 -
2h7, 1, (ap) = 2sinwpO {Tl (logT1) } (24> T; —1—O{T1 (logT1) }
— 25inwe0 {Tf3/2 (log T1)1/2} . (7.21)

From (7.20) and (7.21), Conditions 7.1 and 7.2 are met and therefore the first part of the
theorem is proved. It follows that T} (ar, —ap) — 0 for all v < 3/2, and that, since ap, =

2cosory, T (0 — wo) — 0.
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7.A.4 Proof of Theorem 7.4

Denote the kth iterate of the algorithm by aj. That is, a1 = a + 2hp, 1, (v). Let a1 €

Ap, (v) where v > 1. From (7.20), putting o’ = arpy,

1 - 1 ~ -
b1, (@) = =3 (@ = an) + 5 (0 — ar) 0 {1, /* (10g 1)}
1 - _
— —5 (a—ar,) [1+0{T1 12 (1ogT1)1/2H. (7.22)

Thus

2, 1, (@) + 0 — i, = (a— ) O {17 /% (log 1)/}

_ O{Tf1/2_” (1ogT1)1/2}.
But 2h7, 1, (a;) + aj = aj41 and so
a1 —arn, = (aj —ar,) O {1,/ (10gT1)'/?}.
Thus the theorem is true for v > 1 since
|13 —log(2v —1) /log2]| = 2.

If 1/2 < v <1 then, from the proof of Theorem 17 of Quinn and Hannan (2001),

ene ) = AT [ SRl 1o fa g )]
e 1= B [ ] [ )
and
i (o) = AT [ =M o (1)) 4 0 {17 g i) 2},
A,y (a) = (’f’iﬁo) [1 - Sing(lf;;‘;”)}] {1+0(1T7")}+0 {Tf’/ 2 (log T1)1/2} :
Thus

ery,x (a) + Aer,y (a)

= o ) 1= P o {1 o)

and

dry x (a) + Mdr,y (a)

= Ty Wk ) 1= TR [l o (i Gogmi ]
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-1
Also, {eilx (a) + )\*le;zly (a)} is O (T; ') and it follows that

hr, 1, (a) = —% (a—ar) [1 10 {Tf”*“ (log T1)1/2H +0 {Tf/H” (log T1)1/2} .

Thus
Uy 1, (a) +a—ar, = (a—ar,) O {Tf/ 27V (log 1)V 2} +0 {Tf/ 272 (1og T1)1/2}
and so
ay1 —arn, = (a; —ar,) O {1} (log 1))} + 0 {11*7* (tog 11)'?}

Let n = v, then nj11 = 2n; — 1/2 4 6, where 0 is arbitrarily small. Then

_ 1 1

and ng > 1 when

log (2v — 1)

k>1-—
> log 2

The next iterate is then o <Tf3/2). If v =1, then a3 —ap, = o (Tf3/2).

7.A.5 Proof of Theorem 7.5

From (7.22),
1, (00) = 5 (@, — ao) [1+ 0 {7 (logTy) 2}
and so
ar, — ag = 2hp, (ag) + o (T*?’/Q) :
Since

Qr, —ag = 2cos® — 2coswy = —2sinwy (& — wo) + o (17?),
it follows that & — wg has the same asymptotic distribution as

_dry,x (a0) + M,y (ao)
er, x (ao) + Aer,y (ao)

Now, from (7.18) and (7.19),

2 3 2
+ Ak
Px PY‘

T {er x (ao) + en,y (ao)} 54

Also,

T {dr, x (a0) + Adr,.y (a0)}
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has the same asymptotic distribution as

o T1—1 B T1—1
T3 XO Z 2t — T)sin (twy) By — T}/ XO S (2t~ T) cos (two) E
t=0

_ >\3/ _3/2 Ak3/2
+ T 322 Avo Z (2t — T') sin (two) Uy — 13/2 r BYO Z 2t — T') cos (two) Et.

Using Theorem 2.6 and the same argument as in the proof of Theorem 6.2, this is asymptot-

ically normal with mean zero and covariance matrix

27Tp%{fs ("JO) 277)‘2’€3p%/fu (WO)
24 24 '

3/2 (~ TR . .
Thus T1/ (0 —wp) converges to the normal distribution with mean zero and covariance

matrix

P K> py }1
A8m {fE (o) Fu (@)

. 1
as Th1 — oo since, under Hé ),

7.A.6 Proof of Theorem 7.6

Let
o= o o o2 o2 05 0|,

13 u

where 61 = dx, 0o = wx, 03 = 6y — 6x and 04 = wy — wx. The hypothesis test is then

Ho: | 6 9;1]/:0

0.

N

Ha: | 0} 9g]'

The test statistic is

Ap=2 {supl (0) — sup l(@)} ,
0 03=04=0

where

1(0) = Ix (wx,0x,0x,02) +ly (wy,0y,dy,02),

3 u

which is given by (7.3) and (7.4). Let 0, = [ 0, 0, o2 o2 } and denote the true value

/ ~ ~
of 6 under Hy by 6y = [ 0, 0 } . The estimators under Hy and H 4, denoted 6y and 64,

respectively, satisfy
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~ N /
where 0y = { 0, 0 } . From the mean value theorem, letting 60, 6,; and 64; denote the jth

components of 0, 6, and 0 4, respectively,

0- 250 2w T 61

and

- (O

where the 6. A; are points on the line segment between 6y and 5,4 and the goj are points on
the line segment between 6y and 50. Now, dx = 61, 0y = 01 + 03, wx = O3 and wy = Oy + b4.
Thus the first derivatives of [ (#) with respect to 61,...,04 at 0y are
OL(%o) _ 0L (%) , OL(fo)
00, 00x 00y

Il (6o) _ Ol (bo) n ol (6h)
892 N an 8wy
ol (6p) 0Ol (6o)

= —T11/221 — T21/222,

= —T13/2’w1 — T;/ng,

1/2

— — T
905 3oy 2 2
ol (6 ol (0
(O0) _ 010) _ oz,
804 80.1}/
where
p1/2 Tl X1 -1/2 Tl Yia
e DO I P =) DETS IR
€ t=0 U t=0
thp thp

and w1 and wy are the f x 1 vectors with jth element

-3/2 Th—1
T :
_ 10'52 ; Ion {OzXJtSln (wX()’jt) — 5X7jt CcOos (ngvjt)}
and 3/ Tl
— 20_5 tz_; Ut {Ozth sin (WYO,jt) — ﬁy’thOS ((,Uyo,jt)},
respectively. That is,
L (6o)
90 = _NT1,T227
where
[ 1/2 1/2 ]
7, o 0 1,1, 0
o T, o o T
Nty = 0 0 L 0 0 ,
0 o o 77, o0
0 o o o T’
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/
ZZ[z’l wi a2 wé}
and
a= [ Abo)  A(Bo)
o2 do2

Now, 821 (fp) /Owx jOwx k. is equal to

Ti—1
1 . .
Z {ax jtsin (wxo ;) — Bx,;t cos (wxo,;t) } {ax ktsin (wxort) — Bx ikt cos (wxokt)}

)

o
€ t=0

—o(r%),

if j # k, and equal to
T1—1
{OéXJ‘t sin (wX[)’jt) — 5)(7]'75 COS (LUX()J‘t)}

T -1
€t {aX’th cos (wxo,;t) + Bx’th sin (wXO,jt)} ,

% =0
if j = k. Let dx and dy be the f x f matrices with jth diagonal elements

T1—1
T Y [{axtsin (wxot) — Bx,jt cos (wxo,it)}

t=0
44 {axyth cos (wxo,;t) + Bx’jtZ sin (wXOJt)}]

and
To—1
[{OéY,jt sin (wyo,jt) — By,jt cos (wyo,;t) }

Ty
t=0
+up {athQ cos (wyo,;t) + ﬁthQ sin (wYOJt)}] ,

respectively, and all other elements equal to o (1). Let Cx and Cy be the p x p matrices with

(4,7)th elements
Ti—1 To—1
Y XXy oand Tyt Y YV,
t=p
.,04 at 6y are therefore

t=p

respectively. The second derivatives of [ (6) with respect to 6y,
%L (6 T T:
(6o) Z—fle—U%Cy,

9?1 (0o) 971 (o) L
060,00)  06x08y D5y IS, o2 2
021 (6) 021 (6p) 021 (6p) T3 Ts
= = ——dx — —dy,
00200,  OwxOwy — OwyOwl, o? o2
0?1 (00) 0% (6y) 021 (o) T,
= = = —ﬁcim

90500, — 06,00, 00500,
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0% (6p) 0% (6p)  0%(6p) T3
00,00, — 00,00, 00,00, o2

with all other second derivatives equal to zero. Using a second order Taylor expansion of

l (5 A) around 6y, and since 0) 4 — b, | <5 A> — 1 (0p) has the same asymptotic properties as

0 1)+ 51 ) S ().

which, because of (7.23), is asymptotically equivalent to

101 (6o) {éﬂl (60) }‘1 Al (6o)

200 9000’ o0
1, (o 8L00) (o1 VU
=37 {NTLB 0000’ (NThTz) Z
- -4 —1
LCx 0 0 0 0
0 Hdx 0 0 0
1 £
:52’ 0 0O A 0 0 Z,
0 0 0 HCy 0
0 0 0 0 hdy
where
92%1(0o) 0
A= 9(02)”
0 021(60)
8(02)?

Similarly, from (7.24), 1 (50) — [ (6p) has the same asymptotic properties as

Uigcxo 0 00
oaigdxooo
%Z’ 0 0 A 00|Z
0 0 0 00
0 0 0 0 0|

Thus Ay has the same asymptotic distribution as
) -1
[ g ] (%) S
0 (édy) wa
But 25 is asymptotically normal with mean zero and covariance matrix €2 and

1
72CY — Q,
Oy

where ) is the p x p matrix with (4,7)th element vy (|i — j|) /o2. Also, from Theorem 2.6,

wy is asymptotically normal with mean zero and covariance matrix V', where V is the f x f
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diagonal matrix with jth diagonal element
2 2
Ay + By,
602

Now, from (6.27),
-1

> Buetrost = 0 {17/ (log 1) ?}
t=0

and so the jth diagonal element of dy is equal to

Tx—1
T273 Z {O‘Ydt sin (WYO,jt) — By,jt cos ((,dyoyjt)}2 +o0(1)
t=0

(a3 + By;) +o(1).

| =

Thus

1
72 dY — V,
o

u

and Ay has asymptotically the x? distribution with p+ f degrees of freedom, since dim Q = p
and dimV = f.



Conclusion

In this thesis we have developed new methods for discriminating between time series on
the basis of the spectral densities of their underlying processes. The general approach we
have taken is to fit parametric models to the time series and then derive test statistics
using a pseudo-likelihood ratio procedure. The approach differs from existing methods which
are nonparametric. We first considered the case of discriminating between time series from
univariate stationary processes, which is the case considered in most of the existing literature.
We then showed how the approach can be extended to discriminating between time series

from a wider range of processes.

In Chapter 3 we developed a test for discriminating between univariate stationary pro-
cesses based on fitting autoregressions to the time series and comparing model parameters.
Parameters were estimated by maximising Gaussian log-likelihood functions, and it was shown
that the resulting estimators are strongly consistent and follow a central limit theorem even
when the processes are not Gaussian. Since we do not wish to assume that the processes
truly are autoregressive, we proposed fitting fixed order autoregressions to the time series
where the autoregressive orders are a function of the sample sizes. It was shown that this

fixed order autoregressive approximation is effective even when the time series are not from
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autoregressions. In a simulation study, the parametric test had higher empirical power than

nonparametric methods.

In Chapter 4 we extended the pseudo-likelihood ratio test of Chapter 3 to fitting
autoregressive-moving average (ARMA) models. It was shown using simulations that if the
autoregressive and moving average orders are known, then fitting ARMA models improves
the power of the test. However, if the orders are not known and are estimated, the test
that fits fixed order autoregressions performs better. A new procedure was developed which
fits ARMA models to two time series with the same model parameters, which was based
on an extension of the Hannan—Rissanen procedure. This procedure may have applications
in, for example, fitting ARMA models to repeatedly observed time series. A topic of future
research therefore will be to generalise this procedure for the case of more than two time

series and to study its asymptotic properties.

In Chapter 5 we considered methods for comparing two or more time series from multi-
variate stationary processes. Three null hypotheses were considered. The first was that the
time series are from vector autoregressions with the same autoregressive parameters. Unlike
the univariate case, this does not necessarily mean that the processes have the same spectral
shape. The second was that the time series are from stationary vector processes with spectral
densities which differ only in scale. The third was that the time series are from stationary
vector processes where each of the corresponding vector components has the same spectral
shape. Techniques were given for estimating the parameters under each of the null hypothe-
ses which were based on maximising Gaussian likelihood functions. It was shown that the
estimators are strongly consistent even when the processes are not Gaussian. The tests per-
formed well in simulations, although in some cases fairly large sample sizes were required for
the Type I error rate to be at the significance level. This was especially the case when the

time series were of high dimension.

In Chapter 6 we considered the estimation of frequency in time series from processes which
contain periodic components. In particular, we developed new procedures for estimating
frequency in the multichannel sinusoidal model. The estimation procedures we developed were
motivated by maximising log-likelihood functions assuming that the stationary components
are Gaussian and white. We then showed that the resulting estimators are strongly consistent
and follow central limit theorems even when the stationary components are not Gaussian,
and coloured. We presented a multivariate version of the Quinn—Fernandes technique, which
can be incorporated into the frequency estimation procedures and is computationally faster

than, for example, maximising the Gaussian white log-likelihood using the Gauss—Newton
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algorithm. The estimator produced by the Quinn—Fernandes technique was shown to be
strongly consistent and follow the same central limit theorem as the maximiser of the Gaussian
white log-likelihood. The estimation procedures performed well in simulations, particularly
with relatively large samples and high signal-to-noise ratios. The simulations demonstrated
where the threshold effect occurs as the signal-to-noise ratio decreases, for different sample
sizes and different noise processes.

The procedures developed in Chapter 6 are for estimating a number of independent fre-
quencies in the multichannel sinusoidal model. The procedures may not work if two frequen-
cies are close together. New estimation techniques will be required for this case, along the
lines of Hannan and Quinn (1989). Also not considered here is where the frequencies are all
harmonics of a fundamental frequency, which was considered by Quinn and Thomson (1991)
for the univariate case. These will be topics for future research.

In Chapter 7 we developed procedures for discriminating between two or more time series
from processes which contain periodic components. Both the univariate and multivariate
cases were considered, and the procedures incorporated the work of each of the previous
chapters. The tests that were produced were generally shown to have good power properties
for detecting differences in the fixed frequencies of two time series with periodic components
in the presence of noise. Some strengthening of the algorithms may be possible, since a small
number of negative test statistics were produced.

The thesis has established a general framework for a parametric approach to time series
discrimination. Future research could look at applying this framework to further classes of
models. For example, ARMA models with exogenous variables or linear regression models
with ARMA errors. Other cases which could be of practical importance are where the time

series are sampled at different time intervals or where the time series have missing values.
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