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Abstract

In our first chapter, we will define categories, functors, and natural transformations internally to any
category with pullbacks £, and we will prove in detail that they form a Cat-enriched category, or 2-category
Cat (£), with powers by 2 and any conical limits that £ also has. Along the way we will describe how certain
familiar notions of category theory can be made sense of internally. In Chapter Two we will explore how
some properties of £ are inherited by, or give rise to other properties in Cat (£). In Chapter Three we will
investigate the extension of the assignment £ — Cat (€) to various 2-functors, and in particular equip one
of them with various monad-like structures. One of these was remarked upon in [6], but to our knowledge
the other two have not appeared elsewhere in the literature. Chapter Four will be an intermezzo on the
Grothendieck Construction in preparation for Chapter Five, where we will explore factorisations of internal

functors, including in particular the comprehensive factorisation.
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Introduction

A small category consists of a set of ‘arrows’ with a distinguished subset of ‘objects’; or ‘identities’, and a par-
tially defined binary operation called ‘composition’. The pairs of arrows (f, g) for which composition is defined
are precisely those whose ‘source’ and ‘target’ match in the following way: e e .. Furthermore,
this operation is required to satisfy certain axioms pertaining to associativity and left and right unit laws. These
notions are usually made precise in the language of sets and functions. However, only certain properties of sets
and functions are needed in order for such notions to be meaningful. Specifically, one needs to be able to express
the criteria for composability, which requires the pullback of sets. As such, the theory of categories, functors
and natural transformations has models internal to any ambient category which has pullbacks, not just the

category of sets and functions, Set.

The theory of internal categories was introduced by Ehresmann in the 1960s, with motivations originally coming
from applications to differential geometry. It was soon realised that many familiar notions from category theory
can also be made sense of internal to a category &, often under certain relatively mild assumptions on £. Our
interests will be in categories with similar properties to Set, such as having exponentials, a subobject classifier,
extensive coproducts, or a generating family. All but the last of these are properties of elementary toposes, while
Grothendieck toposes also have generating families. In this thesis we will assume traditional category theory in
Set, and use this to explore how category theory manifests itself internal to other such categories. We will look
closely at the extension of the assignment £ — Cat (£) to various 2-functors, and in particular equip it with
various monad-like structures. This includes a pseudocomonad structure which arises from a biadjunction, and
a skew and coskew pseudomonad structure which we will see arise from a very general setting. Following this
we will give an account of the Grothendieck Construction, which will allow us to view split fibrations over an
internal category as categories internal to discrete fibrations over that category. In our final chapter we look at
two factorisation systems on internal functors. One of these is often called the full image factorisation, whose
left class consists of the isomorphism on objects internal functors and whose right class consists of the fully
faithful internal functors. The other is often called the comprehensive factorisation, whose left class consists
of the final internal functors and right class consists of the discrete fibrations. We will follow the two-step
construction of this given in [30]. Following this will be some concluding remarks and an Appendix containing

most of the diagrammatic calculations and tabulated data used in this thesis.

Conventions

In this thesis we will need to assume two universes of sets, © and £, where all of the sets in & are also sets in
£. We will refer to members of G as being small, and the members of £ as being large. In particular we will
assume that if X and Y are small then so is the function set YX. A small category will be one whose set of
objects and set of morphisms are both in &, while a locally small category will be one whose hom-sets are all
in G and set of objects is in £. We will on occasion consider categories whose set of objects is large but not
necessarily small, such as categories of presheaves of small categories. Such categories will live in 2-categories,
and we will need to place some restrictions on the size of categories which appear as objects in the 2-categories

which we consider. We hence fix the following notational convention.

Notation 0.0.1. 1. Let Set denote the locally small category of sets which are members of &, and arbitrary
functions between them. Let Cat denote the 2-category of small categories, and arbitrary functors and

natural transformations.

2. Let CAT denote the 2-category of locally small categories, and arbitrary functors and natural transforma-
tions between them. Thus if C is an object of CAT, then all of its homs C (X,Y") are members of &, while
its set of objects is a member of £ but not necessarily of &. For example Set € CAT, but Set ¢ Cat.

3. Let 2-Cat denote the 2-category of small 2-categories, 2-functors and 2-natural transformations.



When we say that a map preserves a universal construction, we will mean that it does so up to a unique
isomorphism coherent with the data of the universal construction. When this isomorphism is in fact the
identity, we will say that the map strictly preserves the construction. Apart from the 2-categories listed above,
there will also be more specialised 2-categories which we will need to consider. These will typically involve

categories with some structure, and functors which preserve that structure.

Notation 0.0.2. 1. Let Lex denote the 2-category of small categories with finite limits, finite limit preserv-

ing functors, and arbitrary natural transformations.

2. Let 2-Lex denote the 2-category of small 2-categories with finite weighted limits in the sense of [18],

2-functors which preserve these, and arbitrary 2-natural transformations.

3. Just as above, let LEX and 2-LEX denote similar 2-categories to their uncapitalised versions, but with

objects given by locally small categories with finite limits and finite weighted limits respectively.

4. Let LEP be the 2-category of locally finitely presentable categories, finitary right adjoints and arbitrary

natural transformations.

Notation 0.0.3. We adopt the following notational convention for morphisms induced by universal properties.
Unless otherwise stated, the morphism induced into a pullback P as in the following diagram by the equation
fh = gk will be denoted (h,k). In other words, (h,k) will denote the unique morphism satisfying p (h,k) = h
and q (h,k) =k, as in the diagram below. Similarly, the morphism induced into the composite of a sequence of
composable spans by the morphisms f1, ... fn will be denoted (f1, ..., fn). We will be consistent with this notation,

and provide diagrams where context is needed.

1 Internal Categories, Functors and Natural Transformations

Our aim for this chapter is to introduce the concepts of internal categories, functors, and natural transformations,
which will be central to the topic of this thesis. Defining and discussing examples of these will comprise the
first three sections of this chapter, and this information will be collected in the form of a 2-category in Section
Finally in Section [L.5| we will introduce some further concepts, and prove some more preliminary results
which will be used throughout the thesis.

1.1 Internal Categories

Let A denote the ‘simplex category’, whose objects are non-empty finite ordered sets and morphisms are order
preserving functions. Identify each object in A with its representative ordered set [n] := {0,1,2...,n} in the
skeleton of A, and for k < n, let 6} : [n] — [n+ 1] denote the unique monotonic function whose image does not

contain k € [n + 1].

Definition 1.1.1. A category internal to a locally small category £ is a diagram C : A°P — £ shown partially

on the left below, which sends the pushout squares in A shown on the right below, to pullback squares in £.

5n+2 6n+1
s n+3 << n+2 & n+1
..C(2) C (1) C (0) ‘”’MT %gﬂ T i
—
n+2 P n+1 5 n



In the literature, internal categories are usually defined as consisting of only the data shown above on the left,
subject to certain conditions. The standard definition is given below, and it will be useful for intuition. These

definitions are the same up to equivalence of categories.

Definition 1.1.2. Let &€ be a category with pullbacks. Then, a category C := (Cy, C1, do, d1,1,m) internal to €
do
is given by the datum of a diagram C, —=— C; +i— Cy in &, where Cy, C; are called the object of objects
—
dy
and object of arrows respectively, and the morphisms dy, dy, i, m are called source, target, identity assigner and
composition. The object of composable n-tuples C,, is defined inductively for n > 2 by the pullbacks below, with

the base case shown on the left:

72,0 Tn,0
02 ” C'1 Cn ” C'nfl
] -
m,ll lﬂl‘l where m o := dp and 71 := d;, and wn,ll rrnm
Cl 71,0 CO C"*1 Tn—1,0 0"72

As a shorthand, the morphisms s ; will be denoted as just 7; for j € {0,1}. This data is subject to axioms

asserting the commutativity of certain diagrams in &:

e Sources and targets for identities and composites:

Co — O Co — Oy Cy —™ 5 O Cy —M 5 O
N N I I
C() Co & T0> Co & T1> Co

e The associativity and left and right unit laws for composition:

Cg L CQ Cl i CQ il Cl
mll lm 101 lm 101
CQ —m Cl Cl

Where the morphism myg := (mm3 0, m173,1) is induced by the universal property of Cy and the commuta-
tivity of the first diagram in Diagram while my := (moms,0, mm3 1) is induced by the commutativity
of the second diagram there, and the morphisms i := (ido, 1¢,) and i1 := (1¢,,id1) are induced by the
equations dolc = do = 1¢,do = diidp and di11¢, = di = 1¢,d1 = dpid; respectively.

Definition [[.1.1] effectively identifies an internal category with its nerve, as will be discussed further in Remark
1.2.2] For our purposes, it will be preferable to Definition [1.1.2] since it determines the data of all objects of
composable n-tuples up to equality rather than up to isomorphism, since they will be the values of the functor
C : A°? — & on the objects n € A. Since these definitions are equivalent however, we will feel free to use the
notation and notions as described in Definition We describe these in more detail.

Remark 1.1.3. In Definition [1.1.2] mg and m; are thought of as taking composable triples and returning
composable pairs obtained by composing the first two and the second two, respectively. For a morphism
(z,y,2) + X — C3 in &, we then see that mymy (z,y,2) is given by table in Diagram In particular,
m(z,m(y,z)) = mmy (x,y,2) = mmg (z,y,2) = m(m(x,y), z), a relationship which we will refer to this as
‘equational associativity’. Meanwhile, ig is thought of as taking a morphism and returning the composable pair
consisting of that morphism and the identity on its domain, while ¢; returns the composable pair consisting of

the morphism and the identity on its codomain.
Remark 1.1.4. From this definition, one can construct many of the familiar notions of category theory. For

example,

e The opposite of an internal category, denoted C°P, by switching the roles of dy and d; and precomposing

composition with the twist isomorphism (7, mp) : (CP), — Co.



e The object of endomorphisms, denoted Cepg, is given by the domain of the equaliser e := Eq (d1,dp). Then
since dpe = dye, there is an induced morphism k : Cepq — C5 uniquely satisfying mge = m1e = k. Thus we

may further define Cigemp, the object of idempotents, to be the domain of the equaliser Eq (mk, e).
e The kernel pairs of dy, di, and m respectively give

— Cspan, the object of spans
— Coospan, the object of cospans

— Csq, the object of commutative squares. This will feature in the construction of powers by 2 in Section

e The pullback of i : Cy — C; along m : Co — C7 may be thought of as the ‘object of composable pairs
whose composite is an identity’, or ‘one-sided inverses’ Ci,,. To get the ‘object of isomorphisms’ Cis,,
one takes the intersection (or pullback) of Cin, with C{¥ . An internal category may be called an internal

groupoid if the canonical map Cis, — C is invertible.

e If £ has products and the morphism (do,d;) : C; — Cy x Cy induced by the universal property of the
product is a monomorphism, then we may call C an internal poset. If £ has a terminal object, we may

call C a monoid if Cj is the terminal object.

Finally, we mention an alternative view on internal categories as monads in the bicategory Span (£), which

d
correspond to identity assigners and composition respectively. Sources and targets for identities and composites

is treated in more detail in [5]. These are spans Cp <—— C} —%, ¢y with unit and multiplication, which
0

say precisely that these are well defined as morphisms of spans, while the associativity and left and right unit
axioms for the monad and internal category data coincide. Then an action of the internal category is a map

X — Cy equipped with an algebra structure.

1.2 Internal Functors

Definition 1.2.1. Let £ be a category with pullbacks and let A;B : A°? — £ be categories internal to £. An

internal functor from A to B is a natural transformation f: A = B.

Remark 1.2.2. Once again, it is more common in the literature for internal functors to be defined explicitly as
given by a component on objects fy: Ag — By and a component on arrows f1 : A1 — B in € which satisfy the
commutativity of the diagrams shown below. Here the morphism f5 := (f17, f171), is induced by the universal
property of Bs given the commutativity of the third diagram in Diagram All other components of f are
determined from this information by the universal property of the objects B,, in a similar way. The diagrams
express f’s respect for sources, targets, identities, and composition, and they all follow from the definition given

above by naturality of f.

AlLBl AlLBl AOL>BO AQL}BQ

R NEN

AO s B(] A() e B() A1 —_— Bl A1 —_— Bl
fo fo f1 f1

The morphism f5 is thought of as taking a composable pair in A and returning the composable pair given by
its image under f. Given (z,y) : X — As, the morphism fy composes with (z,y) to give (fiz, fiy), and so
the equation fim (x,y) = m(fiz, fiy) follows by respect for composition. Finally, note that it is clear from
the definition that if (fo, f1) : A — B is an internal functor, then the same data defines an internal functor
FOP 1 A°P — BoP,

It is evident from their definition that internal categories and internal functors form a category, in fact a

full subcategory of [A°P, E]. We write this category as Cat (£),, using the subscript ‘1’ to distinguish it from



the 2-category which will be the subject of Section The inclusion functor N : Cat (£) — [A°P, ], which
sends an internal category to its underlying simplicial object in &, is often called the nerve. Thus the nerve
may be thought of as forgetting that the objects of composable n-tuples need to be pullbacks, and a simplicial
object in £ is conversely an internal category precisely if they are. In particular, Cat (£), is small (resp. locally

small) if £ is small (resp. locally small), since AP is certainly small.

The following proposition, which will be rephrased in Remark will be used repeatedly throughout this

thesis.
Proposition 1.2.3. Let f,g: A — B be internal functors in € such that f1 = g1. Then f =g.

Proof. Since f; = g1, in particular fii4 = g124. Since f and g both preserve identities, this is equivalent to
saying that ip fo = ipgo. But by sources (or targets) for identities in B, we may compose these equal morphisms

in £ with the source (or target) map of B to see that fo = go. O

The remark below describes a few different types of internal functors. Of particular interest are fully-faithful
functors, and discrete fibrations which will both feature as the right class of orthogonal factorisation systems in
Cat (&), as we will see in Sections and Following this remark will be a characterisation of monomor-
phisms in Cat (£);.

Remark 1.2.4. One can define various familiar notions on internal functors f : A — B.

e If the component on objects of an internal functor is an isomorphism, we may call it isomorphism on

objects.

e If the commutative square attesting f’s respect for sources or targets is in fact a pullback, we may call f

a discrete opfibration or discrete fibration, respectively.

e If the square attesting f’s respect for identities is a pullback, we may say that f has the property of

reflecting identities.

e If the square attesting f’s respect for composition is a pullback, we may call f a discrete Conduché functor.

These may be described externally as having the special property of ‘uniquely lifting factorisations’.

e Finally, f may be called fully-faithful if the squares attesting f’s respect for sources and targets, when
B, - B, Ao .

joined along fi, exhibit A; as a limit of the zigzag Ag fo By

di fo

The component on objects of an internally fully faithful functor need not be a monomorphism, but given an
internal category B, a monomorphism g : Xo — By gives rise to a fully-faithful internal functor into B in a
canonical way, analogous to the external construction of the full-subcategory on a subset of objects. Explicitly,
we may set X7 to be the limit of a zigzag similar to the above with g in place of f; and then realise Xy and
X1 to be the object of objects and object of arrows of an internal category by taking the projections as source
and target maps, and inducing identities and composition maps from those of B. Indeed, this construction does
not require g to be a monomorphism. When £ has products the condition for being fully-faithful simplifies to
the condition that the first diagram in Diagram is a pullback. This square always at least commutes, for
any internal functor, given the commutativity of the second diagram in Diagram for j € {0,1}. Thus we
always have a morphism f’ : A; — P into the pullback of the cospan, even if it is not itself isomorphic to A;.

We may call the internal functor faithful if the induced morphism f’ is a monomorphism in &.

Proposition 1.2.5. An internal functor f : A — B is a monomorphism in Cat (£), if and only if it is faithful

and fy is a monomorphism.

Proof. Note that f = (fo, f1) is a monomorphism in Cat (£), if and only if both f; and f; are monomorphisms

in £. Thus it suffices to show that under the assumption that f is a monomorphism, f; is a monomorphism



if and only if f is faithful. But if fy is a monomorphism, then so is fo X fy, since the diagonal functor
€ — & x & preserves limits. Hence, since monomorphisms are stable under pullback, the pullback of fy x fo
along (do,d1) : By = By x By is also a monomorphism. The statement then follows from the two-out-of-three

property for monomorphisms. O

We now discuss some functors associated to Cat (£),. Since [A°P,£] is a functor category, it has evaluation
functors ev,, : [A°P,&] — &€ for all n € A°P, and evaluation natural transformations evy : ev,, = ev,, for all
¢ € A(m,n).

Remark 1.2.6. For all non-negative integers n, there is a functor evé : Cat (€), — & defined as the nerve functor
of Remark followed by evaluation. Thus it acts so that C — C,, and (f : C = D) — (f, : C,, = Dy).
There are natural transformations d§,d$ : ev{ = ev§ whose components on an internal category are given by
its source and target maps respectively. Similarly, there are natural transformation i€ : ev§ = ev{ < ev§ : m®
with identity assigners and composition maps as components, respectively. These can all be seen as whiskering
the nerve with evaluation natural transformations. As limits in functor categories are computed pointwise, evs
is the pullback of d§ and df in the functor category [Cat (£),,€]. Then it is easy to see that the data just
described combine to give a category internal to [Cat (£), ,&], as the axioms follow pointwise. We will refer to
this as the evaluation category internal to [Cat (€),, €], and denote it by £. We will often refer to ev§, ev{
and ev§ as Obg, Arrg and Pairg respectively, and we will drop the subscript ‘€’ whenever possible. Note that

Proposition just says that Arr is faithful.

Recall that when £ = Set there is a sequence of adjunctions Il 4 Disc 4 Ob - coDisc, where IIj sends
a category to its set of connected components and Disc and coDisc equip a set with morphisms, giving it
the structure of a discrete and codiscrete category respectively. The remarks which follow discuss sufficient
conditions for a similar result to hold internally to £. The proofs are straightforward verification of the axioms
of internal categories and functors, and of the triangle identities, using the various universal properties involved.

These adjunctions will feature in various places throughout this thesis.

Remark 1.2.7. Under no conditions, the functor Ob has a left adjoint Disc : £ — Cat (£),, which sends X € £
to the internal category whose object of objects is X, and source, target, identity and composition maps are all
1x. The components of the unit of this adjunction on X € £ are all given by identities, while the components
of the counit on an internal category A are given by the internal functor ei = (1 Ao iA). That is, its component

on objects is the identity and its component on arrows is the identity assigner.

Remark 1.2.8. If £ has products then the functor Ob has a right adjoint coDisc : £ — Cat (£),; which sends
X € € to the internal category X : A% — & with X (n) given by the n + 1-fold product X x ... x X. The
diagonal (1x,1x): X — X x X is the identity assigner, while source, target and composition maps are given
by product projections. The counit is the identity, while the unit has its component on an internal category
A given by the internal functor n§ := (14,, (do,d1)). That is, its component on objects is the identity and its
component on arrows is induced by the universal property of the product in £, given the data of the source
and target maps of A. The counit of the previous adjunction and the unit of this adjunction have components
which are fully faithful internal functors, and an internal functor f is fully faithful if and only if the naturality

square of n° on f is a pullback.

Remark 1.2.9. Assume & has coequalisers of reflexive pairs. Then Disc has a left adjoint IIp : Cat (£) — &
which sends every internal category A to the codomain of the coequaliser g4 of its source and target, and every
internal functor (fo, f1) : A — B to the morphism shown below, which is induced by the universal property of

ITpA, given the serial commutativity of the square on the left:



do
Ay T Ay T4

dy }
fli fol 1o (f)
do v

Bl _ BO W H()B

1
The component of the unit g : 1cat(g) = Discollp on an internal category A is given on objects by the coequaliser
qa above, and on arrows by the identity assigner of A followed by this morphism, while the component of the
counit on an object X € £ is just given by the identity on that object. The triangle identities then hold since
by the universal property of coequalisers, ITy maps ga to the identity, and since coequalisers of identities are

identities.

Finally, although internal categories A,B are precisely monads in Span (£), the morphisms of these monads
may not be internal functors. Indeed, the ones which are internal functors are precisely those for which the

component spans A,, < X,, — B, have left legs which are identities.

1.3 Internal Natural Transformations

Definition 1.3.1. Given internal functors (fo, f1), (90, 91) : (Ao, A1) — (Bo, B1), an internal natural transfor-

mation is a morphism « : Ag — Bj such that the following diagrams commute:

Ao L) Bl AO L> Bl

e Assignation of components: \ ldo \ ldl
fo 9

B() BO

e Internal naturality is given by the square on the left, where the morphisms «y := (ado,g1) : A1 = Bs
and a1 := (f1,ady) : A1 — By are respectively induced as shown in the other two diagrams, given
dlado = godo = dOgl and doad1 = f0d1 = dlfl-

do
A —* 5 B, A « o Ij(; 4 NG L
QIJ Jm ) By — B, d1 ’ By LS B,
B, P B . lm ldl 7r1l ldl
B1TO>BO AO?B1(TO>BO

Here ag is thought of as taking a morphism in A and returning the composable pair in B consisting of the
image of that morphism under g, together with the component of « on its domain. Similarly, «; is thought of as
returning the composable pair consisting of the image of the morphism under f, together with the component
of a on its domain. If a: Ag — Bj is an isomorphism in £ then « has the property which may be externally
described as that ‘every morphism in B is the component of o at some object in A’. Meanwhile, if the square
giving the naturality condition is a pullback in &, then a has the property which may be externally described
as that ‘every commutative square in B is the naturality square of a unique morphism in A’. We will show
in Theorem that these properties both hold precisely when « is the universal 2-cell of a power by 2 in
Cat (£). Since all notions involved in their definition involve only finite limits, the properties of being an
internal category, functor or natural transformation is both preserved by all hom-functors £ (X, —) : £ — Set,

and jointly reflected by them.

1.4 The 2-Category Cat (&)

f
Ao
9> B beinternal natural transformations. Then define their vertical composite
¥ oA

h

Definition 1.4.1. Let A

Boaby A M By —™— Bj , where (a, 3) is induced since do8 = go = dy.



Proposition 1.4.2. The vertical composite of internal natural transformations B o a as defined above is itself

well-defined as an internal natural transformation.

Proof. Considering the diagrams in Diagram we see that the first two respectively show sources and
targets for components of 8o «, while the third shows internal naturality. In the third diagram, the three lower
quadrilaterals are associativity axioms, while the two triangles and the two upper quadrilaterals can be verified
to commute by the universal property of By. We elaborate on the left triangle and left upper quadrilateral, as
the right triangle and right upper quadrilateral are similar. Of the four diagrams in Diagram the first
two show the commutativity of the left triangle while the second two show the commutativity of the upper left

quadrilateral. O
Proposition 1.4.3. Let A, B be categories internal to £. Then there is a category Cat (A, B) with

e Objects given by internal functors from A to B,

e Hom-sets Cat (A,B) (f,g) given by internal natural transformations from f to g,

o Composition is given by the vertical composite of internal natural transformations, described above.

o The identity internal natural transformation 1y of f : A — B is given by ify, or equivalently by fii.
This category is small if € is locally small.

Proof. Composition can be seen to be associative by equational associativity in B. We show that identities
are well-defined as internal natural transformations. Indeed, 1; respects sources as doifo = fo, and targets as
diifo = fo. It is natural, since in the diagram below, the lower and right triangles commute by the left and

right unit laws in B, while the upper and left triangles can be seen to commute by the universal property of Bs.

(lf)l

N

(11)o B m

N

BQT>B1

Al B2

That 15 indeed defines a left identity for f is clear since if a: e = f is an internal natural transformation, then
1o = m(ifo, ) = m(idoer, ) = m (idg,1p,) @ = . By an analogous argument, one sees that 1 is also a
right identity. This establishes that internal functors from A to B and internal natural transformations between
them form a category, a required. The size conditions hold since both internal functors and internal natural

transformations are determined by finite sets of morphisms of £ subject to certain conditions. O

Definition 1.4.4. The left whiskering and right whiskering pictured below are defined as 8f; and g« respec-

tively.
g f
ALY C A@BL@
g f

Proposition 1.4.5. The left and right whiskerings as defined are well-defined as internal natural transforma-

tions.

Proof. The left whiskering respects sources as dofSfo = gofo = (9f),, and targets as diSfo = ¢'ofo = (9'f)o-
The right whiskering also respects sources as dogiov = godocx = gofo = (9f),, and targets as digia = godrox =
gof'o = (9f")y- It can then be shown by the universal property of C5 that the whiskerings satisfy the identities
(9a), = gacy, and (Bf), = Brfi for k € {0,1}, where for the latter identity one uses the axiom that f preserves

sources and targets for £ = 0 and k = 1 respectively.



The left and right whiskerings can be seen to be natural by the commutativity of the diagrams in Diagram
[7.0.6] In the first of these diagrams, the triangles commute by the second of the identities above, while the
quadrilateral commutes by the naturality axiom for 5. Meanwhile, in the second of the diagrams, the triangles
commute by the first of the identities above, and the quadrilaterals are the naturality axiom for «, and g’s

respect for composites. Thus the whiskerings are well-defined internal natural transformations, as required. [J

Theorem 1.4.6. Let £ be a category with pullbacks. Categories internal to € are the objects of a 2-category
Cat () whose hom-categories are described in Propositionm and whose horizontal composition of 2-cells
defined via the above whiskerings in the usual way as described in Proposition II 3.1 of [26]. If £ is small (resp.
locally small), then Cat (&) is small (resp. has small hom-categories).

Proof. We first show that we have a uniquely defined notion of horizontal composition Sxa : gf = ¢'f' : A — C.
This requires that (8f) o (¢’a) = (ga) o (B8f'). To see this, consider the first diagram of Diagram The
quadrilateral is the naturality axiom for 3, while the triangles commute by the universal property of Cs given
the commutativity of the other four diagrams of Diagram the second and third for the top triangle and
the fourth and fifth for the triangle on the left.

Associativity and unit laws for whiskerings are immediate from their definition as they are directly inherited
from £. The left whiskering’s respect for vertical composition is also immediate, while for the right whiskering
this follows since gim (o, 8) = mgs (o, 8) = m (g1, g18), by g’s respect for composition and the definition of
g2. Thus internal categories, functors, and natural transformations form a 2-category, as required. The size
conditions follow from the embedding of Cat (£), into [A°P,&].

O

Corollary 1.4.7. The assignment A — A% (f: A = B) — (f°P: A°? — B°?)  a — « constitutes an isomor-
phism of 2-categories Cat (£) — Cat ().

Proof. Tt suffices just to check that if a : f = g : A — B is an internal natural transformation, then « : g°f =
fOP : A°P — B°P is as well. But this is clear since switching the sources and targets of B swaps the axioms
for sources and targets for components for a. Then the 2-natural transformations exhibiting the equivalence of

2-categories have identity components, so that it is in fact an isomorphism of 2-categories. O

Remark 1.4.8. We briefly remark upon some examples of internal categories which are considerably different
to the ones on which we will primarily be focussing in this thesis. In fact, the notion of internal categories,

functors, and natural transformations can be made sense of internal to an ambient category £ under weaker
do

—
assumptions than the existence of all pullbacks in £. For the data As —=—+ A; +i— Ay to be a well-defined
B
dy
internal category, we really just need that all pullbacks along dy and d; exist. Indeed, the original motivating

example for the theory of internal categories took & to be the category of smooth manifolds. There the main
objects of interest are internal groupoids, or Lie groupoids, which are formed by ensuring that their domain and
codomain maps are submersions, a class of maps along which pullbacks do exist. One can also take £ to be the
category of abelian groups, in which case Cat (€), is in fact equivalent to £2, as a special case of the Dold-Kan

correspondence [12].

1.5 n-tuple Categories, Powers by 2, and the Double Category of Squares

In this section, we examine how the operation of sending £ — Cat (£) can be iterated to form what are some-
times called ‘multiple categories’, and what we will call ‘n-tuple categories’. Following this, we describe powers
by 2 in Cat (£), and prove some properties of their universal 2-cells which will be useful in later chapters. We
will also see how powers of an object in any 2-category R give rise to a category internal to £ in a well-behaved
(2-functorial and limit preserving) way. The case of & = Cat (£) will be used in Section and will be

called the double category of squares. As well as the notion of an internal category itself, the notions of n-tuple



categories and double categories of squares are also originally due to Ehresmann.

Since limits commute with one another up to isomorphism, it is clear that Cat (£), inherits limits from &,
with structure maps induced by universal properties. Then the functors ev® : Cat (€); — &€ of Remark

all strictly preserve limits. This allows the following definition.

Definition 1.5.1. 1. Recursively define n-tuple-Cat (£) as Cat (£) when n = 1 and Cat( (n — 1) -tuple-Cat (£), )
for integers n > 1. Call its objects, 1-cells and 2-cells n- tuple categories, functors and natural transfor-

mations in & respectively.

2. When n € {2,3,4} we will denote n-tuple-Cat (£) by DblCat (£), TrplCat (£) and QdplCat (£) re-
spectively, and replace the prefix ‘n-tuple’ with ‘double’, ‘triple’ and ‘quadruple’.

3. Viewing the data of a double category A like so

Az Az
ml lm
do
%
AI,O i —> A171 S~ ALQ
dy
do | |dy do| ¢ |d1
do
<.7
Apo ——i—— A1 — Ao
dy

each row, and each column, forms a category internal to £. For j € N, respectively call the jth row and
column, the jth horizontal and vertical category of A. When j € {0,1}, we will call these the horizontal

and vertical categories of {objects, arrows}, respectively.
4. We give a recursive definition of an n-tuple functor to be extremal.

e Base case: a 1-tuple functor is extremal if it is the identity on objects.

e A functor (fo, f1) internal to (n — 1)-tuple-Cat (£) is an extremal n-tuple functor if f; is the identity

and fi is an extremal (n — 1)-tuple functor.

5. Let T¢ : DblCat (£) — DblCat (£) be the involutary 2-functor which swaps the vertical and horizontal
categories of a double category. Call T¢ (A) the transpose of the double category A, and call A symmetric
if Te (A) = A.

The language of n-tuple categories will be used in the proofs of some of the main results of Chapter Three, in
particular the various monad-like structures on the assignment £ — Cat (£);. We will provide some examples
for the concepts in the above definition later in this section. Note that we have already seen a simple example
for extremal n-tuple functors for the case when n = 1, such as the unit of the adjunction in Remark and
the counit of the adjunction in Remark

More than just inheriting conical limits from &£, Cat (£) also has powers by 2. We describe the internal con-
struction of the usual ‘arrow category’ in the example below, and prove its universal property in the subsequent
theorem. Throughout, for n € N\{0} let n:= {0 — ... = (n — 1)} denote the path category.

Example 1.5.2. For A € Cat (&), define the internal category A2 to have object of objects A1, and object of
arrows given by the kernel pair of composition Ag, from whose projections we will refer to as pg and py. Its
domain and comdomain maps are given by d2 := mopy and d? := w1p; respectively, and its identity i2 := (ig,i1)
is induced by the universal property of the pullback. Letting 72 and w2 denote the respective pullback projections

of (A2)2, set the following notation for morphisms induced into the pullback As.
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(A?), = Ag, == A; —— A (A2), ™o Aoy —Ps Ay~ A,
" (A2)2 = ASq = A = Ay n (A2)2 o ASq L Ao o Ay

(A%), u Agg —2 Ay — Ay (A?), s Ay s A
o (A%), == Ay 5 Ay T ), T s 4 T 4

The morphisms qo and q1 may be thought of externally as taking a composable pair of commutative squares
such as the one depicted below and returning the composable pairs (ag,by) and (ay,by), while the morphisms ro
and 1 return the composable pairs corresponding to the ‘two ways of traversing the boundary’, (f,b1a1) and

(boag, k) respectively. Then the composition map m? is given by (ro,r1) : (A2)2 — Ag,.

a b
XO*U>Y0*O>ZO

fJ/ J{g J{k
X1 T> Yl T> Zl
1

In summary, if f : X — (Az)2 is @ morphism in € so that wippm2 f == fir; for (4,k,1) € {0,1} x {0,1} x {0, 1},
then mjpym? f is given by the first table in Diagram . Note that the domain and codomain maps provide the
internal functors (da,do), (ca,d1) : A2 — A, and that we have an internal natural transformation Mg : da = ca
given by Aa =14, : A1 — A;. Indeed, all constructions involved are representable, so the axioms follow since
they hold for £ = Set.

Theorem 1.5.3. Let £ be a category with finite limits. Then Cat (€) has finite weighted limits.

Proof. Recall [18] that 2 is a strong generator for Cat, and that weighted limits may be constructed using
conical limits and powers by a strong generator. It therefore suffices just to prove the universal property of the
above construction. To do this, we need to give a functor F from the functor category [2, Cat (£) (B, A)] to
the hom-category Cat (&) (]B, Az) which exhibits horizontal composition by A4 as an isomorphism of categories

natural in B.

We define F on objects. Given ¢ : f© = f! : B — A let F¢ : B — A? be the internal functor whose
component on objects is given by ¢ and component on arrows is given by (¢o, 1) : B1 — Agq, the morphism
induced by the pullback given the naturality axiom for ¢. Then F'¢ respects sources and targets automatically
by definition, and can be seen to respect identities by the universal properties of Agq and Ay given the commu-
tativity of the diagrams in Diagram for j € {0,1}. F¢ may furthermore be seen to respect composition
given the commutativity of the first two diagrams in Diagram for (j,k) € {0,1} x {0,1}, where the
triangular region in the second diagram commutes by the universal property of A, given the commutativity of
the third diagram for (k,1) € {0,1} x {0,1}.

We define F' on arrows. Given the commutative square I' in Cat (£) (B, A) as shown below, considered as
a morphism from ¢° to ¢! in (Cat (&) (A,B) )2, let its image under F' be induced by the universal property of
(A2)2 so that mpp; FT is given by the second table in Diagram Then sources and targets of components
for FT is immediate from the definition, while internal naturality follows by the commutativity of the first two
diagrams in Diagram for j € {0,1}. In the second of these and when j = 0, the upper triangle commutes
by the universal property of Ay given the commutativity of the last two diagrams there, while all other regions

can be shown to commute similarly.

For functoriality of F, let the commutative square € shown below be viewed as a morphism ¢' — ¢2 in
(Cat (€))%

11



0
0 o 0 0 B po
S
fl ~ gl gl 61 hl

Then the following calculation follows from the tables of values in Diagram One can similarly use the

unit laws of A to verify that F' preserves identities, so that F' is well-defined as a functor.

S (FTY _ (e (@) _ [ ¢ m(@8)) _ .
(FQ)o (FT')=m (FQ)m ((951751) (ﬁo’¢2))<m(ao,ﬁo) #? )F(Q r)

Since Ay : A1 — A; is just an identity morphism in &, it is easy to see that A4 « FI' = I', and conversely
forv:s=1:B — A% we have F (Asy *v) = 7. Thus F is indeed an isomorphism of categories. Finally,
for naturality in B, precomposition by an internal functor e : C — B commutes with F' since F is defined by

universal properties of limits. O

The following characterisation of universal 2-cells of powers by 2 in Cat (£) was promised after the definition
of an internal natural transformation, and will be useful in determining when certain functors preserve powers
by 2.

Theorem 1.5.4. An internal natural transformation o : f = g : A — B is the universal 2-cell exhibiting A as
the power by 2 of B if and only if a : Ag — By is an isomorphism in &, and the square involved in the naturality

axiom for a is a pullback.

Proof. If the internal natural transformation « is the universal 2-cell exhibiting A as the power by 2 of B then
« @ By — Bj is the identity, and the square giving its naturality axiom is just the pullback square defining
(Bz)l. Conversely, suppose that a : Ag — Bj is an isomorphism in £ and that the square involved in the
naturality axiom for « is a pullback. These conditions respectively say that the morphisms « : Ag — (Bz)
and u = (adp,ady) : Ay — (IB%Z)1

the data of internal functors which give an isomorphism A = B? in Cat (€),. It suffices to check that these are

0
:= m X p, m are invertible in £. We claim that (o, u) and (a~',u™!) are

well-defined internal functors. One can either do this directly via calculations such as those above, or use the
yoneda embedding of £ to reduce to the case when £ = Set, where the proof is easier. For further details, see

Propositions 3.19 and 12.1 of [6], where the second of these approaches is taken. O

The remark below, and the subsequent proposition, examine the relationship between powers by 2 in Cat (&)
and the various adjunctions from Remarks[1.2.7] [[.2.8] and [1.2.9] The information in the remark will be useful
in Chapter Three, and the proposition will be used to prove the comprehensive factorisation in Chapter Five.

Remark 1.5.5. Let X € £ and A € Cat (£), and recall the adjunction Disc + Obg from Remark Then

there are the following natural bijections:

E(X, A1) =€ (X,0bg (A?)) = Cat(Disce (X),A?), = Arrset(Cat (Disce (X),A), )

Thus morphisms from X to the object of arrows of an internal category A are in natural bijection with internal

natural transformations between internal functors from the discrete category on X to A.

Proposition 1.5.6. Suppose £ has coequalisers of reflexive pairs. Then the internal functor qa : A — Disc o
Iy (A) which was the component of the unit of the adjunction from Remark is the coidentifier of the
universal 2-cell of the power of A by 2.

Proof. For the 1-dimensional universal property, let f : A — B be an internal functor so that f.A4 is an iden-
tity internal natural transformation. Then in particular fiidy = foidy, and hence since f preserves identities
ifodo = ifodi. By sources (or targets) for identities in B, we may compose by either of these on the right, to get

that fod; = fodi. Now by the universal property of IIy (A) as a coequaliser in £, we have an induced morphism

12



u : Iy (A) — By, and since Discollj (A) is a discrete category, this is clearly well-defined as an internal functor.

The universal property in £ assures that it is indeed the unique internal functor commuting with f and ga.

For the 2-dimensional universal property, let f,g : A — B be internal functors with f.A4 and g.A4 both
identities, and let 8 : f = ¢ be any internal natural transformation. Examining the two ways of forming the
horizontal composite 5 * A and recalling that these must be equal, we see that Sdy = Sd; since both fA4 and
gAa are identities. Hence induce « : IIp (A) — Bj by the universal property of the coequaliser, and define
ho := doy and ko := di7y. It is once again clear that (ho,iho) and (ko,iko) constitute internal functors from
Disc o Iy (A) to B. Furthermore, v : h = k is well-defined as an internal natural transformation. Assignation
of components follows by the definitions of hy and kg, while naturality follows from the left and right unit laws
for B, as in Diagram Note once again that uniqueness follows from the universal property in £. O]

We now give a construction of a category internal to the underlying category of any 2-category with powers K,
and show that this construction is 2-functorial. This 2-functor will feature significantly in Section [3.4] as the
component at K of a pseudonatural transformation, which will itself be the unit of a biadjunction discussed
there.

Theorem 1.5.7. Let 8 be a 2-category with powers by finite categories and denote its underlying 1-category by
Ry. Let A € R have

1. a:ad = a3 : A2 — A as the universal 2-cell of its power by 2

2. The diagram a 20, a$ LN a3 in the hom-category R(A3,A) as the universal composable pair of

2-cells of its power by 3.
Then

1. The following square is a pullback in Cat (£), where a* o; = a; for j € {0,1}.

!’
A3 20, A2

_
o) a?

A2 —— A

g

2. Let Ay : A — A2 denote the diagonal morphism which satisfies aAa = 11 ,, and let m : A3 — A? be the

ao

. . . . 3 m 2 T . .
unique morphism satisfying am = ay o ag. Then the data A® —=— A% <As- A | which we collectively
ay

denote by n® (A), is a category internal to R.

3. The assignment A — n* (A) extends to a 2-functor n® : & — Cat (&) that preserves powers and any

conical limits that exist in R.

Proof. For part (1), first observe that the square commutes since afaf, = a3 = aga}. Then, for the 1-dimensional
universal property, let 1-cells xg, 1 : X — A2 satisfy a?x¢ = a3z;. This commutativity condition says precisely
that the codomain of x¢ := a.zq is the domain of x; := a.z;. In other words, we have a composable pair in
R(X,A). Let (xo,x1) : X — A3 be hence induced by the universal property of the power by 3. It follows
from the universal property of the power by 2 that (xo,x1) is the unique 1-cell satisfying o (xo0, x1) = z; for
j € {0,1}, since aa’; (xo0,x1) = @; (X0, x1) = Xj = @.x;. The 2-dimensional universal property of the pullback
follows from the 1-dimensional universal property, given the assumption that f has powers. In fact, this ar-
gument extends by induction on n to show that R has pullbacks along projections from powers by any path

category n.
For part (2), firstly note that sources and targets for identities and composition follow immediately from the
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definition of n®® and m. Furthermore, the universal property of A2 reduces associativity and left and right unit
laws of 7% (A) to those of the hom-categories & (A%, A) and & (A3, A) respectively.

For part (3), given a 1-cell f: A — B, the data n® (f) := (f, f?) defines an internal functor n® (A) — n® (B);
respect for sources and targets is immediate, while respect for identities and composition follow from easy
calculations similar to those above. Similarly, let g : A — B be another 1-cell and 5 : f = g a 2-cell. Take
% (8) : A — B2 to be the 1-cell induced by the universal property of B2 given 3. Then n® () : % (f) = 1% (9)
is an internal natural transformation. Once again, sources and targets for components follows immediately, while
internal naturality is easy to check using the universal property of the power by 2. Functoriality between hom-
categories and 2-functoriality can also be checked using the 2-dimensional and 1-dimensional universal properties
of B2 respectively. Finally, since all constructions involved mention only finite weighted limits, it is clear that

they are preserved. O

Remark 1.5.8. When £ = Cat (£), we will denote the underlying functor of the 2-functor n* above as d¢, and
we will call d¢ (A) the double category of squares in A, for A € Cat (£). In particular double categories of
squares are symmetric, as defined in Definition As mentioned above, the 2-functors n* : & — Cat (&)
will feature as the components of the unit of a biadjunction in Theorem [3:4:2] Furthermore, the functors
de : Cat (£), — DblCat (&), will also feature as the components of the comultiplication for a pseudocomonad
structure on the assignment £ — Cat (£); in Section

The isomorphisms up to which % : & — Cat (8) preserves powers by 2 will also be of importance in Section
In the special case of & = Cat (£), these will feature as the components of the modification up to
which coassociativity of the pseudocomonad holds in Theorem |3.4.4] For now, we prove naturality of certain

assignments as described in the following proposition.

Proposition 1.5.9. Let F': R — £ be a 2-functor which preserves powers by 2 up to coherent isomorphisms

F (A?) = (FA)? which we denote by (n4),- Then

1. The assignment (77F)1 A (7711:)1 is 2-natural in A € R.
2. The assignment F +— (77F)1 is natural in F.

Proof. Let ax denote the universal 2-cell of X’s power by 2 for X in either of R or £, and let f : A — B be
a l-cell in K. Then part (1) follows from the universal property of the power by 2 in £ given the following
calculation, wherein the second and fourth steps use 2-functoriality of F' and all other steps use definitions of

morphisms induced into powers by 2:

Let a: F = G be a 2-natural transformation. Then part (2) follows from the following calculation, where the

third step uses 2-naturality of ¢ and all other steps use definitions of morphisms induced into powers by 2.
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aga.(¢a)?. (nh), = da-arany
=o¢a.F(aa)
=G (aa) -Paz
= aga- (15), -Gz

O

Remark 1.5.10. A special case of Proposition which will be useful later is when £ = Cat (£;) and F is
itself the functor n® : & — Cat (&) of Theorem Then the isomorphism 77} : 7% (4%) = (nﬁA)2 up to
which 7% : & — Cat () preserves powers by 2 is the internal functor whose component on objects is the
identity, and whose component on arrows the isomorphism A%*?2 = (A2)2. This is an extremal internal functor
in the sense of Definition As an even more special case, when R is itself Cat (£), the isomorphisms
(¢ (A) )2 = 6¢ (A%) up to which ¢ preserves powers by 2 can be described analogously as being double func-
tors which are the identity on objects, and the unique isomorphism of internal categories AZ*?2 = (A2)2 on
arrows. This isomorphism of internal categories is again of course itself the identity on objects, and so this is an
example of an extremal double functor in the sense of Definition Indeed, the objects of objects of A2*2
and (A2)? are both just Agy.

On the other hand, the objects of arrows of (Az)z and A2*2 may both be thought of externally as ‘objects
of commutative cubes in A’, however they are constructed in different ways. The object of arrows of (Az)z is
constructed as the object of ‘commutative squares of commutative squares’, or the kernel pair of the composition
map in AZ. In contrast, the object of arrows of A%2*2 is constructed as the object of ‘six commutative squares
whose edges match in such a way so as to make a commutative cube’. We describe its construction. First, take
the six product projections s, ..., Sg : (Hi:l Asq) — Agq, each corresponding to a face of a cube. Then form
twelve pullbacks, each asserting the equality of a pair of edges, and finally, take the intersection of all twelve of

these pullbacks.

2 Constructions Cat (£) inherits from &

In the last section of the previous chapter, we saw that Cat (£) inherits conical limits from &£ since the data of
an internal category mention only finite limits. We also saw that a certain 2-categorical property emerged in
Cat (&), namely that of having powers by 2. In this chapter we will look at some other properties of £ which
Cat (£) inherits directly, namely cartesian closedness in Section and extensivity and a natural numbers
object in Section We will also see some other 2-categorical properties emerge in Cat (£) under certain
assumptions on & in the final two sections of this chapter, namely copowers by 2 in Section [2:3] and a classifier
for full subobjects in Section We will the collect the results of this chapter into a list of properties Cat (&)
has when £ is an elementary topos, and finish this chapter by remarking upon some properties that Cat (&)

does not inherit from &.

2.1 Cartesian Closedness

Suppose that & is a cartesian closed category with finite limits and let A, B € Cat(£). We construct the
exponential B%. Tts object of objects (BA)O will be given by the intersection, or limit, of six equalisers into
By? x BiM x B2, Each of the four internal functoriality axioms are encoded by one of these equalisers,
while the remaining two equalisers together encode the defining property of an internal functor’s component
on composable pairs. The object of arrows of B* will be given by the intersection of seven equalisers into

(B*), x (B*), x Byt x By, Four of these equalisers encode the defining properties of the morphisms which
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‘send an arrow of A to either side of its naturality square’, while the other three each encode an axiom for
an internal natural transformation. The source, target, identity and composition maps of B4 are induced by
universal properties, and its universal property may be checked directly. However, it is easier to show that
Cat (£) is in fact an exponential ideal of [A°P, £].

Theorem 2.1.1. Let A be a category, let £ be a category with finite limits and exponentials, and recall the
nerve functor N : Cat (€), — [A°P,&] of Remark[1.2.4

1. The functor category [A,E] has an exponential object for F,G : A — & given by the functor k —
/A(n,k‘) h Gn'™.

2. The exponential GF' preserves any limits G preserves.
3. For A € Cat (£) and F € [A°P, ), the exponential object (NA)" : A°P — & is an internal category.
4. The internal category NAN® has the universal property of the exponential in Cat (£).

Proof. Part (1) follows from the following natural bijections, where o and M denote the Set-enriched copower

and power, respectively:

& X7/A(n7k)mGnF” =& (A(n,k) e X,Gn'™)

> E(A(n,k)e X x Fn,Gn)
=E((A(— k) e X)x F(-),G(-))
=~ [AE] (A(—,k) o X,G" (-))

~ & (X,G" (k)

For Part (2), consider the following sequence of natural bijections, where by P -, Q we denote the set
of morphisms from P to @ in the category C, and by & we denote the presheaf category [£°P, Set]. The proof

follows by noticing that each natural bijection preserves the property of a morphism being invertible.

GF (li?a B,») lim G* (B;)

£ (X, GF <li£n Bi)) £ (X, lim G* (Bz-))

{W o0y [
tn

£ (X, [A (n lim Bi) 0 GnF") X, lim / A(n, B;) h GnF™

£ (X,flimA(n,Bi) M GnF”> ¢ el X lim /A(n,Bi) h Gnf"

& X,lim/A(n,Bi)f’nGnF" SN X,lim/A(n,Bi)rhGnF"

Part (3) then follows from part (2) and the characterisation of those simplicial objects which are internal
categories, namely that they preserve certain pullbacks. For part (4), the one dimensional universal property
follows from Part (3). For the 2-dimensional universal property, let 2 M C denote the power by 2 in Cat (£), then
since exponentiation is a right adjoint, (2 rh (C)E has at least the 1-dimensional universal property in Cat (&)

of the power by 2 of the exponential C® from Cat (£),. Then the following natural bijections show that the
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2-dimensional universal property is also satisfied:

{AxB=C}=2{AxB—2nC}
~ (A — (200"}
~ {A — 2t (C®)}
~ (A = CP}

2.2 Extensivity

Since the definition of an internal category involves pullbacks, some commutativity with pullbacks is needed
for colimits in € to be inherited in Cat (£). The functor category [A°P,&] has whatever colimits £ has as
they are computed pointwisely. All of these give rise to colimits in Cat (£); when Cat (£), is a reflective
subcategory of [A°P, ], which holds when £ is locally presentable [1]. Under different assumptions, coproducts
restrict to Cat (), when & is extensive. Recall that extensivity means that for all A,B € &, the functor
EJ/A X E/B — £/ (A+ B), which takes the coproduct, is an equivalence of categories [§].

Proposition 2.2.1. Let £ be an extensive category with pullbacks. Then Cat () has coproducts as computed
in [A°P £].

Proof. Let A and B be categories internal to £. Then the diagrams which need to be pullbacks for A + B to
be well-defined as an internal category are precisely the coproducts in £ of the corresponding pullbacks which
exhibit A and B as internal categories. But by extensivity of £, these will be pullbacks as well. Thus Cat (&),
has coproducts as computed in [A°P,£]. But since Cat (€) has powers as we saw in Proposition the

2-dimensional universal property is also satisfied. O

In particular, the coprojections from the coproduct in Cat (£) are discrete conduche fibrations, discrete fibra-
tions, discrete opfibrations, and reflect identities, as described in Remark

Coequalisers on the other hand may not be inherited from [A°P,£], even if coequaliser diagrams are stable
under pullback. As an example, when £ = Set, the two distinct functors from the terminal category 1 to the
free-living morphism 2 have a coequaliser given by the free monoid on one generator, whose object of arrows
is the set of natural numbers N rather than 2. This is because identifying the two objects of 2 produces the
new composable pair, namely the unique non-identity morphism s € 2 (0, 1), which becomes composable with
itself. The existence of a natural numbers object in Set allows us to produce this particular coequaliser in
Cat (Set) = Cat. However, for £ = Sety, the category of finite sets, no such natural numbers object exists,
and indeed neither does the coequaliser of this parallel pair in Cat (Sets). In general, coequalisers require the
construction of a category from its presentation, which can be done in the presence of list objects [15]. We end

this section by looking at a special case of list objects which are inherited in Cat (£) from &.
Definition 2.2.2. Let £ have finite products. A list object for an object X € £ is a diagram such as that
shown below on the left, which is initial among diagrams of the form shown below on the right.

11— (X))

X x L(X) 1 Y XxY

append
When X =1, L(X) is called a natural numbers object.

Corollary 2.2.3. If £ has finite limits and a natural numbers object, then Cat (€) has a natural numbers

object.

Proof. Tt is clear that as a left adjoint functor which preserves finite products, Disc : £ — Cat (£) preserves

list objects, and so in particular gives rise to a natural numbers object in Cat (£). O
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2.3 Copowers by 2

We next construct copowers by 2 in Cat (£). Recall that when & = Set, the copower by 2 of a category A is
given by 2 x A, since Cat (2 x A, B) = Cat (2, Cat (A, B)) by cartesian closedness of Cat. We therefore first

construct the free-living arrow 2 internally.
Notation 2.3.1. Letn € N and X € £. Then by nX we denote the coproduct Z?=1 X.

Example 2.3.2. Assume & is lextensive in the sense of [§], in that it is extensive and has finite limits. Denote
the terminal object in €& by 1. Then we may define the free living arrow, internal to £, which we denote 2¢, to

have
e Object of objects and object of arrows given by 2 and 3 respectively, and object of n-tuples given by n+ 1.

o Identity assigner, source, and target maps induced as indicated in the following diagrams from the universal

property of the respective coproducts.

]
¥
@

P12 p3

1 -2y 2 12348 12y 322 9
3=——13=——3 2 2

o Composition m : 4 — 3 is the unique morphism making the following diagrams commute.

p1 P4

1l —4+—1 1 —4<+—1
3 3

Then internal category azioms follow from extensivity and the universal property of the coproducts. Note also

in particular that the following diagrams commute in £:

1253 1243
3 TO> 2 3 TO> 2

Remark 2.3.3. By extensivity, the data of the internal category 2¢ x A satisfies the following properties:

e The identity assigner, source, target and composition maps are the unique morphisms satisfying the

commutativity of each of the respective diagrams, for j € {1,2} and k € {2, 3}.

A() L) AO + AO <p72 AO A1 L) 3A1 & A1
iJ{ i [ J{Z dol i do Jdo
A1T>A1+A1+A1<TA1 AOTQAOTAO
A1 P 3A1 P A1 A2 i 4A2 Pa A2 AQ L) 4A2
dll i dy ldl ml i m lm 7nl i m
AO 71 2A0 72 AO Al P 3A1 73 Al A1 T) 3A1
e The following data define internal functors A — 2¢
) AO ! 1 p1 2 ) AO ! 1 D2 2
ay = , ” by = ! p3
A - 1 3 A - 1 3
e The data A ! 1 P2 3 defines an internal natural transformation p’, : ay = ba.
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e Thus by the 1-dimensional universal property of 2¢ X A as a product, there are induced internal functors
ap ‘= (af%, IA) ,bA = (b‘/&, 1A) A — 25 x A

e Finally by the 2-dimensional universal property we have an induced internal natural transformation py :=

(pj&, 11A) tan = bA.

Remark 2.3.4. Recall that the category of finite sets Set is the free completion under finite coproducts of the
terminal category. Furthermore, for lextensive £, the unique coproduct preserving functor F¢ : Set; — £ which
preserves the terminal object will also preserve all other finite limits. As will be discussed in further detail in the
next chapter, any finite limit preserving functor between finite limit categories G : S — &£ gives rise to a 2-functor
Cat (G) : Cat (S) — Cat (&), which acts componentwisely on all data. Taking S = Set; and applying the
2-functor Cat (Fg) : Cat (Set;) — Cat (&) to the free living arrow 2 € Cat (Set) gives the internal category
2¢. Furthermore, the description of the internal natural transformation pa given in remark [2.3:3] may then also
be described as the whiskering with the unique internal functor A — 1 of the internal natural transformation
Cat (F¢) («), where « is the unique non-identity natural transformation between the two distinct functors from
1 to 2. In light of the next theorem, this is to say that Cat (F¢) : Cat (Set;) — Cat (£) preserves copowers
by 2.

Theorem 2.3.5. For A € Cat (£), the internal category 2¢ X A has the universal property of the copower of A
by 2 in Cat (), with the universal 2-cell given by pa as described in Remark .

Proof. For B € Cat (£), we need to find an assignment both on objects and morphisms F : Cat(2, Cat (£) (A,B) ) —
Cat (€) (2¢ x A, B) which is inverse to the precomposition functor ps*(—) : Cat (£) (2¢ x A,B) — Cat(2,Cat (£) (A,B)).

Suppose a : Ay — Bj defines an internal natural transformation o : f° = f! : A — B. Then define
(Fa), == (f3,f}) : 240 — By and (Fa), := (f?,a, f!) : 341 — By to be induced by the universal prop-
erty of the coproducts, where & is the morphism A; — Bj given by either side of the naturality axiom for a.
We show that this is well-defined as an internal functor. For j € {0, 1}, respect for sources follows from the
diagrams Diagram and respect for targets follows similarly. Respect for identities follows by the first
diagram in Diagram while respect for composition follows by the second diagram in Diagram and
the two diagrams in Diagram [7.0.15] The respective triangular regions in the diagrams in Diagram [7.0.15| can
be shown to commute by the universal property of By using similar arguments to one another. Considering

those in the first of them from left to right, their commutativity follows respectively from the pairs of diagrams

in Diagram [7.0.16]

Now suppose 5 : h = k : A — B is an internal natural transformation, and let the commutative square
shown below on the left be viewed as a morphism from a to 8 in Cat (€) (A,B)?. Then define the morphism
F (v,0) : 249 — Bj to be induced by the universal property of the coproduct. We claim that F'(v,d) is an
internal natural transformation Fa = F3. Sources for components follows from the universal property of 24,
given the commutativity of the diagram below on the right for j € {0,1}, and targets for components follows

from a similar argument.

fO_a g 24, -, B,

[ 32

¢ —— g Ao —— Bo
8 fo

It is natural by the commutativity of the diagrams in Diagram [7.0.17] where similar calculations involving left
and right unit laws may be used to verify the commutativity of the six upper regions of the larger diagram.
Furthermore, calculations using universal properties may then be used to verify that F is an isomorphism of

categories natural in B. It is then easy to see that this assignment is indeed inverse to precomposition. O
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We finish this section with some applications of copowers by 2 in Cat (£), namely relating the power by 2 to
the exponential by 2¢, and seeing how 2¢ X Discg (—) : £ — Cat (&) strictly preserves generating families.

Corollary 2.3.6. Suppose £ has finite limits, extensive coproducts, and is cartesian closed. Then the exponential

object A%¢ has the universal property of the power by 2 of A.

Proof. Let B € Cat (£) and observe that the following isomorphisms of categories are natural in B: Cat (€) (B, A?) =
[2,Cat (&) (B,A)] = Cat (£) (2¢ x B,A) = Cat (&) (B, A%). O

Corollary 2.3.7. Recall that a family of objects G in a category C is said to be generating if the family of
hom-functors C (X, —) for X € G are jointly faithful. Suppose that € has finite limits, extensive coproducts, and
a generating family of objects G. Form the family of internal categories G = {2¢ x Disc (X) |X € G}. Then G
is a generating family for Cat (£),.

Proof. Let f,g : A — B be internal functors and assume that fh = gh for all internal functors h : 2¢ X
Disc (X) — A where X € G. To show that Gis a generating family, we must show that f; = g; under
this assumption. Denoting by a the internal natural transformation which corresponds to A via the universal
property of the coproduct, fa = ga. But recall that by Remark [I.5.5] any morphism X — A; is £ corresponds
to an internal natural transformation between internal functors from Disc (X) to A This amounts to saying
that fia = g1 for all a: X — Ay, and hence f; = g; as X € G. O]

2.4 Subobject Classifiers in £ give rise to Classifiers for Full Subobjects in Cat (&)

Recall that for a category with finite limits £, a subobject classifier T : 1 — €2, if it exists, is a terminal object in
the category whose objects are monomorphisms in £ and morphisms are pullback squares. Recall the adjunction
Ob 47175 coDisc from Remark For this section, let £ be a category with finite limits and a subobject
classifier. Call an internal functor (fo, f1) a full subobject if it is fully-faithful and fy is a monomorphism. This

title is justified by Proposition [1.2.5

Theorem 2.4.1. Suppose £ has a subobject classifier T : 1 — Q. Then coDisc (T) is a terminal object in the

category whose objects are full subobjects in Cat (£), and morphisms are pullback squares.

Proof. Since coDisc is a right adjoint it preserves monomorphisms, and moreover it is clear that coDisc (T)
satisfies the criterion for being fully-faithful from Remark [[.2.4] Let f : A — B be a full subobject, let
@0 : By —  be the classifier for the monomorphism fj, and let ¢ : B — coDisc (Q2) be the internal functor
corresponding to ¢ across the natural bijection Cat (£), (B, coDisc (2)) = £ (Ob (B) ,2). Thus the component
on arrows of ¢ is induced by the universal property of Q x 2 as a product given the morphisms ¢odf and ¢od?.
We claim that ¢ is the unique internal functor making the square below on the left a pullback in Cat (£). In
fact, by adjointness it will suffice just to check that this square actually is a pullback. For the 1-dimensional
universal property, let g : C — B be an internal functor satisfying ¢g = coDisc (T)!. Then define hg : Cy — Ay
to be the morphism induced by the universal property of Ay as a pullback, and let h; be induced as in the
diagram on the right below, given the commutativity of the first diagram in Diagram for j € {0,1}.

g1

A——1
J

N f

!
1
f l{coDisc(T) "?1 . B‘l
. (hodo,hod:) (do.d1) (do.d1)
B — coDisc (1) + +
Ag X Ag —— By X By
fox fo

Then h respects sources and targets by the universal property of Ay given the commutativity of the second
diagram in Diagram [7.0.25] and respects identities by the universal property of A; as a pullback given the

commutativity of the first row of diagrams in Diagram[7.0.26] Similarly, the second row of diagrams in Diagram
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7.0.26] show that h respects composition, with the top triangle in the first of these commuting by the universal
property of By as a pullback, given the commutativity of the second of these. For uniqueness, let b/ : C — A
satisfy fh’ = g, and hence in particular fjh;- =gj.

Finally, for the 2-dimensional universal property, let o : ¢ = g' : C — B be an internal natural transfor-
mation and let h° and h' denote the internal functors from C to A given by the one dimensional universal
property. Consider the diagrams in Diagram for j € {0,1}. The first shows sources and targets of
components for 3, and in light of the commutativity of the diagrams in Diagram the second and third
show internal naturality while the fourth shows uniqueness of 8. This completes the proof.

O

The fullness aspect of the morphisms which coDisc (T) classifies is a genuinely 2-categorical notion. It does
not in contrast classify subobjects in Cat (£). Recall that a category £ is called an elementary topos if it has
finite limits, exponentials, and a subobject classifier. Recall also that elementary toposes can be shown to have
all finite colimits and right adjoints to every pullback functor (Corollaries 2.2.9 and 2.3.4, Part A in [15]). The

results of this chapter combine to give the following result.

Theorem 2.4.2. Let £ be an elementary topos. Then the 2-category Cat (€) has
1. Finite weighted limits, and coidentifiers for universal 2-cells of powers by 2
2. Finite Extensive Coproducts
3. Copowers by 2
4. 2-categorical exponentials
5. A full-subobject classifier

Furthermore, if £ has a natural numbers object, then Cat (€) also has one.

Proof. Part (1) was Theorem and Proposition of the previous chapter, part (2) was Theorem
part (3) was Theorem [2.3.5 part (4) was Theorem [2.1.1] and part (5) was Theorem Natural numbers

objects were treated in Corollary 2.2.3] O

We conclude this chapter by remarking upon some properties that Cat (£) does not inherit from £. We have
already seen that Cat (£) need not have coequalisers even if £ does, with a counterexample being £ = Set;
and the parallel pair being the two distinct functors from 1 to 2. Furthermore, pullback functors of £ having
right adjoints, a property known as local cartesian closedness which is shared by all toposes, need not give local
cartesian closedness in Cat (£). Indeed, even when & = Set, certain functors have no right adjoint to their
associated pullback functor. A necessary and sufficient condition for an internal functor to have a right adjoint
to its pullback functor was given in [10]. This means that while Cat has a classifier for full subobjects from
Theorem [2.4.1] it does not have a genuine subobject classifier, since we already know that it has limits and

exponentials, and it is not locally cartesian closed [15].

3 The 2-Functors of the form Cat (—)

Having described the 2-category of categories, functors, and natural transformations internal to a category
with finite limits, we now examine the properties of the extension of the assignment £ — Cat (£) to various 2-
functors. In the first section of this chapter we give a description of these 2-functors, and use this view to upgrade
some of the data introduced in Chapter One to being components of pseudo (or 2)-natural transformations,
or modifications. In Section [3.2] we will see how some of this data combine in a very general way to give

pseudomonad-like structures on Cat (—), : Lex — Lex. These are the (co)skew monads of [20]. We will recall
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the definitions of the various monad-like structures we use along the way. In Section we will examine some
of the properties preserved by 2-functors of the form Cat (—) : Lex — £ where K is either 2-Cat, Lex or
2-Lex. The information presented in that section will be helpful for the main result of Chapter Four, and
Section Finally, in Section we will construct a pseudocomonad structure on Cat (—), : Lex — Lex
from a biadjunction between Cat (—) : Lex — 2-Lex and the underlying functor UndLex : 2-Lex — Lex.
This biadjunction was first proven in [6], and pseudocomonadicity was also remarked upon there. In addition,
we will show that the action of sending a double category to its transpose is a strict distributive law for this
pseudocomonad Cat (—), : Lex — Lex over itself, and moreover a compatible flip. We will refer the reader to
external sources for definitions of strict distributive laws [25] and compatible flips [27], but recall the definitions

of other 2-categorical notions as we need.

Definition 3.0.1. 1. Recall [23] that if F,G : & — £ are 2-functors between 2-categories, then a pseudo-
natural transformation consists of a function X +— ax from the objects of K to the 1-cells of £, and
for each X, Y € R, a constraint assigning natural isomorphism, whose component on f € K(X,Y) is
given by the isomorphism ay : ay.F'f = Gf.ax and is called the pseudonaturality constraint at f. As
well as being natural in f, this data is also required to satisfy a pseudonaturality condition given by the
equality of pastings below, for all composable pairs X ey 27 K. Note that if all constraint

isomorphisms o are in fact identities then this reduces to a 2-natural transformation.

Ff Fg F(gf)

FX FY Fz FrX ———— FZ
ax /(Xf ay /OLQ az - ax /Otgf gz
GX T GY Ga GZ GX W GZ

2. Recall [23] that if o, 8 : F = G : & — £ are pseudonatural transformations between 2-functors which go
between 2-categories, that a modification I' : « = f is a function X — 'y from the objects of R to the
2-cells of £, subject to the axiom that the following equalities of pastings hold in £.

FX Ff FY FX Py FY
NG S .
ax Lx Bx /af jy = QX\ / Bx Ly By
GX = aQy GX ay

Gf

Remark 3.0.2. We also recall the following useful facts about the compositional structure of pseudonatural

transformations and modifications.

e Recall |13] that given any two 2-categories & and £ with possibly large hom-categories, there is a large 2-
category GRAY (ﬁ, £) whose objects are 2-functors from K to £, 1-cells are pseudonatural transformations

between these, and 2-cells are modifications between those. Such 2-categories will be denoted [&, £].

e Recall [13] that modifications in [8], 8] compose pointwisely in both vertical and horizontal directions.

e Recall [13] that pseudonatural transformations F —*— G BN compose vertically by pointwise
composition of their 1-cell components, and pasting together of their 2-cell components on f € £(X,Y)
along G f.

e Recall [13] that pseudonatural transformations as pictured below on the left have two possible ways of
composing horizontally, given by the square shown in the middle, and that while these are not in general
equal, there is always an invertible modification between them given by X — 3, . The modification axiom
follows from naturality of 8’s pseudonaturality constraint on ax, and the pseudonaturality condition for

[ on each side of the square below on the right.
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Notation 3.0.3. 1. Let Und : 2-Cat — Cat denote the 2-functor that sends a 2-category to its underlying
category, and let UndLex : 2-Lex — Lex be defined similarly.

2. Let [Lex,Lex| denote the 2-category whose objects are 2-functors, 1-cells are pseudonatural transforma-

tions, and 2-cells are modifications.

Remark 3.0.4. We recall the particular isomorphism up to which the composite of two finite limit preserv-
ing functors preserves finite limits. This will be useful in proving many of the results in this chapter. Let
& L5 8 5+ T bel-cellsin either Lex or LEX, and for a diagram D : D — €, let ¢ € S(lim (FD), F (limD) )
and 9 € T(lim (GFD),Glim (FD)) be the isomorphisms up to which the functors preserve the limit of the

diagram. Then their composite GF' preserves the limit of D up to the following isomorphism
lim (GFD) —— Glim (FD) —£+ GFlim (D)
Much of what we will have to say in this chapter is illuminated by the following result.

Theorem 3.0.5 (Gabriel-Ulmer Duality). [11] Let LFP denote the 2-category of locally finitely presentable
categories, finitary (or filtered colimit preserving) right adjoints, and natural transformations. Then the 2-
functor LEX (—, Set) : Lex®” — CAT factors through LEP by a biequivalence Lex°? = LFP.

3.1 The 2-Functors, and their associated Transformations and Modifications
Proposition 3.1.1. For £ € Lex, the assignment € — Cat (€) extends to a 2-functor Cat (—) : Lex — 2-Cat.

Proof. As the data and axioms of an internal category mention only finite limits, given a finite limit preserving
functor F : &€ — S, there is a 2-functor Cat (F') : Cat (£) — Cat (S) which takes the image under F' of each
piece of data, producing the required structure in Cat (S). Furthermore, given a 2-cell ¢ : F = G : £ — S in
Lex, there is a 2-natural transformation Cat (¢) : Cat (F') = Cat (G) whose component at C € Cat (£) is the
internal functor Cat (F') C — Cat (G) C whose object and morphism assignment is given by the component of ¢
on Cy and Cy respectively; all conditions for internal functoriality follow by naturality of ¢, as does 2-naturality
of Cat (¢). All of these observations combine to describe a 2-functor Cat (—) : Lex — 2-Cat; the axioms of
2-functoriality and functoriality between hom-categories are evident from the component-wise description of the

data involved. O
We will often write Cat (F') C and Cat (¢) as just F,C and ¢¢ respectively.

Example 3.1.2. Given X € &, the hom-functor € (X, —) preserves finite limits and hence gives rise to a
2-functor Cat (£) — Cat.

Remark 3.1.3. We remark briefly upon issues of size. As noted previously in Theorem if £ is small then
so is Cat (&), and if £ is locally small then the hom-categories of Cat (£) are small. We can therefore define
a completely analogous 2-functor from LEX to 2-CAT. This would have values for locally small categories
such as such as Set, and hence also categories of presheaves [CP, Set] of small categories C € Cat. In this
light, the yoneda embedding Ygz : £ — [£°P,Set] of any small finite limit category is a 1-cell of LEX, and
so another example is given by Cat (Yg) : Cat (£) — Cat[E°P, Set], where by Cat[£°P, Set] we denote the
2-category Cat (T) where T := [£°P,Set]. We will return to this example after proving Theorem [3.3.2] For

further information on issues of size, see |31].
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Remark 3.1.4. The 2-functor Cat (—) : LEX — 2-CAT sends representable functors £ (X,—) : £ — Set to
representable 2-functors Cat (£) (Discg (X),—) : Cat (£) — Cat, as is clear from the adjunction of Remark
Note that functors internal to & = Set are representably fully-faithful, discrete fibrations, or discrete
opfibrations if and only if they satisfy the conditions described in Remark It follows that functors internal
to arbitrary locally small categories with finite limits satisfy these representable notions precisely if they satisfy
the conditions described in Remark [L2.4]

In fact, the functors Cat (F') preserve finite weighted limits, which leads to the following proposition.

Proposition 3.1.5. The 2-functor Cat (—) : Lex — 2-Cat factors through the inclusion 2-Lex — 2-Cat, and
the 2-functor Cat (—),; := Und o Cat (—) : Lex — Cat factors through the inclusion Lex — Cat. In other
words, the functors Cat (—) : Lex — 2-Cat and Cat (—), : Lex — Cat lift to give functors Cat (—) : Lex — 2-
Lex and Cat (—), : Lex — Lex. There are also 2-functors LEX — 2-CAT and LEX — 2-LEX which restrict
to these.

Proof. Since we have already shown that Cat (£) has finite weighted limits, it suffices to show that for
F € LEX (&,S8) the 2-functor Cat (F) : Cat (£) — Cat (S) preserves finite weighted limits. Conical limit
preservation clearly follows from that of F', and recalling the characterising conditions for internal natural
transformations which are universal 2-cells of powers by 2, as described in Theorem we see that Cat (F)
preserves these too. Finally, since hom-categories in Cat (€) have sets of objects which are no larger than the

hom-sets of £, we have the required restriction to Lex. O

In the remark below, we describe in more detail the particular isomorphisms up to which the functors Cat (F'),
preserve powers by 2. These will feature as the components of the pseudonaturality constraint of a pseudonat-

ural transformation which will be the compultimplication of the pseudocomonad on which Section 3.4 will focus.

Remark 3.1.6. As a particular case of the functors Cat (F'); preserving limits, we have the isomorphisms
6pa = (lag, Fag,) : (FA)? = F (A?) in Cat (S), where Fug, : (FA)g, = F(Asq) are the isomorphisms up
to which F' preserves that pullback. It will be useful later to note that these internal functors are extremal in
the sense of Definition Note also that the assignment §g : A — dpp is indeed natural in A, and that the
assignment F' — Jp is natural in F', for finite limit preserving functors F'. This follows from similar calculations
to those in the proof of Proposition [I.5.9]

Recall the transposition 2-functor T¢ defined in Definition [I.5.1] which swaps the vertical and horizontal
categories in a double category. Its underlying functor will feature as the component at £ of a strict distributive
law of the pseudocomonad Cat (—), over itself, in fact a compatible flip in the sense of [27]. For now, we prove

2-naturality.

Proposition 3.1.7. Let DblCat (—) : Lex — 2-Lex and DblCat (—), : Lex — Lex be given by Cat(—) o
Cat (—) and Cat (—), o Cat (—),, analogously to what is described in Definition [1.5.1, The assignments € —
T¢ : DblCat (£) — DblCat (£) and £ — Tg := UndeLex (T¢) : DblCat (£), — DblCat (£), are 2-natural
in &.

Proof. Tt suffices to show 2-naturality of £ — Tg, as the other will just be its whiskering with UndLex. But
it is easy to see that transposition of a double category commutes with taking the image of its data under any

finite limit preserving functor. O

Remark 3.1.8. Let n > 2 and consider the involutions on n-tuple-Cat (£), given by functors of the form k-
tuple-Cat (Tj_tuple_Cat(g)l)l, where j, k € Z/nZ such that j + k =n — 2, and O-tuple-Cat (—), is interpreted
as lpex. We observe that these are precisely the adjacent transpositions in the group theoretic sense, which
generate the symmetric group on n letters S, as at least a subgroup of the group of automorphisms on n-tuple-
Cat (£),. This observation will clarify some calculations in Section
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We conclude this section by examining how some of the functors associated to Cat (£), in Chapter One vary
in £ € Lex. Proposition [3.1.11] will be used in the next section, and we will have more to say about Theorem
through this chapter, particularly following the proof of Theorem

Theorem 3.1.9. Let £ € Lex, let Cat (—), : Lex — Lex the the 2-functor described in Pmposz'tion and
recall the data of the evaluation category internal to [Cat (€),,E&] from Remark .

1. The functors er’, : Cat (&) = & of Remark are the components at £ € Lex of 2-natural transfor-
mations evf, : Cat (—); = lpex-

2. The natural transformations of Remark[1.2.6 are the components at & of modifications.

3. This data defines a category internal to [Lex,Lex| (Cat (=), 1rex)-

Proof. Part (1) is clear, while the modification axiom for d§, df,i€ and m¢ follow from the definition of Cat (F)
on objects. For example, for m¢, it follows from the commutativity of the first diagram in Diagram
To see that this data forms an internal category it suffices to check that the pullbacks are well-defined in
[Lex, Lex| (Cat (—); , lLex), since the commutativity conditions involved in the axioms of an internal category
will follow pointwisely. We show that the 2-natural transformation Pair is the pullback of the modifications
dy and dy via the projection modifications 7y and 71, since all other pullback conditions will follow by similar
arguments. Let  : Cat (—); — lpex be a pseudonatural transformation with component at £ € Lex written as
af and pseudonaturality constraint written as ar. Let pg, p1 : @ = Arr be modifications satisfying dop1 = d1po.
Then in particular their components on £ € Lex satisfy this equation, and so since Pairg is the pullback of
d§ and df in [Cat (£),,&], we have an induced natural transformation (po,pl)g : af = Pairg. It suffices to
show that the assignment £ — (po, pl)‘g is a modification, since if it is so then it will be unique by the universal
property from which its components have been defined. The modification axiom requires the commutativity
of the second diagram in Diagram and this holds by the universal property of (F'A), as a pullback in
S given the commutativity of the third diagram in Diagram for j € {0,1}, where the region labelled *

commutes by the modification axiom for p; on F' € Lex (£, S). O

Remark 3.1.10. Note that the category [Lex,Lex](Cat (—);,1lrex) does not have all pullbacks, but it does
have those pullbacks necessary for the construction of the internal category above. Also note that had we
defined internal categories in the usual way, with objects of composable n-tuples determined not up to equality
but up to isomorphism, then the 2-natural transformations above would instead be only pseudonatural in &,
with pseudonaturality constraints on F': £ — S being given by the isomorphisms up to which F preserves the

relevant pullbacks.

Proposition 3.1.11. Recall the adjunctions Disce —ﬁg Obg¢ %7175 coDisce of Remarksm and ,

1. The assignment £ — Discg is 2-natural in E.

2. The assignment £ — coDiscg is pseudonatural in £, with pseudonaturality constraints on F : € — S
being natural isomorphisms whose component on X € £ is the internal functor (1x,Fx), where Fx :
FX x FX 2 F (X x X) is the isomorphism up to which F preserves the product.

3. The assignments € — n° and € — €& are modifications.

4. This data describes a pair of adjunctions in the 2-category [Lex, Lex].

Proof. The proofs are similar to those of the previous theorem. Part (1) is clear from the definition. For part
(2), naturality of X — (1x,Fx) follows by the universal property of the product, while pseudonaturality of
& +— coDiscg follows from Remark The modification axiom for £ — €€ follows from that of 4, while
the modification axiom for n® follows from Remark Finally, the triangle identities for the adjunctions in

[Lex, Lex] follow pointwisely from those of the original adjunctions. O
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3.2 Skew and coSkew Pseudomonad Structures on Cat (—)

In this chapter we will see that the 2-functor Cat (—); : Lex — Lex can be equipped with two different
monad-like structures. Both of these arise from a general setting of a 2-natural transformation into an identity
2-functor having a left (respectively, right) adjoint with an identity unit (respectively, counit). We will therefore
first prove the general statement and then specialise it to our example of interest. To begin, we recall the precise
definitions of monad-like structures on endo-2-functors on 2-categories, which can be found in [9] and [25]. More
general definitions involving pseudofunctors on bicategories also exist, but they will not be needed in this thesis.
In this section we will focus on skew-pseudomonad variants of the definition below, while in Section we will
see a pseudocomonad structure on Cat (—), : Lex — Lex. In both cases, we will have something to say about

the (co)algebras for the (co)monads.

Definition 3.2.1. Let 1g ——» T +“— 72 bea cospan in GRAY(ﬁ, ﬁ), and let 7, a and (8 be invertible

modifications as pictured.

T8 7 T, e ™o T
Jo 2
nT UT M ) Iz nT .
T T T T

Call the data (T, u, 7,1, o, B) a pseudomonad on R if the following equalities of pastings in Diagram [7.0.19| hold.
Call a pseudomonad on K°P a pseudocomonad on K. If u and n are 2-natural, and 7, v, 8 are identities, replace
the prefix ‘pseudo’ with the prefix ‘2—’. Finally, if « is non-invertible with direction as indicated above, say the

data has a skew left unit law, while if it has the opposite direction then say the data has a coskew left unit law.

Definition 3.2.2. Let (T, u, 7,7, @, 3) be a pseudomonad on £ as in the above definition. A pseudoalgebra for
the pseudomonad is a 1-cell a : TA — A and two 2-cells

724 — T2 T4 A" o TA

XXQ
HA MP‘ a a
1

TA—— A A

such that the diagrams in Diagram commute. If o and « are identities then this is called a strict algebra.
Finally, if (T, u, 7,7, o, 8) is instead a pseudo/2-comonad, then this data is called a pseudo/strict coalgebra.

We now show the general setting from which the skew and coskew pseudomonad structures on Cat (—), :

Lex — Lex arise.

Theorem 3.2.3. Let C : & — K be a 2-functor on a 2-category, and let p : C — 1lg be a pseudonatural

transformation whose pseudonaturality constraints on its own components are identities.

1. Suppose p : 1g — C is right adjoint to p in GRAY (ﬁ, ﬁ) with unit n and identity counit, and so that the
pseudonaturality constraints of p on the components of v are identities. Then C' is a pseudomonad with
strict associativity for a multiplication given by C'u, a strict right unit law for a unit given by p, and a lax

left unit law for p holding up to the modification 7).

2. Suppose A : 1g — C is left adjoint to p in GRAY (.ﬁ, ﬁ) with counit € and identity unit, and so that the
pseudonaturality constraints of A on the components of u are identities. Then C is a pseudomonad with
strict associativity for a multiplication given by Cu, a strict right unit law for a unit given by X\, and a

colaz left unit law for X\ holding up to the modification €.
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3. The components of p: C — 1g equip their codomains with the structure of a strict algebra for both of the

above monad-like structures.

Proof. Let £ € R, and consider the pseudonaturality constraint of p on pg. This is the identity by assumption,
and taking its image under C gives the strict associativity law in both cases. To see that the right unit laws
hold strictly in both cases, note that for k € {\, p} it holds that Cu.Ck = C (u.k) = C (1) = 1, where the third
equality holds in each case since the counit of u - p and the unit of A 4 p are identities by assumption. Note
that A and p do indeed ‘type check’ as non-invertible modifications up to which the left unit laws may hold since
in the following pastings, the quadrilaterals commute by the assumption on the pseudonaturality constraints of

A and p on the components of u.

ce — s coe cE) —22 , coe
He A
£ Clue) ¢ Clue)
5&‘ NG
‘v A
Cf ———=C¢ CE —— C¢

The unit axioms for the pseudomonad are just the images under C' of the triangle identities for the respective
adjunctions in each case. Finally, note that the multiplication law for p as a strict algebra holds trivially, while
the unit law holds in each case due to the adjunctions having identity unit or counit. Then the unit axioms for

the strict algebra are just the respective triangle identities. O

Applying this result to the case where & = Lex,C' = Cat (—), , 1 = Ob, and 7 and € are from the adjunctions

Disc 4{ Ob —|717 coDisc, we obtain the following corollary.

Corollary 3.2.4. Consider the 2-functor Cat (=), : Lex — Lex and the 2-natural transformation Cat (Ob),,
and recall the adjunctions in [Lex, Lex| described in Proposition|3.1.11, Then Cat (Ob) equips Cat (—), with

a multiplication in

1. A 2-monad on Lex, with unit given by the 2-natural transformation Disc, and a lax left unit law holding

up to the modification 7.

2. A pseudomonad on Lex, with unit given by the pseudonatural transformation coDisc and colax left unit

law holding up to the modification e.

Furthermore, the components of Ob are strict algebras for these monad-like structures.

3.3 Properties Cat (—) preserves, and the Unit Category

A consequence of the Gabriel-Ulmer Duality is that the 2-functor Cat (—), : Lex — Cat is representable, with
representing object the opposite category of finitely presented models for the finite limit theory of categories;
(f.p.Cat)°”. In particular this means that Cat (—) : Lex — 2-Cat preserves any limits which exist in Lex.
One can alternatively show by direct but lengthy calculation that it preserves products, inserters and equifiers;
certain 2-categorical limits from which those 2-categorical limits known as ‘PIE limits’ can be constructed.
These limits are inherited in Lex directly from Cat [2§]. For our purposes it will be enough to know that it

preserves powers and fully-faithful morphisms, which is what we show next.

Proposition 3.3.1. The 2-functors Cat (—), which go from Lex to 2-Cat and 2-Lex respectively, send fully
faithful functors to 2-fully faithful functors. The same is true for the 2-functors from LEX to either 2-CAT or
2-LEX.

Proof. Note that since 2-fully-faithful morphisms in 2-LEX are precisely those morphisms whose underlying
2-functors are 2-fully-faithful, it suffices to show this for Cat (—) : LEX — 2-CAT. Let F : £ — S be a
fully faithful finite limit preserving functor, and let A, B € Cat (£) be internal categories. For A, B € &, let
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¢ap:S(FA, FB) — £ (A, B) denote the inverse to taking the image under F', given by fully-faithfulness of F.
Define the functor ®, p : Cat (S) (FA, FB) — Cat (£) (A, B) as follows:

e For an internal functor f : Fi.A — F.B given by the data f := (fo, f1) : (F Ao, FA1) — (F By, FB1), take
@, 5 (f) to have objects and arrows assignment given by ¢4, g, (f;) for j € {0,1}. This is well-defined as
an internal functor since the diagrams required to commute in € are sent by F' to commutative diagrams

in §, and F is faithful and finite limit preserving.

e For an internal natural transformation « : f = ¢ : FLA — F,B given by the data « € S (FAy, FBy),
define @y p (@) := ¢a,,8, (o). Once again, this is well defined by faithfulness and finite limit preservation
of F.

To complete the proof, observe that since Fa, p, : £(Aj, By) «» S(FA;,FBy) : ¢4, B, is a bijection, and
the functors Fj g and ®4 g are entirely defined via these functions, they must constitute an isomorphism of

categories. It is easy to see that the same argument applies when Cat (—) is restricted to Lex. O

In particular, the yoneda embedding Yg : £ — [£°P, Set] is a fully faithful functor which preserves finite limits,
and hence a 1-cell in LEX. Thus it gives rise to a 2-fully faithful 2-functor Cat (Yz) : Cat (£) — Cat ([£°P, Set]).

Theorem 3.3.2. The 2-functors Cat (—) : Lex — 2-Cat and Cat (—), : Lex — Cat preserve powers by
small categories, as do the 2-functors Cat (—) : Lex — 2-Lex and Cat (—), : Lex — Lex, and the analogous
2-functors with domain LEX.

Proof. Since the power of § € LEX by £ € Cat is given by the functor category [£,S] we need to prove that,
for £ a small category and S a locally small category with finite limits, there is an isomorphism of 2-categories
Cat[¢,S] = 2-Cat (&, Cat (S)). To prove this, we will construct 2-functors S (—) : [€, Cat (S)] — Cat[€,S]
and (/5) : Cat[&, S| — [€, Cat (S)]. These 2-functors will respectively act by whiskering or composing with the
evaluation category S, and taking images or components of data. It will be clear from their construction that

these 2-functors constitute an isomorphism of 2-categories.

Given a 2-functor F' : £ — Cat (S), it may be whiskered and composed with the data of the evaluation
category S to produce a category in [€,S], which we denote SF. Internal category axioms are inherited from
those for S. Conversely, given a category A := (Ag, A1, dy, d1,i,m) internal to [, S], we may define the 2-functor
A:E— Cat (S) by taking the image or component under each relevant piece of data of A. Functoriality between
hom-categories is immediate as £ is a 1-category and hence has discrete hom-categories, while 2-functoriality
of A follows from functoriality of Ag and A;. It is easy to see from their definition that these constructions are

mutually inverse.

Given a 2-natural transformation ¢ : FF = G : £ — Cat (S), whiskering it with Obgs and Arrg give an
internal functor S¢ : SF — SG in [, S]. The internal functoriality axioms follow from the naturality of source,
target, identity and composition of S. Conversely, given an internal functor f := (fo, f1) : A = B in [£,S]
and an object X € &, the components (f;), : A; (X) — B;(X) for j € {0,1} define an internal functor
J/f;\( : AX — BX, with internal functoriality axioms inherited from those of f : A — B. Note that 2-naturality
of the assignment X +— f;\( follows from naturality of fy and f;. Once again, it is clear from their definition

that these constructions are mutually inverse.

Given a modification T' : ¢ = ¢ : F = G : £ — Cat(S), its component for every X € & is an internal
natural transformation given by the data T : Obgs (FX) — Arrs (GX). Define this to be the X com-
ponent of the natural transformation ST : S¢ = St. Conversely, given an internal natural transformation
a: f=g:A—Bin £, S] given by the data o : Ag = By, we may define the modification & : g/b\ = 7; to have
component on X € &£ given by ax. We note then that

e The modification axiom for I' and naturality of ST" coincide.
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e The internal naturality axioms for I'x and ST" coincide.

e Naturality of « and the modification axiom for & coincide.
e Internal naturality axioms for o and ax coincide.

e These constructions are once again mutually inverse.

To finish the proof, note that both (/—\) and S are functorial between hom-categories, and 2-functorial, and that

this isomorphism is indeed natural in &. O

Remark 3.3.3. Let £ € Lex and consider in particular the isomorphism of categories Cat[Cat (£),,€]; =
[Cat (£),,Cat (£),]. Recall that the category of endofunctors on the right has a strict monoidal structure given
by composition, and that its unit is given by the identity on Cat (£),. Transporting this monoidal structure
across this isomorphism of categories, one sees that the evaluation category is the unit for this transported
monoidal structure on Cat[Cat (£),,&]r.

3.4 A Pseudocomonad Structure on Cat (—),

In Section we equipped the 2-functor Cat (—), : Lex — Lex with structures of pseudomonads with skew
and co-skew left unit laws. In this section, we will follow the theory developed in [6] and prove a biadjunction
between the 2-functor UndLex : 2-Lex — Lex and the 2-functor Cat (—) : Lex — 2-Lex. We will then use
this to equip Cat (—), : Lex — Lex with the structure of a pseudocomonad, and see that the operation of
transposition on double categories is an involutary strict distributive law between this pseudocomonad and itself
satisfying the Yang-Baxter equation, or a compatible flip in the sense of [27]. We will conclude this chapter by

looking at some of its coalgebras.

In this section Cat (—) will always denote the 2-functor from Lex to 2-Lex, and Cat(—), : Lex — Lex
will always denote UndLex o Cat (—).

The following definition is taken directly as presented in [6].

Definition 3.4.1. Let F': R — £ and G : £ — 8| be 2-functors between 2-categories, let ¢ : FG = 1¢ and
7 : 1lg = GF be pseudonatural transformations, and let 6 : Geong = 1g and ¢ : 1p = ep o F'ny be invertible
modifications. Then this data is called a biadjunction if both of the pastings shown in Diagram are
identities. In this case, G is said to be right biadjoint to F' and F is said to be left biadjoint to G. The
pseudonatural transformations 1 and € are called the unit and counit respectively. If € and n are 2-natural, and

0 and ¢ are identity modifications, then the data is called a 2-adjunction.

Note that the modifications 6 and ¢ may be thought of as mediating what would be the usual triangle identities
of an ordinary adjunction. The biadjunction we will present will be simpler than the general case defined above
in the following ways: the invertible modifications ¢ and 6 will in fact be identities, while the counit will be Ob,
which was 2-natural, as shown in Theorem [3.1.9 We have also already encountered the data for the unit of
this biadjunction in Theorem [1.5.7] which gave its components, and in Proposition [1.5.9] where we gave what

we will see is the only non-identity part of its pseudonaturality constraints.

Theorem 3.4.2. Recall the 2-functorsn® : & — Cat (&;) from Theorem which send A € R to the category

ao

—
A3 s A% ¢Aa- A internal to R, the underlying category of K. Recall also the natural isomorphisms

ax
F " of Remark whose components on A € R are extremal internal functors in the sense of Definition
[2571} Recall further that their components on arrows are given by the isomorphisms up to which F preserves

power of A by 2, and that extremality means that their components on objects are identities.
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1. The assignment & — n® is pseudonatural in K, with pseudonaturality constraints given by the natural

isomorphism n*.
2. The data (UndLex, Cat (—),n,Ob, 1,1) exhibits Cat (—) as right biadjoint to UndLex.

Proof. Given that the components of Arr are faithful, as was shown in Proposition the proofs of Theorem
and Proposition|L.5.9|are enough to see that the required naturality conditions hold. Then pseudonaturality
of & — n*? follows from Remark This completes the proof of part (1). For part (2), the fact that the
triangle identities hold up to identity modifications is evident from extremality of the components of n®, since
in both triangle identities one takes either Cat (Ob) or ObypdrLex, and extremality says that these will always

be the identity. The coherence conditions for the biadjunction are also clear for similar reasons. O

Remark 3.4.3. Recall [22] that a general biadjunction as defined above in Definition m gives rise to a pseu-
docomonad as defined in Definition In our particular case, the pseudocomonad structure is given by

e Taking the 2-functor Cat (—), to be the composite UndLex o Cat,

e Taking the counit Ob directly from the adjunction, and the modifications up to which the counit laws
hold to be identities,

e Taking the comultiplication ¢ to be the whiskering UndLex ono Cat (—). Recall from Remark that

this has components on £ € Lex which send a category internal to £ to its double category of squares.

e Taking the modification I" up to which coassociativity will hold to be 1", the pseudonaturality constraint
of 1 on itself. Note that this is precisely the modification mediating between the two ways of horizontally
composing the pseudonatural transformation n with itself, as mentioned in Remark The component
natural transformations of this modification will themselves have components on A € Cat (£) given by

the extremal internal triple functors whose only non-identity component will be (Az)2 = A2X2,

e Noticing that the counit laws hold strictly by since the category of objects of the double category of
squares of A is just A itself, and recalling from that double categories of squares are symmetric.

e Either noticing that the pseudocomonad coherence axiom for comultiplication given in Definition
follows directly from the triangle identities, or noticing by the faithfulness of Arr established in Proposition
that it follows from the universal property of powers.

Theorem 3.4.4. The pseudonatural transformation ¢ : Cat (—), = DblCat (—), := Cat (Cat (—),), and the
2-natural transformation Ob : Cat (—)1 = lpex are the comultiplication and counit respectively of a pseudo-
comonad structure on Cat (—), : Lex — Lex, in which both counit laws hold strictly and coassociativity holds

up to the modification T.

Theorem 3.4.5. The transposition 2-natural transformation T : DblCat (—), = DblCat (—), is a strict
distributive law between this pseudocomonad and itself, satisfying the relevant axioms from [(25)]. Moreover, it is

a compatible flip in the sense of [27].

Proof. To see that transposition is a strict distributive law of this pseudocomonad over itself, firstly note that
the counit laws are clear from symmetry of double categories in the image of §. By the involutary nature of
transposition, the comultiplication laws are logically equivalent to one another. Chasing a double category A
around the diagram in Diagram [7.0.22] we see that its image in the bottom left and bottom right categories are
Cat (dg), o Tg (A) and dcat(e), (A) respectively. Recalling Remark these triple categories are related to
one another via sequence of transpositions and hence an element of the symmetric group on three letters, in
particular one which is not its own inverse. There are two such elements in Ss, and one of them is indeed the
bottom row. However, since the double categories in the image of d¢ are symmetric, we also have that these
two triple categories are themselves invariant under transposition in the first and second dimension, and second

and third dimension, respectively. Thus whichever of the two elements of the symmetric group on three letters
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corresponds to the bottom row, it will suffice to make the diagram commute. While this is sufficient to see that
the diagram above commutes, an explicit diagram chase is given in Diagram [7.0.23] We are grateful to Richard

Garner for his help in its construction.

We also need to check that it satisfies the nine coherence axioms for a pseudodistributive law, of [25]. Since
the pseudodistributivity and counit axioms hold strictly, the only one of these axioms which may involve non-
identity isomorphisms are 4, 6, and 9. Letting D be a double category and using faithfulness of the components

of Arr, it suffices to show
e For 4, that the component of Cat (I'?), on I is the component of ['Cat(®): on the transpose of D),
e For 6, that the component of §s5, on D is its component on the transpose of D,
e For 9, that the component of Cat (I'*), on the transpose of I is the component, of [Cat(®), on D.

These are all clear by faithfulness of Arr, Cat (—),’s preservation of faithfulness as shown in Proposition m
and symmetry of transposition. Finally, now that we have shown that T is indeed an involutary distributive
law, the only aspect of a compatible flip as in [27] which remains to be checked is the Yang—Baxter identity for
transpositions of triple categories. In light of Remark this just says that the two adjacent transpositions

o1 and oy of S3 satisfy 010901 = 090109, which is certainly the case. This completes the proof. O

Remark 3.4.6. We describe the conditions for a finite limit preserving functor ® : £ — Cat (£), to equip £ with
the structure of a strict coalgebra for the pseudocomonad Cat (—),. For a morphism f in &, the counit axiom
for ® says precisely that the assignment on objects of (®f) is just f itself. Letting P denote the composite shown
on the left below, the comultiplication axiom then yields the commutativity of the diagram below on the right,
so that in particular PPf = (®f)g,, and Pagx = apex for any natural transformation « € {df, df,i®, m®}

giving data for the evaluation category £.

£ -2 Cat (&),
£—2 L cCat(f), —2r ¢ PJ l(_)g
a
E——F—¢
Then the 2-cell coherences for ® as a strict coalgebra say precisely that the internal categories ®X are such

2
that the isomorphisms <(<I>X)2)

P(PPX)= PP (PX), or in other words that they are in fact identities.

= (<I>X)2X2, discussed in Remark |1.5.10 are equal to the isomorphisms

Example 3.4.7. The components of Disc on £ € Lex equip £ with the structure of a strict coalgebra for this
pseudocomonad. The coherence axiom for counits holds trivially, and the coherence axiom for comultiplication
holds since if A is discrete then A% = A%*X2 and since Disc preserves limits strictly the pseudonaturality
constraint of § on Disc is also the identity. Similarly, the components of coDisc on € € Lex equip & with the
structure of a pseudocoalgebra for this pseudocomonad. These have a strict counit law and a comultiplication
law holding up to a natural isomorphism ¢. The components of ¢ on X € & are given by the extremal double
functors with non-identity component the unique isomorphisms between (X x X) x (X x X) and the kernel pair
X3 x x2 X3, where we write X" for the n-fold product X x ... x X. The counit coherence holds by extremality

of ¢x, while the comultiplication coherence follows from the universal property of limits in E.

The following theorem will help us describe the coalgebras for this pseudocomonad in more detail. In particular,
given a pseudocoalgebra ® : £ — Cat (€) there is a 2-category £o whose underlying category is £. This 2-
category will have powers by 2 for X € &g given by PX.

Theorem 3.4.8. For X,Y € &, define the category £ (X,Y) to have

o A set of objects given by the hom-set £ (X,Y).
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e Morphisms «: [ — g consisting of morphisms a € £ (X, PY) so that dya = f and dya = g.
e Composition f —*— g SIS given by m (a, ), and identities for f given by if.

Then

~

. The forgetful functor Cat (€) (PX,PY) — & (X,Y) is part of an isomorphism of categories.
2. The categories E¢ (X,Y) are hom-categories of a 2-category structure on the objects of £.

3. The 2-category Ep just described has powers by 2 given by Y% = PY, and hence all finite weighted limits.
The universal 2-cells of the power by 2 of Y are given by the identity in € on PY .

4. For all XY € £ and f,g € E(X,Y), let €(X,Y) (f,g) be a set such that this equips & with a class of 2-
cells giving it the structure of a 2-category with powers by 2. Recall the 2-functor n introduced in Theorem
which also featured as the unit of the biadjunction . Then ® := UndLex (776) : € = Cat (&),

is a pseudocoalgebra for the pseudocomonad Cat (=), with a strict counit law.

Proof. For part (1), note that an object f € £p x y is sent to the internal functor @ f, while a morphisma : f — ¢
does indeed give a well-defined internal natural transformation, as can be seen by the commutativity of Diagram
7.0.24] Part (2) follows from part (1) as we may inherit the structure for horizontal composition from Cat (&).
For part (3), first note that the identity on PY indeed constitutes a 2-cell from dy : PY — Y tod; : PY — Y.
To see that this is the universal 2-cell of a power by 2 in £, observe that a 2-cell a: f = ¢g: X — Y is also a

1-cell o : X — PY. Meanwhile, a commutative square of 2-cells
F==r
al I
/

QTQ

viewed as a morphism from « to 8 in [2,&s (X,Y)] induces a morphism X — PPY in £ by the universal
property of PPY = (<I>Y)Sq7 and this constitutes a 2-cell from « to o'. It follows from the universal property of
the pullback that this assignment is functorial, and indeed inverse to horizontal composition by 1pX. That s
has finite weighted limits follows since £ € Lex has conical limits, and we have just shown that it has powers
by 2. For part (4), firstly note that the counit law for the pseudocoalgebra ® is clearly strict since for X € &
the object of objects of n® (X) is just X. The comultiplication law for the pseudocoalgebra ® holds up to the
isomorphism up to which powering by 2 commutes with the taking of pullbacks. The 2-cell coherences follow

from universal properties. O

Remark 3.4.9. The identity on PY provides a choice for the universal 2-cell of the power by 2 of Y. In
particular, observe that ¥ — PY is the monad induced by powering by 2 on &g, with unit given by ig
and multiplication given by the natural transformation pe which sends a commutative square to its mutual
composite. Furthermore, the Kleisli category of this monad is precisely the underlying category of 0 and 2-cells

of £, as is evident from the definition of horizontal composition in £g.

There are also notions of pseudocoalgebra morphisms and 2-cells between them, and in this example they will be
2-functors which preserve finite weighted limits and arbitrary 2-natural transformations. We end this Chapter
by quoting the result capturing this information, which is discussed in Remark 3.3.4 of [6]. There they offer
a proof which uses a bicategorical version of Beck’s Monadicity Theorem [22]. The Kleisli 2-category for this

pseudocomonad is also described in Sections 4.3 and 4.4 of [6].

Theorem 3.4.10. /6] The 2-category of pseudocoalgebras for the pseudocomonad Cat (—), is biequivalent to
2-Lex.
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4 The Grothendieck Construction

This is an expository chapter in which we will summarise the Grothendieck construction, and how it relates split
opfibrations into a category, to 2-functors from that category into Cat. We have already seen in Theorem [3.3.2
that there is an isomorphism of 2-categories between Cat[€, Set] and [€, Cat]. One may recall that [€, Set] is
isomorphic to the category of discrete opfibrations into &, and dually [£°P, Set] is isomorphic to the category
of discrete fibrations into £. Our aim in this chapter will be to show an equivalence between SFib (£) and
Cat (DFib (£)) = Cat[£, Set]. As a corollary, we will obtain a result which we will need in the next chapter,
which is that when B € Cat (£), there is an equivalence of 2-categories Cat (DFib (B)) = SFib (B). We
will begin by recalling definitions. For further information on the material in this chapter, the reader should

consult [7], where they also investigate the case where & is a 2-category or a bicategory.
Definition 4.0.1. Let P : A — B be a functor.

e A morphism f: X — Y in A is called cartesian with respect to P if given a morphism g : W — Y in A
and a morphism h : PW — PX in B satisfying (Pf) h = Pg, there is a unique morphism h’' : W — X in
A satisfying Ph/ = h and fh' = g.

e The functor P has the structure of a cloven fibration if for every X € B,Y € A and f € B (X, PY) there
is a chosen cartesian f’ € A (X’,Y) such that Pf’ = f. Then f’ is called the cartesian lift of f given Y.

e A cloven fibration is split if

— For any X Lo py 2, pz , the chosen lift of gf given Z is the composite of the chosen lift
g Y — Z of g given Z, and the chosen lift f: X’ — PY =Y’ of f given Y.

— For any X € B, the lift of 1x given any object is an identity.

e If for every f : X — PY in B there is a unique f’: B — A in A such that Pf’ = f, then P is called a

discrete fibration.

e A functor whose opposite is a split fibration is called a split opfibration, and in this case the lift will instead

be referred to as op-cartesian.

e Let R be a 2-category and let p : A — B be a l-cell in K. Then p is called a cloven/split/discrete
(op)fibration if

— For every object X € £, the composition functor & (X,p) : R(X, A) —» R(X, B) is so.
— These liftings are natural in X.

e For X € R, let

— SFib (X) be the locally full sub-2-category of 8/ X on split fibrations and 1-cells that representably

preserve chosen cartesian lifts.

Let SoFib (X); be the same but for split opfibrations and 1-cells which representably preserve chosen

op-cartesian lifts.

Let DFib (X) be the locally discrete sub-2-category of &/X on discrete fibrations, and arbitrary

1-cells between them.

— Let DoFib (X) be the same but for discrete opfibrations.
We will omit the subscript & whenever it is clear from context.
Note that a discrete fibration is automatically a split fibration.

Example 4.0.2. The forgetful functor from pointed sets to sets P : Set, — Set which forgets the chosen
element is a discrete opfibration. Given f: P(X,x) =Y, the lift is given by f : (X, x) = (Y, f (z)). It is easy

to see that this lift is unique.
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In fact, this example is ‘universal’ in the sense that every discrete opfibration in CAT is the pullback of P
along some unique functor into Set. This is related to the familiar construction of categories of elements of

copresheaves. This chapter will describe a generalisation of this in the form of the Grothendieck Construction.

4.1 From Cat-valued 2-presheaves to Split opfibrations

Let € be a category and @ : £ — Cat be a 2-functor. Define the category of elements of @, @, as follows:

e The objects in Q are of the form (V,v), where V € £ and v is an object in the category QV. We may
refer to V' and v as the first and second component of (V,v), respectively.

e The morphisms (F, f) : (V,v) = (W,w) in Q consist of a morphism F : V — W in € and f : (QF)v = w

is a morphism in QW. We may refer to F and f as the first and second components of (F, f), respectively.

G
e The morphisms (V,v) M (W ,w) % (X,z) compose to give a morphism whose first component is

GF and second component is Q (GF)v —= (QG) (QF)v Q9 (QG)w —L— z , while the identity
of (X, z) is given by (1x,1,) where 1x is the identity of X in £ and 1, is the identity of = in QX.

e Associativity and left and right unit laws are inherited from &, given 2-functoriality of Q.

There is a canonical projection El(Q) : @ — & which ‘forgets the second component’. Note that this func-
tor can be given the structure of a split opfibration by choosing, for any morphism F : E1(Q) (V,v) —» W
in £, the morphism (F, 1(QF)1,) : (Viv) = (W, (QF)v). Then it is clear that (F, 1(QF)U) is opcartesian since
whenever (G, g) : (V,v) = (X, z) is such that there exists a morphism H : W — X satisfying HF' = G, then
(H,g9) : (W,(QF)v) — (X, x) is the unique morphism which P maps to H. Finally, the composite of chosen

morphisms is itself also chosen, since the chosen morphisms are just those whose second component is an identity.

Our aim in this section will be to show how El : [£, Cat] — SoFib (£) as just described on objects extends to
a 2-functor. This 2-functor will be one side of an equivalence of 2-categories which we will prove by the end of
the chapter.

Given a 2-natural transformation o : Q = R : & — Cat, we may define the functor El(c) : Q — R in

the following way:
o (X,2) = (X,0x (2))

e ((F.f): (X,z) > (Y,y)) = ((Fioy (f) : (X,ox (z)) = (Y,0v (y)) ), which is well-defined as a 1-cell
by 2-naturality of o.

Functoriality of El (¢) follows from functoriality of oy . Finally, notice that El (¢) commutes with the respective

projection functors as it only alters the second component of any data in @ This describes El on 1-cells.

Let T': 0 = 7:Q — R : £ — Cat be a modification, with component natural transformation on X € &
written as I'X : ox — 7x : QX — RX, and its component on x € QX written as 'Y : ox (z) — 7x (2).
Then consider the morphism (1x,TY) : (X,0x (z)) — (X,7x (z)) in R. We claim that the assignment
(X,z) = (1x,TY) constitutes a natural transformation E1(I') : El(¢) = EI(7), and that this whiskers with
the projection El(R) : R — € to give the projection El Q) : Q — £. Now naturality of El (T") requires that
for every (F, f) : (X,z) = (Y,y) in &, the first of the two diagrams in Diagram commutes in R. On
components in £, this diagram commutes since 1y F' = f = f1x. The condition on the second component holds
by the commutativity of the second diagram in Diagram in RY, in which the right square is the modifica-

tion axiom for I' on F, the equalities hold by 2-naturality of o and 7, and the left square is naturality of I'Y on f.
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Then it is clear that this natural transformation commutes with the projections as the first component of its
components are simply identities. This describes El on 2-cells. It is clear that El is well-defined as a 2-functor,
since functoriality between hom-categories follows from compositional properties of natural transformations,

and 2-functoriality follows from compositional properties of functors.

4.2 From Split Opfibrations to Cat-valued 2-presheaves

We now describe the 2-functor (—) ™" : SoFib (£) — [£, Cat] which we will show will be inverse to EL. Suppose
P :D — £ is a split opfibration. Then define the 2-functor P~! (=) : £ — Cat in the following way:

e For an object X € &, let P~'X be the category whose

— Objects are those in D which P maps to X,
— Morphisms are those in D which P maps to 1x,

— Composition is as given in D.
e For a morphism f: X — Y, the functor P;l : P7'X — P7'Y is defined in the following way:

— Let Ac P7'X,and let fq: A — PflA be the chosen opcartesian 1-cell mapped to f. Then PJZl
sends A to Pf_lA.

— Let s : A — B be a morphism in the category P~'X, hence a 1-cell in D which is sent by P to 1x.
By the universal property of f4 as an opcartesian morphism for P, since f1x factors through f by
ly, there is an induced Pf_1 (s): Pf_lA — B’ in D which is unique so that PPf_1 (s) = 1y and the
square on the left in Diagram commutes in the underlying category of D. Then PJT ! sends s
to Py L(s).

To see that Pf_1 is well defined as a functor, note that Pf_1 (1a) = (fa,1y) = 1y, ,, while for t : B — C
a morphism in the category PX, the universal property of f4 as an opcartesian morphism ensures that

P;l (t) P;l (s) = Pfl (ts), since the diagram the right in Diagram [7.0.30| commutes.

For functoriality of this assignment, it is clear that P1x ! fixes all objects and morphisms, and is hence the
identity functor on P~1X. Finally, let k € £ (Y, Z). Then by splitness of P : D — &, chosen lifts compose to
give chosen lifts, and hence their respective codomains must agree, so P, le ! and P,;fl agree on objects. For
morphisms, let s : A — B be a morphism in P~'X as above, and consider P ! (Pf_ ! (s) ) By opcartesianness
of (kf), it suffices to note that in the first diagram in Diagram the triangles commute by splitness of
P, and the quadrilaterals define P, L and P]? ! on morphisms. Thus P! is well-defined as a 2-functor.

On morphisms, suppose P : D — £ and P’ : D' — & are split opfibrations, and let a functor S : D — D’
satisfy P’S = P. Then for X € £ we may define the functor (S);(1 : P71X — P'""'X by taking the image
under S. This is well-defined by the commutativity condition on S, and is functorial by functoriality of S.
We claim that the assignment X — (S );(1 constitutes a natural transformation from P~! to P’~!. That is,
for a morphism F : X — Y in &, the second of the diagrams in Diagram [7.0.32] commutes. That this square
commutes on objects is just to say that SPElA = P'l_plSA, which is indeed the case since P = P’S. Similarly,
if we chase a morphism ¢ : A — B around the diagram we see that the results are the same by opcartesianness
of SF4 with respect to P’, once again using the fact that P = P’S. Just as for El, it is clear that (—)71 is also

well-defined as a 2-functor.

4.3 The Equivalence of 2-categories
We now show that El and (—)71 together give an equivalence of 2-categories.
Theorem 4.3.1. The composite 2-functor (—)_1 El is 2-naturally isomorphic to the identity 2-functor on

[€, Cat].
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Proof. For X € &, the category (E1(Q))”" (X) has
e Objects are (X, x) where z is an object of QX
e Morphisms are (1x, f) : (X,z) — (X, 2’) where f : x — 2’ is a morphism in QX.

There are functors 77?( : QX — (E1(Q)) ' (X) and e?( . (B1(Q))"" (X) — QX which respectively act by
‘inserting and dropping the first component’. It is then easy to see that 77?( and e?( together form an isomorphism
of categories, and that both of the assignments X +— 77?( and X — e?( are 2-natural in X. We claim that the
2-transformations 7% : Q = (E1(Q))”" and € : (E1(Q))”" = Q are themselves the respective components at
Q € [€, Cat] of 2-natural transformations 1 : 1 cat] = (=) 'El(-) and € : (—)_1 El(=) = 1[¢,cat)- Indeed
it suffices to notice that for a 2-transformation o : Q = R : £ — Cat, the functors (Ela);(1 are constant on the
first component and act just as ox does on the second component. Thus € and 7 exhibit the 2-functor (—)71 El

as being 2-naturally isomorphic to the identity. O

Theorem 4.3.2. The composite 2-functor El(—)f1 18 2-naturally isomorphic to the identity 2-functor on
SoFib (£).

Proof. Let P: D — &£ a split opfibration. The category P1 has
e Objects all pairs of the form (X, A) for A € D and X € & satisfying PA = X. We may write these simply
as (PA,A).
e Morphisms (F, f) : (PA,A) — (PB, B) where F : PA — PBis a l-cellin &, and f : P,'A — Bis a

morphism in D which P maps to 1y.

Then we define the functor €/ : P15 D. On objects (PA, A) — A, and on morphisms ((F, f) : (PA, A) —
(PB,B)) oA A PElA 1, B. Note that functoriality follows from splitness. We claim that the

assignment P +— ep defines a 2-natural transformation € : El (f)_l = 1ppsor(e)- Let P': D — & be a split
opfibration, and let S : D — D’ be a functor satisfying P'S = P. We must then show that the following diagram

comimutes:
— 6/
P* 1 4}3) L
—1

(s) J
1
P’ — D’

EP/

Traversing this diagram in both directions we see that an object (PA, A) is sent to SA, and a morphism (F, f)
is sent to S (f.Fa).

Next, we define the 2-functor 7 : D — P—1on objects as A — (PA, A), and on morphisms as 9, (f : A — B) =
(Pf7 vf) : (PA,A) — (PB, B), where vff : PF_,J}A — B is the ‘vertical’ part of f, induced by opcartesianness
of (Pf), given ly, and unique such that the following below on the left commutes in D. Indeed, functoriality
follows from that of P and the splitness condition. We claim that the assignment P +— np defines a 2-natural
transformation 7’ : 1gorib(e) — El (—)_1. Let P’ : D — &£ be a split opfibration, and let a functor S : D — D’
satisfy P’S = P. We must then show that the diagram below on the right commutes. Traversing this diagram
in both directions, we see that an object A € D is sent to (PA,SA), and a morphism f: A — B in D is sent

to (Pf,vg;c).

APy poiy p ", poi
\ Jv}p SJ El(57")
B D — Pl
Npr
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We claim that 7' and € exhibit EI(—)"" as being 2-naturally isomorphic to the identity on SoFib (£). To
establish this, we must show that 1 and €}, themselves constitute an isomorphism of 2-categories. But this is

clear from their description as €'n’ and r’¢’ are equal to the identity 2-functors. O

Theorem 4.3.3. 1. The 2-functors El and (—)71 constitute an equivalence of 2-categories between [€, Cat]
and SoFib (£).

2. There is an equivalence of categories [E€,Set] =2 DoFib (£).
3. For S € Lex, B € Cat (S), there is an equivalence of 2-categories SoFib (B) = Cat (DoFib (B)).
4. With this notation, there is also an equivalence of 2-categories SFib (B) = Cat (DFib (B)).

Proof. Combining the previous two theorems yields part (1). Part (2) can be seen from the above analysis
by noticing that restricting SoFib (€) to discrete objects corresponds to restricting [€, Cat] to those functors
which factor through Set. Part (3) follows Theorem m given that the Yoneda Embedding of £ preserves and
jointly reflects finite limits, and thus reduces the proof to the case where & = Set, which was itself part (1).
Part (4) is just the dual of part (3). O

5 Factorisation Systems

In this chapter we will give two orthogonal factorisation systems on Cat (£),. The first of these is often called
the full image factorisation, since its right class consists of the fully faithful functors introduced in Remark [T.2.4]
which encode inclusions of full subcategories. The left class of this factorisation system consists of isomorphism-
on-objects functors, which were also introduced in Remark [[.2:4] This will be treated in the first section of
this chapter. The second factorisation system on Cat (£); actually comes in two varieties which are related
under dualisation on the level of the 2-cells in Cat (£). One of these factorisation systems has as its right class
the discrete fibrations while the other has as its right class the discrete opfibrations. Both of these notions
were defined at the beginning of the previous chapter. These factorisation systems are called comprehensive,
because they correspond to consistent comprehension schemes on Cat (£), in the sense of [4], though we will not
investigate this aspect of them. We will treat the variant in which the right class consists of discrete fibrations
in detail, and mention along the way how our considerations can be dualised to give the variant involving
opfibrations. Section [5.2] will look at both classes of this factorisation system in detail and prove the required
orthogonality properties. The approach we take to this factorisation closely follows that of [30]. In Section
we use ‘oplax limits of 1-cells’, or comma objects of the form Y/ f for f : X — Y, to factorise an internal functor
into a right adjoint followed by a split fibration. Finally in Section [5.4] we combine several of the results we saw
along the course of this thesis to further factorise the split fibration into a coidentifier followed by a discrete
fibration. Composing the right adjoint and coidentifier, we will have factorised an arbitrary internal functor into
a ‘final functor’ followed by a discrete fibration. Since many of the proofs of this chapter only require certain

2-categorical properties of Cat (£) we will give proofs in a more general context wherever possible.

5.1 The Full Image Factorisations of Internal Functors

In this section we will see how the full image factorisation of an internal functor into a isomorphism on objects

internal functor followed by a fully faithful internal functor arises. We first prove the required orthogonality

property.

Proposition 5.1.1. Isomorphism-on-objects internal functors are left orthogonal to fully faithful internal func-

tors.

Proof. In the square of internal functors shown below on the left, let b be isomorphism on objects and f be
fully faithful. Define ug := by 'ho : By — Co, and note that foug = fohoby' = goboby ' = go. Then further
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define u; : By — Cj to be the morphism induced by the pullback as shown in the middle diagram below, given
the commutativity of the first diagram in the first row in Diagram [7.0.34, We claim that u := (ug,uq) is the
required internal functor shown in the diagram on the right which makes both triangles commute.

g1

A—" 5 cC Bi A—" cC

(dmdl)l \‘\u\l\ P
bh hf bh / | hf
B D B

BO X BQ ? Cl # D1 u
(dO,dl)J{ J{(dmdl) ///
uo Xug 4>g D
Cy x Cy —— Dy x Dy
fox fo

Consider the diagrams in Diagram |7.0.33| for j € {0,1}. The first of these diagrams shows that u respects
sources and targets, while the second and third diagrams show by the universal property of C; as a pullback

s

g

that u1b; = hy. Then, again using the universal property of C as a pullback and for j € {0, 1}, the second row
of diagrams in Diagram [7.0.34] show that u respects identities, while the third row of diagrams there show that

u respects composition.

Thus far we have shown that w is a well-defined internal functor making the required triangles commute.
For uniqueness, suppose v : B — C is also an internal functor satisfying fv = g and h = vb. Then note that
in particular vobg = hy = vobobgl = hoba1 = vy = ug, so the assignments on objects of v and v agree.
To see that their assignments on arrows also agree, we once again use the universal property of C;. Noting
that fiv; = g1 = fiuy, the proof is completed by the commutativity of the second diagram in the first row of

Diagram [7.0.34] O

—

We are now ready to give the construction of the full image factorisation. Let (—) denote coDisc o Ob :
Cat (£) — Cat (£). Let B € Cat (£), and let FF (B) be the full sub-2-category of Cat (£) /B on fully faithful

internal functors. Let f: A — B be an internal functor, and consider the diagram

in which the pullback is taken in Cat (&), the boundary is the naturality square for nﬁ, and uy is the internal
functor induced by the commutativity of the boundary. Note that Lf is then fully-faithful, while the object

assignment of uy is an isomorphism in £. The following corollary follows by combining this with Proposition

BT

Corollary 5.1.2. There is an orthogonal factorisation system on Cat (£) whose left class consists of isomor-

phism on objects internal functors and right class consists of fully faithful internal functors.

5.2 Discrete Fibrations and Final Internal Functors

The purpose of this section is to describe in some detail the two classes of internal functors which will feature
in the comprehensive factorisation, which we will describe in Section [5.4f We take a similar route to the one
in 30].
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5.2.1 Discrete Fibrations

Remark 5.2.1. Recall the representable definition for discrete fibrations inside a 2-category that we gave in
Definition [£.0.1] Expanding this, a 1-cell p : C — D in a 2-category R is a discrete fibration if and only if for
every X € Rwith f: X - C,9g: X — D, a:g= pf there exists a unique 1-cell h : X — C, and a unique
2-cell o’ : h = f which satisfying pa’ = «. The 2-cell o is then the lift of o with respect to p. Note that
in particular pf = g. The uniqueness clause in the definition says that if 8 : h = f and 8’ : b/ = [ satisfy
pB = pp’, then 8 = ’; or in particular, p is representably faithful. Furthermore, taking a to be the identity, o
is an identity 2-cell if and only if pa’ is an identity 2-cell. Finally, note that reversing the 2-cells in all of the

above gives the analogous notions for discrete opfibrations.

We give some useful facts about discrete fibrations.

Proposition 5.2.2. A functor is a discrete fibration in Cat if and only if it satisfies the condition in the remark
above for X = 1.

Proof. The ‘only if’ direction is clear. In Cat functors from 1 are just objects in their codomain, while natural
transformations between them are just morphisms between those objects. So the condition says that if a functor
P : C — D is a discrete fibration then for every C' € C, f € D (D, PC) there is a unique morphism f’ with
codomain C so that Pf' = f.

Assume that this condition holds for the functor P, and let F' : X — C and G : X — D be functors
with a : G = PF a natural transformation. Then for every X € X, let 8x : F'X — FX be the lift
of ax : GX — PFX, so that in particular PX’ = GX. So, given a morphism f € X (W, X), we may
take the lift F'f : F'W — F'X of Gf : GW — GX as GX = PF'X. Then the assignment X — F'X
and f — F'f defines a functor F/ : X — (. Indeed, given another morphism g € X (X,Y) we have
P(F'g.F'f) = P((Gg) .(Gf)) = P(Gg) .P(Gf) = Gg.Gf = G (gf) = PF' (gf). Hence F' (¢f) = F'g.F'f.
Also, F'lx = (Glx)' = 1, = lprg. So F' is a functor. Furthermore, the assignment z — S8, : F'a — Fux
defines a natural transformation 8 : F' = F, since the image of its naturality square under P is the naturality
square for a. Finally, for uniqueness, suppose that F” : X — C is a functor and v : F” — F is a natural

transformation such that Py = a. But then Pyx = ax for all X € X, and hence vx = Bx so v = S. O

Proposition 5.2.3. Let f: A — B be a 1-cell and g : B — C a discrete fibration. Then f is a discrete fibration
if and only if gf is a discrete fibration.

Proof. Let x : X — A and y: X — C be 1-cells, and let A\ : y = gfx be a 2-cell. Since g is a discrete fibration,
there exists a 1-cell h : X — B and a 2-cell i : h = fx which is unique such that gy = A. Hence in particular

gh=y.

Now if f is a discrete fibration then we have a 1-cell k : X — A and a 2-cell v : k — x which is unique
so that fr = pu, and hence in particular fk = h. Thus gfr = gu = A. Furthermore, given a 2-cell v/ with
domain x so that gfv’ = A, by uniqueness of u, we see that fv/ = p and similarly, by uniqueness of v we have

v =v. So gf is a discrete fibration.

Conversely, if gf is a discrete fibration then there is a 2-cell A" with domain x which is unique so that gf\ = A.
Hence f)\ = u, by uniqueness of p. Finally, suppose A’ is a 2-cell with domain z such that fA\’ = u. Then
gfN' = gu = X\, hence by uniqueness of X we see that A = ). So f is a discrete fibration. O

Proposition 5.2.4. Let p: A — B be a discrete fibration. Then DFib (B) /p = DFib (A).

Proof. An object of DFib (B) /pis a 1-cell ¢ : X — A such that pq is a discrete fibration. Hence by Proposition
q is also a discrete fibration. Let r : Y — A be another object in DFib (B) /p. A morphism s €
DFib (B) /p(r,q) is just a 1-cell s: Y — X such that ¢gs = r. This is precisely the category DFib (A). O
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In light of the Grothendieck Construction of the previous chapter, when R is the 2-category of locally small
categories this is analogous to saying that slicing over a presheaf produces a category equivalent to the presheaf

category of its category of elements.
Proposition 5.2.5. The pullback of a discrete fibration is a discrete fibration.

Proof. Let p : X — Z be a discrete fibration, let j : Y — Z be a l-cell and let m; : P - X and 7o : P — Y
exhibit P as a pullback of f and j. Let h: A =Y and k : A — P be 1l-cells, with A : h = mok a 2-cell. Then
there is a 2-cell p : g = w1k which uniquely satisfies fu = jA, and in particular fg = jh.

Hence by the universal property of P, there exists a l-cell u : A — P which is unique such that mu = ¢
and mou = h. Then by the two dimensional universal property of P, since p : myu = mk and A : mou = mak

satisfy fu = j\, there is an induced )\ : v = k which uniquely satisfies both m\ = X and m N = p.

To show uniqueness, suppose A\’ : v/ = k is a 2-cell which satisfies mo\” = A. Then fm N = jm\' = jA = fu,
and hence T\ = p as f is a discrete fibration. Thus A" satisfies the defining properties of X', and hence these

2-cells are equal. O

Remark 5.2.6. We describe the construction of comma objects from powers by 2 and pullbacks. Let f: A — C
and g : B — C be l-cells and let A : d = ¢ : C? — C be the universal 2-cell of the power by 2. The comma
object f/g is then given by the iterated pullback of the zigzag from A to B, with the universal 2-cell given by
whiskering with A. This situation is depicted in the diagram below. Then C/g and f/C will comma object when

f and g are identities, respectively. These are often called the laz limit and oplax limit of g and f respectively.

flg — Clg — B

A

f/C 2 <, ¢
l - dJ 0% ch
A—rr C e C

Proposition 5.2.7. Let & be a 2-category with pullbacks and powers by 2. Let X : d = c : C? — C be the
universal 2-cell of the power by 2 of C, let p: C — D be a 1-cell, and let p : w9 = pmwy be the universal 2-cell of
the comma object D/p. Then p is a discrete fibration if and only if the unique 1-cell u : C* — D/p satisfying

pu = pA is an isomorphism.

Proof. Suppose that p : C — D is a discrete fibration. Then by the universal property of D/p, the 2-cell pA
induces a 1-cell u : C% — D/p which is unique so that ¢ = mu, pd = mou, and p\ = pu. Meanwhile by the
universal property of C2, p/ induces a 1-cell v : D/p — C? which is unique so that Av = p/. Hence in particular
dv = f, cv = 7. But puv = p\v = pu’ = p, while muv = cv = 71, and muv = pdv = pf = m. Hence
uv = 1p/, by the universal property of p. Similarly, pAvu = pp'u = pu = pA, so Avu = X since p is a discrete

fibration. Thus vu = 12 by the universal property of A.

Conversely, suppose the induced v : C? — D/p has an inverse u=*. Let h : X — C, k: X — D be 1-
cells and « : k = ph be a 2-cell. Then the universal property of D/p induces ¢ : X — D/p which is unique so
that myq = h, maq¢ = k and g = . Then Au='q : du='q = cu™'q : X — C satisfies pAu='q = puu='q = ug = ~.
It remains to show that this lift is unique, so let A’ : X — C be a 1-cell and let ¢ : b/ = h satisfy p¢ = 7, so
that in particular we also have ph’ = k. Now by the universal property of C2, ¢ induces w : X — C? unique
so that ¢ = Aw. Hence in particular, h = cw and h' = dw. Then muw = cw = h, muw = pdw = ph’ = k,
and puw = pAw = pp = . Thus uw = ¢ since ¢ was induced to uniquely satisfy these conditions. Hence

Mg = AT luw = Mw = ¢, as required. =
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Remark 5.2.8. All of the proofs in this subsection apply just as well to discrete opfibrations, provided that one
reverses the direction of any 2-cells in sight. In particular, discrete opfibrations are also stable under pullback,

a fact that we will use in Proposition [5.2.10]in the next section.

5.2.2 Final Internal Functors

In this subsection we give a description of the left class of the comprehensive factorisation system which we
will prove in Section [5.4] Internal functors in this class are called final. For this subsection, let £ be a
category with finite limits and reflexive coequalisers, and let IIj, : Cat (£) — LocDisc (£) denote the trans-
pose of the functor IIy : Cat(£); — & from Remark under the adjunction Cat(Cat (€£),,&) = 2-
Cat(Cat (€),LocDisc (€) ), where LocDisc : Cat — 2-Cat sends a category to itself viewed as a locally
discrete 2-category, and write LocDisc () as just £.

Definition 5.2.9. Call a 1-cell f : X — Y powerful if its pullback functor 8/Y — £/X has a right adjoint.
An internal functor j : A — B is final if for all powerful discrete opfibrations ¢ : X — B, the 2-functor
IIj, : Cat (£) — & sends the pullback of j along ¢ to an isomorphism in €. Call the internal functor j : A — B

ingtial if instead IT}, sends the pullback of j along any powerful discrete fibration to an isomorphism in &.

As mentioned previously, we will primarily be treating the case of final internal functors. However, reversing
the 2-cells in all of our statements about internal final functors will give equivalent statements about internal

initial functors.
Proposition 5.2.10. A composite of final internal functors is final.

Proof. Suppose that in the pullback diagram below, the internal functors in the bottom row are final and the

internal functor ¢ is a powerful discrete opfibration.

A-L.B 25 cC
hl lp q
DTMETMF

Then since powerful morphisms are stable under pullback (part 3 of Corollary 2.6 in [30]), it follows from Propo-
sition by duality that p is also a discrete opfibration. But then IIj; sends both f and g to isomorphisms.
The proof is complete by 2-functoriality of ITj. O

As mentioned at the beginning of this chapter, the left class will itself be the composite of internal functors
from two separate classes. In particular, they will take the form of a right adjoint followed by a coidentifier, as

we will show in Section In light of Proposition [5.2.10} it will be easier to treat these classes separately.
Proposition 5.2.11. Coidentifiers are final, and initial.

Proof. Let n: A — B be a coidentifier and let p : X — B be powerful. Then pullback along p is a left adjoint,
so p* (n) is a coidentifier. Similarly, IIj is a left adjoint and so IIj, (p* (n)) is a coidentifier in €. But there are

no non-identity 2-cells in £ and hence coidentifiers in £ are isomorphisms, so n is both final and initial. O
We now prove two lemmas which will be needed in order to show that right adjoints are also final.

Lemma 5.2.12. Let the first diagram below be a comma square with q : F — B a discrete opfibration, and let
the second be a pullback square. Let X' : r = k be the lift of A along q. Then there are induced 1-cells as depicted
in the third and fourth diagrams below such that u. is induced by lqg : qg = jh, and there is an adjunction

u* Uy
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p h . f
g/j —1 4 P A u/J\fl \
l/l J J a/j —— A PlsA
A g . k - .
F——B F— B l%k ! !
F——B F——B

Proof. Note that the 2-cells X and 1 satisfy the equality of pastings shown in Diagram and hence by
the 2-dimensional universal property of ¢/j we have an induced 7, : 14/; = u.u* which is unique such that
rn, = N, and fn, = f. Consider Nu, : ru, = ku,. This 2-cell whiskers with the discrete opfibration ¢ to
give \uy, which is an identity 2-cell, and hence it is also an identity 2-cell. Thus g = ku,, or g = gu*u,, and
also hu*u, = fu, = h. But since g and h are jointly monic, u*u, = 1p. We claim that n, : 1,/; = u.u”
and 1;, : u*u, = 1p are the unit and counit respectively of an adjunction u* 4 u.. To show this we need to
show that u*n, and 7,u, are identities. For both of these, we use the universal properties defining u* and wu,

respectively.

For the first triangle identity, we firstly note that ¢kn, = jfn, = jf = gk, and hence kn, = k since ¢ is a discrete
opfibration. Now we have u*n, = kn, = k. Also, h (u*). (u*n,) = (hu*). (hu*n,) = hu* (hu*n,) = f.fn = f.
Thus the first triangle identity follows from the universal property of u*. For the second triangle identity, we
firstly note that g\ u, = Aus. = qg, and hence Nu, = g since ¢ is a discrete opfibration. Now, using functoriality
of horizontal composition, we see X (us). (Nutx) = (Nuw) . (rus) . (ruus) = (Nuw) .g. (Nuy) = g. Similarly,
(grus) . (grnuus) = (q9) - (gNus) = (q9) - (Mux) = qg, and hence r (u) . (n,us) = g since ¢ is a discrete opfibra-
tion. Finally, we have f (uy). (uus) = (fus) . (fnuus) = h. (fus) = h. Thus the second triangle identity follows
from the universal property of u,, and hence we have established the adjunction as required. O

Lemma 5.2.13. Consider again the comma square of Proposition [5.2.13 Instead of supposing that q is a
discrete opfibration, this time instead suppose that j. := j has a left adjoint j* with unit n; : 1p = j.j* and
counit €; : j*j. = 14. Then the 1-cell v* : F — q/j induced by njq : ¢ = j.j*q is left adjoint to r,. with the
adjunction r* 4 r, having an identity unit.

Proof. We first note that since r* : F' — ¢/j. was induced by a universal property, it is unique such that r.r* =
lp, fr* = j*q, and Ar* = n;q. Now consider the two 2-cells 1, : r.r*r, = 7y, and (¢;f). (") : frir. = r..
Note that (j.j*A) . (n;qrs) = (njj«f) -A by functoriality of horizontal composition. Thus the equality of pastings
depicted below holds, and hence by the 2-dimensional universal property of q/j., there is an induced 2-cell

€r 1 727" = 14,5, which is unique such that r.e, = r. and fe, = (¢;f). (j* ).

1a
Aj*/BmA - . B

A La A
_ A — f j* Ejj* j*
f 3 q = f q| = /HA\ /HA\
a/j —— F —— B - B

4)j ——F ————4q/j > F
We claim that 7, = 1;, and €, are the unit and counit of an adjunction »* 4 r,. Indeed, the triangle identity
for r, holds immediately, while for r, it simplifies to (e,7*) r* which is the identity. This establishes the triangle

identities and completes the proof. O
Corollary 5.2.14. Right adjoints are final, while left adjoints are initial.

Proof. Consider once again the comma square for Lemmas [5.2.12] and [5.2.13} this time under both the assump-
tion that ¢ is a discrete opfibration and that j, := j is a right adjoint. Then the pullback projection g = ru, is

the composite of two right adjoint 1-cells and is hence itself a right adjoint. Since 2-functors preserve adjoints,

and adjoints in locally discrete 2-categories are just isomorphisms, g is therefore sent by IIj, to an invertible
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morphism in &, as required for j, to be final. This completes the proof that right adjoints are final. Finally,
note that the reversing of 2-cells interchanges left and right adjoints, and thus left adjoints are initial. O

We now prove left orthogonality of both coidentifiers and right adjoints to discrete fibrations.

Proposition 5.2.15. Let A : f = g : X — A have coidentifier n : A — B. Letp: C — D be a discrete
fibration, and let w : A — C, v : B — D satisfy vn = pu. Then there is a diagonal filler w : B — C, which is

unique such that pw = v and wn = u.

X pla-—".B
~__ L

T
C’T>D

Proof. Note that pul = vnA, and that this 2-cell is an identity since n coidentifies \. Hence uA\ is also an
identity since p is a discrete fibration. So by the universal property of n, we have an induced w : B — C which
is unique so that wn = u. Then pwn = pu = vn, and hence pw = v as n is an epimorphism, since it is a
coidentifier. For uniqueness, suppose w’ : B — C satisfies pw’ = v and w'n = u. Indeed, w'n = u is sufficient

to conclude that w’ = w since w was induced by the fact that u) is an identity. O

Proposition 5.2.16. Letr : A — B have a left adjointl: B — A with unitn : 1g = rl and counit € : lr = 14.
Let p: C — D be a discrete fibration, and let u: A — C and v : B — D satisfy pu = vr. Then there is a 1-cell

w : B — C which uniquely satisfies pw = v and wr = u.

Proof. Since p is a discrete fibration, the 2-cell v : v = pul induces a 2-cell v with codomain ul which uniquely
satisfies py = vn. Letting w : B — C denote the domain of 7, we see that in particular pw = v. We claim that
w is the required diagonal filler. Note that the equality of pastings depicted below holds, where the latter is
just the identity 2-cell on vr by the triangle identity. Hence wr = u by the discrete fibration property of p.

AX]@E ///E c— A\T/A/\

Finally, let w’ : B — C satisfy v = w'r and v = pw’. We need to show that w’ = w. Hence consider

> D

w'n: w = w'rl = ul. Then pw'n = vy = py. So v = w'n as p is a discrete fibration. Hence in particular their

domains are equal, and so w = w'. O

Note that under the reversing of 2-cells we have also proven that left adjoints, and coidentifiers, are left orthog-

onal to discrete opfibrations.

5.3 The Split Fibrations 2-monad

We are now ready to present the first stage of the comprehensive factorisation of an internal functor. As
previously mentioned, since this construction is possible in any 2-category with oplax limits, we will give it at
that level of generality.

Notation 5.3.1. We adopt the convention when displaying morphisms in comma categories that the horizontally
displayed arrows represent objects, and the commutative square determined by the vertical arrows represents a
morphism in the comma category. Thus for example, if F': A — B is a functor then the following commutative

square in a category B is a morphism from ¢ to ¢’ in the comma category B/F.

bLFa

o e

b/ T) FG//
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Proposition 5.3.2. A 1-cell f : A — B in a 2-category with oplaz limit of 1-cells as described in Remark[5.2.6]
factorises as a right adjoint followed by a split fibration.

Proof. Let uw: B/f — A and v: B/f — B be comma projections, and let A : v = fu be the universal 2-cell of
B/f as a comma object. Then 1 : f = f1,4 induces a 1-cell  : A — B/f which is unique such that ur = 14,
vr = f and Ar = f. This situation is depicted in the following diagram.

1a

T

ATrL B/f —% 3 A

=

Now by the 2-dimensional universal property of B/f, since 1, : v = wru and X : v = fu = vru satisfy
Aru. A = A = f1,.), we have an induced 7 : 15,5 = ru which is unique such that un = u and vn = X\. We claim
that 7 is the unit of an adjunction u - r whose counit is 1;,. The triangle identity involving the left adjoint
follows as (11,u).(nr) = u. For the triangle identity involving r, we first note that nr = r by the universal
property of B/f as unr = ur = 1y, and vgr = Ar = f. Hence r.(nr) = r. Thus we have established that

f = vr where r is a right adjoint.

It remains to show that v is a split fibration. Pick X € K& and herein let Y denote £(X,Y) for any Y in
the data of the diagram above, so that we may work representably in Cat. We claim that given ¢ € B (b, fa)
and 8 : b — b, the morphism in B/f shown below on the left is cartesian. To see this, let g : " — ¥’ be a
morphism in B and let the squareﬁ)w on the right be a morphism in B/f. Both of these morphisms in B/ f

have source given by the top row and target given by their bottom row, as depicted.

¢

b// / 1
LIS gl —— fa
(B,1a) = ﬂj lfua) (Bg,) = F(a)
b fa 5
_—
s x b——— fa

Then clearly o : @’ — a uniquely satisfies 1,0 = aand fa¢” = ¢3g. This shows that the projectionv : B/f — B
is a fibration, and since the chosen cartesian lifts are sent by u to identities, they compose just as in B. So
the composite of chosen cartesian morphisms is a chosen cartesian morphism, and hence the fibration is split.
Finally, note that all these calculations are stable under composition in K by some 1-cell into X, so we have
established the result required in R. O

Theorem 5.3.3. With notation as in the proof of Proposition f — v defines the left adjoint L to the
forgetful 2-functor SFib (B) — &/B.

Proof. We describe the 2-functor to which this assignment extends. Let f’ : A’ — B have the comma object
B/ f" with the universal 2-cell X' : v' = f'u’. For a 1-cell g € &/B (f’, f), or equivalently g : A’ — A in & such
that fg = f', Lg : B/f' — B/f is induced by X by the universal property of B/f in & Thus Lg uniquely

satisfies the following conditions the conditions depicted in the diagrams below.

B/f "5 B/f  BIf — B/ B/f S B/f —s A Bjf s AL A
u’ u , v f= ! !
v v / v / f
B B B

A —F— A
For a 2-cell a: g = ¢’ in R/ B, or equivalently one in & such that fa = f’, the equality of pastings in Diagram
[7.0.29] holds, or equivalently the diagram of 2-cells below commutes. Hence the 2-cells au’ : uLg = gu’' = g'u’ =
uLg" and 1,/ : vLg’ = vLg induce the 2-cell La : Lg = Lg’ by the 2-dimensional universal property of B/f in
A. Thus La : Lg = Lg' is unique so that uLa = au’ and vLa = v'.
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vLg —— vLg'

)\Lgl J)\Lg'

fa(lg) —= fa(l'g)

To see that this assignment is functorial on hom-categories, let 5 : ¢’ = g” be a 2-cell in 8/B, so that 8 = f’.
We see that u (LB.La) = (uLf) . (uLa) = (fu') . (au') = (B.a) u, and v (LB.La) = (vLP) . (vLa) = v'. Hence
L(B.a0) = LB.La, by the universal property of the former. Similarly, to check that the assignment strictly
respects horizontal composition, we let g € &/B (f”, f') and check that LgLg’ satisfies the conditions uniquely
identifying L (gg’) according to the universal property by which it is induced. Indeed, ALgLg' = N'Lg’ = N,
while vLgLg’ = v'Lg’ = v" and uLgLg’ = gu’'Lg’ = gg’v”. Finally noting that identities are preserved by L,

we have shown that L is well defined as a 2-functor.

We claim that r € &/B(f,v) is the component of the unit of this adjunction at f. For 2-naturality, we
show that Lg.r’ = rg using the universal property of B/f. Indeed, we see that ulLg.r’ = gu'r’ = g = uryg,
vLgr' =v'r' = f' = fg = vrg, and ALg.r’ = XNr' = f' = fg = Arg, and hence by the universal property
we have shown 2-naturality. Next, we verify the universal property of the unit. Let h : C' — B be a split
fibration and k : A — C be a 1-cell such that f = hk. Then as h is a split fibration, A : v = hku induces a
chosen 2-cell € : g = ku : B/f — C such that h& = A, and hence in particular hg = v. We claim that g is
the required unique morphism of split fibrations satisfying gr = k in £/B. To see that g preserves chosen lifts,
we work representably in Cat. Let (8,1,) : (¢8,a) — (¢, a) be the chosen lift of 8 : b — v (#,a) = b. Then
9(B8,1,) € C(g(¢B,a),g(¢,a)) commuting with the components of £ : g = ku at (¢8,a) and (¢,a). But since

these components are chosen, so is g (8, 1,), and hence g is a morphism of split fibrations.

Note that since £ is chosen, so is &r : gr = kru = k, as can be seen when working representably in Cat.
But hér = Ar = f, so &r is an identity 2-cell and hence gr = k. Now for uniqueness, suppose ¢’ : B/f — Cis a
morphism of split fibrations from v to h so that gr = k. Working representably in Cat, we note that the chosen
lift of B € B (b,b') will be of the form (3,1,) € B/f (¢,¢’) where ¢ : b — fa and ¢’ : ¥ — fa are morphisms
of B. We need to show that ¢ (8,1,) = ¢’ (8,1,). But hg (8,1.) = v (5,1,) = S, and similarly hg' (8, 1,) = S.
Since these are both chosen lifts of 3, they are equal. So g = ¢’ as required. O

Remark 5.3.4. Let v : B/f — B be as above and let X' : v/ = vu’ be the universal 2-cell exhibiting B/v as
an oplax limit of v in K. The monad T induced by this adjunction has unit component on f given by r, and
multiplication component on f given by the 1-cell m : B/v — B/f induced by the pasting below, and hence

unique such that um = wu’, vm = v’, and Am = M\’ \.

B/u%B/f%A

9
e

B

Theorem 5.3.5. The forgetful 2-functor SFib (B) — &/B is 2-monadic.

Proof. Once again, by representability, it suffices to show that this is true when & = Cat. We begin by setting
up the notation which will be used in this proof, and describing what the monad axioms say in this notation.
Following this we will summarise how the structure of a T-algebra and a split fibration, and morphisms thereof,

give rise to one another.

Letting v denote Tf as above, an object in B/v consists of a morphism ¢ : ¥ — b in B, an object a € A
and a morphism ¢ : b’ — fa in B, and will be denoted (¢, ¢, a). A morphism (¢, ¢1,a1) = (Y2, d2,a2) in B/v
consists of morphisms 3’ : o'y — b5, 8 : b1 — by and « : a; — as so that the squares below commute, and will

be denoted (8, (5, a)).
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by % fa1 bll L by

N

bQ —_— fa2 b/z — b2
@2 P2

Then the monad multiplication m : B/v — B/ f described in Remark maps the morphism (4, (8, «)) :
(1, P1,a1) = (o, d2,a2) to (B, @) : (P11, a1) = (Pathe, as). Denote the image of an object (¢, a) under a func-
tort: B/f — A as ¢* (a) and denote the image of a morphism (8, «) € B/f ((¢1,a1), (d2,a2)) as (B, «). Note
then that f¢* (a) = fa. Then Tt maps the morphism (5, (8, «)) to (B’, (8, )) (1, 017 (a)) = (Y2, 92" (a)).
Thus the multiplication axiom for such a t exhibiting f as a T-algebra would say on the generic object (¢,%,a) €
B/v that ¥*¢* (a) = (¢v))" (a), and on the generic morphism (8 (8, a)) € B/v ((¢1, ¢1,a1), (12, p2,a2)) that
(ﬁ’, (8, a)) = (p’,a). Meanwhile, the unit axiom for ¢t would say on objects that 1¢," (a) = a, and on mor-

phisms that (fa,a) = a. We will proceed by showing how the structure of a split fibration and an algebra for

T give rise to one another.

Assume ¢ : B/f — A exhibits f : A — B as a T-algebra. Choose the lift of a morphism ¢ € B (b, fa) to

be (¢,1,). It suffices to show that this morphism is cartesian for f since the lift of an identity is clearly an

identity and the composite of chosen lifts is clearly also a chosen lift. For all o : ¢’ — a and ¢ : b — fa,
the morphism (8, ) : @’ — ¢* (a) satisfies the commutativity of the first two triangles below. For uniqueness,
suppose v : a’ — ¢* (a) satisfies fy = 8 and the third triangle below. Then we may factorise v as shown in the
fourth triangle below, which corresponds to diagram in B shown on the right.
1,
fa/ fa fa/
a B *
PNGEIN o* (a) fd ——b o 2 4% (a) a —(fv)" (a) 1f@l Jf"/
f *
X J(wa) R J‘ﬁ X J(«a,la) \ B:1.) fa' === f¢" (a)
a fa a o* (a) ﬂJ{ Jf(la)
b — fa

¢
Thus f(1¢4,7) = 1. Hence it is enough to show uniqueness for the case where  is an identity, so herein we

assume fy = lyqo. Now (1far,7) 0 (1far,a’) = (1far,a’) composes with (174, ) : (1¢4,a") = (¢,d") in B/ f to
give (174, 0) : (1447,0") — (@, a). But functoriality of ¢ says that the following diagram commutes

d ——— ¢ (a)

e, [T

*

so it is enough to show that (lfa/, (lfa/,qb)) = lg+(a)- But this is just the multiplication axiom for ¢ as a
T-algebra, applied to the morphism (1y, (¢,14)) € B/v ((1, ¢,a), (¢, 11q,a)). So f is a split fibration.

Conversely, suppose f : A — B is a split fibration, with chosen lift for 3 : b — fa’ given by a : a — d’.
Then there is a functor ¢t : B/ f — A given
e On objects by sending ¢ : b — fa to the domain of its chosen lift with respect to f, as a morphism in B.

e On morphisms by sending (8,«a) : (¢,a) — (¢’,a’) to the morphism ¢ (¢,a) — t(¢',a’) induced by the
universal property of the cartesian lift of ¢’ along f, since a composed with the cartesian lift of ¢ is also

a morphism into a’.

Then ft = v is clear from the definition, while the unit axiom for ¢ as a T" algebra holds since f lifts identities to
identities, and the multiplication axiom for ¢ as a T algebra can be seen to hold since chosen lifts of f compose

to give a chosen lift. Furthermore, it is clear that this assignment is inverse to that described from T-algebras
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to split fibrations.

We now look at the 1-cells of the respective 2-categories. Let f: A — B and f’ : A’ — B be T-algebras, and let
a functor g : A — A’ be a morphism T-algebras between them. Then T'g maps an object (¢ : b — fa,a) € B/f
to (¢ :b— f'ga,ga), and a morphism (3, ) to (8, ga). Then the algebra morphism axiom for g applied to the
generic cartesian morphism (¢,1,) € B/f (¢ :b — fa,1s, : fa — fa) says precisely that g preserves these and

is hence itself a morphism of split fibrations.

For the converse, suppose ¢ is a morphism of split fibrations. To establish the axiom for a morphism of
split fibrations, we need to show that ¢’ (8, ga) = gt (8,«). Consider the commutative square in B/f shown
below on the left, where ¢ : b — fa, ¢’ : b — fa and § : b — b’ are morphisms in B, and o : a — a’ is a
morphism in A. This is equivalently given by the commutative cube in B shown in the middle diagram below,

and the commutative square in B shown on the right.

¢ ¢

b —2 fa b —2 fa
(6,0) ~220 (¢, a) BJ jfa a{ lfla ot g
(¢71fa)l l(d)/’lfa/) v 7) fa/ = fCL T fa al Ja

fa' —— fd fa' —— fd
1o Lo

This square is sent by ¢ to the following square in A, where we used o = (f«, ) by the unit axiom for .

(¢:15a)
(¢7 a) *f> (1faaa)

' oa") —— (14q,0a

(¢ )(¢,71fa)( far @)
Note that (¢,17,) and (¢, 1,/) are cartesian with respect to v and v’ respectively, with images under both ¢
and t’' cartesian with respect to f and f’ respectively. So it follows from the universal property of cartesian

morphisms that gt (3, a) = (8, ga), as required.

One can easily see that 2-cells of split fibrations and 2-cells of T-algebras coincide, completing the proof. O

In contrast to the inclusion of 2-categories of fully faithful internal functors into the slice categories of Cat (&),
the inclusion of split fibrations into the slice categories in £ is not fully faithful, even when & = Cat (£). This is
because 1-cells in R may admit more than one split fibration structure. However, any split fibration structures
they admit will be unique up to a unique isomorphism of split fibrations. Such a situation is often called
essential uniqueness. To see this is the case for split fibrations, we prove that moreover, the split fibrations
monad T is colax idempotent. This notion has several equivalent definitions which can be found in [19]. We

recall one of these here.

Definition 5.3.6. Let T : & — & be a 2-monad with multiplication g : 7% = T and unit 5 : 1g = T. Then
(T, p,n) is called colax idempotent if

e Every T-algebra action  : TX — X is right adjoint to nx : X — T'X in R,
e This adjunction nx - = has an identity unit.

Note that the desired essential uniqueness of a T-algebra structure is indeed a consequence of T being colax

idempotent, since adjoints are essentially unique.
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Theorem 5.3.7. The 2-monad T described in Remark[5.3.4] is colax idempotent, and in particular a 1-cell in

R admits at most one split fibration structure, up to unique isomorphism of split fibrations.

Proof. We show colax idempotence of T by showing that 1y, : 14 = tr = 14 is the unit of an adjunction r - ¢.
Note that since f : A — B is a split fibration, A : v — fu induces a cartesian « : t = w satisfying fa = A.
So by the two dimensional universal property of B/f, there is a unique € : tr = 1p,; satisfying ve = 1, and
ue = . Note also that ar is a chosen lift for Ar = 1,, and hence ar = 1;,. For the triangle identities we need
to show te = ¢, and er = r. For the first of these, we use cartesianness of a. Indeed fte = ve = 1,, and a.n = «,
so te = t since fa = A. For the second of these, we see that ver = vr = f and uer = ar = 1;,, so er =r
follows by the 2-dimensional universal property of B/f. Then finally, since adjoints are unique up to a unique

isomorphism, so must be the algebras for the 2-monad T O]

Remark 5.3.8. Once again, under the reversal of 2-cells in K, the results of this chapter show that if K has lax
limits of 1-cells then any f : A — B factorises as A —— f/B —“— B where [ is a left adjoint and w is a
split opfibration, and that the forgetful functor SoFib (B) — K&/B is monadic, and furthermore laz idempotent
in the sense of [19], which is the 2-cell dual of Definition [5.3.6]

5.4 Comprehensive Factorisation

Having seen how the 1-cells of a 2-category factorise into a right adjoint followed by a split fibration in the
previous section, we now look at the next step of the factorisation. In Cat (£), this will factorise the split

fibration into a coidentifier of the universal 2-cell of a power by 2, followed by a discrete fibration.

The first result of this section describes powers by 2 in the slice category of a 2-category with powers by 2

and pullbacks.

Proposition 5.4.1. Lete:eg = e : E? = FE and B : by — by : B2 = B be universal 2-cells of the respective
powers by 2 in &, let p: E — B be a 1-cell and let X denote the pullback in & of Ap and p?, with projections
g: X 2 Bandg: X — E?. Theneg:eqg = e1g: X — E is the universal 2-cell exhibiting q : X — B as the
power by 2 of (E,p) € R/B.

eo
X > E
~_"

ql - J;F ! Jp
bo
B —— B? E B
b1
Proof. That eg is well defined as a 2-cell in &/B is clear since peg = (p*g = BApq = q. Now suppose
v:h=k:Y — FE satisfies py = s for some 1-cell s : Y — B. To establish the universal property of eg as the
universal 2-cell of a power by 2 in &/B we must show that there is a unique 1-cell m : Y — X in 8 such that
gm = s and v = eg.m. But by the universal property of E2, v induces a 1-cell v : Y — E? which is unique so
that eu = . Now since fp?u = peu = py = s = BAps, p>u = Aps by the universal property of B2. Then
by the universal property of X as a pullback, there is an induced 1-cell m : Y — X which is unique so that
gm = s and gm = u, so in particular egm = eu = 7. For uniqueness, suppose m’ : Y — X satisfies eg.m’ = ~

and gm’ = s. Then gm’ = u by definition of u, and hence m’ = m by definition of m. O

Since we know that SFib (B) is equivalent to Cat(DFib (B) ), and Proposition characterised coidentifiers
of universal 2-cells of powers by 2, it will suffice to know that DFib (B) has reflexive coequalisers. This is the

subject of the next two propositions.
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Proposition 5.4.2. Forg € £(X,Y), letg* : £/Y — £/X denote the pullback functor and let¥,: E/X - E/Y
_do |
denote its left adjoint, which composes a morphism into X with g. Let By ——— By <i— By be a category
dy
E/By is a monad T on E/By.

do* Za,

internal to €. Then the composite functor E/By E/ By

Proof. Let X’ be the domain of the pullback of f along d;. The unit is given on component f : X — By
by (1x,if) : X — X’. Letting X" denote the further pullback of Tf along d;, the components for the
monad’s multiplication are similarly induced by the universal property of B; given the pullback projections
and the composition map of B. Then naturality of n and p follow from the universal property of X', while the

associativity and unit laws for the monad follow from those of the internal category B. O

Note that by interchanging the roles of dy and d;, we obtain an analogous result to the above for discrete
opfibrations. In fact, the category of algebras for this monad is DFib (B), as shown for example in Proposition
2.2.1 of [14].

Proposition 5.4.3. Let £ have finite limits and pullback stable reflexive coequalisers. Then DFib (B) and

DoFib (B) have finite limits and reflexive coequalisers.

Proof. Monadic functors create limits, and also create any colimits preserved by their corresponding monad. As
a left adjoint, ¥4, preserves all limits, and if coequalisers are stable under pullback in £ then so will dj. Thus
since DFib (B) is the category of algebras as described, it follows that DFib (B) has finite limits and reflexive
coequalisers. The case for DoF'ib (B) follows by duality. O

Theorem 5.4.4. Let £ a category with finite limits and pullback stable reflexive coequalisers. Then

1. The functor 1Ij, : SFib(B) — DFib (B) of Remark [1.2.9 sends the split fibration v : B/f — B of
Proposition[5.5.4 to a discrete fibration p : C — B, through which it factors via the coidentifier of Remark
1.9 0l

2. Cat (€) has an orthogonal factorisation system whose left class consists of the final internal functors and

right class consists of the discrete fibrations.

3. Cat (€) has an orthogonal factorisation system whose left class consists of the initial internal functors

and right class consists of the discrete opfibrations.

Proof. Taking & = Cat (£) in Proposition we factorised f : A — B into a right adjoint r : A — B/ f
followed by a split fibration v : B/f — B. Since SFib (B) is monadic over Cat (£) /B, it inherits limits from
the slice 2-category. In particular, the universal 2-cell of the power by 2 of v : B/f — B will be computed in
SFib (B) just as described by Proposition Now view SFib (B) as Cat (DFib (B)) by part 4 of Theorem
4.3.3l By Proposition the coidentifier n : B/f — P of this 2-cell will be the coequaliser of the reflexive
pair corresponding to the domain and codomain maps of v € Cat (DFib (B)), which are themselves discrete
fibrations. It follows that v factorises as pn where p : P — B is the discrete fibration induced by the universal

property of n as a coidentifier. This proves part 1.

For part 2, note that what we have just described is a factorisation of an arbitrary internal functor into a
final internal functor followed by a discrete fibration: by Proposition [5.2.11] and Corollary both right
adjoints and coidentifiers are final, and by Proposition [5.2.10, the composite of r and n is also final. But by

Propositions [5.2.16] and [5.2.15] both of these are left orthogonal to discrete fibrations, and since we have also

shown that any final internal functor factorises as a right adjoint followed by a coidentifier, we have proven
the desired factorisation is orthogonal. Part 3 is an analogous conclusion to the same construction with 2-cells

reversed. O
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6 Concluding Remarks

In Chapter One we gave an introduction to the theory of internal categories, functors, and natural transforma-
tions. We proved that they form a 2-category with finite weighted limits, and gave examples of various familiar
notions internal to a category with finite limits. These included several functors between Cat (£), and £ which
featured in various places along the course of this thesis. We also introduced notions of multiple categories, and
a construction of a category internal to a 2-category with powers by finite categories. These featured later in
Chapter Three.

In Chapter Two, we took a closer look at some other properties familiar in Cat, and gave an account of
certain assumptions under which they generalised to Cat (£) for other finite limit categories £. In particular,
we saw that Cat (£) inherits cartesian closedness, the existence of a natural numbers object, and extensivity
from €. Meanwhile, we noted that coequalisers are not in general inherited by Cat (£), but they are under
assumptions like the existence of list objects or local presentability of £. We remarked that pullback functors in
Cat (£) need not have right adjoints, and indeed only some do even when £ = Set. We saw that copowers by 2
will exist when € is lextensive, and in this case Cat (£), inherits generating families from £ via Disc. Finally,
we saw that if £ has a subobject classifier T : 1 — Q then Cat (£) has a classifying full subobject, given by
coDisc (T).

In Chapter Three we looked at how the assignment £ — Cat (£) extends to various 2-functors, and saw
how the various functors and natural transformations between Cat (£) and £ varied in £. We saw in particular
that the data giving an internal category, which we collectively referred to as the evaluation category, itself
forms a category internal to [Lex, Lex| (Cat (—),1Lex), despite this category not having all pullbacks. We
saw three distinct monad like structures on the 2-functor Cat (—) : Lex — Lex. Two of these were lax and
colax pseudomonads structures, which arose from a very general setting, given the adjoints to Ob. The other
was a pseudocomonad structure involving the double category of squares as the comultiplication. This arose
from a biadjunction in which Ob also featured as the counit. We also described the pseudocoalgebras for this
pseudocomonad as 2-categories with finite weighted limits. We also saw that transposition of double categories

forms a compatible flip in the sense of |27].

In Chapter Four we looked at the Grothendieck Construction, from which for our purposes the main result
was that the 2-category of split fibrations is equivalent to the 2-category of categories in discrete fibrations.
This formed one of the main ingredients in the comprehensive factorisation in Chapter Five, where we factorised
an internal functor into a right adjoint followed by a split fibration, and then further factorised the split fibration
into a coidentifier followed by a discrete fibration. We also remarked upon the dual construction, factorising an

internal functor into a left adjoint, followed by a coidentifier followed by a discrete opfibration.

Future work from this thesis could include investigating the lax and colax algebras for the skew and coskew pseu-
domonad structures on Cat (—), : Lex — Lex, as well as looking at the lift of the pseudocomonad Cat (—),
to its 2-categories of strict or pseudocoalgebras, using the compatible flip provided by transposition which is in

particular a strict distributive law.
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7 Appendix

Diagram 7.0.1.

73,0

Cg%

7"3,1J/

CQL)Cl

|

Csy % 1 dy Cy L) Ch
| A
™ m
Ch — Cy
Diagram 7.0.2.
k
) 0 1
J
0 m (x,y) x
z m (y,2)
Diagram 7.0.3.
A L B,
-
(do,d1) (do,d1) bil
AO X AO —_—> BO X BQ
fox fo

Diagram 7.0.4.

A

<

Ao

fo
dj

|

AlLAO

o — 2 Ay IS By

|

Al 42(d07d1 A() X Ao 4>f0><f0 B() X Bo

B1 ﬂ(do,dl Bo X Bo —>pj Bo

/

(f1,ad1,Bdy1)

N

(ado,Bdo,h1)

/ (aedo,g1,Bd1) \
B2 % Bl B2 % Bl e
\Tro \m B3 BS BS
/7 N\ /N /N
(v, 8) B do (a.,B) 5 Bi dy mo\l \/mo ml\[ \/ml
a do dy
AN N B, B, By
A() f—> BO A() h—0> BO \ /
0 L
By
Diagram 7.0.5.
A, (f1,dy,Bdy) Bs my B, A, (f1,dy,Bdy) Bs mi By
| i |
(f1,m(c,8)d1) o (f1,m(a,B)d1) 1
l l
By By By — By
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(ado,g1,Bd1) mo

(ado,g1,8d1) mo

A1 Bg By Al Bs By
AN dy
(f1,ady) (ado,g1)
N
(f1,0d1,Bd1) By B 0 (f1,ad1,Bd1) Ap m
| X J e
Bs e By _- B, Bs e By —- B,
Diagram 7.0.6.
A, (Bf), Oy A (92) Oy
g2
x 02
aq B2
B0 m (90), |m m
% By — By
Cg m Cl C(2 ™m C’1
Diagram 7.0.7.
Bfo,g1 Bfo,g1’ Bfo,g1" a,Bfo’
AOMCQ AO%CQ AOMCQ AOMCQ Ao =
N4 N al al of N
(Qla,ﬁf(;) By m By d40> By T B , T By / T By ? By
o bo | N el \ 6| \ Al
CQT>C]_ Cgﬁ—0>Cl Cgﬂ_—1>01 CQT)Cl
Diagram 7.0.8.
k k
‘ 0 1 . 0 1
J J
0 f0,0,0 m (fo,1,0, f1,1,0) 0 #° ol
1 m (fo,0,1, f1,01) fi1.1 1 a® P!
Diagram 7.0.9.
¢ (40,%1) (0,%1)
By Ay Ag, By Asq
| Sel | | N
i fo dy, J/pl—k
1 Ag A, B —> BO
(<z>o,¢1)l \ffx lm (¢o,¢1)l
Asq 5 Az T Ay Asgq
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Diagram 7.0.10.

By — % (az) —m 4,
W\J\x /ﬂz
m B, (¢0,91) ASq 7,
B, dj Pj Ag
\dﬂ'
(¢0,1) BO A2 5

s
Asg, A A

2] 2 ]

Diagram 7.0.11.

Diagram 7.0.12.
(7,id17)

T, (A) B,
A
\‘ (1Bl,id1)
e
(id17v,7) B, m
e
(’Ld(),lBl) lBl
'
By — By

Diagram 7.0.13.
A() —> 2AQ

NN

Ao A —2 34,

(Fai\ \ Aa)l

By ——— B

F
Bs _EDa, (A%) _m, Agq
5
m T1-k P1—k
B1 A2 AQ
(¢>of>1) P Mo
ASq P1—k Ap Tk Ay

™

P1+2j5
A ——

P1+2; do
do

34,

Pl 94,
—

PN

By ———— By

3A, A

o\
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Diagram 7.0.14.

P1+3j5 P1+3j

Al % 3A1 4142 — A2 e 4A2
D2 do do (FOC)ZJ/ X J{m m
“on i
P1+42j5
34, By, — By Ay —2— 24, Bz As 341
m m f{‘/m
(Fk J & lﬂ)‘%fl)o \g e
1
Bl d—0> BQ
Diagram 7.0.15.
444
P2 m
A2 m P2 3A1
\\ mf3
fimo adymy &
o
P2 adymy g Bg o B2 (Fo),
ffﬂo my m
aﬂ'l
4A B B
2 (Fa), 2 m '
449
p3 m
AQ m Al P2 3A1
\ adomo
adomo mfa oo
fimo
P3 fim * B3 T By (Fa),
ano mo m
fim
4A B B
2 (Fa), 2 m !
Diagram 7.0.16.
A, (fimo,fimi,adymy) Bs mi B, A, (fimo,fimi,cdymy) Bs my B,
\: \
(fimo,amy) Ay (Fr0d) By 71 (fimo,am) Ay o
B2 T Bl B2 o Bl
A, (mfo,adym) B, A, (mf2,adim1) Bo
X \
(fimo,fimo,ad171) By 7o (fimo,fimo,adim) Aj % Ap Lt
Bs ™o By o By Bs mo Ba (! By
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A2 m A1 BQ BQ
(mfa,adim1) B2 i 70 (mf2,adimr) Al —> AO 1
BQ To Bl BQ Bl
44, (o) By Ay —— " 4, (Fe) By
(fimo,amy) e 34, T (fimo,am1) &
(Fa),
h \ J
Bs _ B B
Diagram 7.0.17.
34, 0 iQ — Ay — pi 344
(8°do,a) / \ (ad,8%d)
(8°do.atido,gt ) | (aVido.f1,6"dr)
(FT'1) / \ (FTo) (FTo)
Ay 22,34 *, B
B (@ido,ﬁldo,g%) Bg 1 1 2
ﬁl l n&‘
By ™o Bs m1 By
% N
B2 B2
B
A, P1 34, (FTo) B, A P1 34, (FTo) B,
do
m \ (Fal)
58 AO L 2A0 o 58 ! T
FT
) O
B - B B - B,
Diagram 7.0.18.
mpa ey Flpopn)i £ F(po,p1)5
(FA), —"E2 (FA), F (af) F (As) F (of) — F (As) (FA)
Fy afl o * pr)A Fr; ™
5) % \
/(pj A
F(Az) s> F (A1) apy ————— (FA), afy 5 (FA)y —— FA
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Diagram 7.0.19.

T4 L T3 T4 T—z“> T3
uT? i lLT\T“/4 pT? Y pr Tw
T3 frr = g3 — e T T I "
pnT wT UT . pnT u'r 1% a
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T3 1 RN T3 L RN
TnT Jor uT I u = ToT s 1 M
2 2 2 2
T T T m T T T T m T
Diagram 7. 0 20.
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Diagram 7.0.21.
1 FGD 1 GFC
[ G¢
\{GD i Y m ~ w
FngD -~ GerC <
FGD ———— FGFGD €ep D GFC +—~ _ GFGFC e C

/ \FGeD / / \\?7ch
FoOp N €D Occo ~ nc
- FGD ; GFC

Diagram 7.0.22.
DblCat (£), e DblCat (£),

Cat(de), dcat(e),

TrplCat (8)1 m TrplCat (8)1 W TI'plCat (6)
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Diagram 7.0.23.

Ap
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2
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Diagram 7.0.24.
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N
ado  f
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(@), - PX
Diagram 7.0.25.
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Diagram 7.0.26.
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Diagram 7.0.27.
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Diagram 7.0.29.

’
u

B/ff —¥ A
Lgl QGJQ' B/f%lyA’ B/f X B/f s o4

B/f—>A

y \ / 4 b b

I
%
I
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Diagram 7.0.31.
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Diagram 7.0.34.
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