A STUDY OF MUSIELAK-ORLICZ HARDY
SPACES, WEIGHTED MORREY SPACES
AND BOUNDEDNESS OF OPERATORS

By

Tri Dung Tran

A THESIS SUBMITTED TO MACQUARIE UNIVERSITY
FOR THE DEGREE OF
DoCTOR OF PHILOSOPHY
DEPARTMENT OF MATHEMATICS
Jury 2015

v

MACQUARIE
UNIVERSITY

FACULTY OF SCIENCE


mailto:tridung.tran@mq.edu.au
http://www.mq.edu.au/

This thesis entitled:

A STUDY OF MUSIELAK-ORLICZ HARDY
SPACES, WEIGHTED MORREY SPACES
AND BOUNDEDNESS OF OPERATORS

written by Tri Dung Tran
has been approved for the Department of Mathematics

Xuan Thinh Duong

Paul Smith

Date:

11


mailto:tridung.tran@mq.edu.au

The final copy of this thesis has been examined by the signatories, and we find that
both the content and the form meet acceptable presentation standards of scholarly
work in the above mentioned discipline.

111



© Tri Dung Tran, 2015.

Typeset in KTEX 2¢.

v


mailto:tridung.tran@mq.edu.au

I certify that the work in this thesis has not previously
been submitted for a degree nor has it been submitted as
part of requirements for a degree to any other university
or institution other than Macquarie University.

I also certify that the thesis is an original piece of re-
search and it has been written by me. Any help and
assistance that I have received in my research work and
the preparation of the thesis itself has been appropriately
acknowledged.

In addition, I certify that all information sources and
literature used are indicated in the thesis.

Tri Dung Tran


mailto:tridung.tran@mq.edu.au

vi



Abstract

The main aim of this thesis is to study Musielak-Orlicz Hardy spaces associated with
certain operators and to investigate generalized weighted Hardy-Cesaro operators and
their commutators on weighted Morrey spaces. The main results of the thesis are
presented in the last three chapters.

In Chapter 3, let L be a divergence form elliptic operator with complex bounded
measurable coefficients, let w be a positive Musielak-Orlicz function on (0, c0) of uni-
formly strictly critical lower type p, € (0,1], and let p(z,t) = t~'/w™(z,t7") for
r € R" t e (0,00). We first study the Musielak-Orlicz Hardy space H,, ,(R") and then
its dual space BMO, -(R™), where L* denotes the adjoint operator of L in L?(R™).
The p-Carleson measure characterization and the John-Nirenberg inequality for the
space BMO,, ,(R") are also established. Then, as applications, we show that the Riesz
transform VL2 and the Littlewood-Paley g-function ¢, map H, (R™) continuously
into L' (w).

In Chapter 4, assume that L is an operator which satisfies Davies-Gaffney heat
kernel estimates and has a bounded H,, functional calculus on L?(X), where X is
a metric space with doubling measure, then we develop a theory of Musielak-Orlicz
Hardy spaces associated to L, including a molecular decomposition, square function
characterization and duality of Musielak-Orlicz Hardy spaces Hp,(X). As applica-
tions, we show that L has a bounded holomorphic functional calculus on Hy, ,(X) and
the Riesz transform is bounded from Hy ,(X) to L'(w).

In the last chapter, let ¢ : [0,1] — [0,00) and s : [0,1] — R be measurable
functions, and let T' be a parameter curve in R™ given by (¢,z) € [0,1] x R* —
s(t,x) = s(t)x. Then we study a new weighted Hardy-Cesaro operator defined by

1

Upsf(x) = [ f(s(t)x)(t)dt, for measurable complex-valued functions f on R”. Under
0

certain conditions on s(¢) and on an absolutely homogeneous weight function w, we
characterize the weight function 1 such that Uy, ; is bounded on weighted Morrey spaces
LP*(w) and then compute the corresponding operator norm of Uy . We also give a
necessary and sufficient condition on the function 1, which ensures the boundedness

of the commutator of the operator Uy, s from weighted central Morrey spaces L% (w)

to weighted central Morrey spaces LP*w) (1 < p < ¢ < 0o) for all symbols b in the
space BMO(w).
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Introduction

The introduction and study of classical real-variable Hardy and BMO spaces on the
Euclidean space R™ began in the 1960s with the initial paper of Stein and Weiss [74].
Later, this theory was developed systematically by Fefferman and Stein [39] and stud-
ied extensively in [24] and [73] as well by many others. Since then these classes of
functions have played an important role in a number of analyses, such as modern har-
monic analysis and partial differential equations. It is now well known that there are
various equivalent characterizations of functions in the classical Hardy space. For in-
stance, the Hardy space H'(R") can be viewed as the set of functions f € L'(R"™) such
that the Riesz transform VA~Y2f belongs to L'(R"). We also have alternative char-
acterizations of H'(R") via the atomic decomposition or by the square function and
the nontangential maximal function associated to the Poisson semigroup generated by
the Laplacian. Basically, this standard theory of Hardy spaces is intimately connected
with properties of harmonic functions and of the Laplacian.

Nevertheless, it is a fact that there are some situations in which the classical Hardy
spaces are not applicable. For example, one considers a general elliptic operator in
divergence form with complex bounded coefficients. Let A be an n X n matrix with
entries {a; };‘ w1 C L>(R™, C) satisfying the ellipticity conditions; namely, there exist
constants 0 < Ay < A4 < oo such that for all &, ( € C",

MlE]* < Re(Ag, &) and (A€, Q)] < Aal¢l[C]. (1.0.1)
Then the second-order divergence form operator is given by
Lf =—div(AVf), (1.0.2)

interpreted in the weak sense via a sesquilinear form.
It is shown that the Riesz transform VL~'/2 is bounded on L?*(R") but not bounded

from H'(R") to L'(R") (for more details, see [46]). The need for research of new Hardy
spaces other than the Hardy space H'(R") thus naturally arises.
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In recent years, function spaces, especially Hardy spaces and BMO spaces associ-
ated with different operators have inspired great interest (see, e.g., [5, 8, 9, 33, 35,
36, 45, 46, 84] and references therein). In particular, Auscher, Duong, and McIntosh
[5] first introduced the Hardy space H} (R™) associated with an operator L whose heat
kernel satisfies a pointwise Poisson type upper bound by means of a corresponding vari-
ant of the Lusin area function, and established its molecular characterization. Later,
Duong and Yan [35, 36] introduced its dual space BMO 1 (R") and established the dual
relation between H}(R") and BMO 1 (R"). Yan [384] further generalized these results
to the Hardy spaces H?(R™) with certain p < 1 and their dual spaces. Also, Auscher
and Russ [9] studied the Hardy space H} on strongly Lipschitz domains associated
with a divergence form elliptic operator L whose heat kernels have the Gaussian upper
bounds and regularity. Very recently, Auscher, McIntosh, and Russ [8] treated the
Hardy space H? with p € [1,00] associated to the Hodge Laplacian on a Riemannian
manifold with doubling measure. Meanwhile, Hofmann and Mayboroda [46] further
studied the Hardy space H}(R") and its dual space adapted to a second-order diver-
gence form elliptic operator L on R™ with bounded complex coefficients, and these
operators may not have the pointwise heat kernel bounds. Then Hofmann, Lu, D.
Mitrea, M. Mitrea, and Yan [45] introduced the new Hardy spaces H?, 1 < p < oo, on
a metric space X associated to a nonnegative self-adjoint operator L satisfying Davies—
Gaffney estimates. The motivation for investigating Hardy spaces, for example, is that
boundedness in Hardy spaces can be interpolated with an L?-boundedness to obtain
other LP-boundednesses. For this particular application, the atomic decomposition of
Hardy spaces is very convenient and, as pointed out in some recent works, the set of
atoms is even sufficient, so we do not have to study boundedness on the whole Hardy
space (which may be difficult to prove; see, e.g., [12] and [15]).

On the other hand, as generalizations of Hardy spaces HP(R"), the Orlicz-Hardy
spaces on R" and their dual spaces have received considerable attention as well. In par-
ticular, Stromberg [76] and Janson [48] introduced generalized Hardy spaces H,(R"),
via replacing the norm ||-|| »(gn) by the Orlicz-norm |[|-||11(,) in the definition of H?(R"),
where w is an Orlicz function on [0, 0o) satisfying some control conditions. Viviani [82]
further characterized these spaces H,, on spaces of homogeneous type via atoms. The
dual spaces of these spaces were also studied in [76], [48],[82], and [43]. Very recently,
Orlicz—Hardy spaces associated with certain operators have been investigated by a
number of mathematicians (see, e.g., [51], [49], [50], and [58] and references therein).
In particular, Jiang and Yang [49, 50] introduced the new Orlicz—Hardy spaces asso-
ciated to divergence form elliptic operators and to nonnegative self-adjoint operators
holding Davies—Gaffney estimates. Meanwhile, Liang, D. Yang, and S. Yang [58] pre-
sented some applications of Orlicz—Hardy spaces associated with operators satisfying
Poisson estimates.

Motivated by all of the above-mentioned facts, we will study generalized Orlicz—
Hardy spaces related to generalized Orlicz functions. In this setting, the Orlicz function
¢(t) is replaced by a function w(z,t), called the Musielak—Orlicz function (see [28, 66,
and Chapter 2, Section 2.5 below), that may vary in the spatial variables and possesses
some control conditions. We then introduce a new class of Hardy spaces H,, ,, called
Hardy spaces of Musielak—Orlicz type associated to certain operators L, and their dual



spaces.

In Chapter 2, we will provide some preliminaries and background from harmonic
analysis and operator theory. The main parts of the thesis are the next three chapters,
which we now give a summary.

Chapter 3 is devoted to the study of Hardy spaces of Musielak—Orlicz type associ-
ated to the second-order divergence form elliptic operator L on R™ defined by (1.0.1)
and (1.0.2), and this chapter is organized as follows.

In Section 3.1, we recall some basic notation and known results on second-order
divergence form elliptic operators L. Under some basic assumptions on the Musielak—
Orlicz function w considered in Chapter 2, we show that the Musielak—Orlicz Hardy
space H, 1(R™) behaves, in some sense, more closely like the classical Hardy space.

In Section 3.2, we introduce the tent spaces T,,(R’/™") associated to w and establish
its atomic characterization (see Theorem 3.2.3 below). By the proof of Theorem 3.2.3,
we observe that if a function f € T,(R"™) N TP(R"™), p € (0,00), then there exists
an atomic decomposition of F which converges in both T,(R%™) and T4 (R"™) (see
Proposition 3.2.5 below). As a consequence, we show that if f € T,(RT™) NTZ(R}H),
then there exists an atomic decomposition of f which converges in both T,,(R’") and
TY(R™) for all p € [1,2] (see Corollary 3.2.6 below). These convergences play a
significant role in the whole chapter.

In Section 3.3, we first introduce the Musielak-Orlicz Hardy space H,, (R™), and
then prove that the operator my 5, which is introduced in [36] and initially defined on
f € LR with compact support by

dt

- (1.0.3)

7TL,Mf = CM /OO(tZL)M+1e—t2Lf<.’t)
0

where M € N and

Cus /Oo t2(M+2)€72t2ﬂ =1,
0 t

maps the tent space T3 (R%™) continuously into LP(R™) for p € (pg,pr) and T, (RTH)
continuously into H,, ,(R"™) (see Proposition 3.3.6 below). As a result, we obtain a
molecular decomposition for elements in H,, ;,(R™) N L?(R") which converges in LP(R")
for p € (pr, 2] (see Proposition 3.3.7 below), and then characterize the Musielak—Orlicz
Hardy space H,, 1, (R") via the Lusin-area operator Sp associated to the Poisson semi-
group (see Theorem 3.3.14 below). It should be pointed out here that the divergence
form structure of the operator L plays an important role in obtaining this equivalent
characterization. Next, due to the molecular decomposition of H, (R"™), we further
obtain the duality between H, ,(R") and BMO, -(R") (see Theorem 3.3.20 below).
The rest of Section 3.3 is devoted to establishing the p—Carleson measure character-
ization (see Theorem 3.3.24 below) and the John—Nirenberg inequality (see Theorem
3.3.25 below) for the space BMO,, 1 (R").

In Section 3.4, as an application, we give some sufficient conditions which guarantee
the boundedness of linear or nonnegative sublinear operators from H, r(R") to L'(w).
In particular, we show that the Riesz transform VL~/? and the LittlewoodPaley
g-function g; map H, (R") continuously into L'(w) (see Theorem 3.4.1 below).

3



Chapter 3 is essentially based on a revision of the material as it is going to appear
in Nagoya Mathematical Journal under the title “T. D. Tran, Musielak—Orlicz Hardy
spaces associated with divergence form elliptic operators without weight assumptions”.
It should be pointed here that our approach in Chapter 3 and the article above is
strongly motivated by Hofmann and Mayboroda [46] and Jiang and Yang [49], and
that the majority of our results are closely following those of [49].

However, it should be emphasized that the theory of Orlicz-Hardy spaces developed
in [49] is not true in the setting of Musielak-Orlicz Hardy spaces in general. So our
contribution in Chapter 3 is introducing an appropriate way of generalising the concepts
from the Orlicz setting in [49] to the Musielak—-Orlicz setting, as well as introducing
Assumption (C) (see page 27 and 28) on the Musielak-Orlicz function w(z,t) under
which one can obtain the results similar to but more general than those proved in [49].
Certainly, this extension to the Musielak—Orlicz setting is non-trivial, even though it
naturally and strongly follows from the previous works of [49], [46] and others. Indeed,
there are some new technical results that we need to add to the work in Chapter 3.
For instance, we illustrate here two of such results.

- Lemma 2.5.3, page 28. In order to obtain this key lemma in the Musielak—Orlicz
setting, the functions w™!(z,-) and p(z,-) on Ry (in Definition 2.5.2, page 27) need to
be defined in a different way, compared to the Orlicz case, see [49, page 1175, line 2-4
from below], which enables us to give a proof to Lemma 2.5.3. In addition, this proof
is new even if the Musielak—Orlicz function w(x,t) is independent of the space variable
x and reduces to the Orlicz function w(t).

- Lemma 2.5.1, page 27, which claims the following important properties: un-
der Assumption (C), the function w is uniformly o-quasi-subadditive on R"™ x [0, c0);
namely, there exists a positive constant C' such that for all (z,%;) € R™ x [0, 00) with

JE€ Ly, wx, > 2 t;) < CY 22 wlx,t;). Moreover, if we let w(z,t) = J@ ds for
all (z,t) € R™ x [0, 00), then w is equivalent to w.

Note that both Lemma 2.5.1 and Lemma 2.5.3 play a significant role in generalising
the well-known theory in the Orlicz setting from [49] to the more general theory in the

Musielak—Orlicz setting in Chapter 3.

While our article [81] was submitted, we learned that the theory of Musielak—Orlicz
Hardy spaces associated with operators has also been studied independently by the
authors in [85]. Later, provided that X is a metric space with doubling measure then the
Musielak—Orlicz Hardy space, associated with a one-to-one operator of type w having
a bounded H,, functional calculus in L?*(X’) and satisfying the reinforced off-diagonal
estimates, was investigated in [17]. As a special case of this setting, the Musielak—Orlicz
Hardy space associated with divergence form elliptic operators with complex bounded
measurable coefficients on R"™ was also treated. Basically, the Musielak—Orlicz functions
w considered in [85] and [17] are growth functions, that is, the functions w(-,¢) belong
to the uniformly weight class A, and satisfy the uniformly reverse Holder condition.
However, whether the assumptions on a Musielak—Orlicz function in [85] and [17] and
Assumption (C) in Chapter 3 can be comparable is still unclear to us.

As a continuation to the previous work, in Chapter 4 we study a more general-
ized form of Musielak-Orlicz Hardy spaces Hy ,(X) associated to operators, and their
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dual spaces, under the assumptions that the operators have bounded H., functional
calculi and satisfy Davies—Gaffney estimates. We remark that our assumption that
the operator having a bounded H,, functional calculus is much weaker than the usual
assumption that L being nonnegative self-adjoint which played an important role in a
number of the previous works, see for example [45, 49, 50]. For example, a nonnegative
self-adjoint operator L with Davies—Gaffney estimates would satisfy the finite speed
propagation property for solutions of the corresponding wave equation, see [71] (see
also [45]), and allows us to construct the Hardy space via (w, M)-atoms, see [45, 49, 50].

There are two key generalizations in this work.

First, we replace the assumption that L is a nonnegative self-adjoint operator by the
weaker assumption that L has a bounded H,, functional calculus on L?*(X). This would
allow a much larger class of applicable operators L. For example, it is well known that
in general the second-order divergence form operator L defined by (1.0.1) and (1.0.2)
is not a self-adjoint operator, but L has a bounded H,, functional calculus on L*(X);
see for example [10]. For another example, one considers the operator L = b(z)A, a
special case of a second-order elliptic operator in non-divergence form with bounded
measurable complex coefficients, where A denotes the Laplacian in R™ and b denotes
an w-accretive function on R™, w € [0, 7), with bounded reciprocal, meaning that b
and ; belong to L>(R",C) and |argb(z)| < w for almost all z € R™. The operator
L = b(x)A is clearly not self-adjoint in general and it has a bounded H,, functional
calculus on L*(X), see [62, Proposition 1.1]. Furthermore, if Rb(z) > 6 > 0 for almost
all z € R™, then the semigroup {e~*},.q satisfies the Davies—Gaffney estimate (4.1.1),
see [31].

Second, the Orlicz functions ¢(t) appearing in many of previous works are replaced
by more general Musielak—Orlicz functions w(z,t). In the particular case when w =
t?,p € (0,1], our results are in line with those in [30]. In another special case, if w
is an Orlicz function on R, with p, € (0, 1], which is continuous, strictly increasing
and concave then by Jensen’s inequality it can be verified that Assumption (C) on the
function w holds (see Section 2.5 below). In this sense, our work is an extension to
[42].

Chapter 4 is organized as follows. In Section 4.1, we present some assumptions
on the operator L. In Sections 4.2, we shall introduce Musielak—Orlicz Hardy spaces
Hp . (X). Then we show that each function in Hp, ,(X) can be represented as a de-
composition of (w, €, M)-molecules and more importantly, the space of all finite lin-
ear combinations of (w, €, M)-molecule is dense in Hp, ,(X). Then the dual spaces of
Hp ., (X) are investigated. In the last section, we consider applications of the holo-
morphic functional calculus of the operator L and certain Riesz transforms associated
to L. By using the molecular decomposition associated to the operator L and the
Musielak—Orlicz function, we shall show that L has a bounded holomorphic functional
calculus on the Musielak—Orlicz Hardy spaces Hp ,(X) and the Riesz transforms are
bounded from Hy ,(X) to L*(w).

Chapter 4, in full, is a revision of the material as it is going to appear in Journal
of the Mathematical Society of Japan under the title “Musielak—Orlicz Hardy spaces
associated to operators satisfying Davies—Gaffney estimates and bounded holomorphic
functional calculus”, a joint work of X. T. Duong and T. D. Tran.



In Chapter 5, we investigate generalized weighted Hardy—Cesaro operators and their
commutators on weighted central Morrey spaces.
Let us consider the classical Hardy operator U defined by

Usw) = [ rois 20

for f € L] _(R). A celebrated Hardy integral inequality, see [44], can be formulated as

loc

p
U fllrey < pTle”LP(R)»

where 1 < p < o0, in which the constant ﬁ is known as the best constant.

The Hardy integral inequality and its variants have played an important role in
various branches of analysis such as approximation theory, differential equations, theory
of function spaces, etc. Therefore, the Hardy integral inequalities for operator U and
their generalizations have been studied extensively.

Up to now, there are two types of Hardy operator in n—dimension case. The first
type was introduced by Faris [38] and studied further by M. Christ and L. Grafakos

[21] in the equivalent representation

1
W) = e [ W (104

where €2, = F(%fﬂ) Various approaches are described and some extensions are given
for the Hardy operators U, H and their modifications. Particularly, there appeared a
lot of papers which have discussed the problems of characterizing the weights (u,v),
for which U and its generalizations are of weak and strong type (p, q), or are bounded
between Lorentz spaces, BMO spaces, ...(see [1, 16, 37, 60, 64, 68, 70, 72, 73, 75]).
The second type of Hardy operator was introduced by Carton-Lebrun and Fosset
[19], in which the authors defined the weighted Hardy operator Uy as follows. Let
Y [0,1] — [0,00) be a measurable function, and let f be a measurable complex-

valued function on R". Then the weighted Hardy operator U, is defined by

Upf(x) :/0 fltz)y(t)dt, x e R". (1.0.5)

Under certain conditions on 1, [19] showed that Uy is bounded from BMO(R™)
into itself. Moreover, U, commutes with the Hilbert transform in the case n = 1 and
with certain Calderén—Zygmund singular integral operators (and thus with the Riesz

transforms) in the case n > 2.
In [83], J. Xiao obtained that Uy is bounded on LP(R") if and only if

1
A::/ P (H)dt < oo
0

and showed the interesting estimate that the corresponding operator norm is exactly
A. J. Xiao [83] also obtained the BM O(R™)—bounds of Uy, which sharpened the main
result in [19].



There is a connection between the above two types of Hardy operator. If ¢(t) = 1,
and n = 1, then Uy, is just reduced to the classical Hardy operator U. If n > 2, then the
restriction of H on the class of radial functions is Uy with ¢(t) = nt"~! (see [21, 88]).
Thus, a number of results on the Hardy operators of the second type would be helpful
in obtaining certain estimates for the Hardy operators of the first type.

Observe that the value of Uyf at a point x just depends on the weight average
value of f along a parameter s(t,x) = tz. We consider the generalized weighted
Hardy-Cesaro operator as follows.

Definition 1.0.1 Let ¢ : [0,1] — [0,00), s: [0,1] = R be measurable functions. Then
the generalized weighted Hardy—Cesaro operator Uy, 5, associated to the parameter curve
s(x,t) := s(t)z, is defined by

Uy (2) = / £ (s(t)x) (t)dt, (1.0.6)

for measurable complex-valued functions f on R™. See [22].

Note that the class of operators Uy, s contains both types of classical Hardy operator
and Cesaro operator. If s(t) = t, Uy s is reduced to Uy and if s(t) = 1/¢, we replace
Y(t) by t7"(t), then Uy s is reduced to weighted Cesaro operator

Vof(z) = /0 f(z/t)t"p(t)dt.

The operator V,, can be generalized to

Vo f(a) = / £ (s(8)) [s(B)" o (t)dt. (1.0.7)

Definition 1.0.2 Let b be a locally integrable function on R™. The commutators of b
and operators Uy, s, Vi, s are respectively defined by

UL o f = bUpa(f) = Ups(bF), (1.0.8)

and
Vo f (@) = bV o(f) = Vi (bf). (1.0.9)

Recently, Z. W. Fu, Z. G. Liu, and S. Z. Lu [41] gave a necessary and sufficient
condition on the weight function v, which ensures the boundedness of the commutators
of weighted Hardy operators U, on LP(R™), 1 < p < oo, with symbols in BMO(R™).
In addition, several authors have considered the boundedness and bounds of U, on
Morrey spaces, Campanato spaces, @y ~type spaces, Triebel-Lizorkin-type spaces (see
[55, 78, 79, 88]).

Our aim in Chapter 5 is to study weighted norm inequalities for the generalized
weighted Hardy-Cesaro operator Uy ; and its commutator Ué’)’s on weighted Morrey

7



spaces (see Section 5.1 below). More precisely, for weights w in the class W, (see
Section 5.2 below), we obtain a necessary and sufficient condition on the function 1)
such that Uy 4 is bounded on LP*(w) (Theorem 5.2.4). We also find a characterization
on ¢ (t) (the condition (ii)) so that for 1 < p < ¢ < oo, the commutator U}, , of the
generalized weighted Hardy-Cesaro operator Uy s is bounded from weighted central

Morrey spaces [ %M w) to weighted central Morrey spaces [?*(w) for all symbols b
in BMO(w) (see Theorem 5.3.2). For the case 1 < p = g < oo, whether the above
condition (ii) on (t) in Theorem 5.3.2 is sufficient for the boundedness of U}, on

LPMw) for all b € BMO(w) is still an interesting open question to us. Instead, we
only proved that the condition (ii) is sufficient for the operator M, . (U5 (.)) to be

bounded on LP*(w) and on [?*(w) for all b € BMO(w), where M,,. is the Hardy-
Littlewood central maximal operator with respect to the measure w(z)dz, that is

/\f )|w(y)dy,

where the supremum is taken over all balls B centered at the origin and containing x
(see Theorem 5.3.7). These results are in line with those obtained in [83], [41], [22] and
extend the results in [42].

The majority of the material in Chapter 5 is a revision of the material as it appeared
in “T. D. Tran, Generalized weighted Hardy—Cesaro operators and their commutators
on weighted Morrey spaces, J. Math. Anal. Appl. 412 (2014), no. 2, 1025-1035”. Tt
should be pointed out here that recently we were informed that there was a mistake
in the proof of Theorem 3.1 in the article mentioned above, and so one direction of
this theorem might not be true. In the current thesis, we, taking this notification into
account, have revised all the work in [80] and fixed that mistake while writing Chapter
5. We will also submit a corrigendum of the article [80] to Journal of Mathematical
Analysis and Applications as soon as we can.

M. f(2) = sup



Preliminaries

2.1 Spaces of homogeneous type and Muckenhoupt
weights

2.1.1 Spaces of homogeneous type

In order to extend the Calderén-Zygmund theory from the FEuclidean spaces to more
general settings, in [25], the authors introduced certain metric spaces with the doubling
measures. These spaces are called spaces of homogeneous type. In this section, we
recall definition of spaces of homogeneous type and the Hardy spaces on spaces of
homogeneous type, see for example [25].

Let (X, d, ) be a metric space, with quasi-distance d and p is a nonnegative, Borel,
doubling measure on X.

Denote by B(z,r) the open ball of radius 7 > 0 and center z € X, and by V' (z,r) its
measure u(B(z,7)). The doubling property of u provides that there exists a constant
C > 0 so that

Vz,2r) < CV(x,r) < oo (2.1.1)

for all z € X and r > 0.
Notice that the doubling property (2.1.1) implies that following property that

V(z, Ar) < CXN'V(x,r), (2.1.2)

for some positive constant n uniformly for all A > 1,2 € X and » > 0. There also
exists a constant 0 < N < n such that

Vi(z,r) < O(l + @)NV(% r), (2.1.3)

9



uniformly for all z,y € X and r > 0.

To simplify notation, we will often just use B for B(xpg,rg). Also given A > 0, we
will write AB for the A-dilated ball, which is the ball with the same center as B and
with radius ryg = Arg. For each ball B C X, we set

So(B) = B and S;(B) =2/B\2"'B for j € N.
We now consider some examples on the spaces of homogeneous type in [25]:
(i) X =R", d(z,y) = |r — y| and p is the Lebesgue measure;

(i) X =R, d(x,y) = 2?21 |z; — y;|* where v = (z1,...,2,), y = (y1,...,Yn) and
aq, ..., Q, are positive numbers, not all equal, and p is the Lebesgue measure;

(iii) X =R, ={r e R:r >0}, du(r) = r""'dr, d is the usual distance;

(iv) X is a Lipschitz domain in R", d(z,y) = |z — y| and pu is the Lebesgue measure.

2.1.2 Calderén-Zygmund operators

Calderén-Zygmund theory plays an important role in studying the boundedness of
singular integrals on the setting of spaces of homogenous type introduced by Coifman
and Weiss in [25]. Let us recall here the concept of Calderén-Zygmund operators on a
space of homogenous type (X, d, u).

By a kernel on X we shall mean a function K : {(z,y) € X x X\ 1z #y} = C
which is locally integrable away from the diagonal.
Definition 2.1.1 A kernel K(-,-) € LL (X x X\{(z,v) : = y}) is called a Calderdn-
Zygmund kernel, or a C-Z kernel, if there exist two constants 6 > 0 and C' > 0 such
that

(i)

|K(z,y)| < Cd(xly)n for all x # y; (2.1.4)
(i) 5
K (2,y) = K(z,9)| + K (g, 2) = K(y,2)] < 05% (2.1.5)

whenever d(z, z) < d(z,y)/2.

Basic examples of the kernels which satisfy (2.1.4) and (2.1.5) are K(z,y) = (x —y) ™!
and K(z,y) = |x —y|™! on the real line. In many circumstances, condition (2.1.5) can
be replaced by the stronger condition

C

K < —
VK (z,y)] < (w7
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A linear operator T is called a Calderdn-Zygmund operator with kernel K (-, -) satisfying
(2.1.4) and (2.1.5) if for all f € L*°(u) with bounded support and = ¢ suppf,

Tf(z) = /X K (2, 9) £ (9)du(y).

The maximal operator T, associated with a Calderon-Zygmund operator T is defined

by
T.f(x) =sup|T.f(x)|,

>0

where T.f(2) = [y,.5 K (2, 9) f()du(y).

A Calderon-Zygmund singular integral is a Calderén-Zygmund operator that satis-
fies

Tf(x)=1limT.f(x).
e—0
The following result implies that if a Calderén-Zygmund operator is bounded on L?
then this operator and its maximal operator both are bounded on LP for 1 < p < o0,
and are of weak type (1, 1). Hence, given an operator with a Calderén-Zygmund kernel,
the problem reduces to showing that it is bounded on L?.

Proposition 2.1.2 If a Calderén-Zygmund operator T is bounded on L*(X, ), then
T and T, are bounded on LP(X, ) for 1 < p < oo, and are of weak type (1,1).

When one says 1" is bounded on LP, we mean 71" can be extended to an LP-bounded
operator. More precisely, we have

ITfl[r < Cllfl|zr for all f € LP(X).

It is important to note that the weak type (1,1) property of an L? boundedness
singular integral operator still holds if we replace the condition (2.1.5) in Definition
2.1.1 by the Homander integral condition. Recall that the kernel K (x,y) satisfies the
Homander integral condition if there exist constants C' > 0 and § > 1 such that

/ K (2,y) — K(z,y1)|dz < C, (2.1.6)
d(z,y)>8d(y1,y)

for all y,y; € X.

Very recently, in connection with the study of the Cauchy integral, the question
has arisen of extending the theory of singular integrals to nonhomogeneous spaces like
topological spaces X with a pseudo-metric p and a measure y which is not doubling.
For example, F. Nazarov, S. Treil and A. Volberg [67], and T. A. Bui and X. T. Duong
[18] have shown that the above result remains true when p is a metric and there exists
a constant n > 0 such that for all x € X and r > 0, u(B(z,r)) <™

11



2.1.3 Muckenhoupt weights

The theory of weighted inequalities for the maximal function and singular integrals is
a natural development of Calderén-Zygmund theory. We can describe one of principal
problems as follows.

Let M be the Hardy-Littlewood maximal function on X,

M f(z) = sup -

and we expect to characterize the nonnegative measure dv so that

/X M f(2)Pdu(z) < C /X (@) P (z) (2.17)

for some p,1 < p < 0.

In Euclidean setting X = R"™ and p is the Lebesgue measure, Muckenhoupt [65]
proved that inequality (2.1.7) holds if and only if dv is in the class A,. It is now called
a Muckenhoupt class. The extension of Muckenhoupt class of weights to the spaces of
homogeneous type was investigated in [77]. In this section, we give a brief definition
of the Muckenhoupt class of weights and some their basic properties as well, see for
example [77].

For the weight w, we shall mean that w is a non-negative local integrable function
on X. We shall denote w(E) := [, w(z)du(z) and V(E) = pu(E) for any measurable
set FC X. Forl <p<oo let P be the conjugate exponent of p, i.e. 1/p+1/p = 1.

We first introduce some notation. We use the notation

]é h(@)du(z) = ﬁ / h(x)du(z).

A weight w is a non-negative measurable and locally integrable function on X. We say
that w € A, 1 < p < oo, if there exists a constant C' such that for every ball B C X,

-1
(f w@au@) (£ w oD @au)" <c.
B B
For p =1, we say that w € A; if there is a constant C' such that for every ball B C X,
][ w(y)du(y) < Cw(z) for a.e. x € B.
B
We set As = Up>14,.

The reverse Holder classes are defined in the following way: w € RH,,1 < g < oo,
if there is a constant C' such that for any ball B C X,

(]iwq(y)du(y)>l/q < O]{gw(x)d“@)'

12



The endpoint ¢ = oo is given by the condition: w € RH,, whenever, there is a constant
C such that for any ball B C X,

w(z) < C’]iw(y)du(y) for a.e. z € B.

Let w € Ay, for 1 < p < o0, the weighted spaces LP(X,w) can be defined by

{f:/X]f(x)]pw(x)du(x)<oo}
with the norm y
e = ( [ @lPotdua) "

We sum up some of the standard properties of classes of weights in the following
lemma. For the proofs, see for example [7, 29, 77].

Lemma 2.1.3 The following properties hold:
(i) Ay C A, C A, forl<p<gqg<oo.
(i) RHy, C RH, C RH, for1 <p<gq < 0.
(11i) If w € Ay, 1 < p < oo, then there exists 1 < r < p < oo such that w € A,.
(w) Ifwe RH,, 1 < q < oo, then there exists ¢ < p < 0o such that w € RH,.
(v) Ao = Ur<peooly C Uicg< RH,
(vi) Let 1 < py < p < qo < 0o. Then we have

weAr NRHw, < w' " ¢ A, NRH , .
¥ ) ( p ) % p7(/))/

It is important to note that in Euclidean setting, we have Ao, = UicgcocRH,.
However, in general, A is a proper subset of U,<ooRH,, see for example [77, p. 9].

Lemma 2.1.4 Let B be a ball and E be any measurable subset B. Let w € A,,p > 1.
Then, there exists a constant C; > 0 such that

If we RH,,r > 1. Then, there exists a constant Cy > 0 such that

w(F) V(E)\ 5
w(B) = CQ(V(B)) '

From the first inequality of Lemma 2.1.4, if w € A,,1 < p < oo then for any ball
B C X and A > 1, we have
w(AB) < CA"w(B).
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2.2 Hardy spaces

2.2.1 Characterizations of classical Hardy spaces

There exists an abundance of equivalent characterizations for Hardy spaces, of which
only a few representative ones are discussed in this section. For historical reasons,
however, we choose to define Hardy spaces using a more classical approach.

Definition 2.2.1 Let f be a tempered distribution on R™, let 0 < p < oo, and let P
be the Poisson kernel, that is

(kL
P(I) — — ( 2 )2 -
w2 (14 |zf7) °
If the Poisson nontangential mazimal function PS(f)(x) = sup |(f*P)(y)| €

ly—z|<t
LP(R™), then we say f belongs to the Hardy space HP(R™), where {(y,t) : |y — z| < t}
is a cone in R = {(y,1) : y € Rt > 0}, and P(x) = - P(i-'z).

In view of Definition (2.2.1), one can easily see that this definition does not completely
get rid of the dependence on harmonic functions because of the Poisson kernel appearing
in the definition. Then a natural question arises: can the Poisson kernel in Definition
(2.2.1) be replaced by any other kernel of approximation to the identity? Fefferman
and Stein gave out an affirmative answer to this question in [39]. They introduced the
maximal functions associated with smooth kernel as follows.

Definition 2.2.2 Suppose ¢ € S(R") and [ ¢(x)dz = 1. If we write

po(f)(@) = sup [(f*e)y)l,

ly—z|<t
then & (f) is called the p—nontangential maximal function of f.

Definition 2.2.3 Let m € N, and let

K,, = {‘P €SMR™): sup (1+|u))™™"|D®(u)| < 1} .

u€R™ |a|<m

If we write

f(@) = sup &G(f)(x),
then fr s called the Grand mazimal function of f.

The following basic result is proved by Fefferman and Stein.

Theorem 2.2.4 Suppose f € S'(R"), 0 < p < 0o, andm > 1+ %. Then the following
statements are equivalent.

(i) f € H'(R").
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(ii) There exists a function ¢ € S(R™) with [ ¢(x)dxr = 1, such that p&(f) € LP(R™).
(iii) f;, € LP(R")
Let us now recall the notion on the type of operators.

Definition 2.2.5 Suppose X is a quasi-normed linear space and T is a sublinear op-
erator. If T maps X into LP and satisfies

171, < Cllfllx
where C' is independent of f, then T is called to be of type (X, LP). If the above
inequality is replaced by

H{x e R": |Tf(x)| > A} < C(%)p,

where C' is independent of f and A, then T is called to be of weak type (X, LP).

It follows from Theorem (2.2.4) that the maximal operator T : f — f* is of type
(HP?, LP). In the case p > 1, we shall obtain further results on the type of this maximal
operator in the following, see for example [59] for the proof of the proposition below.

Proposition 2.2.6 Let m > 1 and p > 1. Then we have

(i) T : f > fr is of weak type (L', L').

(i) T : f— f} is of type (LP, LP).
As an immediate consequence of Theorem (2.2.4) and the above proposition, we have
Proposition 2.2.7 If1 < p < oo then HP(R") = LP(R").

Therefore, we are interested in the real H? spaces only for 0 < p < 1.
In addtion, H?(R™) spaces can be characterized in terms of the Lusin area integral
in [39]. This can be precisely formulated as follows.

Proposition 2.2.8 Suppose f € S'(R™) and 0 < p < 1. Then the following statements
are equivalent.

(i) f € HP(R™).
(i) S(f) € LP(R") and tlggo (f x P;)(x) =0, where

1/2

S(f)(x) = // V(S * B ()P dydt
I'(z)

and
D(x)={(y,t) e RY : |y — | < t}.
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2.2.2 Atoms and atomic decompositions

The atomic decomposition theory of H?(R™) spaces marks an important step of further
developments on its real variable theory. Using the grand maximal function, Coifman
[23] first showed that an element in H?(R™) can be decomposed into a sum of a series
of basic elements. Then the study on some analytic problems on HP(R™) is reduced
to investigating some properties of these basic elements, and so the problems become
quite simple. These basic elements are called atoms. Let us now recall the definition
of an atom.

Definition 2.2.9 Let 0 < p < 1 < g < 00,p # q, and the nonnegative integer s >
n(1/p —1)] ([z] indicates the integer part of x). A function a(x) € LY(R™) is called a
(p,q,s) atom with the center at xq if it satisfies the following conditions:

(7’) S’Upp a C B(I’(),T);
(ii) llall, < [B(wo,r)["/"717;
(iii) [a(x)z®dez=0,0<|a| <s.

Here, (i) means that an atom must be a function with compact support, (ii) is the size
condition of atoms, and (iii) is called the cancellation moment condition. Clearly, a
(p, 00, s) atom must be a (p,q,s) atom, if p < g < co. Let us now define a class of
function space generated by atoms.

Definition 2.2.10 The atomic Hardy space HP%5(R™) is defined by

HP9S(R™) = {f €8 flz) =) Max(x),> | < oo} :
k k

where each ay is a (p,q, s) atom.

Setting H?%* norm of f by

1/p
Wlger =it (Shr)

k
where the infimum is taken over all decompositions of f = > Apay. It is easy to verify
i
that HP%*(R™) is a complete metric space with the distance
o(f,9) = If — gllgpas-

Particularly, H}4*(R") is a Banach space. Coifman [23] proved that HP%*(R) =
HP(R). This indicates that each element in H?(R) can be decomposed into a sum of

atoms in certain way.
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Theorem 2.2.11 Let 0 < p < 1 < q < o0,p # q, and the nonnegative integer
s> [(1/p—1)]. Then HP**(R) = H?(R), and

||fHHgv‘1vS ~ ||f||Hp

Later, R. H. Latter [57] generalized Theorem 2.2.11 to high dimension and obtained
the following result.

Theorem 2.2.12 Let 0 < p < 1 < ¢ < 00,p # q, and the nonnegative integer
s > [n(1/p—1)]. Then H?%*(R™) = HP(R"), and

1A zpaes ~ 1SN o

Using atoms is helpful in studying the H? boundedness of operators.
Proposition 2.2.13 If for any (p,q,s) atom a, Ta € L"(R"™), and
[Tall < C,

where C' is independent of a, (p,q,s) as in Definition 2.2.9, and 1 > r > p, then T is
of type (HP, L").

2.2.3 Molecules and molecular decompositions

The basic idea of the atomic decomposition theory of H? spaces is just to decompose
the elements of H? into a sum of series of atoms in some form. However, we need the
compact support condition when working with atoms. Thus, a natural problem that
arises is that: Can we choose functions without compact supports as basic elements in
the decompositional structure of H?? We call these functions molecules.

Definition 2.2.14 Let 0 < p <1 < ¢ < oo, and the nonnegative integer s > [n(1/p —
1)], e > max{%, % - 1}, ap=1-— % +e, and by =1— % +e. A function M € L(R")

is said to be a (p,q, s, €) molecule centered at o, if it satisfies the following conditions.
(i) || M(x) € LI(R");

1—(ao/bo)

(ii) No(M) = | Mg [ M ()] = o™ < 00;

q
(i) [ M(x)x*dz =0, |af < s.

R”
It is well know that an element in H? can be represented as a sum of a series of

molecules in some form.

Proposition 2.2.15 Let p,q,s and € as in Definition 2.2.14. Then f € HP%*(R") if
and only if

f(x) =) AeMy(x),
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where each My, is a (p,q,s,€) molecule, > |\i|" < oo, and there exists a constant C
k

independent of k such that N,(My) < C. Moreover,

1/p
. p
- (zw =S M
k k

For the boundedness of operators on H? spaces, one of the most interesting questions
is that what kind of operators is of type (H?, H?). By means of atoms and molecules,
this problem is reduced to whether the images of atoms under the action of operators
are molecules. More precisely, one has the following result, see [59] for the proof.

Proposition 2.2.16 Suppose p1 < ps < 1. If for any (p1,q,s1) atom a, Ta is a
(p2, G2, S2, €) molecule, and satisfies

Nq2 (TCL) S CJ

where C' is independent of a, then T is of type (HP*, HP?), where (p1,q1,s1) is as in
Definition 2.2.9 and (ps, gz, S2, €) is as in Definition 2.2.14.

2.2.4 Interpolation of operators

The classic Marcinkiewicz interpolation theorem of operators shows that if 1 < p; <
p < p2 < 00, and the sublinear operator T is of weak type (LP', LP') and weak type
(LP2, LP?), then T is of type (LP, LP). A natural question that arises is that if p < 1,
what would happen to the interpolation of operators. The following theorem gives an
answer to the above question, see [59]. It is also regarded as a generalization of the
Marcinkiewicz interpolation theorem mentioned above.

Theorem 2.2.17 Assume that 0 < p; < 1 < py < 00, and a sublinear operator T' is
of weak type (HP', LP*) and weak type (LP?, LP?).

(i) If 1 < p < py then T is of type .
(i) If p1 < p <1 then T is of type (H?, LP).

It should be pointed out that when p; = 1 and py = oo, there also is an interpolation
result that differs from either the Marcinkiewicz theorem or Theorem 2.2.17. This result
is formulated as follows, see [59].

Proposition 2.2.18 Suppose a sublinear T is of type (H', L) and of type (L, BMO),
where LY is the space of bounded measurable functions with compact support and BMO
is the space of bounded mean oscillation functions (see Section 2.3 below). Then T is
of type (LP, LP) for 1 < p < oo.
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2.2.5 Coifman and Weiss’s Hardy spaces

Let us now recall the definition of the Coifman and Weiss’s Hardy spaces Hpy, (X) as
in [25]. Let 0 < p < 1. We say that a function a is a (2, p) atom if there exists a ball
B such that

(i) supp a C B;

(i) llafl2 < V(B)Y217,

(iil) [a(x)u(z) =0.

The atomic Hardy space Hlyy (X) is defined as follows. We say that a function

f € HLyw(X), if f € L' and there exist a sequence (\j);en € ' and a sequence of
(2,1)-atoms (a;)jen such that f =3, \a; in LY(X). We set

£z, (x) = inf { Z A f = Z)\j&j}.
J

J

To define the Hardy space Hyy, (X) for 0 < p < 1, we need to introduce the
Lipschitz space £,. We say that the function f € £, if there exists a constant ¢ > 0,
such that

|[f(x) = f(y)| < ¢[BI*

for every ball B and x,y € B, and the best constant ¢ can be taken to be the norm of
f and is denoted by || f||c., -

Let 0 < p < 1land o = 1/p—1. We say that a function f € HZ,, (X), if f € (£4)%,
the conjugate space of £,, and there are a sequence (\;);en € ¥ and a sequence of
(2,p)-atoms (a;)jen such that f =737 Aja; in (£4)*. We set

Az 00 = inf { O INPYP 2 £ =D Ny -

Note that when 0 < p <1, |||z, , is not a norm but d(f, g) = [|f — gl z,, is a metric.

2.3 BMO spaces

This section is written mainly based on Chapter 6 of [29].

2.3.1 Classical BMO spaces on R”

Given a function f € Ll _(R") and a ball B in R", let fg denote the average of f on

B loc 1
o= 57 B/ ;

Define the sharp maximal function by

1
f = — _
M f(z) = oy B/!f Bl (2.3.1)
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where the supremum is taken over all balls B containing x. Fach of these integrals
measures the mean oscillation of f on the ball B. We say that f has bounded mean
oscillation if the function M7 is bounded. The space of functions with this property is
denoted by BMO, that is:

BMO={f€eLj. :MfeL®}.
We define a norm on BMO spaces by

£l a0 = || MFF| . -

This is not properly a norm since any function which is constant almost everywhere
has zero oscillation. However, these are the only functions with this property, and
it is customary to think of BMO as the quotient of the above space by the space of
constant functions. In other words, two functions which differ by a constant coincide as
functions in BMO. On this space || f|| 5,0 is @ norm and the space is a Banach space.

Proposition 2.3.1

1 1
31 o < sup it o [ 17() = aldo < o (232)
B
and
MH(fI) () < 2M*f (). 233

Inequality (2.3.2) defines a norm equivalent to the BMO norm, and provides a way
to show that f € BMO without using its average on B: it suffices to find a constant
a (that can depend on B) such that

1
7 [ (@) —alde <C
71/

with C' independent of B.

It follows from (2.3.3) that if f € BMO then |f]| is also in BMO. However,
the converse is not true. Clearly, L> C BMO, but there are also unbounded BMO
functions. The typical example on R is

flz) = log (ﬁ) ol < 1 .
0 Jzl > 1

It is well-known that the function f above is a BMO function but the function
sgn(z) f(x) is not in BMO.
The following result shows the connection between BM O and singular integrals.

Proposition 2.3.2 Let T be a Calderon-Zygmund operator. Then if f is a bounded
function of compact support then T'f € BMO, and

1T fllgro < Cllfllo:
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In applying interpolation theorems (such as the Marcinkiewicz interpolation theo-
rem) we often use the fact that an operator is bounded from L* to L. It is well-known
that we can replace this with the weaker condition of boundedness from L*> to BMO.

Proposition 2.3.3 Let T be a linear operator which is bounded on L7 for some q,
1 < g < o0, and is bounded from L to BMO. Then T is bounded on LP for all p,
q<p< 0.

2.3.2 The John-Nirenberg inequality

In this section we examine the rate of growth of BMO functions. Let us first consider
log(1/ |z]). On the interval (—a,a), its average is 1 — log(a), and given A > 1 the set
where

[log(1/[z[) — (1 —loga)| > A

has measure 2ae~*~!. The following result, which is well-known as John-Nirenberg

Inequality, shows that in some sense the logarithmic growth is the maximum possible
for BMO functions.

Proposition 2.3.4 Let f € BMO. Then there exist two constants c and C, depending
only on the dimension, such that for any ball B in R™ and any A > 0,

{z € B:|f(z) = fz| > A} < CemNWlavo | B]. (2.3.4)

As a consequence of Proposition (2.3.4), one gets the following interesting state-
ments

Proposition 2.3.5 For allp, 1 <p < o0,

1/p

1
lssion =5 | 5 / @) — folds

is a norm on BMO equivalent to the BMO norm.

Proposition 2.3.6 Given a function f and suppose that there exist constants Cy, Cs,
and K such that for any ball B and any \ > 0,

{z € B:|f(x) = fz| > A} < Cre" VK |BI.
Then f € BMO.
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2.3.3 Carleson measures

Definition 2.3.7 A positive measure v on R’ is called a Carleson measure if for
every cube ) i R™,

v(@ % (0,1(Q))) < Cla],

where 1(Q) is the side length of Q. The infimum of the possible values of the constant
C' is called the Carleson constant of v and is denoted by ||v|| .

An example of a Carleson measure in the upper half-plane Ri is drdf (polar coor-
dinates).

The property underlying the definition of Carleson measures is not limited to cubes
but also extends to more general sets. Given an open set £ C R", let

E={(x,t) eR™" : B(x,1) C E}.
then the following is true.
Proposition 2.3.8 If v is a Carleson measure on RTl and E C R"™ is open, then
v(E) < C|v|||E].

The converse of the above proposition is also true, that is, if for any ball B in R,
v(B) < C|B| then v is a Carleson measure on R and ||v|| is comparable with the
constant C' appearing in the above inequalily.

A Carleson measure can be characterized as a measure v for which the Poisson inte-
gral defines a bounded operator from LP(R", dx) to LP(R""', v). This is a consequence
of a more general result.

Proposition 2.3.9 Let ¢ be a bounded, integrable function which is positive, radial
and decreasing. For t > 0, let ¢y(x) = t "¢(t'z). Then a measure v is a Carleson
measure if and only if for every p, 1 < p < o0,

/ | * f(2)|Pdv(x,t) < C/ |f(2)|Pdz. (2.3.5)
R R™
The constant C' is comparable with ||v|| .

Carleson measures can also be characterized in terms of BMO functions.

Proposition 2.3.10 Let b € BMO and let ¢ be a Schwartz function such that [ 1 =
R’I’L
0. Then the measure v defined by

dxdt
dv = |b* () QT

is a Carleson measure such that ||v| is dominated by ||b||%0 -
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2.3.4 Dual space of BMO space

In [39], Fefferman and Stein proved that the dual space of the bounded mean oscillation
function space is just the Hardy space H'(R"). Their result can be stated as follows.

Theorem 2.3.11 If g € BMO(R") then

Lf = / f(2)g(x)da

is a bounded linear functional on H'(R™). Conversely, for any bounded linear functional
L on HY(R™), there exists a function g € BMO(R") such that

Lf = [ f@gla)de, vf € H(E).

2.4 Holomorphic functional calculus

Given an operator T, one can define T% = T(T...(T)) by taking the composition of
T with itself k times. Thus for a polynomial p(z) = apz® + - - - a1z + ag, the operator
p(T) can be defined naturally as a,T* + ---a,T + aol. Hence for a rational function

r(z) = ‘;% where ¢(z) = b,,2™ + - - - b1z + by, the operator r(T") can be defined as

CLka + - alTaOI

b T T ool T A aTaol) (b T™ 4 by T A bol)

r(T)
assuming that the inverse operator (b,, 7™ +--- b T +byl)~! exists. The aim of defining
holomorphic functional calculus of an operator 1" is to extend the rational function of
operator r(T') to f(T) where f is a suitable holomorphic function. In this section, we
now present some preliminary definitions of holomorphic functional calculi which was

introduced by A. Mclntosh [61].

Let 0 < 0 < v < w. We define the closed sector in the complex plane C
Sp:={z€C:|argz| <0}

and denote the interior of Sy by 5.
We present the following subspaces of the space H(SY) of all holomorphic functions on
S0

Hoo(Sy) = {b € H(S)) : ||bl|os < o0},

where ||| = sup{|b(z)| : z € S}, and
W(SY) :={vp € H(S?) :3s >0, |v(2)] < c|z|*(1 + |2|*)7'}.

Recall that a closed operator L in L?(X) is said to be of type 6 if o(L) C Sy, and for
each v > 0 there exists a constant ¢, such that

L =A< elA A ¢S,
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If L is of type 6 and ¢ € ¥(SY), for f € L*(X), we define ¢(L) € L(L*(X), L*(X)) by
putting

V(L) = 5 [ (=AD" Fo)ax

where T is the contour {z = re*® : r > 0} parametrized clockwise around Sy, and

0 < & <w. Since

/ (L=A)T' fedA| < / 1L = A7 £ oy [0 A

r L2(X)

0102’)\|

< f e ;

———————d|\| < o0,

the integral above is absolutely convergent and defines (L) as a bounded operator
from L?(X) into L?(X). It is straightforward to show, using Cauchy’s theorem, that
the definition is independent of the choice of £ € (0,v). If, in addition, L is one-one
and has dense range and if b € H,.(S?), then b(L) can be defined by

b(L) = [Y(L)] " (by)(L),

where 1(2) = 2(1 + 2z)~2. Tt can be shown that b(L) is a well-defined linear operator
in L?(X), see [61]. We say that L has a bounded H,, functional calculus in L?(X) if
there exists ¢, 5 > 0 such that b(L) € L(L*(X), L*(X)), and for b € Hy(SY),

(L[] < cva[b]]co-

In [61] it was proved that L has a bounded H,, functional calculus in L*(X) if and
only if for any non-zero function 1 € ¥(SY), L satisfies the square function estimate
and its reverse

o dt\1/2
allgll: < ( / (LglE) < callglle (2.4.1)

for some 0 < ¢; < ¢ < 00, where ¢;(z) = ¥(tx). More precisely, the authors in [61]
proved the following result.

Proposition 2.4.1 Let L be a one-to-one operator of type w in a Hilbert space H.
Then the following statements are equivalent:

(i) for every w in (w,m), L has a bounded HOO(SS) functional calculus, that is, for
all f € Hyo(S)), f(L) € L(X) and

IFIN<Clifle  Vf € Huo(S)):
(i) there exists p in (w, ) such that L has a bounded Hu(S))) functional calculus;
(iii) {L* : s € R} is a C° group, and for every p in (w,7),
HL“” < Cetl vs eR;
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(iv) if A and B are non-negative self-adjoint operators, and U and V are isometries
such that L = UA and L* = VB, then for all a in (0,1), D(L*) = D(A®),
D(L*) = D(B®%), and

CH A%l < ||L%ll < C|A%]|  VYu € D(L?)

and
C7H|B| < [|[L**v|| < C||B*| Vv e D(L*);

(v) for every p in (w,m), and every ¥ € ¥(S}),

q11/2

gdt

C Jlul] < / | (L)l <Clu|  VueH

and
~1/2

th

CHul < /Hw (tL*)u||”— < Cllul| VueH.

As noted in [61], positive self-adjoint operators satisfy the quadratic estimate (2.4.1).
So do normal operators with spectra in a sector, and maximal accretive operators. We
refer the reader to [87] for precise definitions of these classes of operators. For detailed
study on operators which have holomorphic functional calculi, see the work of [61].

It is interesting to compare H,, functional calculus with more classical theories.
Hormander’s multiplier theorem, applied to radial functions, tells us that if m : Rt — C
satisfies the conditions

k
’%m(m) <Clz|™* vz eRY,
whenever 0 < k < [n/2]+1 ([z] denoting the integer part of z), then m(A) is a bounded
map on LP(R") for 1 < p < co. With a view towards proving Héormander type theorems
using H., functional calculus, the authors in [27] established a connection between the
two types of calculus as below.

Given a function m on R", one writes m, for the function on R obtained by com-
posing with the exponential, that is, m, = m o exp.

For any positive number «, let AZ ;(R™) be the set of all bounded continuous
functions m on R such that ||m|| An, <00 where

Imllae =Y 2" e * du |-

nez

Here, for all £ in R,
$o(€) = (2—2[¢]), — (1 —2[¢]).
$1(§) = (1 =2 =1+ (1/2 -6 = 3/2]),
and
Gne(§) = 01(2"7"e€)  Vn € Zt,Ve € {£1}.

This space is sometimes called a Lipschitz space, and sometimes a Besov space.
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Proposition 2.4.2 Suppose that L is a one-to-one operator of type 0. Then the fol-
lowing conditions are equivalent:

(i) L admits a bounded Hy(S}) functional calculus for all positive p, and there exist
a and A in RT such that

Im(L)| < Ap=llmlly  Vm € Hu(S,), Vi € Rt

(ii) L admits a bounded A%, (RY) functional calculus.

2.5 Musielak—Orlicz-type functions

Let us first present some notions on Musielak—Orlicz-type functions.

A function w : [0,00) — [0, 00) is called an Orlicz function if it is nondecreasing,
w(0) =0, w(t) > 0 for t > 0 and lim;_,o w(t) = o0.

A function w : X x [0,00) — [0,00) is called a Musielak—Orlicz function if the
function w(z,-) : [0,00) — [0, 00) is an Orlicz function for each x € X and the function
w(+,t) is a measurable function for each ¢ € [0, 00).

Let w be a Musielak—Orlicz function. The function w is said to be of uniformly
upper type p (resp., uniformly lower type p) for certain p € [0, co) if there exists a
positive constant C' such that for all x € X, ¢ > 1 (resp., t € (0,1]) and s € (0, 00),

w(z, st) < CtPw(z, s). (2.5.1)

If w is of both uniformly upper type p; and lower type pg, then w is said to be of type
(po, p1)- A typical example of such w is

w(z,t) = f(x)g(t)

for x € X and t € [0,00), where f is a positive measurable function on X, and g is
an Orlicz function on [0, 00) of upper type p; and lower type po. Another example of
Musielak—Orlicz function w of uniformly upper type p € (0, 1] is, for instance,

tP

0 = 0 T Togle 1 O

where « € [0, 1] and f is a positive measurable function on X. It is also interesting to
observe that if
1P
fz) +g()’
where f is a positive measurable function on X, and ¢ is a decreasing positive function

on [0,00), then w is a Musielak—Orlicz function of uniformly lower type p.
Let

w(x,t) =

pl =inf{p > 0: IC > 0 such that (2.5.1) holds for all z € X, ¢ € [1,00), s € (0,00)},
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and let
p, =sup{p > 0: 3C > 0 such that (2.5.1) holds for all x € X, t € (0,1], s € (0,00)}.

The function w is said to be of strictly uniformly lower type p if for all x € X, ¢t € (0, 1),
and s € (0,00), w(z, st) < tPw(zx, s). One then defines

Pw = sup{p > 0: w(z, st) < tPw(z, s) holds for all z € X, s € (0,00) and t € (0,1)}.

It is easy to see that p, < p_ < pf for all w. In what follows, p,,, p,,, and p} are called
the strictly critical lower type index, the critical lower type index, and the critical upper
type index of w, respectively.

In the sequel, we assume that w satisfies the following assumptions.

Assumption (A) Suppose that w is a Musielak—Orlicz function which is of uni-
formly upper type 1 and with p, € (0,1]. In addition, for every x € X, w(z,-) is
continuous, strictly increasing on R, .

Note that if w satisfies Assumption (A), then it has the following properties (see
[56, Lemma 4.1]).

Lemma 2.5.1 (i) The function w is uniformly o-quasi-subadditive on X X [0,00);
)

namely, there exists a positive constant C' such that for all (x,t;) € X x [0,00) with
J €Ly, W(%Z;iltj) < CZ;?;W(%Q’)-

(i) Let w(x,t) := J@ ds for all (z,t) € X x [0,00). Then @ is equivalent to w;
moreover, W also satisfies Assumption (A).

Convention (B) From Assumption (A), it follows that 0 < p, < p, <p} < 1.In
what follows, if (2.5.1) holds for p, with ¢ € [1, 00), then we choose p,, = pJ; otherwise
pl < 1 and we choose p, € (p},1) to be close enough to p.

Let w satisfy Assumption (A). A measurable function f on X is said to be in the
Lebesgue-type space L(w) if

/ w(z, |£(@)]) dy(z) < oo.

X

Moreover, for any f € L(w), define

1 L) :inf{/\ >0: /w(z, &;)Udp(x) < 1}.

X

The function p defined below plays an important role in the sequel.

Definition 2.5.2 For each x € X, we define the function w='(z,-) and p(z,-) on R
as follows:
w iz, t) =sup{s > 0:w(z,s) <t} (2.5.2)

and



Then it is easy to see that w™!(z,-) is continuous, strictly increasing and that for every
r e X,
w iz, w(z,t) =t

and
w(z,w (z, 1) =t

Moreover, the types of w and w~! have the following relation.
Lemma 2.5.3 Let 0 < p < q < 1. Ifw is of type (p, q), then w™! is of type (¢~ 1, p~1).

Proof. By symmetry, it suffices to show that if w is of uniformly lower type p, then
w1l is of uniformly upper type p~t. Suppose that there exists a constant C' > 1 such
that forallz € X, s>0,¢t <1,

w(z, st) < CtPw(x, s). (2.5.4)

Then for any z € X, s > 0, ¢t > 1, and v > 0 such that w(z,u) < st, it follows from

(2.5.4) that
y <x£) < Gulrw) oo

te t
This implies that

u < trw Nz, Cs),
and hence )

w i (z, st) < trw (z, Os). (2.5.5)

On the other hand, observe that

w(z,Cs) = sup {)\ >0: w(:g)\) < s}

and, by (2.5.4), for any A > 0,

then we deduce that ,
wH(z,Cs) < Crw H(a,s), (2.5.6)

which together with (2.5.5) completes the proof of Lemma 2.5.3.

Hereafter, we shall assume the following condition on the function w.

Assumption (C) Let w satisfy Assumption (A) and the following conditions:

(i) there exist positive constants C, Cy such that for any x € X, C7 < w(x,1) < Cy;

(ii) there exists a positive constant C' such that for any locally integrable positive
function f on X, for any ball B in X,

Il%l/cu(:16,]”(3:))(1,u(9c) < Cxig)f(w x,ﬁ/f(y)dﬂ(y)
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Remark 2.5.4 A typical example of Musielak—Orlicz function w that satisfies As-
sumption (C) is w(z,t) = h(x)p(t) for all z € X and t € [0,00), where h is a mea-
surable function on X so that there exist positive constants C, Cy such that, for any
r € X, () < h(x) <y and ¢ is an increasing, continuous, and concave Orlicz function
on [0, 00) with p, € (0,1].
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Musielak—Orlicz Hardy spaces associated
with divergence form elliptic operators

3.1 Basic notation and known facts on the diver-
gence form elliptic operator L

We first make some conventions. Throughout the whole chapter, L always denotes the
second-order divergence form operator as defined in (1.0.1) and (1.0.2). We denote by
C a positive constant which is independent of the main parameters, but which may
vary from line to line. The symbol X <Y means that there exists a positive constant

C such that X < Y.
Following [46], let us recall the following indices.

pr = inf {p >1: sug) ||e_tL||Lp(Rn)_)Lp(Rn) < oo}
t>

and

P = sup {p < 00 sug ||e_tL||Lp(RnHLp(Rn) < oo} .
t>

It was proved by Auscher [3] that if n = 1, 2, then p;, = 1 and p;, = oo, and that if
n > 3, then p;, < 2n/(n+2) and pr > 2n/(n — 2). One could detail other situations:
for example, if the matrix A is real-valued, then the heat kernel has Gaussian bounds
and so p;, = 1 and p;, = oo, due to Theorem 4 in [10] or the case of a higher-order
operator (see Section 7.2 of [5]).

Recall that for all f € L?(R") and z € R", the Lusin area function is defined by

) dy dt\ '
st = ([ iereciropd) (311)
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where, T'(z) = {(y,t) € R" x (0,00) : |z —y| < t}.

A family {S;};~0 of operators is said to satisfy the L? off-diagonal estimates, which
are also called the Gaffney estimates (see [46]), if there exist positive constants ¢, C,
and [ such that for arbitrary closed sets £, FF C R",

dlst dist (E,F)~ F)
1 fllz2cry < Cem e Loy
for every t > 0 and every f € L*(R") supported in E. In the sequel, we will need the
following important results which were obtained in [3], [6], [46], and [47].

Lemma 3.1.1 ([47]) If two families of operators, {S;}i~o0 and {T}}i>0, satisfy Gaffney
estimates, then so does {S;T;}i~o0. Moreover, there exist positive constants ¢, C, and (3
such that for arbitrary closed sets E, F' C R",

E)2

15T f 2y < et | ey
for every s, t > 0 and every f € L*(R™) supported in E.

Lemma 3.1.2 ([6, 47]) The families
{eitL}t>0, {tLeitL}bOa {tl/zveim}bo, (3.1.2)

as well as
{(T4+tL) Ym0, {2V 4+ tL) im0, (3.1.3)

are bounded on L*(R™) uniformly in t and satisfy the Gaffney estimates with positive
constants ¢, C' depending on n, Aa, Aa as in (1.0.1) only. For the operators in (3.1.2),
B =1, while in (3.1.3), B =1/2.

Lemma 3.1.3 ([3, 46]) There exist ¢,C € (0,00) such that
(i) for every p and q with pr, < p < q < pyr, the families {e "} wo and {tLe "} o0
satisfy LP — L7 off-diagonal estimates; that is, for arbitrary closed sets £, I C R",

dist (E,F)?

e lzscr + 16Le™ flzacry < CEGDem ™ o

for every t > 0 and every f € LP(R™) supported in E, and thus the operators {e L}~

1

and {tLe "}~ are bounded from LP(R"™) to L4(R™) with the norm C3( ),
(ii) for every p € (pr,p1), the family {(I +tL) '}i=o satisfies LP — LP off-diagonal
estimates; that is, for arbitrary closed sets £, ' C R",

11 dist (E,F)
I+ L) Flloagry < OGP a2 | ]l ny
for every t > 0 and every f € LP(R"™) supported in E.

Lemma 3.1.4 ([46]) Let k € N and p € (pr,pr). Then the operator given by for any
f e LP(R") and x € R,

) dy dt\'?
SEf() (// (PL) e f(y )lQiﬁf) ,

is bounded on LP(R™).
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3.2 Tent spaces associated to Musielak—Orlicz func-
tions

In this section, we will deal with the tent spaces associated to Musielak—Orlicz
functions. Let us first recall some notions.
For any v > 0 and x € R", denote by

Dy(a) = {(4.1) ERY - o —y| < vt}

the cone of aperture v with vertex z € R", where R?"! = R" x (0,00). For any
closed set F' of R", denote by R,F the union of all cones with vertices in F', that

, RuF = Ugerpl,(z); and for any open set O in R"™, denote the tent over O by
T (0) = [R,(O%)]E. Apparently,

T,(0) = {(z,t) € R" x (0,00) : dist (x,0%) > vt}

In addition, we denote I'y(z), Ry (F), and T1(O) simply by I'(z), R(F), and O, respec-
tively.

Let F be a closed subset of R”, and let O = F. Assume that |O] < cc. For a fixed
v € (0,1), we say that x € R™ has the global vy-density with respect to F' if

Blr.r)nF
| B(x,r)|

for all 7 > 0. Denote by F* the set of all such « and O* = (F*)t. Clearly, F* is a
closed subset of F', and O C O*. In fact, we have

O ={z eR": M(xo)(x) >1 -1},

where M denotes the Hardy-Littlewood maximal function on R™. As a result, it
follows from the weak type (1,1) of M that |O*| < C(v)|O|, where C(v) is a constant
depending on 7.

We recall here the following lemma whose proof is similar to that of [24, Lemma 2]
and so we omit the details.

Lemma 3.2.1 Let v, n € (0,00). Then there exist positive constants v € (0,1) and
C(v,v,n) such that for any closed subset F' of R™ whose complement has finite measure
and any nonnegative measurable function H on R’ffl,

// H(y,t)t" dy dt < C(~,v,n) /{// H(y,t dydt} dz,
Ru(F*) r

where F* denotes the set of points in R™ with global ~y-density with respect to F.

For v € (0, 00), for all measurable functions g on ]RCL:rl and all z € R", let us denote

dy dt\ '/
_ 2
= (] oworsts)
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and denote A;(g) simply by A(g).
Following [24], the tent space T4 (R/*!) for p € (0,00) is defined as the space of all
measurable functions g such that ||g[|7pgn+1) = [A(9)[| Lr@n) < o0

Now let w satisfy Assumption (A) (see page 27). Then we define the tent space
T, (R associated to the function w as the space of measurable functions g on R’
such that A(g) € L(w) with the norm defined by

) A
||gHTw(R1+1) = ||.A(g)||L(w) = inf {)\ >0: /nw (x, %@)) dr < 1} .

Note that the definition of the tent space T,,(R""") above is similar to that of [43].
Let p € (1,00), let w satisfy Assumption (C) (see page 27 and 28), and let p be the
function defined by (2.5.3). A function a on R is called an (w, p)-atom if

(i) there exists a ball B C R™ such that suppa C B;
I 1. -1
(i) lallzp ey < |BIYP~" inf [p(z, |B])] .

Furthermore, if a is an (w, p)-atom for all p € (1, 00), we then call a an (w, co)-atom.

Remark 3.2.2 (i) It is not difficult to verify that for a function w satisfying As-
sumption (C), there exist positive constants K7, K, such that for any x € R", K; <
w™(z,1) < Ky and hence in]f3 [p(x, |B|)] " is strictly positive.

Te

(ii) In addition, for all (w, p)-atoms a, we have HaHTw(RTI) S L

We are now ready to obtain the atomic characterization of the tent space T,,(R’:™).
Theorem 3.2.3 Letw satisfy Assumption (C). Then for any f € T,(R}), there exist
(w,cio)—atoms {a;}52, and numbers {\;}52, C C such that for almost every (v,t) €
R

fz,t) = Z)\jaj(x,t). (3.2.1)

Moreover, there exists a positive constant C such that for all f € T,(RH),

. - , A
A({Nja;};)) =inf ¢ A >0: |B;| inf w |z, ] <1 <C\fllz w1y,
" 2 LB\ ST g T R
TED;

(3.2.2)
where B; appears as the support of a;.

Proof. We will exploite ideas found in [24, proof of Theorem 1] and [49, Theorem
3.1], and prove this theorem by using a similar proof of [49, Theorem 3.1] with certain
modifications as our setting of Musielak-Orlicz function is more general.

Let us first show the decomposition (3.2.1) holds. Assume that f € T, (R%™). If
for any k € Z, we set O = {x € R" : A(f)(x) > 2} then Oy, is an open set and
|Ok| < 0o0. The complement of Oy, is denoted by Fy.
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For any non-positive integer k, it follows from Lemma 3.2.1 that

L oo s [ ot s [ agera

Note that w is of uniformly upper type 1 and 1 < w(z,1). So we obtain the following
estimate

A() () d < / Wi, AP (@),

Fy, Fy,

which together with the previous inequalities implies

, dydt
//R(F;) S s /Fk“(xw‘t(f)(w))dw- (3.23)

Observe that if let & — —oo then by the definition of Fj, ka w(z, A(f)(x))dz — 0.
Therefore, the estimate (3.2.3) implies that f = 0 almost everywhere in NgezR(EF}),
and supp f C {Ukezéi U E}, where E C R} and [, 44t = 0.

At this stage, we will borrow the same idea in the proof of [49, Theorem 3.1} about
employing the Whitney decomposition to the sets O}, so that we can obtain a set I
of indices and a family {Qy,;};jer, of cubes satisfying the following properties:

(1) Ujer,Qr; = Oy, and Qp; N Qp = 0 if i # j.

(ii) vnl(Qr,) < dist (Qr, (058 < 4y/nl(Qy,), where £(Qy;) denotes the side
length of Q ;.

Then, for each j € Ij, we choose a ball By ; with the same center as Q)i ; and with
radius tt/n-times £(Qy;). Then we set A, ; = 2F|By ;| sup [p(z, |By|)] and

2€By,

agj = 2_k|Bk,j|_1z€igf (o (@, B D™ xan,,
k,j

where Ay ; = l/?k\] (ij (0, )) (O* \ Ok+l) Then it follows from the inclusion

{(Qr,; < (0,00))N (O*\Ok+1)} C Bk,j that f =), Zjelk Ak,jar,; almost everywhere.
Our next step is to show that for each k € Z and j € I, aj; is an (w,00)-

atom supported in Ek] In fact, taking any p € (1,00) and any h € Ty (R} with
HhHTé](Ri-&-l) < 1, where ¢ is the conjugate index of p. Then it follows from Lemma 3.2.1,

from the Cauchy-Schwarz inequality and from the fact A, ; C (O/;;: )t =R(E; 1) that

dy dt
sl < [ g, o0t 01 =
+

< / // (v, )y, 1)
Fiy1 J/T(z)

Therefore, applying the Holder inequality with the pair (p, q) to the rightmost side of
the above estimates gives

dy dt
tn+1

v < / Afan,) (@) Ah) (@) dp(z).
(Op41)®

k,j

1/p
[{ar g, )] S 27%( Byl ™ _inf o (| Bi )]~ (/B o [A(f)(x)]pdx) 1hllzg ey

k+1
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Note that

1/p
[A(f)(x)]pda:> < 2B, M.

(/..

Now it is clear to see that

k+1

ok, W] S | Begl 7 inf o (o, B

k,j

which implies that ay; is an (w, p)-atom supported in Ek,j for all p € (1,00). In other
words, ay ; is an (w, 00)-atom.
Finally, for any A > 0, put

, | Akl
7. — By ;| inf w | z, 7
2= 22 Bl | G R

keZ jElk ©€By ;

Then by the choice of By, j, we have
: 2k
I\ S Z Z ‘Qk’j‘mleannw (;1:, X) .
kEZ jEI},
But from the property (i) of the Whitney decomposition to the set Oy, it follows that
k 2k
ZZ|Qk3|lnfu}( )§Z|Ok|1nfw(m —) Z|Ok|1€n]£nw(x T),
kEZ jEI, kEZ

which implies that

k
Zy < Z |O| inf w ( 2 > = W. (3.2.4)

z€eR™
keZ

Let us now estimate W, as follows:
2k ok
Wy S Z/Ok xieannw (:v X) dx </R xlglanw (m T) dz.
k<1032[A (z)]
Since w is of upper type 1, we have

2k
/ Z inf w<x,—> dmfi/
Rn T€R™ )\ R

k<log,[A(f)(x)]

2k+1
dt
/ inf w <x —) —dx.
ok rER™ A t

k<logs[A(f)(z)]

Therefore, we deduce

W,\S/
R?’L

ok+1 2A(f>(w) dt
/ inf w (x —) —dx < / / —dz.
2k TER? n t
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Then in view of Lemma 2.5.1, we further obtain

Wy < /nw @@) da. (3.2.5)

Lastly, combining (3.2.4) and (3.2.5) yields
Z) 5/ w (x, A(f£($)> dx, (3.2.6)

which implies that (3.2.2) holds, and hence, completes the proof of Theorem 3.2.3.

O

Remark 3.2.4 (i) The main ideas from [49] employed in the proof of Theorem 3.2.3
are that the set Ay ; are independent of w, and that atoms can be rescaled.

(ii) Let {\%}i; C Cand {a}};; be (w, p)-atoms for certain p € (1, 00), where i = 1,2.
If Y7 Maj, >0, Aja? € T,(RY™), then since w is subadditive and of strictly uniformly
lower type p,, one has

2

AN eI < ) IA{Xa )1

i=1

Proposition 3.2.5 Letw satisfy Assumption (C), and letp € (0,00). If f € (T,(RT)N
TY(RMY)), then there exists a decomposition into (w, o0)-atoms for f as in (3.2.1) that
converges in both spaces T,(R"™) and T3 (R,

Proof. The proof that there exists a decomposition into (w,oo)-atoms for f as in
(3.2.1) that converges in T3 (R7") is analogous to that of [49, Proposition 3.1] and we
omit the details. We only need to show that the decomposition (3.2.1) converges in
T.(R™*1). To this end, let us first show that

EN::/ wlz, Al f— Z Mejarj | (z) | de—0

|k|+|71<N

as N — 0. In fact, it follows from the Assumption (C) of w and the subadditive
property of A that

By = Y [ el Abueg)@)

|| +15]>N
1
< Z | By j| inf  w (:13,— A(Ngjag ;) (x) dx).
, weR™ | Bj| Jrn
|k|+[5]>N

Note that for each k € Z and j € I, applying the Holder inequality gives

1 | Ak | Ak
AN ia:)(2) de < —=_|lay,; 1y < ) ,
€L, ;
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which implies that

Akl
"|By,;| sup p(z,|By;|)

mGBk,j

En < E |Bi;| inf w |«
- z€R™
|k|+]5[>N

(3.2.7)

With this inequality at hand, in the light of the estimate (3.2.6), it is clear to see that
Ey —0as N — 0.
As a result, for any € > 0, there exists Ny € N such that as N > Nj,

1
A= Y M dr < 1
/nw x,GA f K ik | () x <1,

|kl +17|<N

that is, as N > Ny,
1f = Z )‘k:jakJHTw(RT’l) <e

k| +17I<N

Therefore, (3.2.1) holds in T,,(R™') and we complete the proof of Proposition 3.2.5.
U

One consequence of Proposition 3.2.5 is the following result which plays a significant
role in this chapter.

Corollary 3.2.6 Let w satisfy Assumption (C). If f € T,(RM) N T2(RY™), then
f € TYRY) for all p € [1,2], and hence, there exists a decomposition into (w,o0)-
atoms for f as in (3.2.1) that converges in both spaces T,(R"™) and T3 (R").

Proof. Assume that f € T,(R"™)NTZ(R:). In view of Proposition 3.2.5, it suffices
to show that f € TH(R:"!) for all p € [1,2]. To this end, we write

/ A @) de = / A @) do + / () @) de.
n {zeR™: A(f)(z)<1} {zeR™: A(f)(z)>1}
But then

A (@) da < / A(f) () de

/{mGR":A(f)(x)<1} {zeR": A(f)(z)<1}

Since w is of uniformly upper type 1, we have

Ao s |

w(z, A(f)(@)) de S (1 f [z, sy
{weRm: A()(@)<1)

AzER":A(f)(m)<1}

So we deduce

/ A @) d S 11l ey (3.2.8)
{zeR™: A(f)(z)<1}
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On the other hand, observe that

AP < [ A @) di < |2 sy (3:29)

/{memn: A(f)(@)>1} {a€Rm: A(f)(2)>1}

Now it follows from (3.2.8) and (3.2.9) that f € T3 (R:).
U

For p € (0,00), let us denote by T¢(R:!) and T5“(R"™) the set of all functions
in T,(R%™) and T9(R™™) with compact supports, respectively. Then we have the
following result.

Lemma 3.2.7 Letw satisfy Assumption (C). Then T¢(R':™) coincides with Tf’C(RTrl).

Proof. Let us first prove TS(RM) € Ty (R, Tt suffices to show that TSR
TYE(RET) for certain p € (0,00), in view of [49, Lemma 3.3, (i)]. In fact, given any
f € T¢(RY™) and a compact set K in R’ such that supp f C K. If we choose a ball
B in R™ such that K C E, then supp A(f) C B. Now we write

Jan@pae=] - agp@pes | A @) da,

{z€Rn: A(f)(2) =1}

where p, is the uniformly lower type index of w. Observe that the first term of
the right hand side above is dominated by C|B| while the second is bounded by
C [on w(z, A(f)(z)) dz. Thus, f € T9=“(R}H).

Conversely, taking any f € T, “(R?7*!) = T7°(R"™) and a compact set K in R"*
such that supp f C K. Then there exists a ball B such that K C B and supp A(f) C
B. Now, using the uniformly upper type 1 property and the condition (i) in Assumption
(C) of w, we obtain

| wtmaneas

{zeR™: A(f)(z)<1}

(o, A @) dot | A(f)(@) do.

{zeR™ A(f)(z)21}

Note that the entire right hand side of the above estimate is dominated by C(|B| +
/|73 g+1))- So we have f € TE(RTH), which completes the proof of Lemma 3.2.7.

0

3.3 Musielak—Orlicz spaces and their dual spaces

Employing some ideas from [36, 46, 49], our aim in this section is to introduce the
Musielak—Orlicz Hardy spaces associated to L via the Lusin area function Sy defined as
in (3.1.1). Then we will study their dual spaces. In the entire section, Assumption (C) is
always posed on the Musielak—Orlicz function w. In addition, for a ball B = B(zg,rp),
we set Up(B) = B, and for j € N, U;(B) = B(xp, 2rg) \ B(zg, 2 'rp).
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Definition 3.3.1 Let w satisfy Assumption (C). A function f € L*(R") is said to be
in Hy, (R") if SL.f € L(w); moreover, define

. Srf(x
||f||HW7L(Rn)E||8Lf||L(w):mf{)\>0:/ w(a;’ L{\( )) dxgl}.

The Musielak-Orlicz Hardy space H,, 1,(R™) is defined to be the completion of ﬁw,L(R”)
in the norm || - ||, , @&n)-

Remark 3.3.2 (i) It is well-known that H,, ;(R") is dense in H,, (R™), see for exam-
ple [87, page 56]. Moreover, if {fx}72, is a Cauchy sequence in H,, ,(R"), then there
exists a unique f € H,, (R") such that limy .o || fx — flla, ,@&n = 0.
(ii) For any fi, fo € H, (R"), we have the following:
1+ Bl oy < 1A o + IS

In fact, let Ay = || fill}7, , &y and A2 = [ o[} | gny, from the subadditivity, the conti-
nuity, and the umformly lower type p,, of w, it follows that

o) e < () o

< R — 7 7 <
?_ T /n w (m, )\l/pw de <1,

)

which implies that || fy + fllr, ,e) < (1l @y + 1207, o)) P

Definition 3.3.3 Let q € (pr,p1), let M € N, and let € € (0,00). A function a €
L9(R™) s called an (w,q, M, €)-molecule adapted to B if there ezists a ball B such that
(0) Nl ooy S 27127 BIYa i [p (2, |2 BI)] ™, j € Zo s

ii) for every k=1,...,M and j € Z., there holds
(i) f Y J +
—27—1\k < o9—je|oi p|l/a—1; j -1
1r5” L) oy sy S 27727 BV inf [p (.2 B)]

Finally, if o is an (w, q, M, €)-molecule for all q € (pr,pr), then « is called an (w, 00, M €)-
molecule.

3.3.1 Molecular decompositions of H, 1(R")

Let us begin this section with the following lemmas.

Lemma 3.3.4 Let 7y be as in (1.0.3). Then the operator 7p a, initially defined
on TYC(RTHY), extends to a bounded linear operator from Ty (R to LP(R™), where

p € (pr,Pr)-
Proof. We refer the reader to [49, Proposition 4.1, (i)] for the proof of Lemma 3.3.4.
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Lemma 3.3.5 Let 7y be as in (1.0.3). Assume that a is an (w, 00)-atom supported
in a ball B. Then for any fized € € (0,00), o = 7y p(a) is a multiple of an (w, 00, M, €)-
molecule adapted to the ball B.

Proof. The proof of this lemma is closely similar to the work from line 3, page 1187
to line 2, page 1188 of [49]. Hence we omit the details here.

0

Our first result in this section is now formulated as follows.

Proposition 3.3.6 Let w satisfy Assumption (C), let M € N and M > g(i — %),
and let 7p, be as in (1.0.3). Then the operator wy, u, initially defined on T¢(R'M),

extends to a bounded linear operator from T,(R'Y) to H, (R™).

Proof. First assume that f € TS(R7"). Then it follows from Theorem 3.2.3 that
there exist (w, c0)-atoms {aj} °; and numbers {);}32; C C such that f =37 A;q;
pointwise and A({\;a;};) S HfHT (BT

In addition, in view of Lemma 3.2.7, we deduce f € T5°(R™), which if combined
with Corollary 3.2.6 and Lemma 3.3.4 implies that

7TL,M Z)\WLM a] Z)\Ctj

in LP(R™), for all p € (pr,2]. As a result, using the subadditivity and the continuity
of w, and the fact that the operator Sy, is bounded on LP(R"), we obtain

/nw(x,sL(wL,M ))da < Z/ 2, V1S5 (ay)(x)) de. (3.3.1)

Observe further that by Lemma 3.3.5 for any fixed € € (0,00), a; = 7 m(a;) is a
multiple of an (w, 0o, M, €)-molecule adapted to B; for each j.

Now let ¢ € (pr,pr), and let € > n(p% — I%), where p,, is as in Convention (B).
Our next step is to prove that for any (w,q, M, €)-molecule a adapted to the ball
B = B(zp,rp) and A € C,

/nw(l", S @) de < (B o [ 2,

3.3.2
<\ Blsupp () 18] (3.32)
r€EB

Once (3.3.2) is proved, it follows that |||z, ;&) S 1, and (together with (3.3.1)) that
for all f € T¢(RY™),

o Al
/ nm,sL(wL,M(f))(m))dws;lBﬂ;&iﬂ 1B, sup p (x| By))

z€B;
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In other words, for all f € TS(R:), we deduce
7L (D) la @y S AN a35) S Il @),

which implies (ii) via a density argument.

So, it remains to prove (3.3.2). Observe that if ¢ > 2, then an (w, ¢, M, €)-molecule is
also an (w, 2, M, €)-molecule. As a result, it now suffices to show (3.3.2) for ¢ € (pr,2].
In fact, we will follow the similar idea as in the proof of [49, Proposition 4.2] to estimate

/n w(z, [NS(a)(z)) dz < Z H; + Z I, (3.3.3)
where = =
= /nw(x’ AT = €751 (axw, ) () do (3.3.4)
and
L= 1<Sllcl<pM /n “ (x, IASe { [%TBLG MTBL] (XUJ‘(B)(T§2L_1)M04)} (@) dr.

(3.3.5)
Let us first estimate the terms H; as in (3.3.4). For each j > 0, set B; = 2/ B, then it
follows from Assumption (C) that

S [l ST = )
A ;
< 2°B.| inf w | z, AL Sp([I — e "BEM (aryy. x)dz | .
;' Lint ( iy, S om)(@)

Next, applying the Holder inequality implies that

STy A
S 2 125 jnf e (””“’W"‘?Lﬂf—e B (o) oo ) ) - (3:3.6)

Let us recall here, in view of the proof of [46, Lemma 4.2, (4.22) and (4.27)], that for
k=0,1,2,

ISL([T — e "5 1M (axu, ) | Lawi(ss) S Nl zaw, ),
and for k£ > 3,

1 AM+2(n/2—n/q) )
) ||a||L‘1(Uj(B))'

1527 = €51 @ s < (55

Bringing these estimates to (3.3.6), together with Definition 3.3.3, yields
)27
< Bl inf w | =,
eekr | 7 |Bj|supp(z, | B))

z€B;

H.

J

|)\‘\/_2— 2M+n/2—n/q)(j+k)—je
"|28By|Ma| By~ asup p(x, | Bl)

T€DB;

+Z|2kB | mfw x,
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After some simple calculations, using the uniformly lower type p,, of w, we obtain
H; < 9—ipwe {1 + Z \/Ean(l—pw/q)Q—pw(2M+N/2—n/q)(j+/f)} w
k=3

Al
| Bj|sup p(x, | Bj|)
IITEBJ'

\Bj\xienﬂgnw x,

Note that 2Mp,, > n(1 — p,/2), so the above estimate implies that

Al
" |Bjlsup p(z, | Bj])

zEB;

xeR™

With the estimates (3.3.7) on H;, exploiting again the fact that w is of uniformly lower
type p., gives

Pw
= = | Blsupp(, | B]) N
H; < 27IP¢| B, - inf w | z,
2 M5 22BN e B |2\ B 1)

Since w™! is of uniformly lower type 1/p, by Lemma 2.5.3, the previous inequality
further implies that

S, < Sem {7 e (o
Bl w7 [Blsupp(a, [B])
S

2- jpwEQJnl Pw/pw)B mfw Z, ’
Z Bl \B|Su§p(:v, 1B|)
S

J=

Eventually, note that € > n(1/p, — 1/p.), we then obtain the desired estimate

S Al

H; Bl inf w | x, 3.3.8
215 1P i5 | Hsappte 5D 339
J z€eB

Similarly, we also obtain

S : Al

E I, <|B|inf w [ x,

Lo | |:v€]R" |B|su][3)p(x, |B|)

HAS

which if combined with (3.3.8) completes the proof of (3.3.2), and hence, the proof of
Proposition 3.3.6.
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Proposition 3.3.7 Let w satisfy Assumption (C), let ¢ > n(1/p, — 1/p), and let
M > (— — 3. If f € H,,(R") N L2(R"), then f € LP(R") for all p € (pr,2] and

2
there emst (w, 00, M, €)-molecules {a;}32, and numbers {\;}52, C C such that

F=> Na (3.3.9)
j=1

in both H, (R") and LP(R"™) for all p € (pr,2]. Moreover, there exists a positive
constant C' independent of f such that for all f € H, (R™) N L*(R"),

BY
A Bj|sup p(z, | Bj|)
$€Bj

A{Nja;}) =inf < A >0 Z ‘Bj‘xlen]anw x,

j=1

<1, <Clfllm, .

(3.3.10)
where for each j, a; is adapted to the ball B;.

Proof. Assume that f € H, 1 (R") N L*(R"). Then it was pointed out in the proof of
[49, Proposition 4.2], using the L?(R") functional calculi for L, that

o _ dt . _
f _ CM/O (tZL)MJrQe 27&2Lf7 _ ]\}1_{20 WL,M(XON(tzLe t2Lf))

in L*(R"), where 7z 7, Cir are as in (1.0.3), and for each N € N, Oy := {(z,t) €
R?: |z| < N, 1/N <t < N}.

Since f € H, . (R") N L2(R"), it is easy to verify that t*Le "Ff € TZ(R"™) N
T, (R, using Definition 3.3.1 and Lemma 3.1.4. It then follows from Corollary
3.2.6 that 2Le "L f € TP(R™'), which if combined with Lemma 3.3.4 implies that
{mrar(xoy (2 Le "L f))}y is a Cauchy sequence in LP(R™). At this stage, by taking
subsequence together with the fact that f = limy_eo 710 (X0, (B2 Le P F f)) in L2(R™),
we obtain

f=lim 7 (xoy(Le 1 )
N—o0

in LP(R™).

On the other hand, it follows from Proposition 3.2.5 that there exist (w, c0)-atoms
{a;}52, and numbers {);}52, C C such that t?Le L f = > Ajay in TV (R and
A{Naj})) S ||t2Leit2Lf||Tw(Ri+l). From here, we again apply Lemma 3.3.4 to get

f=mm(t*Le” tQL Z)\ 7 (aj) Z)\ a; (3.3.11)

in LP(R™) for p € (pr,2].

Note that for each j, a; is a multiple of an (w, co, M, €)-molecule for any € > 0, M € N
and M > (p— — 1) (by Lemma 3.3.5). As a result, the decomposition (3.3.9) holds in
LP(R™) for p € (pr, 2].
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In addition, observe that A({)\;c,};) = A({)ja,};) S HtQLe_tQLfHTW(RiH), which im-
plies (3.3.10).

To finish the proof of Proposition 3.3.7, it remains to show that (3.3.9) holds in
H, (R™). In fact, it follows from Lemma 3.1.4, the decomposition (3.3.11), and to-
gether with the continuity and the subadditivity of w that

/nw<x8L<f Z)\aj> )dx<J%:+l/ (z,SL(Na,)(z)) de.

Let us now choose p,, as in Convention (C) such that ¢ > n(1/p, — 1/p.,), which is
guaranteed by the assumption € > n(1/p, — 1/pf). Then by (3.3.2), we have

g (z,SL(\jay)(2)) dx S g |B;| inf w | x,
j=N+1 /n ] j=N+1 oerr |Bj|Sup|p(x7 |BJ|)
z€B;

Finally, we will follow a similar argument as in the proof of Proposition 3.2.5 to obtain

f = Zjil )\jOéj n Hw7L(Rn).
[l

As a consequence of Proposition 3.3.7, we have the following result.

Corollary 3.3.8 Let w satisfy Assumption (C), let € > n(1/p, — 1/p7), and let q €
(pr,pr) and M > ”( L — 1). Then for every f € H, (R"), there exist (w,q, M, €)-
molecules {o;}32, and numbers {\;}32, C C such that f = Y277 Nja; in Hy, 1 (R™).

Moreover, if letting A({\jc;};) be as in (3.3.10), then there emsts a positive constant
C independent of f such that A({\ja;};) < Ol fllm, &)

Proof. We prove this result by using a density argument. For any f € H, (R"), there
exist {fr}72, C (Hy, (R™) N L*(R™)) such that for all k € N,

1f = Fillm, ey < 27N Fllar, o -

If we set fo = 0, then f = > 72 (fi — fe—1) in H, (R™). On the other hand, it
follows from Proposition 3.3.7 that for all k& € N, there exist (w,q, M, €)-molecules
{af}52, and numbers {A\5}52, C C such that f — foo1 = >0 Ma¥ in H, (R") and

J=173"73
({)\J ak}i) SNk — feaallm, L @m-
Therefore, we have f = 77 Mol in H, (R"). In addition, by Remark 3.2.4, we
deduce

AN )P < STIACN G S ST = il oy S I
k= k=1

1

which completes the proof of Corollary 3.3.8.

45



Let us denote by H gg{f(R“) the set of all finite combinations of (w, g, M, €)-molecules
then we immediately obtain the following density result.

Corollary 3.3.9 Let w satisfy Assumption (C), let € > n(1/p, — 1/p}), and let M >

%(I% — 3). Then the space Hzigﬂ%R”) is dense in the space H, (R").

3.3.2 An equivalent characterization of H, ;(R")

In this subsection, we will characterize the Musielak-Orlicz Hardy space H, (R") via
the Lusin-area operator Sp associated to the Poisson semigroup. The divergence form
structure of the operator L plays an important role in obtaining this characterization.

Let us first recall here that for any f € L*(R") and € R", the Lusin-area operator
Sp associated to the Poisson semigroup is defined by

ser =[] ) |tv6tﬁf<y>|2@)1/z. (33.12)

Then we define the space H, s, (R"™) as follows.

Definition 3.3.10 Let w satisfy Assumption (A). A function f € L*(R™) is said to be
in Hy, s, (R") if Sp(f) € L(w). In addition, let us define

Il pt5er = 1S = nt 2> 03 [ (0 D) a0 <1},

The space H, s, (R™) is defined to be the completion of ]TIW’SP (R™) in the norm
I e, s, @)
Below are the well-known results on the Lusin-area operator Sp associated to the

Poisson semigroup.

Lemma 3.3.11 The Lusin-area operator Sp associated to the Poisson semigroup is
bounded on L*(R™).

Proof. We refer the reader to the proof of (5.15) in [46].

O
Lemma 3.3.12 There exists a positive constant C' such that for all f € L*(R") and
r e R”, B
Spf(z) < CSpf(z), (3.3.13)
where

gpf(x)

dy dt\ '/*
27, —tVL 2 .
(] e

Proof. See the proof of [46, Lemma 5.4].
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In what follows, we also need the following useful result, which is a general variant

of [49, Lemma 5.1] on the boundedness of linear or nonnegative sublinear operators
from H, 1 (R™) to L(w).
Lemma 3.3.13 Let q € (pr,2], let w satisfy Assumption (C), let M > %(p% — %),
and let € > n(1/p, — 1/pL). Suppose that T is a nonnegative sublinear (resp., linear)
operator which maps LY(R™) continuously into weak-L1(R™). If there exists a positive
constant C' such that for all (w, 00, M, €)-molecules o adapted to balls B and \ € C,

/ w(z, T(Aa)(x)) de < C|B|infw | z A ) (3.3.14)

zeR™ " |B|supp(z, | B|)
zeB

then T extends to a bounded sublinear (resp., linear) operator from H, (R™) to L(w).
Moreover, there exists a positive constant C' such that for all f € H,, ,(R™), || T f||1@) <
Cllf N, 1 )

Proof. Because of the density of H,, 1 (R") N L*(R") in H, ;(R"), it suffices to prove
Lemma 3.3.13 for H,, ;(R") N L*(R™).

In fact, for any f € H, (R") N L*(R"), f € LYR") with ¢ € (pz,2], in the light
of Proposition 3.3.7, there exist {);}32, C C and (w, 0o, M, €)-molecules {«;}52, such
that f =372, A\ja; in both H,, 1(R") and LY(R"), and A({\je;};) S I fll a0 (re)-

Now, assume that 7' is linear, then since T is of weak type (¢,q) so T(f) =
> o1 T(Njay) almost everywhere.

Next, let T be a nonnegative sublinear operator, then it follows from the assumption
that 7' maps L4(R"™) continuously into weak-L4(R™) that

{x eR": |T(f)(x)—T (Z Ajaj> (z)| > t}

Since Hf — Zjvzl Ajoj Lo — 0 as N — 0, the above estimate implies that there

exists a subsequence { Ny }r C N such that

T <Zk Aj%’) = T(f)

almost everywhere, as k — oo. At this stage, using the nonnegativity and the sublin-
earity of 1" further gives that

T(f) - Z T(Njay)  =T(f) =T (Z /\j%‘) +T <Z Aj%‘) - ZT()\J‘%‘)
<T(f)-T (i Aj%‘) :
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N
F=> XNay
j=1
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Then letting k — o0, it is easy to see that

i T(Ajo) (3.3.15)

almost everywhere. Finally, it follows from (3.3.15), the subadditivity and the conti-
nuity of w and from the condition (3.3.14) that

[e.9]

[ w@rp@ i 3 [ w@rhm)e)
S mrw | x, |)\ |
< 2\ B e B |

which implies that

TPl S A1) S Il ),

and hence completes the proof of Lemma 3.3.13.

Our main result is now formulated as follows.

Theorem 3.3.14 Let w satisfy Assumption (C). Then the spaces H,, ,(R") and H,, s, (R")
coincide with equivalent norms.

Proof. Let us first prove that H, s,(R") C H, (R"). In fact, let € > n(i - ;%*)’

let M > (p —3), and let f € H,s,(R™) N L*(R"). Clearly, it follows from Lemma
3.3.11 and Lemma 3.3.12 that

ISpfllzeey S ISP fllz@ny S I fllz2@n
and

1Sp flle) S I fllas,

As a result of that, it implies that 2Le VL f € (T (R”“) NTZ(R)). Then, by the
L*(R™)-functional calculi for f, we deduce

C
f = @WL,M(tzLe_tﬁf)

in L2(R"), where 77, and C are as in (1.0.3) and C is the positive constant such

that -
6/ t2(M+1)€—t2t2€—t% — 1
0
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At this stage, it follows from the fact that t?Le~*VZ f € T,,(R"*!) and from Proposition
3.3.6 that f € H, (R"), and that

1l oy S N L™ Fllg ey ~ 18pfllne) S 1F s @),

which implies that H, s, (R™) C H, (R") via a density argument.

Conversely, by using the estimates from (5.16) to (5.22) in the proof of [46, Theorem
5.3] and by following the same arguments to the proof of (3.3.2) in Proposition 3.3.6,
we obtain the following similar estimate

/nw(:c,wsp( )())d < |Blinf o | o, A

3.3.16
2L\ Blsupp @@, 1B]) (3.3.16)
rEB

for any (w, 2, M, €)-molecule o adapted to the ball B and any A € C.
Finally, it follows from (3.3.16), from Lemma 3.3.11 and Lemma 3.3.13 that

[f s, @ = ISPl S 1 lm, @),

which implies that H, . (R") C H, s, (R").

3.3.3 Dual spaces of H, 1(R")

Our purpose in this section is to study the dual space of the Musielak—Orlicz Hardy
space H,, 1(R™). First we need to introduce some notation and notions.
Following [46], for e > 0 and M € N, we define the space

ML) = {p € L*R™) + ] gyarery < 00}

where

el e )—SUP{QJE\B(O 2)|'2 sup p(x,]B(0,2') ZHL “pll 2w, 01)))}

x€B(0,29) k=0

It follows directly from the definition above and the definition of an (w,2, M, ¢)-
molecule that if ¢ € MM€(L) with norm 1, then ¢ is an (w, 2, M, ¢)-molecule adapted
to B(0,1). Conversely, if o is an (w, 2, M, €)-molecule adapted to certain ball, then
a € MM<(L).

In addition, it is easy to see that (I— A*)Mf € L3 .(R") in the sense of distributions,
where A, being either (I + L)™' or e *, and f € (MM<(L))*, the dual space of
MMe(L). Indeed, for any ball B, any ¢ € L?(B), the Gaffney estimates from Lemmas
3.1.1 and 3.1.2 imply that (I —A,)M¢ € MY<(L) for all € > 0 and any fixed ¢ € (0, ).
Therefore, we obtain

(= ADM L) = (f, (T = A)My)| < C(t 7, dist (B, 0))I| £ agarery,

(B)»
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which results in the fact that (I — A})M f € L2 _(R") in the sense of distributions.
Next, for any M € N, let us define

MUY= () (MY
e>n(1/pu—1/pk)
Definition 3.3.15 Letq € (pr,pr), let w satisfy Assumption (C), and let M > %(i—
3). A functional f € MY (R™) is said to be in BMOZ’,]X(R") if

1 ) v
f oM nEsup—[—/ I — e mBEYM ()| dx < 00,
H HBMOp,L(R) BcRnsugp<x7’B|> ‘B| B‘( ) ()‘
S

where the supremum is taken over all balls B in R™.

In particular, we denote BM O (R”) simply by BMO .(R™). The proofs of Lem-
mas 3.3.16, 3.3.17, and 3.3.18 below are similar to those of Lemmas 8.1, 8.3 of [46] and
Lemma 4.3 of [49], respectively, and hence we skip them here.

Lemma 3.3.16 Let w, g, and M be as in Definition 3.3.15. Then a functional f €
BMO%}(R") if and only if f € M, (R") and

1 / 1/q
sup ——— — (I +7r}L f(x)|?dx < 0.
8 S T o [ 0= )

Moreover, the term appearing on the left-hand side of the above formula is equivalent

to HfHBMOZ:f(Rn)-

Lemma 3.3.17 Let w and M be as in Deﬁm’tz’on 3.3.15. Then there exists a positive
constant C such that for all f € BMO (R,

t2 ftQL 2
FETE \B| [|B|/ I( f@)

Lemma 3.3.18 Letw, p and M be as in Definition 3.5.15, let ¢ € (pp+,2], let e, e; > 0,
and let M > M + e, + 7. Suppose that [ € M%L* (R™) satisfies

/ (I — (I + L) )M f(x)]
. 1+ |zt

dzdt]"?
p < CHfHBMOg{L(Rn)-

dr < 0. (3.3.17)

Then for every (w, (¢, M, €)-molecule c,

(f,0) = Cy // (L) ()P Le Pra(n) L

t

where ¢’ is the conjugate index of q¢ and Chr is the positive constant satisfying

5M /OO t2(M+1)6—2t2% —1
0
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Remark 3.3.19 It follows from Lemma 3.3.16 that if [ € BMOq’M(R") then f satis-
fies (3.3.17) for all ¢, > 0. Thus, Lemma 3.5.18 holds for all f € BMOqM(]R")

We are now ready to state the following main results.

Theorem 3.3.20 Let w satisfy Assumption (C), let € > n(1/p, —1/p7), and let M >

ﬂ(pL — 5) and M > M + 4. In addition, assume that there exists a positive constant

K such that for all balls B m R™, for all v € R,
|B|w |z, Kinf w™" (z,|B]7)| > L. (3.3.18)
zeB

Then (H, (R™))*, the dual space of H, (R™), coincides with BMO%L* (R™) in the
following sense.

(i) Let g € BMO, M _(R™). Then the linear functional £, which is initially defined
on HQME(R”) by

w,fin

(f) =g, 1), (3.3.19)

has a unique extension to H,, p(R"™) with |[€||(m, ,@r))+ < CHQHBMoﬁ{L*(Rn)a where C' is
a positive constant independent of g.

(ii) Conversely, for any ( € (Hy, (R™))*, then { € BMO),.(R"), (3.3.19) holds
for all f € H2ME(R”), and ||€||BMOM &) < Clllln,  mny-, where C is a positive
constant independent of (.

Proof. Before coming to the proof of Theorem 3.3.20, we need the following lemma.

Lemma 3.3.21 Let w satisfy the assumptions of Theorem 3.3.20, and let {\;}32, C C
and A({Nja;};) be as in Theorem 3.2.3. Then we have

> Nl < CA{Na ) < Ollfllr gy

j=1

Proof of Lemma 3.3.21. Take any A > 0 such that

= , RY]
B;| inf w | z, <1. 3.3.20
2 P8 | XTB g o 1B 5520)

If there is some A; such that KA < |A;|, then by (3.3.18), we see that, for any x € R",

> |Bi|w |z, K inf w™ (z,|B;| ") | >1,
NB;Tsup p (1B | = 121 |= i o (@ 1B
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which contradicts with (3.3.20). Hence KA > |);| for all A;. Since w is of uniformly
upper type 1, we deduce that

A |\

. - -1 -1 |)\|
NTBsw o 1By | = x| Pl [ o K @ (@ IB) | =

=KX

which, together with (3.3.20) and the definition of A({);a;};) in Theorem 3.2.3, com-
pletes the proof of Lemma 3.3.21.

0

Proof of Theorem 3.3.20. Assume g € BMO,,.(R").
For any f € H2$“(R") C H,,1(R"), we have [ € I2(R"). Setting h = *Le~""",

w,fin

then it follows from Lemma 3.1.4 that h € (T, (R7™) N TZ(R:™)). Therefore, in the
light of Theorem 3.2.3, there exist {);}32, C C and (w, co0)-atoms {a;}32, supported
in {EJ};";l such that h =3~ Aja; and (3.2.2) holds.

On the other hand, since g € BMO%L* (R™) so Lemma 3.3.18 holds for g (see Remark
3.3.19). As a result, we can write

27 —————dx dt
- |Cx // LY () PLe P ()

- ) —— dxdt
< 271 % —t<L* ]
NZm//W (LY g(a)ay .0

~ 1/2
* _ 427 % d:(,’dt
S Wlllos gy (/B (L gla) P ) ,
j=1 i

where the last estimate follows from applying the Cauchy-Schwarz inequality. At this
stage, we observe that for each j,

(g, )]

|B|”1?
) " < ——
HGJ“TQQ(R++1) = sup p(z, B;)’
z€B;

which, together with Lemma 3.3.17, implies

9. N = Z A ngHBMO +(Rm)*

Thus, we reach, in view of Lemma 3.3.21, the following estimates
42
(g, O S Le™  Flly @ lgllBmor,  @ny S N @ l9llmron, @ (3-3:21)

Finally, due to Corollary 3.3.9, we obtain (i) by a standard density argument.
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Conversely, for any ¢ € (H,, ,(R"))*, we need to show that ¢ € BMO%L* (R™). First,
for any (w,2, M, e)-molecule a, since f[all, ,(zr) S 1, 50 [£(@)| S |l v+ Which
implies that ¢ € Mﬁ/[ .(R™). Tt remains to show, by Lemma 3.3.16, that

1

1/2
sup ————— (I +r%L)~ " Méxzdx) S e L (R"
8 S T (g [0 = 1 e 5

To this end, for any ball B, let ¢ € L*(B) such that

1
IB\I/QSUW( |1Bl)

10]l22(5)

and set & = (I — [ +r5 L] )M, where 2M > n(1/p, —1/2). Let us next show that &
is a multiple of an (w, 2, M, €)-molecule. In fact, for each j € Z, and k =0,1, ..., M,
it follows from Lemma 3.1.3 that

I(rBL) " all2wymy = (I = [ +rBL) M +r3L) "9l 2, (8))
dist (B, U:(B
< exp {— (B. Uyl ”} 16llz2(s)
Crp
1

< 9=2)(M+e)9in(1/p—1/2)

|2 B|'/2supp(, [27 B|)
zeB

< 272]’6 : 1 : )
~ |2JB|1/2sugp(:r, 27B])
xe

On the other hand, observe that for any fixed ¢t > 0, (I — ([I + t2L]71)*)M¢ is well
defined and belongs to L3,.(R"). So we obtain

(I = [T+ L) 7)Y 0) = [0 (I = [T+ 5L )Y o) = [{a)] S 1] a0
(3.3.22)
Eventually, we now write

supp<1 iy (g 10 ])M“”'Qdf”)m

¢ < 1l ey
B supp(a, B]) /| ~ 1o
rEB

= sup 0,1 —[I+r50) HM
H¢||L2(B)§1

where the last estimate comes from (3.3.22). We complete the proof of Theorem 3.3.20.
O

Remark 3.3.22 It follows from the proof of Theorem 3.3.20 that the spaces BMOS', (R™)
for all M > (———) coincide with equivalent norms. Thus, we will denote BMOZ)ML(R”)
simply by BMOpyL(R")
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3.3.4 The Carleson measure and the John—Nirenberg inequal-
ity
In this section, we aim to characterize the space BMO, «(R"™) via the p-Carleson

measure and then establish the John-Nirenberg inequality for elements in BMO,, - (R"),
where L* stands for the conjugate operator of L in L*(R"™).

Definition 3.3.23 A measure du on R is called a p-Carleson measure if

Jaul el METEE
pll, = sup 1 00,
" BeRe |B|[Sug,0($> |B)* J/B
TE

where the supremum is taken over all balls B of R™.

Theorem 3.3.24 Let w satisfy Assumption (C), and let M > %(i - 3.
(i) If f € BMO, 1-(R"), then duy is a p-Carleson measure and there exists a positive

constant C' independent of f such that ||dpusl|, < CHfH%BMOP’L* (rn), Where

. 2 dxdt
dy = |(PLYMe P f(z) ”; . (3.3.23)
(i) Conversely, if f € MM .(R™) satisfies (3.3.17) with certain q € (p-,2] and
e1 > 0, (3.3.18) holds and dys is a p-Carleson measure, then f € BMO, 1-(R™). More-
over, there exists a positive constant C' independent of [ such that ||f||%MOp L@y S

Clldpy,, where dpy is as in (3.3.23).

Proof. Applying Lemma 3.3.17 yields (i).

Conversely, assume that f € M2 .(R") satisfies (3.3.17) with certain q € (pr-,2]
and ¢; > 0. Then for any M > M + ¢ + % and any € > n(p—lLu - p%), it follows from
Lemma 3.3.18 that
~ 2 7 *\M ,—t?L* S e dedt
(g = O f| L) pla)Le gl 0,

Ry

if ¢ is a finite combination of (w, ¢/, M ,€)-molecules and ¢’ is the conjugate of ¢. In
addition, according to (3.3.21), one can observe that

[Fo S Ndnaglly 2 gl -

Finally, note that Hg”ﬁ]\;j’e is dense in H, ;(R™), so we can use a standard density
argument to obtain that f € (H, (R™))*. This if combined with Theorem 3.3.20
implies that f € BMO, 1-(R") and ||f||QBMOp,L*(R") S | dugl|

O

Using the same arguments as in the proof of [49, Theorem 6.2], we obtain the
following result.

54



Theorem 3.3.25 Let w satisfy Assumption (C), let (3.3.18) hold, and let M > %(i—
%) Then the spaces BMOZ% (R™) for all g € (pr+,pr+) coincide with equivalent norms.

It could be of interest to put forward the following comment: these kind of re-
sults are a well-known consequence of John—Nirenberg inequalities, as explained in this
current section. Recently, such self-improving properties have been studied in a very
abstract setting (see [11, 13, 14, 52]). Moreover, in [13], applications for functional
spaces (Hardy spaces and Sobolev spaces) associated to the same (than here) second-
order divergence operator are obtained. In [13],[52],[11], the main assumption to get
this self-improving property (the John—Nirenberg inequality) is related to the behav-
ior of the "weight“ p, if it is doubling or increasing (with respect to the ball). They
only consider weights, which are "z “-independent. So the results obtained in this cur-
rent paper are interesting since they deal with an "z “-dependent weight p. However,
whether it is possible to compare Assumption (C) and (3.3.18) (required in Theorem
3.3.25) with the doubling property required for an "z “-independent weight is still an
interesting question. We believe that they are in general incomparable.

3.4 Some applications

In this section, as an application of the theory developed in the previous sections,
we will show the boundedness on Musielak—Orlicz Hardy spaces of the Riesz transform
and of the Littlewood—Paley g-function associated with the operator L.

Let us recall here that for all f € L?*(R") and = € R", the Littlewood-Paley g-
function gy, is defined by

>0 2 dt\"*
wt= ([ eretiwp)

It is well-known that gy is bounded on L*(R"), see [46, Proof of Theorem 3.4]. We
are now ready to claim the following result which is similar but more general than [46,
Theorems 3.2 and 3.4] and [49, Theorem 7.1].

Theorem 3.4.1 Let w satisfy Assumption (C), and let p € (pr,2]. Suppose that the
nonnegative sublinear operator or linear operator T is bounded on LP(R™) and there
exist C >0, M € N and M > 2(-- — 1) such that for all closed sets E, F in R™ with

Pw 2

dist (E, F) > 0 and all f € LP(R"™) supported in E,

M
_ t
1T(1 —e tL)Mf”LP(F) <C (W) HfHLP(E) (3.4.1)
and
" M
||T(tLe—tL)MfHLp(F) <C (W) 1 fllze () (3.4.2)

for allt > 0. Then T extends to a bounded sublinear or linear operator from H,, (R")
to L(w). In particular, the Riesz transform NV L~'/2 and the Littlewood—Paley g-function
g1, are bounded from H, ,(R") to L(w).
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Proof. Take any ¢ > n(1/p, — 1/p,), where p, is as in Convention (B). In view of
Lemma 3.3.13, if we wish to show that T extends to a bounded sublinear or linear
operator from H, r(R") to L(w), then it suffices to show that for all A € C and
(w, 00, M, €)-molecules a adapted to balls B,

/n w (2, T () do < |B| inf w | = A (3.4.3)

zER" " | Blsupp(z, | B|)
reB

To this end, we will follow the idea in [49, Theorem 7.1] to estimate

/ (e, T(a)(x)) dr < Z P, + Z Q;, (3.4.4)

where
P, — / o, N = 59 (ax )) (@) da (3.4.5)
and
ko op kg " —27 —1\M
Q; = 1Ss]tlgpM/nw (m, |/\|T{{M7‘BL6 M"B ] (xv;B)(rg L") a)} (:L‘)) dx.
(3.4.6)

Let us now estimate the terms P; in (3.4.5). Denote B; = 27 B, for each j > 0, then it
follows from Assumption (C) that

oo

P, <Y / W, T = e ¥ (axe, ) () de
k=0 Uk(Bj)
S A
S D12 nf (m oy T =B o)) @ e ).
k=0 k\Dj

Then applying the Holder inequality implies that

> k . |>\| —rZ LM
EEMEINS (o g T = e aximlaswuany ) - G4)

At this stage, it follows from Lemma 3.1.3, the condition (3.4.1) and the LP(R")-
boundedness of T" that for £k =0, 1, 2,

2
IT([1 — e = M (axv, ) | iz S lellerw, ),
and that for £ > 3,

i 1 \2M
I - e s S (o5 ) Nl
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Plugging these properties into the right hand quantity of (3.4.7), together with Defi-
nition 3.3.3, implies that

P, <|B|inf AR~
; inf w | z,
! wern | | Byl sup p(x, | By|)
z€B;
0 IA]2- (2M)(j+k)—je
+Y [2°Bj| inf w | =,
2B | e o B [ rsap (e B,

z€B;

After some simple calculations, using the uniformly lower type index p,, of w, we deduce

. > . Al
P, < 9-drec ) q 9kn(1=pw/p)9=2Mpu(i+K) \ 1 B | inf |
i = { t2 BB B Tsup ol 1By
- z€B;

Observe that 2Mp,, > n(1 — p,/2), so it follows from the above estimate that

Al
P; <2777 B;| inf w | =,
zek | 7 |Bj|sup p(z, | B)])

z€B;

(3.4.8)

With the estimates (3.4.8) on P; in hand, again note that w is of uniformly lower type
Pw, We obtain

Pw

0 0 IBlsggp(LlBD N
P 2" ””“B a inf w | z,
2025 22BN (B B |25\ ™ TBleuptr. TB)
BAS

J=0 J=0 zeB j

Since w™! is of uniformly lower type 1/p, (see Lemma 2.5.3), the above inequality

implies that

ip < i2—]p 6]3 ’ |B’ palPe inf |)"
. w mrw | ox
TS 1B)| wekr \ "7 | Blsupp(w, | B])

J=0

s , A _ Al
< —Jjpwegin(l—puw/Pw) ; |
S L ™ TBlsupo(r. BI)
- reB

Finally, note that € > n(1/p, — 1/pw), we then obtain the following desired estimate.

oo . |)\|
P; < |B|inf w | z, . 3.4.9
2 P55 1Bk | = Tt T 349

ze€B
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Using the similar arguments above, we also obtain

N : Al

g Q; < |B|linf w |z,

T e\ U IBlsupp(a, [B))
Te

which, together with (3.4.9) and (3.4.4), yields the condition (3.4.3). That is, T is
bounded from H,, (R") to L(w).

In particular, the operators g;, and VL™'/* were shown in [46, Theorem 3.4] to
satisfy the conditions (3.4.1) and (3.4.2). Therefore, g; and VL~/2 are bounded from
H, (R") to L(w), which completes the proof of Theorem 3.4.1.

1/2

O
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Musielak—Orlicz Hardy spaces associated to
operators satisfying Davies—Gaflney
estimates and bounded holomorphic

functional calculus

4.1 Assumptions on the operator L

Let X be a metric space, with a distance d and p is a nonnegative, Borel, doubling
measure on X. Let L be a linear operator of type 6 on L*(X) with 6 < /2, hence L
generates a holomorphic semigroup %, | arg(z)| < m/2 — 6. Throughout this chapter,
we always suppose that the space X is of homogeneous type, and that the operator L
satisfies the following assumptions.

(i) The operator L has a bounded H-calculus on L*(X).

(ii) The operator L generates an analytic semigroup {e 'Y},o which satisfies the
Davies—Gaffney estimates; that is, there exist positive constants C; and Cy such that
for all closed sets F and F in X,t € (0,00) and f € L*(X) supported in E,

_ d(E, F)?
e thHLZ’(F) §C16Xp{ _C—gt}HfHLQ(E)’ (4.1.1)

where d(FE, F) is the distance between £ and F' in X.

Remark 4.1.1 We now give a list of examples of differential operators which satisfy
assumptions (i) and (ii):

() Second-order elliptic divergence form operators defined by (1.0.2), acting on
the Euclidean space R™. Note that these operators in general are neither self-adjoint
nor having Gaussian heat kernel bounds. See [10] and Section 2 of [6].
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(B) The operators L = b(z)A as described in Chapter 1 of this thesis.

(7v) Schrédinger operators with nonnegative potentials and magnetic Schrodinger
operators. These operators are self-adjoint and possess Gaussian upper bounds on heat
kernels. See, for example, Section 1 and 3 of [34].

(0) Laplace—Beltrami operators on all complete Riemannian manifolds. These
operators are self-adjoint and satisfy the Davies-Gaffney estimates (but not Gaussian
heat kernel bounds) in general setting. See [4], Section 3.1.

Lemma 4.1.2 ([47]) Assume that the families of operators {S; }i=0 and {T;}1=0 satisfy
Davies—Gaffney estimates (4.1.1). Then there exist two constants C' > 0 and ¢ > 0
such that, for every t > 0, every closed subsets E and F of X and every function f
supported in E, one has

d(E, F)?

ST, <C { -
19T f |2y < Cexp cmax{s,t}

RS
Lemma 4.1.3 Let L satisfy assumptions (i) and (ii). Then for any fized k € N, the
following family of operators {(tL)*e~"F},~q satisfies Davies—Gaffney estimates (4.1.1).

Proof. The proof of this lemma is similar to one in [45] and hence we omit the details
here.

4.2 Musielak—Orlicz Hardy spaces associated to op-
erators

4.2.1 Tent spaces on spaces of homogeneous type

Given x € X and « > 0, the cone of aperture o and vertex x is the set
Ixz) = {(y,t) € X x (0,00) : d(y,z) < at}.

For any closed subset /' C X, define a saw-tooth region R*(F) = (J,.'*(x). For
simplicity, we will often write R(F') instead of R*(F). If O is an open subset of X, and

we denote by E° the complement of a set E, then the tent over O, denoted by 6, is
defined as R
O = [R(O9)]:={(x,t) € X x (0,00) : d(z,0°) >t}

For each measurable function g on X x (0,00) and x € X, define

Al = ( [ latwop g
T'(z)

When X = R" Coifman, Meyer and Stein [24] introduced the tent spaces T4 (R")
for p € (0,00). The tent spaces Ty (X) on spaces of homogeneous type were studied
by Russ [69]. The function g is said to belong to the space T4 (X) with p € (0, 00) if
9llz2x) = [[A(g)l|r < 0o. Then, Harbourne, Salinas and Viviani [43] introduced the
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tent spaces T, (R7™!) associated to w. Now let w satisfy Assumption (A) (see page 27).
Then we define T,,(X) as the space of all measurable functions g on X x (0, 00) such
that A(g) € L'(w), and for any g € T,,(X), one defines

HQHTW(X) = ||A(9)||L1(w)'

Definition 4.2.1 Let w satisfy Assumption (C) (see page 27 and 28), and let p be the
function defined by (2.5.3) in Definition 2.5.2. A function a on X x (0,00) is called a
T.,(X)-atom if

(1) there exists a ball B C X such that supp a C §;

(ii) |lallrzcx) < [V(B)] 72 inf [p(x, V(B))] .

zeB

Remark 4.2.2 (i) It is not difficult to verify that for a function w satisfying As-
sumption (C), there exist positive constants Kj, Ks such that for any = € X, K; <
w™(z,1) < K, and hence ing[p(az, V(B))]™! is strictly positive.

BAS

(ii) In addition, for all T;,(X)-atoms a, we have ||a||7,x) S 1.

For the functions in the space T,,(X), we have the following atomic decomposition.

Proposition 4.2.3 Letw satisfy Assumption (C). Then for any f € T,,(X), there exist
T.,(X)-atoms {a;}52, and {\;}52, C C such that for almost every (r,t) € X x (0, 00)

fla,t) =" Nay(,t). (4.2.1)
j=1
Moreover, there exists a positive constant C' such that for all f € T,,(X),
- N - A
A({Aj}) =inf A >0 V(B;)inf <1l)p<C
({0}) = inf { Y )infe(, N sl V) )} < Clif o,
yeb;

(4.2.2)
where B; appears as the support of a;.

Proof. The proof of Proposition 4.2.3 is similar to those of [24, Theorem 1], [69,
Theorem 1.1}, [49, Theorem 3.1] and [50, Theorem 3.1] with minor modifications, thus
we omit the details.

The following proposition on the convergence of (4.2.1) plays a significant role in the
remaining part of this chapter. The proof of it is analogous to that of [49, Proposition
3.1] and we omit the details.

Proposition 4.2.4 Let w satisfy Assumption (C). If f € T, (X) N T§(X), then the
decomposition (4.2.1) holds in both T,,(X) and TZ(X).
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4.2.2 Musielak—Orlicz Hardy spaces associated to L

For all functions f € L*(X), the Lusin-area function Sr(f) is defined by setting,

Spf(x) = (/ z |t2Le_t2Lf(y)|2£€T(th))%> 1/2,x e X.

The Musielak-Orlicz Hardy space Hy,,,(X) is defined as the completion of

{f € LX) : [|SLfllr(w) < oo}

with the norm
000 = ISE | Lr ()

Noting that if w(t) = ¢,¢ € (0,00) then the space Hp,(X) turns out to be the space
H}(X) in [45]. Furthermore, if w(t) =, ¢ € (0,00) and p € (0,1], the space Hy,,(X)
is just the space HY(X) considered in [30]. We now introduce the notions of (w, M, €)-
molecule as follows.

Let us denote by D(T') the domain of an unbounded operator T and by T* =T ...T
the k—fold composition of T" with itself.

Definition 4.2.5 A function m € L*(X) is called an (w, M, €)-molecule associated to
the operator L if there exist a function b € D(L™) and a ball B such that

(i) m = LMb;
(i) for every k=0,1,..., M. and j € Z,

10BL) bllr2gs;(my < 75277V (27B)) 2 inf [p(x, V(2 B))] "

z€B

Theorem 4.2.6 Let L satisfy assumptions (i) and (i1), w satisfy Asumption (C), M >
%(p% —3)and 0 <e< 2M—n(i —1). Then for all f € Hy,,(X)NL*(X), there exist
(w, €, M)-molecules {a;}32, and {\;}32, C C such that

F=> " X\a
j=1

in both Hy, ,(X) and L*(X). Moreover, there exists a positive constant C' such that for
all f € Hp,(X) N L*(X),

. - . Al
a1 = N V(B <1)l<
M) =i 2> 03V nteo(e 3 vy < 1 S Ol
- yij

(4.2.3)
where B; is the ball associated with (w, e, M )-molecule a;.
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Before giving a proof of Theorem 4.2.6, we consider the following operator

T (F)(x) = / (P Le 1M (F (-, 1) () 2

t )
0
for all F' € L*(X x (0,00)) with bounded support. The bound
1m0 (|2 x) < CllF g0, VM > 1 (4.2.4)

follows readily by duality and the L? quadratlc estimate (2.4.1). Moreover, we have
the following proposition.

Proposition 4.2.7 Let a be a T,(X)-atom associated to a ball B C X and M >
g(p%—%) Then, Tp, pma is an (w, €, M )-molecule (up to a harmless constant); moreover,

TLMa € HL,w<X)-

Proof. Setting
> 2 dt

- / M (g=oyM g g D
0 t
Since a is a T,(X)-atom associated to a ball B C X, supp a C B = {(z,t) € X X
(0,00) : d(x, B°) >t} C B x [0,75]. Thus, the integral b = [ 2M (e"*L)Mq(-, )4 is
well defined and 7y, yya = LMb.
For any h € L*(S;(B)) with norm 1 and &k € {0,1,..., M}, one has

\/rB L) b(e ia)dua)

-\[ ] t2M<r%L>k<e—t2L>Ma<x,t)%?dum\
= ’/ / IR EE) aa, 1) (e )M L e R oA ()

dtdu( )(

1/2

2L\ M— . dt
< v lallezon ([ / (e YK P Lo P YR () P d())

ST%M[V(B)] 1/21nf[ //l —t2L* M—k tzL* 2L )kh( )|2 ( ))1/2‘

zeB

If 7 > 3 then we have

<//|(€_t2L*)M—k:(t2L*et2L*)kh(x)|2@dH( )>1/2

—d(B,5;(B)? dt\ 1/2
ct2
¥ [ )
4M 1/2
<C’</ dt> /
- 237’3

<027

| /\
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If 7 =0,1,2, it is simple to see that

(/ / (e AL e PR P () < 027

All in all, one has

| [ LU R ()| < otz (B) it (e, V()

zeB

which implies

1(rBL) bl 2gs; () < Crig 2 V(B)] "2 i [p(e, V(B))] .

z€EB

Since w is of uniformly lower type p,,, p is of uniformly upper type p—lw — 1 by Lemma
2.5.3. Then we have

1 BL) |2, ) < Cr2 M9V (B)) 7 inf [p(, V(B))] ™

V(2 B)
V(B)
< CTQBMQ(—QM—&-%-i-ﬁ—n-FE)jQ*jé[V(QjB)] 1/21nf[ (;C,V<2jB)>]71

. m s 1/pw—1 . .
< CTgMzﬂMagaa( ) V(2 B) " in [p(x, V(27 B))]

zeB

< Crt2 TRV (P B)) 2 inf [p(, V(2 B))]

zeB

Due to (=2M — 3 + - +¢€) < 0, we obtain that

1(rBL) bl 2gs; () < Crig2 7 [V(27B)] 2 nf [p(a, V(2 B))] ™

zeEB

Therefore, 7y pra is an (w, €, M)-molecule.
It remains to show that o = mp ya € Hp ,(X). Write

/w(x, Sr(a)(x Z/ w(z, Sp(Aaxs,B))(x))du(r) = ZAj

X 7=0 % j=0

for all j € N.
By Assumption (C) and the Holder inequality, for each j € N, one obtains

A

J

IN

[ et ss0axs @) @)dat)

Sk(29B)

Me 11

k+i 1Y ; A |fS (27 B) |St(axs,s)(y)|duly)
V(2 B)mfw(a:, V@B) )

IN

reX

il
o

< IM[[SL(axs; )|l L2s, 233)))

k
V(2" B) inf w V(24 B)12

rzeX

NE

e
i
o
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For £ = 0,1, 2, one has

||SL(04XS )||L2 (S,(29B)) < C“CY“L2 5;(B))
< C279 V(22 B)]"Y?inf [p(z, V(2 B))]

z€eB

For k£ > 3, write

Istoxsasm = [ ([ + [ ) [ ererap gt Laua)

Sk(29B)

= I; + 11,

To estimate [;, we set Uy;(B) :={y € X : d(z,y) < IfB for certain z € S(27B)}.
Then, for each z € S;(B) and y € Uy;(B), we have d(y,z) > 2" 2rp. It follows from
the fact that

/ Vi(z, t) tdu(z) < C

d(z,y)<t
and o« = LMD that
2k+j+17«B
_ dt
I; <C / / [(t2L)M e t2Lbij(B)(y)\2dM(y)W—H
0 S5(B)
oktitly )
AU(B), S;(B)?\ dt
SCHbH%%sj(B)) / eXp(‘ : 2 ’ >t4M—|—1
0
ok+j+1
kti—2.. \2
2 (2 TB) dt
< CIbll22(s;(my) / exp(— 12 >t4M+1
2k+J+1
4M+4 dt
2
<Clbleswy | (7)) g
0
2 4(k+j5) M ) ]
< O||bl[72(s;(n < C27 M2y (2 B)) inf [p(x, V(27 B))]

gy = 2eB

Finally, for the term I/; we obtain

» dt
1,<c / / (L) s, () () Peia(y) oy
2kti=lpp S
roodt
<My [ e
2k+j717‘3

< o MY 2V (I B)]inf [p(, V(2 B))]
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It therefore, from the estimates for I;, II; above, the uniformly lower type p, of w
together with the fact that —2Mp,, + n(1 — p,/2) < 0, implies that

/ w(z, Sp(e) (2))dp(x)

S;(B)

> . . . Al
< E (=2(k+j))M—je)pw 1/ (9k+7 BY inf 4 ' | '
>~ C 2 2 V( );QXW <I’7 [V(2k+jB)]1/2 [V(2]B)]1/25U.pp(y, V(2]B))>
- yeB

A
<C 9(=2(k+5)M—je)gkn(1—-pw/2)pw/ (99 BY inf ( : | : )
Z B " o B ey, V2 B)
yeB
Note that we can choose p,, as in Convention (B) such that n(}%—y%) < €. It therefore,
together with the uniformly lower type 1/p, — 1 of p by Lemma 2.5.3, yields
> [ e s10a)@)dut

1=0,(B)

< 022 e (pai)” e V)

yeB
—epio(1—pw/Bu)nj : BY
<02 V(B) nte (2 g V)
=0 yeB
| "
<
< OV e (. G gty V()

yeB
which completes the proof of Proposition 4.2.7.
O

Proof of Theorem 4.2.6. Since f € L?*(X) and T has a bounded holomorphic
functional calculus on L?(X), there exists a constant Cy, , such that

f:CML/ 7t2L M+1f
0

By definition of Hy,(X) and the quadratic estimate (2.4.1), t*Le "L f € T,(X) N
T?(X). Thanks to Proposition 4.2.4 and Proposition 4.2.7, we easily deduce

f= CM,LWL,M(tzLeitZLf) =CumL Z Npom(aj)

j=0

in both L*(X) and Hp ., (X) and A({);a,};) < C||f]|m,.,(x), which completes the proof
of Theorem 4.2.6.
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O

By the density of Hy, ,(X)NL*(X) in Hy ,(X), we conclude the following corollaries.

Corollary 4.2.8 Let the operator L satisfy Assumptions (i) and (ii), w satisfy As-
sumption (C) and M > 5(1/p, — 1/2). Then for all f € Hp,(X), there exist a
sequence of (w, e, M)-molecules {a;}22; and {\;}32, € C such that f = Y77, A\ja; in
Hy ., (X). Moreover, there exists a positive constant C independent of f such that

A{Nja;}5) < ClIf oL 00
where A({\ja;};) was defined by (4.2.3).

Corollary 4.2.9 Let the operator L satisfy Assumptions (i) and (ii), w satisfy As-
sumption (C) and M > 5(1/p, —1/2). Then for all 0 < e < 2M —n(1/p, — 1/2), the

spaces Hm;i; M are dense in Hyp,(X) where HL”;ZZ; M denote the spaces of finite linear
combinations of (w,e, M).

4.2.3 Dual spaces of Musielak—Orlicz Hardy spaces

In this subsection, we study the dual space of the Musielak—Orlicz Hardy spaces
Hy (X). Let ¢ = LMv be a function in L?(X), where v € D(LM). Following [45, 46]
for e > 0, M € N and fixed zy € X we introduce the norm

M
1611 pgrse(ry = sup {271V (w0, 2)]? sup  pla,V(wo,27)) D |IL¥0l 125, (maonn }
JELy z€B(x0,29) =0

where

ML) = {¢ = LYv € LX(X) : [|]] a1y < 00}

Let (MM<(L))* be the dual of MM<(L) and denote either (I 4 t2L)~' or e 'L by
A;. Then for any f € (MM<(L))*, (I — A})™f belongs to L? (X) in the sense of
distributions, see [45, 46].

For any M € N, one defines

MI-(X) = [ (ML)

e>n(1/pu—1/p%)

Definition 4.2.10 Let the operator L satisfy Assumptions (i) and (ii), w satisfy As-
sumption (C) and M > %(1/p, — 1/2). A functional f € ML .(X) is said to be in
BMOy(X) if

1 - 1/2
o0 = P s / (7= B () Pdu(r)] < oo,

BcXx Supp
rEB

where the supremum is taken over all balls B in X.
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We have the following characterizations of the spaces BMO) (X).

Proposition 4.2.11 Let the operator L satisfy Assumptions (i) and (ii), w satisfy
Assumption (C) and M > 5(1/p, — 1/2). Then f € BMO} (X) if and only if
fe MY .(X) and

1 1 3 1/2
sex supp(r. V(B)) v B/ 7= (17 L)) @) Pt < oo
Moreover,
1 1 3 1/2
o) 5 oot 757 B / 0= (T + 3D )Y F(a)Pdut)]

Proposition 4.2.12 Let the operator L satisfy Assumptions (i) and (i), w satisfy
Assumption (C) and € > n(1/p, — 1/p}). Then there exists a positive constant C' such
that for all f € BMO, (X)),

<1 1 [ 1
e supp(z, V(B)) LV (B)

x€B B

dp(x)dty1/2

[yt i@ PR < cllflsuop, o

The proofs of two above propositions are similar to Lemmas 8.1 and 8.3 in [46] and
hence we omit the details.
We are now in position to obtain the main result in this subsection.

Theorem 4.2.13 Let the operator L satisfy Assumptions (i) and (ii), w satisfy As-
sumption (C). Then (Hy,,(X))*, the dual space of Hy, ,(X), coincides with BMO%L*(X)
i the following sense:
(i) For any functional f € BMOY, .(X) and M > max{%(l/pw —1)+1, %}, the
linear functional given by
Ug):=<f.9>,

which is initially defined on H(T;ZZ;QM with M > M+ 2(1/p.—1/2) and M- 2(1/pw—
1) >e> &(1/p,—1/2) (N is a constant appearing in (2.1.3)), has a unique extension
to Hp, ,(X) with

1l ¢t w00y < CllFllBasor, , ),

where C' is a positive constant independent of f.
(ii) Conversely, for any { € (Hp (X)) and M > %(1/p, — 1/2) there exists a
function f € BMO)Y,.(X) such that

U(g) = (f,9)

forallg € HL”;%WE and ||f||BMO£,4L*(X) < Oy (x))+» where C'is a positive constant

independent of (.
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Before coming to the proof of Theorem 4.2.13, we need the following results.

Lemma 4.2.14 There exists a collection of open sets {QF C X : k € Z,a € I},
where Iy, denotes certain (possibly finite) index set depending on k, and constants 6 €
(0,1),a0 € (0,1) and Cy € (0,00) such that

(i) W(X\ Us Q%) =0 for all k € Z;

(i) if i > k, then either Q) C Qf or Q, N Q% =10
(iii) for (k,a) and each i < k, there exists a unique 3 such Q% C Qfg;
(iv) the diameter of Q% < C,0%;

(v) each QF contains certain ball B(zE, agd").

Proof. The proof of this lemma can be found in [20].

Theorem 4.2.15 Let M > max{%(l/pw —-1/2)+1, %} and 0 < e <2M —n(1/p, —

!
1/2). Suppose that f = Y Na; where {a;}._, is a family of (w,e€,2M)-molecules and
i=1

K

YNl < oo. Then there exists a representation f = > pym;, where the mls are
i=1 i=1
(w, €, M)-molecules and

K
D il < Cllfllay )
i=1
with C' = C(e, M).
Proof. Indeed, we can adapt the ideas in the proof of Theorem 5.3 in [45] with minor
modifications to obtain the proof of Theorem 4.2.15. Instead of dealing with atoms

as in [45], we work on molecules by decomposing the underline space X into annuli
according to the balls associated with the molecules. We therefore omit the details.

O

Proof of Theorem 4.2.13. Let m be an (w, e, M)—molecule associated with a ball
B C X. Then there exists a function b such that the conditions (i) and (ii) in Definition
4.2.5 hold. Then we have,

P2 = (P30 Mb = (I — (I +r3L) "M (I + 123 L)M (73 L)M-Mp

=S~ (I + 30 )M (3 L)Y o,

k=0
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Therefore,

[(F,m) ] = 52 F, (L))

M

< OS] [ ) @R i)

k=0 5=

SCr;f”'Mi ([ Ju=a+e @] duw) " < 30" bl
5;(B)

. 2 1/2
< 022—@ V(27 B)]"Y2sup[p(a, v<2ﬂB))]—1( / \(1 ([ ALY )M f(g;)) du(x)) .
zeB s,(B)
(4.2.5)
With notations as in Lemma 4.2.14 we choose an integer k;, for each j € Z, such that
C16% < 2rg < Cy6%~1. Set

M = {f € I, : QF N B(xp, C16M ") # 0}
Then, for each j € Z,
5;(B) B(xp, C10M ™) C UBGMjQZO C B(xp,2C,6"71).

From (i7) in Lemma 4.2.14 we can assume that the sets Qk for all B € M; are pairwise
disjoint. Furthermore, it follows from (iv) and (v) that there exists zﬂ € Qko such that

B(zﬁ , ™) C Q (zﬁ ,C16™) C B(zﬁ ,m5) C B(zﬁ , Oy M. (4.2.6)

Therefore, from (2.1.3), Proposition 4.2.11 together with the fact that p is of type

(p% — 1,79% —1) and p, < p; < p}, we have

([ |o-aerpeyy s anw) "

(X / (B dute)

peM; o

) 1/2
< 0||f||BMoy (X VBER ) s ple, VIBER,r)?)
v BEM; EB(ZEOJ"B)

< OV £ pyou V(B 20185 )supp(e, V(B(a, 7))

zeB

< CoNWP[ | grron )V (27B) Psupp(a, V(B)).
reEB

(4.2.7)
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Combination of two estimates (4.2.5) and (4.2.7) gives

Ny o/ V(B) \Ype—1
(il < €30 o) Milsso, oo

V(2B
» (4.2.8)
< 022” | ] parom,, x)
7=0
< OHfHBMOM (X))
Now for any g € Hm;ll; 2M hen by Theorem 4.2.15, there exists a representation
K N
g = > pim;, where the m/s are (w, €, M)-molecules and
i=1
K
> lwal < Cllgllsr, o x)- (4.2.9)
i=1

As a result, it follows from (4.2.8) and (4.2.9) that
K
- Z il (f s i)
i=1

K
<C Z |/~%‘H|f||BMO£{L*(X)

=1

< O||g||HL,w(X)||f||BMngL*(X)‘

The proof of part (i) of Theorem 4.2.13 is complete.
Conversely, we will adapt the ideas in [46] to give the proof of part (ii) of Theorem
4.2.13. Observe that for each (w, €, M)-molecule m,

[e(m)| < Cl | (ay (x))-

Since each element in MM<(L) is also an (w, e, M)-molecule associated to the ball
B(xg,1) which implies that ¢ defines a linear function on MM<(L) for every ¢ >
0,M > 2(1/p., — 1/2). Therefore, (I — (I + t*L*))"{ is well defined and belongs to
L2 for all ¢ > 0. Fix a ball B and let ¢ € L?(B) such that ||¢||;2(p) < 1. Then one
can check that

= (I = (IT+r5L)")"o
is an (w, €, M')-molecule for every ¢ > 0 and hence ||m||g, ,x) < C. Consequently, we
have

| <= (I +r5L) )Mo > =] <,(I—(I+r5L)")" e > |
= | <tm > | <Ol 000
which further implies that

1 1/2
[ M 2 <
supp(z, V(B /| +rpL) )M ()] d#(iﬂ)) < O] a0 x))

zeB
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for all balls B. Thus, £ € BMO}.(X) and 1l Barom , xy < Cllel (g .0x)+5 which
completes the proof of part (ii).

O

4.3 Riesz transform and holomorphic functional cal-
culus

4.3.1 Holomorphic functional calculus

Lemma 4.3.1 Let the operator L satisfy Assumptions (i) and (ii), w satisfy Assump-
tion (C) and M > %(2% — 3). Suppose that T is linear (resp. nonnegative sublinear)
operator which maps L*(X) continuous into weak-L*(X). If there ewists a positive
constant C' such that for any (w, e, M)-molecule a,

/w(m,T()\a)(x))du(w) < CV(B) infw(:c, 5 A ) (4.3.1)

zeX supp(y, V(B))
X yeB

then T extends to a bounded linear (resp. sublinear) operator from Hp ,x)y to L'(w);
moreover, there exists a positive constant C' such that

T flliw) < Cll Iy .00x)
forall f € Hy . (X).

Proof. It follows from Theorem 4.2.6 that for every f € Hy ,(X) N L*(X), there exist
a sequence of (w, e, M )-molecules {a;}32, and {);}32, € C such that f = Z 1 Aja; in
both Hy,(X) and L*(X). Moreover, there exists a positive constant C such that

A({Aja535) < Cll g o0

Thus, if T is linear, then it follows from the fact that 7" is of week type (2,2) that
T(f) = >_.°2,T(Na;) almost everywhere. If T is a non-negative sublinear operator,

7j=1
then
(Z/\ a]) > t} <C

— 0 as N — oo. Thus, there exists a subsequence

f— Z/\a]

suptl/Qu {:c e X:

t>0

L2 (X)

Note that

N
f =2 \a;
j=1

{Ni}r C N such that

L2(x)

T (i )\j@j) — T(f)
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almost everywhere, as k — co. Observe that

T(\aj)=T(f)—-T (Zk Ajaj) +7T (Zk )\jaj> — iT(/\jaj).

Hence, it follows from the non-negativity and the sublinearity of 7" that

iT)\aj <T(f <Z)\6L]>
7j=1

T(f) -

M

By letting & — oo, we see that T'(f) < > T()ja;) almost everywhere. Thus, by the
j=1
subadditivity and the continuity of w, we deduce that

/( T(f)(x))dp(x <CZ/ w(z, T(Na;)(z))du(z). (4.3.2)

X =l

Finally, it follows from (4.3.1) and (4.3.2) that

Iy < CA (Pasd;) < ClF Ny

which, combined with the density of Hy, ,(X)NL*(X) in Hy, ,(X), completes the proof
of the above lemma.

O

Theorem 4.3.2 Let L be of type 0 on L*(X) with 0 < 0 < 7/2 and satisfy (i) and
(ii), w satisfy (C) and 0 < v < w. Then, for any f € Hy(SY), f(L) is bounded on
Hy (X)), that is, for any g € Hp, ,(X)

1F (L)l ) < Cllflloollg o) (4.3.3)

Proof. Choose M > %(1/p, —1/2) and p,, > p,, close enough to p,, (as in Convention
(B)) so that there exists € satisfying

1 1
n(———)<e<2M+——£
Po  Duw 2 po

With any (w, €, M)-molecule m associated to a ball B C X, we will claim that

/ w(z, SLAf(L)m)())dp(z) < C||f [V (B) infw (9” v<B>sup|2(|y V(B))

X yeB

). (4.3.4)

Once (4.3.4) is proved, (4.3.3) follows by Lemma 4.3.1.
Let us prove (4.3.4). Write

[t ssOrLm)E@)due) < 3 [ ol SO Lm - xs,m)@)dnt) = 3 4

% =0 =0
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for all 7 € N.
Since w satisfies Assumption (C), by the Hélder inequality, for each j € N, one obtains

A

J

IN

[ el SiOLm e xs, @) (@)da(o)

S (27 B)

e 10

IN

V(2k+jB)infw<

rzeX

Al S, 2im) 1SECF(L)me - X)) () |dpe(y)
- V(29 B) )

il
o

: MISL(f(L)m - xs;8))l| L2 (5, (29
k+j . ‘ 5(B) ) L2(Sk(2 B)))
V(2 B)ig)fcw@’ V (2k+i B)1/2 :

M8

e
Il
o

For k£ =0,1,2,
I[SL(f(L)m - xs;8)||2(su2iBy) < Clf(L)m - xs;8)||22(x)
< C"f"oo|’m\|Sj(B)2_j€[V(QjB)]_l/Qigg[P(% V(2B))] .

For k > 3, write

[Se(f(L)m - XSj(B))”%2(sk(2jB))

— / (/4-1— 7) / \tZLetQLf(L)m'X@(@Fﬁé?%%dﬂ(%)

Let us estimate [;. It can be verified that there exists a positive constant C' such that
for all closed sets F and F in X,t € (0,00) and g € L*(X) supported in F,

~ ¢ M+1
(L) e F(L)gll L2y < C(m) 9]l 22(z)- (4.3.5)

Setting Uy;(B) == {y € X : d(z,y) < % for certain z € S;(2/B)}, then for each
z € Sj(B) and y € Uy;(B), we have d(y, z) > 2"7~2r5. Combining fd(x )<t Vi(x, ) tdu(z) <
¢, m = LMp and (4.3.5), one gets

ok+itly

42 dt
pee [ [ IeDM e L v o 0P i) i
0 55(B)
2k+itly )

" AM+2  Jt
< 2 11712 ( ¢
<CIftse | Gorssme) @

0

< CJ| |27 0NV (2 B)] ™" inf [p(ar, V(2'B))]
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For the term I1;, we have

;< cC / / (LM e F(L)D - x50 () Pty >t4f4t+1

2+i-1rp S;(B)

[dt
<CIIRIBE ey [ e
2kti—lrp

< ClIf|R27 M2 [V (2 B)]  inf [p(w, V(2 B))]

Further going, from the estimates for I;, I}, the strictly lower type p, of w together
with the fact that —2Mp,, + n(1 — p,/2) < 0, we obtain

/ w(, Sy (f(L)m) (x))du(x)

S;(B)

- —_ Al
< 9(=2(k+j)M—jepu 1/ (9k+i BY inf : : | :
- CHfHOOkZ_O Vi );g}&u( [V(ZkﬂB)]l/?[V(QJB)]l/zsupp(y,V(QJB)))
- yeB

> o , Al
<C - 9(=2(k+j)M—je) gkn(1—pw/2)pu/ (97 BY inf ' | :
< Il g ( );1&1}(&)( " [V(27B)]supp(y, V(ZJB))>

yeEB

Since p is of uniformly lower type 1/p, — 1, we further have

> [ wla Sc0f(Dm)a))duta)

=0
I=85(B)

V(B) >pw/5w‘

< Ok o2 VB () ok
j=0

Al
sex” (x V(B)supp(y, V(B))>

yeB

0 | o A
< O|lflloe Y 202" P/PIM Y (B) inf | -
< |1l par ( >;2Xw <:c, V(B)supp(y, V(B>>)

yeB

Noting that since n(—w — p—) <eand M > % (E — %), we learn that

> [t s @mIEnE) < CUSIV ) i )
~s,(B) v

4.3.2 Riesz transforms

Assume that D is a densely defined linear operator on L?*(X) which possesses the
following properties:
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(i) DL™/? is bounded on L?(X).
(ii) The family of operators {v/tDe *},- satisfies the Davies-Gaffney estimate (4.1.1).

Examples in which conditions (i) and (ii) are satisfied include the case X = R", D
being the gradient operator, and L the second-order divergence form operator; also, X
any non-compact complete Riemannian manifold, D the Riemannian gradient, and L
the Laplace—Beltrami operator. See, for example, [3, 4, 26].

Theorem 4.3.3 For any f € Hp ,(X),

IDL™ 2 fll110) < Cllfag.0x)-
Before giving the proof of Theorem 4.3.3, we state the following lemma.

Lemma 4.3.4 For every M € N, all closed sets E, Fin X with d(E, F) > 0 and every
f € L3(X) supported in E, one has

t

~1/2 —tL\M
IDL /(]—6 t) f||L2(F)§C<W

M
) 1 fllz2my, Wt >0, (4.3.6)

and

t

—-1/2 —tI\M 5 < T o
|IDL~2(tLe ™M f||, (F)—C(d(E,F)2

M
> 1 ||z2(m), Vt > 0. (4.3.7)

Proof. The proof of Lemma 4.3.4 is completely analogous to one of Lemma 2.2 in [47]
and we omit it here.

U

Proof of Theorem 4.3.3. Choose M > 5(1/p,—1/2). Let m is an (w, €, M )-molecule
associated to a ball B, e < 2M + 5 — p%' Then there exists a function b such that

m = LMb. Setting T = DL~'/? and write

/ w(z, T(vm)(z))du(z)

X

< /W(w,|A|T((I "B (m - xg, () () dpu()
+Z/w(x,|A|T([I— (I = e=)M](m - xs,m) (%)) dp()
< ifj + inj
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We estimate the term I; first. By the Holder inequality, we obtain

B3 [l T )0 s )l

Sk(QJB

= A 2
< SVEIB) e (r g [ T - P s ) )du)
h=0 Sk(27B)
< S VB infe (o, AL (1 - B v o))
= seX [V (2K B)]1/? 3(B))1L2(Sk(27B)) | -

For k =0,1,2, it follows from Lemma 4.3.4 that

1T((1 =€) (moxs, )| 2(sueimy < Climllas,my) < €2 9V(2B)) ™ inf [p(x, V(2 B))]

zeB

and for k£ > 3 that

7,2
NT((I = "B M) (m - X)) L2502 3y)
< 02—2M(k+j)||m||L2 5;(B))

< 2 M) 9=< [y (20 B)| 7V inf [p(x, V(2 B))] !

zeB

At this stage, by the same argument used in the proof of Theorem 4.3.2, we obtain

. A
B) infuw <3j V(B)supp(y, V(B)))'

=0 yeB

uMg
S~

We now proceed with terms 11,7 =0,1,... Also, by the Holder inequality, we obtain

o0

IIESY / w(z, INT = (I — 5 (m - xs,(5)) () dp()
F=05,(21 )
< SVEIB) it (r gy [ T = B s m))dus)

Sk(21B)

3 MIB)j A r2 L\ M
S;V(Q +JB)lnfw<$aW||T(]_(]—eB) )(m - xs,8)) || 250 QJB))>

Next we have

—kr3 L
L€ B )

M-

I —-(I __er%L)Al

>
Il

1

7



where ¢, := (—1)’“*1(M]‘_4k!)!k!. Therefore,

—kr2
ITF < C sup |[Te ™ 5 m - xs,m)||12(s.208))
1<k<M

k _k2 \M
< C sup HT(—T%Le M 129L> (TB2L 1)Mm : XSJ-(B)’ (502 B)
k

1<k<M M

At this point, repeating the argument used to estimate I}, we also obtain that

o , A
> 11 < CV(B)infw(x. V(B)supply, v<B>>>'

Jj=0

yeB
Combining obtained estimates gives
/w(x,T()\m(x)))d,u(x) < CV(B) infw(x, A )
/ 2\ V{Blsupply. V(B)
ye

This, together with Lemma 4.3.1, therefore completes our proof.
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Generalized weighted Hardy-Cesaro
operators and their commutators on
weighted Morrey spaces

5.1 Basic notation

Let w be a weight function, namely w is a measurable function on R™ and w(z) > 0 a.e.
z € R". We denote by BMO(w) the space of all functions f, which are of bounded
mean oscillation with weight w, that is

/ |f(x) — fpwlw(z)dr < oo, (5.1.1)

HfHBMo sup

where the supremum is taken over all n—dimensional balls B. Here, w(B) = [, w(x)dx
and fp,, is the mean value of f on B with weight w:

1
o) /Q f(@)w(z)dz

The case w = 1 of (5.1.1) corresponds to the class of functions of bounded mean
oscillation of F. John and L. Nirenberg [53]. It is easy to see that L>°(R") C BMO(w).
In the sequel, we need the following well-known result (see [73]).

Lemma 5.1.1 Assume that w is a weight function with the doubling property, that is
for some positive constant C, we have

w(B(z,2r)) < Cw (B(z,1)),
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for allz € R™ and r > 0. Then, for any 1 < p < oo, there exists some positive contant
C, such that

1 1/p
oo = sup 2z [ 170) = fullalds) < Gyl laviot

On the other hand, the classical Morrey spaces, which are natural generalizations of
LP(R™), were introduced by Morrey in [63] to investigate the local behavior of solu-
tions to second-order elliptic partial differential equations. After that, K. Yasuo and
S. Satoru in [86] defined weighted Morrey spaces to study the boundedness of classi-
cal operators in harmonic analysis such as the Hardy-Littlewood maximal operator,
Calderén-Zygmund operators and fractional integral operators.

Definition 5.1.2 Let w be a weight function and B(a, R) be a ball centered at a with
radius R. Let 1 < p < oo and —1/p < X\ < 0. The weighted Morrey space LP*(w) is
defined by

LPMw) = {f € Ljpe(w) « | fllrrg) < o0}, (5.1.2)

where

1 1/p
PA () = SU z)[Pw(x)dx ) 5.1.3
Wl = g0 (e 7 [y ) 19

Remark 5.1.3 If w has the doubling property then in (5.1.3) one can replace balls
B(a, R) by balls B(0, R) centered at the origin.

Remark 5.1.4 (1) If w =1, then LP*(w) = LPR™), the classical Morrey spaces.
(2) Assume that w has the doubling property. If A = —1/p, LP~VP(w) = LP(w). If
A =0, LPY(w) = L>(w) by the Lebesque differentiation theorem with respect to w.

In what follows, we will use the following useful variant of the maximal theorem for
the Hardy-Littlewood maximal operator M, with respect to the measure w(z)dz, that

is
/!f )w(y)dy,

where the supremum is taken over all balls B containing x. See [86, Theorem 3.1].

M, f(x) = sup

Lemma 5.1.5 Assume that w has the doubling property, 1 < p < oo and —1/p < A <
0. Then the operator M,, is bounded on LP*(w).

5.2 Bounds of generalized weighted Hardy-Cesaro
operators on weighted Morrey spaces L’ (w)

In this section, we will show the boundedness of the generalized Hardy-Cesaro operator
Uy.s on spaces LP*(w) for the class of weights w below and compute the corresponding
operator norm.
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Definition 5.2.1 Let o be a real number. Then W, denotes the set of all weight

functions w on R™, which are absolutely homogeneous of degree a, that is w(tx) =

t|*w(z), for allt € R\ {0}, z € R" and 0 < [ w(y)do(y) < co, where S, = {x € R™:
Shn

|z =1}

Recall that if we define the measure p on (0,00) by p(E) = [, 7" 'dr, and the map

O(z) = <|x\, ﬁ), then there exists a unique Borel measure o on S, such that p x o is

the Borel measure induced by ® from Lebesgue measure on R™ (n > 1) (see [40, page
78], [54, page 142] for more details).

Let us describe some typical examples and properties of W,,. Note that a weight
w € W, may not belong to L{ (R"). In fact, we observe that if w € W,, then
w e Ll (R") if and only if « > —n. If n = 1, then w(x) = c|z|*, for some positive
constant ¢. For n > 1, w(z) = |z|* is in W, and has the doubling property when
a > —n. If wy,ws are in W,, so are wi + Awy for all 6, A > 0.

Lemma 5.2.2 For any real number o« > —n, if w € W,, then there exists a positive
constant C such that for all R > 0,

w(B(0,R)) = /(0 R)w(:p)d:p = CR"™.

Proof. It comes from the standard integral calculation that

/B (OR)w(ﬂJ)daz = /O Rdr /S (Oyr)w(y)da(y) = /0 RT"+“_1dr /S nw(y)da(y)-

So one can choose C' = —— Js, w(y)da(y) to complete the proof of Lemma 5.2.2.
U

The next lemma plays an important role in our proofs of theorems in the sequel.

Lemma 5.2.3 Assume that w € W, (a > n) and has the doubling property, 1 < q <
0o and —1/q < X < 0. Then h(z) = |z|"t** € L (w) and ||h|prq, > 0.

Proof. By Remark 5.1.3, one can replace balls B(a, R) by balls B(0, R) in the definition
of weighted Morrey spaces. Then we have

1 (n+a)q
(B(O R))1+q,\/( |$‘ JaA (x)dfﬂ

_ (n+a)/\

_ pnta)gdtnta—1 g o
‘w(B(&R))HqA/O d / w(y)do(y)

1 R(nta)(gA+1)
~ w(B(0,R))F (n+ o) (gh + 1) /S w(y)do(y),

which, together with Lemma 5.2.2, completes the proof of Lemma 5.2.3.
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In [42], Z. Fu and S. LU proved that for 1 < p < oo and —1/p < A < 0, Uy, is
bounded on Morrey spaces LP*(R") if and only if

A= /Olt”W(t)dt < o0.

They also showed that A is the LP*-operator norm of U,. Our main result in this
section is formulated as follows.

Theorem 5.2.4 Assume that w € Wy(a > —n) and has the doubling property, 1 <
p <ooand —1/p < A < 0. Let s : [0;1] — R be a measurable function such that
|s(t)] > 0 a.e. t €[0,1]. Then Uy is bounded on LPNw) if and only if

/| )| () dt < oc. (5.2.1)

Moreover, when (5.2.1) holds, the operator norm of Uy s on LPMw) is given by

1
Ul o = / [s(6)] N 8. (5.2.2)
0

Proof. Suppose that (5.2.1) holds. For each f € LP*(w), since s(t) # 0 almost
everywhere, w is homogeneous of degree o and applying Minkowski’s inequality (see
[44, page 14]) we obtain

(W(B(a,lR))1+pA /B(G’R) |U¢»sf($)|pw(x)dx) Lp
S /01 (W(B(a’lR))HpA /B(a,R) |f(8(t)x)|p“(w)d‘r> 1/p?/)(t)dt

1/p
B | 1 x)|Pw(x)dx s(4)| (T
_/0 (w( (t)B(a, R))1+p>\ /(t)B(aR)| (2)[Pw(z)d ) ls(t)] + P(t)dt

<11l /| mHON(F)dE < oo.

Thus, Uy is defined as a bounded operator on LP*(w) and

1
U allimrsiray < / (1) N 1) . (5.2.3)
0

Conversely, assume that Uy, is defined as a bounded operator on LP*(w). Due to
Lemma 5.2.3, we take h(z) = |z|™+* € LPA(w). Tt is easy to see that

Upsh = h/| £) [T (t)dt (5.2.4)

Combining (5.2.3) and (5.2.4), we get the desired result immediately.

82



O

Analogous to the proof of Theorem 5.2.4, we could find a sufficient condition on )
such that the integral operator Uy, s, which is defined by

Uy, Sf / f ) )
is bounded on LP*(w).

Theorem 5.2.5 Assume that w € Wy(a > —n) and has the doubling property, 1 <
p < ooand —1/p < A < 0. Let s : [0;1] — R be a measurable function such that
|s(t)] > 0 a.e. t € [0,1]. Then Uy is bounded on LPA(w) if

/OO |s(1) [T (t)dt < oo. (5.2.5)

Moreover, when (5.2.5) holds, we have

U s || 107 () Lo () s/o |s(t)| " F () dt. (5.2.6)

Corollary 5.2.6 Assume that w € W, (o > —n) and has the doubling property, 1 <
p < oo and —1/p < A < 0. Let s : [0;1] — R be a measurable function such that
|s(t)] > 0 a.e. t €[0,1]. Then Vy. s is bounded on LPw) if and only if

/ 1 |s(t)|FOM Y () dt < oo (5.2.7)
0

Moreover, when (5.2.7) holds, the operator norm of Vi, s on LPMw) is given by

1Vip sl 0> ) = Lo () /| ()| (1) dt. (5.2.8)

Proof. This is an immediate consequence of Theorem 5.2.4 with the relation Vi, s f(z) =
Usimp.s f (2)-
0]

5.3 Commutators of generalized Hardy-Cesaro op-
erators

Recently, the authors in [41] established a necessary and sufficient condition on the
weight function v(t), which ensures the boundedness of the commutators (with symbols
in BMO(R")) of weighted Hardy operators Uy, and weighted Cesaro operators V,, on
LP(R™). Then in [42] these results have been extended to classical Morrey spaces. The
purpose of this section is to extend the results mentioned above to generalized Hardy-
Cesaro operators Uy s on weighted central Morrey spaces. Let us first recall here the
definition of the weighted central Morrey spaces.
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Definition 5.3.1 Let w be a weight function. Let 1 < p < oo and —1/p < X< 0. The
weighted central Morrey space [P w) is defined by

Lrw) = {f € Lhw) : 1171,

LPAMw

< oo}, (5.3.1)

where

1 1/p
=5 (G s L P (5:52)

The first result we obtain in this section is the following.

Theorem 5.3.2 Let w € W,(a > —n) hold the doubling property, 1 < p < q¢ < o0
and —1/q < X < 0. Assume that s : [0;1] — R is a measurable function such that
0<|s(t)] <1 ae tel0,1]. Then (i) and (ii) are equivalent:

(i) U}, is bounded from L9Nw) to LPMw) for allb € BMO(w);

17 1 n+o
(i) [, |s(t)] (e ’log |s(2t)‘ Y(t)dt < oo.

Before coming to the proof of Theorem 5.3.2, we need the following two lemmas (see
[22]). For convenience of the reader, the proofs to these lemmas are presented along
with them.

Lemma 5.3.3 Ifw € W, and has the doubling property, then log|z| € BMO(w).

Proof. To prove log|z| € BMO(w), for any x5 € R™ and r > 0, we need to find a
constant ¢, ,, such that # fleonr llog || — x| w(z)dx is uniformly bounded.

z0,7))
Since ’

1
_ 1 — Caor d
Gy | okl = cnrlet@ds
|z—xzo|<r
ra+n
= BT / llog |z| —logr — ¢y | w(2)d2

|z—r—1lzo|<1

1

== B 1) / llog |z| —log T — 4y | w(2)dz,

|z—r—1zo|<1

we may take ¢, = ¢,—14,1 +1logr, and so things reduce to the case that r =1 and z,
is arbitrary. Let

1
Apy = ——— 1 — Cap dz.
0 W(B(l’o,]_)) / |Og‘Z| c 71|(,U(Z) <

|z—x0|<1
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If |zo| <2, we take ¢, 1 = 0, and observe that

; 0go - w(z)az = lo M
AxOSUJ(B(xO,l))zZalgS S (B 1)

where the last inequality comes from the assumption that w has the doubling property.

If |zo| > 2, take ;1 = log|zo|. In this case, notice that

w(z)dz

|0

< - max < lo , lo cw(z)dz
< swomy e lee T e f e

B(zo,1)

|x0]+1

|0

< max{log , log ol } < log?2.

o] =1
Thus log |z| is in BMO(w).

0

Lemma 5.3.4 Let w be a doubling weight function. Then, there exists a positve con-
stant C' such that for any balls By = B(x1,71), By = B(xs,13), whose intersection is
not empty, and %7”2 < ry <2y, then w(B) < Cw(B;), i =1,2. Here, B is the smallest
ball which contains both By and By. Moreover, for each function b € BMO(w), we
have

|bBl,w - sz,w| S 2C||b||BMO(w)

Proof. Since w has the doubling property, there exists a constant C such that
w(B(z,2r)) < Ciw (B(z,r)), for any = € R™ and r > 0. Without loss of general-
ity, we assume ro < r; < 2ry. Let By = B(x1,7r1), Bs = B(xs,13) be two balls, whose
intersection is not empty and ro < r; < 2ry. Take x € By N By. Then,

w(B) €< w(B(x,2r) < Ciw (B(x,r1)) < Clw (B(x1,2r1)) < Ciw (B)),

and
w(B) < w (B(x,4ry) < Ciw (B(w,73)) < Cdw (B(x,73)) -

Thus we can choose the constant C' = max{C?, C}}.

It is clear that
‘bBl,w - ng,w‘ S ’bBLw - bB,w| + |bB,w - ng,w‘ .
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Now

1
bgw — bB, w| = |bBw — b(y)w(y)d
b, Biwl B, (B1) /1 (y)w(y) y‘
<! 1b(y) — bpw|w(y)dy < ¢ /|b( ) — bpo|w(y)dy < C||b]|
— bg., = — b w)-
= (Bl) 1 Yy B, y)ay (B) Yy B, y)ay BMO(w)

The left term is estimated in a similar way:.

O

Proof of Theorem 5.3.2. Assume that (ii) holds. Let B be any ball centered

at the origin, let f be any function in L %*(w), and let b be any function in BMO(w).
Then it follows from the Minkowski inequality that

» 1/p
K= (@/B U5 ()] W(?J)@)
1/p

- / (ﬁ / |(b(y)—b(S(t)y))f(S(t)y)|pw(y)dy> b(t)dt.

Applying the following elementary inequality
3 (2 + [yl + =) = le +y + 2", 2,9, 2. € C
to the right-hand side of the above estimate gives

p

1/p
! 1
K < C/O (W/ [(0(y) = bpw) f(s(t)y)l w(y)dy) e(t)dt

= K1+K2+K37

where the constant C' depends only on p.
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Set r = %. Let us now estimate the term K. It is clear to see that applying the

Holder inequality with the pair (l = ﬁ, I'= 1%) and applying Lemma 5.1.1 yield

K< o / (s [ 11 soml et ) ( [ 1w bB,wrw(y)dy)l/rwt)dt
< Whowows (L [ i) v
SCHbHBMO(w)/ ( 1+)\q/ | f(s()y)|"w(y)d )1/q¢(t)dt

< Cllmowalfll / ()P (1)

Similarly, one can use the same argument above to obtain

Ko < Clblavow |1, [ 5O1 wle)dr
0

For the last term K5, let us express this term as

1/p
Kzzw( /( / £ s >dy) b — buy s w(0)dE

Then the Holder inequality with the pair (¢/p, (¢/p)’) implies that

1/q
Ky < w( / ( / ’f ) y> ‘bB,w - bs(t)B,w‘w(t)dt

C'HfHLqA( /|bB,w — bs(t)B,w| |s(t) n+a)/\¢(t)dt

0

<IN o Z [ b= bamal 1501 w0

=0y- D) <s(t)|<27F

Observe that for each k € N,

k

|bB,w - bs(t)B,w| S Z |bQ*(i+1)B7w - b2*iB,w} + ‘bQ*(kJrl)B,w - bs(t)B,w .
=0

Then it follows from Lemma 5.3.4 that

Ko< Ol W0 Y. [ G2l

=0yt <lse) <2k
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So, we obtain

1
1
Ky < CIIfIl. . bllsarow [ s@I™ T 0(t) (2+log —— ) dt
, < HfHLm(w)H | Byo )0/|8( )| P(t) | 2+ log s ) 4

which, if combined with the last estimates of K; and K3 above, implies (i).

Conversely, assume that (i) holds. Taking h(x) = |z|"t®* € [ %) (w) for any s > 1,
and by = log |x| € BMO(w) (see Lemma 5.3.3). Then it is easy to see that

1
1
Ul h—h/ s(t)| T (t) log ——dt
It thus follows from (i) that

[ ety

1
|S(t)|dt < 0. (5.3.3)

On the other hand, we take g(z) = |z|"+t*1xp1)(z) and consider the family of
functions b € BMO(w) given by b(x) = 1xp(o,1)(x)sgn(sin wd|z|), d € N. Then one has

1
UL g(x) = b(a) 2] "+ / [5(8)[F 0N () dt
— |z (e / |s(t)|("FONp (t)sgn(sin wd|s(t) || x|)dt, |z < 1.

By Riemann-Lebesgue Lemma, one can take d, depending on v, so large that

1 ! 1
U89 = el [Pt 5 < Jof <1
0

It follows from the above inequality and the boundedness of the operator Uf;,s from

L% (w) to LPMw) that

/| £) [Nt (t)dt < C|UL |, (5.3.4)

LM w)= LA (W)’

where the constant C' depends only on p, ¢ and A. Finally, combining (5.3.3) and (5.3.4)
implies (ii).

O

Corollary 5.3.5 Let w € W,(a > —n) hold the doubling property, 1 < p < q < o0
and —1/q < X < 0. Assume that s : [0;1] — R is a measurable function such that
0<ls(t)] <1 ae tel0,1]. Then (i) and (iv) are equivalent:

(iii) V), is bounded from L9 (w) to LPMw) for allb € BMO(w);
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(iv) [o |s(t)|mrersn | (bt < oo.

log ol

Remark 5.3.6 One can observe from the proof of Theorem 5.3.2 that the condition (ii)

is also necessary for the commutator U}, , to be bounded on LPw) (the case p = q) for
allb € BMO(w). However, whether the condztwn (1) is sufficient for the boundedness

of Uf;’s on [';p”\(w) for all b € BMO(w) is still an interesting open question. Up to
now, what we can prove is the following result.

Theorem 5.3.7 Let w € W,(a > —n) hold the doubling property, 1 < p < oo and
—1/p < XA < 0. Assume that s : [0;1] — R is a measurable function such that 0 <
ls(t)| <1 a.e. t €[0,1]. Then (i) is sufficient for (i’) to be true:

(i") My (U} (+)) is bounded on LP(w) and on LPMNw) for all b € BMO(w), where
M, . ts the Hardy-Littlewood central maximal operator with respect to the measure

w(z)dz, that is
/ [F(y)lw(y)dy,

where the supremum s taken over all balls B centered at the origin and containing
x.

M, .f(x) sup

7 1 n+o
(i) [, |s(2)] (e ‘log‘s(—i)" P(t)dt < .
Proof of Theorem 5.3.7. Assume that (ii) holds. Let b be any function in

BMO(w) and let f be any function in LP*(w). Then for any ball B centered at the
origin of R", x € B, one has

1
5 / U8 )| wiy)dy
sﬁ /B / (by) — b(s(t)y)) £ (s(0)9)| $(B)w(y)didy

< 02 [(b(y) — b (s(t)y)) f (s(t)y)| w(y)dy(t)dt

0o JB
1

wmé | 10) = be) f (s w(y)dy (1)t
o o e = bs) £ O] s
+—// ~buyp) £ (sO) | wy)dye(t)dt
_"]1+J2+J3.

Choose a fixed number r € (1, p) and denote r’ the conjugate of r (that is, 1/r+1/r" =
1). Then we will estimate Ji, J3 and J5 as follows.
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It follows from the Hélder inequality and Lemma 5.1.1 that

= 1 (ﬁ / 1f<s<t>y>|rw<y>dy)l/r (ﬁ / |b<y>—b37w|’“’w<y>dy)l/ww<t>dt

1 1/r
< Clblmmrow / (m /S(twwy)rw(y)dy) ()

1
< Cllllawocs | (Lt (s(0)a) vt
0

where C' is a constant, which depends only on w and p.

Similarly, applying the Holder inequality and Lemma 5.1.1 again gives

ns [ 1 (o [ |f<s<t>y>|fw<y>dy)l/r (o /. <b<s<t>y>—bs<t>B,w!T'w<y>dy)l/T/w)dt.

-[ (oo [ = ey ) " (coim /| b () Ry

< Cllbllsaro) / (Mo " (s(H)2) /" (t)dt.

For the remaining term J,, we will estimate J, as follows:

2 ﬁ/ol/BKbB,w - bs(t)B,w) f(s(t) ‘W )dy(t)dt
- [ (ot [ 15 6010y b byl w0

< /0 (M f (5(8)2)) 7" b — buypas] ©(E)elt

= Z (M, f"(s(t)x) 1/T ‘bBw - bs(t)B,w‘ Y(t)dt

k:02*<k+1>§5(t)§27k

2

2— (k1) <g(t) <2k

k
(war(s(t)aj))l/r <Z ‘b27(i+1)37w — b2—iB’w| + }b27(k+1)37w — bS(t)B,cul) @/)(t)dt.

=0

At this stage, in the light of Lemma 5.3.4, we can observe that ‘bQ_(Hl)BW — bz—iB’w| <

C||b||BMO(w)7 and |b2—(k+1)B’w — bs(t)B,w’ < CHbHBMO(w) as 2~ (k+1) < S(t) < 2% So we
obtain

72 < Clbllwrore Z [ Onr @ e 2 vl

=0y- (k+1) <g(t)<2-F
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Then it follows from the inequality above that

log

1
< Cllblavioc [ OL (60" (2+
0

) v

Combining the estimates of Ji, Jo and J3 gives the following estimate:

1
|s()]

ﬁ/B\U&J(y)\w(y)dyscy|b||BMO(w)/0 (M (s())) " (2+

) w(t)dt.

log

Taking the supremum from this inequality over such all balls B containing z, we
gain

log

Moo (U5of) (2) < CHbHBMO(w)/(; (M, f"(s(t)z))"/" (2 +

EGl D v

Therefore, for any balls B, by Minkowski’s inequality and the inequality above, it is
clear to see that

<m/3 (M (U5 ) (f’f))pW(x)dx) 1/p

< lttmsows (g [ ([ e tstomn™ (2+ fog Dw(t)dt)pw(a:)da:)l/p

EQ]
< Cltlswiors | (S [, QLI (60 (oo et (24 o i) o

o D o

where the last inequality is deduced from applying Lemma 5.1.5 and the fact that
f € LPMw) if and only if f7 € LP/""(w). Thus M,,, (U5 () is bounded on LP*(w).

1
< Ol Sl | 1sOI*oe) (2 + g

To prove the boundedness of M, . (U} ,(-)) on L"Mw), we use the same arguments
above and taking the following into account: instead of using the Hardy-Littlewood
maximal operator M, and Lemma 5.1.5, we employ the Hardy-Littlewood central max-
imal operator M, . and the following lemma whose proof is similar to that of [86,
Theorem 3.1] with slight modifications.

Lemma 5.3.8 Assume that w has the doubling property, 1 < p < oo and —1/p < A <
0. Then the operator M, is bounded on [,P*(w).
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5.4 Higher order commutators on weighted central
Morrey spaces

Given a vector b = (by, ..., by), the higher order commutator of the generalized weighted
Hardy-Cesaro operator is defined by

Uyt / (U )flf))) fs(t)x)i(t)dt.

When £ = 0, we understand that U&S = Uys. When k =1, Ub = Uw Similarly, the
higher order commutator of the generalized weighted Cesaro operator is defined by

k

Vi f(@) —/0 <H (b;() —bj(S(t)x))> f(s()a)|s@)["p(t)dt

Jj=1

The notation b € BMO(w) below will mean that all b; € BMO(w) for 1 <i <k.

Using the same method in the proof of Theorem 5.3.2 as well as induction, we can
obtain a similar result for the higher order commutator of the generalized weighted
Hardy-Cesaro operator.

Theorem 5.4.1 Let w € Wy(a > —n) hold the doubling property, 1 < p < q¢ < o0
and —1/q < X < 0. Assume that s : [0;1] — R is a measurable function such that
0<ls(t)] <1 ae tel0,1]. Then (1) and (2) are equivalent:

(1) US, is bounded from L9 w) to LPMw) for all b € BMO(w);

(2) [ |s(t)|mre ‘logl (t)dt < 0.

Also, (3) and (4) are equivalent:

3) VP s bounded from % (w) to LP*(w) for allb € BMO(w);
¥,s

(4) [y s()|rtenen

log T (t)dt < 0.
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