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Abstract

Sgr A*, the supermassive black hole at the center of the Galaxy, is variable in radio,

sub-millimeter, millimeter, near-IR and X-rays. The flare activity is thought to arise from the

innermost regions of the accretion flow, within ten gravitational radii of the black hole.

General relativistic effects play therefore a substantial role in determining the flaring

properties of Sgr A*. Our goal is to study the processes responsible for the variable emission

from Sgr A*, and to analyse the relativistic signatures in the emission and ultimately test

General Relativity by constraining the parameters of the black hole.

We model the variable emission from a compact source within the accretion disk, orbiting

in the equatorial plane close to the event horizon, near the marginally stable orbit of a black

hole. Based on our developed scenario, we estimate the black hole spin. We take into account

all special and general relativistic effects, and search for relativistic signatures in the resulting

light curves and find that they may play a significant role in Sgr A* variability.

Motivated by the apparent periodicity in some Sgr A* light curves, and the clear sub-

structure, suggestive of lensing and Doppler beaming effects, together with the presence of

time lags at radio wavelengths, we develop a general relativistic time-dependent model that

aims to understand the variable emission and the black hole properties.

The model incorporates a bubble of synchrotron-emitting electrons orbiting close to the

black hole and cooling via synchrotron emission and adiabatic expansion. The model repro-

duces the observed time delays at radio wavelengths, the shape and structure of the flares, the

periodic orbital dynamics and confirms the presence of variability at sub-orbital scales due

to lensing and Doppler beaming. We obtain good matches with the observed light curves in

NIR/X-Ray and radio. Further analysis of Sgr A* variability at orbital timescales will allow

us to test General Relativity and the validity of the Kerr metric.
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1
Introduction

Almost 40 years have elapsed since the discovery of Sgr A* (Balick & Brown 1974), the

compact radio, infrared, and X-ray source located at the dynamical center of Milky Way

(Eisenhauer et al. 2005). Observations of stellar orbits in the immediate proximity of a mass

of ∼4×106M⊙ within 45 AU of Sgr A* (e.g., Schödel et al. 2003; Ghez et al. 2003) have

shown evidence of a super-massive black hole (SMBH) at the center of our Galaxy (Eckart &

Genzel 1996, Ghez et al. 1998, 2000, 2003, 2005a, 2008, Eisenhauer 2003, 2005, Gillessen

et al. 2009). Recent observations of variability in the radio, near-infrared and X-ray ob-

servations have brought significant insight into the relative importance of different emission

mechanisms, including synchrotron, synchrotron self-Compton (SSC), and bremsstrahlung

(e.g. Baganoff et al. 2001, 2002, 2003, Eckart et al. 2003, 2004, 2006ab, 2008ab, 2009, Por-

quet et al. 2003, 2008, Genzel et al. 2003, Belanger et al. 2006, Yusef-Zadeh et al. 2006ab,

2007, 2008, 2009, Marrone et al. 2009, Dodds-Eden et al. 2009).
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4 Introduction

Multi-wavelength observations in sub-millimeter, X-ray and infrared bands provide evi-

dence that the SgrA* luminosity is many orders of magnitudes below the average luminosity

of an SMBH in active galactic nuclei(AGN) of a comparable mass. Indeed, Sgr A* is the

faintest SMBH so far observed. Fortunately, due to its proximity Sgr A* is still bright enough

to be studied in detail. Its luminosity seems to be caused by the accreting thermal winds from

the cluster of massive stars in the near vicinity (see Melia, 1992). The question is why Sgr

A* is so dim.

Several models attempted to explain this faint emission (e.g., Melia & Falcke 2001; Yuan,

Quataert & Narayan 2003; Goldston, Quataert & Tgumenshchev 2005; Liu & Melia 2001;

Liu, Melia & Petrosian 2006). Firstly, the ADAF model (Narayan et al. 1998) envisages

that the multi-wavelength spectrum as a two-temperature radiatively inefficient flow that is

advected across the event horizon before radiating away its initial energy. Radio and sub-

millimeter observations (Bower et al. 2003; Marrone et al. 2006) brought more information

on the integrated electron density in an accretion area between ∼10 to 1000 Schwarzschild

radii, much lower than predicted by the ADAF model. Consequently, most of the mate-

rial captured from stellar winds doesn’t reach the event horizon. Alternative models (e.g.,

Yuan et al. 2003) could provide further explanation but the question whether the accreting

material would remain in a convective flow (Narayan et al. 2002), a magnetically-driven

low-velocity outflow (Blandford & Begelman 1999, Igumenshchev et al. 2003), or a fast

jet (Yuan, Markoff & Falcke 2002) remains unanswered. By analyzing the Sgr A* flare

emission, these questions could be eventually answered.

Sgr A* is visible in NIR band when flaring. Most of the NIR flares have an X-ray coun-

terpart as well, suggesting that the underlying radiation mechanism might be synchrotron or

synchrotron self-Compton emission. The spectrum of a NIR flare can be fitted with a power-

law and a soft spectrum Fν ∝ ν−α and α > 0 (with Fν, ν and α the flux density, frequency

and spectral index). The spectral index value is still not well measured (Eckart et al. 2004).

Observations of Sgr A* activity have detected hourly variability in radio, millimeter and

sub-millimeter wavelength bands. Radio flares were detected with a duration of about two

hours, similar to the lifetime of flares observed at sub-mm and millimeter wavelengths (see

Maurehan et al. 2005; Yusef-Zadeh et al. 2006a,b).
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Figure 1.1: Chandra image of Sgr A* region, 8.4′x8.4′, taken in the energy bands 2.0-3.3

keV (red), 3.3 - 4.7 keV (green) and 4.7 - 8.0 keV (blue). The supermassive black hole is

associated with the point source. Credit: NASA, CXC, MIT, F.K.Baganoff et al., 2003

Most observations of Sgr A* (see Figure 1.1) show strong variability, with signs of pe-

riodicity, suggesting the presence of spots of emission along with the accretion flow. It is

expected indeed that strong inhomogeneities would develop in such an environment, pre-

dictions confirmed by recent general-relativistic magnetohydrodynamic simulations (Mosci-

brodzka at al., 2009, Dolence et al., 2009). This could be due to particle acceleration at

strong shocks or magnetic reconnection events. These mechanisms produce a distribution of

compact, non-thermally emitting regions.

The emission coming from the innermost region of Sgr A* has quiescent (i.e. quasi-

steady) and variable components. Variability has been detected in almost all wavelength

bands and can be helpful for a quantitative analysis of the physical properties of the gas flow,

for studying the radiation mechanisms in various wavelength bands and understanding the

scale lengths of the variable emission. The flares could be embedded in the accretion disk or

could be completely a distinctive feature within the emission region. The quiescent emission
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was detected at low energies (radio and submm wavelengths) and the flares in near-IR and

X-ray bands. However, the connection between the quiescent flux and the flaring activity,

along with the origin of the flares is not yet understood.

A large number of mechanisms have been suggested as the origin of the variability of

Sgr A*. The established direction in interpreting the flaring activity of Sgr A* is based on

emission for a thin accretion disk, a disk and jet, outflow, an advection-dominated accretion

flow, a radiatively inefficient accretion flow. An accretion model is developed and the pre-

dicted spectrum is then compared with the spectrum provided by the existing observational

data. Various models have been produced to understand the flaring activity of Sgr A*, such

as the expanding plasmon model and the orbiting hot spot model.

Most models for the Sgr A* variable emission have mainly focussed on the link be-

tween the strong flares in NIR and X-ray (Baganoff et al. 2003, Eckart et al. 2004, 2006;

Yusef-Zadeh et al. 2006a; Hornstein et al. 2007), assuming that the IR emission is caused

by synchrotron emission from a transient population of near-Gev electrons in a ∼10–100 G

magnetic field. The X-ray emission would be produced either by synchrotron emission from

higher energy accelerated electrons (Yuan et al. 2003) or by the inverse Compton scatter-

ing of either the sub-mm emission produced in the surroundings or even directly by the

synchrotron-self-Compton transient population (e.g. Yuan et al. 2003, 2004; Liu et al. 2004,

2006a,b). The transient population of accelerated electrons can also be produced via recon-

nection, acceleration in weak shocks (e.g. Yuan et al. 2003) or heating by plasma waves

(Liu et al. 2006a,b) led by instabilities in the accretion flow or dissipation of magnetic tur-

bulence. As the emission regions were proven to be compact, these models can help with

understanding of the evolution of the accelerated electron populations in response to heating

and radiative mechanisms (Bittner et al. 2007).

We focus on recent time variability observations of Sgr A* and aim to analyze the pe-

riodic modulation observed in Sgr A* spectrum. As the material in the accretion disk is

very hot, line emission is here excluded and hence continuum emission from synchrotron

radiation is only considered for modelling. The dominant radiation from a thin accretion

disk is in the form of continuum emission, that provides very limited information about the

environment close to the black hole. In this Thesis, we aim to model and analyse relativistic
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light curves from a continuum emitting region within a thin disk. The information carried by

continuum emission provides us with a significant tool to understand and analyse the inner

regions near the black hole.

The periods of enhanced radiation (or flares) last in NIR around 100 minutes and they

seem to be accompanied by quasi-periodic oscillations (QPOs) (Genzel et al. 2003, Eckart

et al. 2004, 2006a,b, Meyer et al. 2006a,b). The event could be caused by magnetic re-

connections, stochastic acceleration of electrons due to MHD waves or Magneto Rotational

Instabilities (MRI) within the plasma. The continuum emission is most likely generated

within the accretion disk, where the source of variability is present. Several MHD simula-

tions confirmed that variability seems to be a fundamental property of Sgr A* disk emission.

(Hawley et al. 2002; Goldston et al. 2005; Chan et al. 2009; Moscibrodzka et al. 2009).

The quasi-steady emission from radio to sub-millimeter bands is most likely synchrotron

radiation from electrons from within the accretion disk spanning out radii up to 100 AU or

even more from the center black hole (see Yuan et al. 2003), or close to the base of a jet

(see Falcke & Markoff 2000). The electron temperature and the magnetic field strength in

the accretion flow have been estimated to be kTe ∼ 10 MeV and ∼ 30 G, respectively.

Various multi-wavelength Sgr A* observations have also shown evidence that near-IR

flare activity is important for understanding the X-ray and sub-mm activity (e.g., Eckart et

al. 2004, 2006; Gillessen et al. 2006; Yusef-Zadeh et al. 2006). For example, near-IR

synchrotron emission is produced by the transient population of ∼GeV electrons in a ∼10 G

magnetic field of size ∼ 10Rs.

A number of theoretical models were introduced in order to explain the origin of the Sgr

A* flaring activity as well as the low luminosity of the quiescent emission. These models

include ideas like disk-star interactions (Nayakshin et al. 2004), stochastic acceleration of

electrons in the inner region of the accretion disk (Liu et al. 2006), non-axisymmetric density

perturbations emerging during disk evolution (Chan et al. 2009b), heating of electrons close

to the core of a jet (Markoff et al. 2001; Yuan et al. 2002), sudden changes in the accretion

rate of the black hole (Liu et al. 2002), trapped oscillatory modes in the inner regions of the

disk as spiral patterns or Rossby waves (Tagger & Melia 2006; Falanga et al. 2007; Karas

et al. 2008), non-Keplerian orbiting spots falling inward inside the plunging region created
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via magnetic reconnection phenomena (Falanga et al. 2008), comet like objects trapped and

tidally disrupted by the black hole (Cadez et al. 2006; Kostic et al. 2009). The analysis of

the broad band and flaring spectra of the quiescent flux could provide new information on

the of Sgr A* flaring activity.

In the past few years, observations of emission from accreting black holes have intro-

duced new possibilities for astrophysical tests of relativistic effects. Observations of AGNs

at various frequencies indicate the presence of time variability in the flare emission. The

origin of this variation is not yet understood. Recent discoveries provide direct evidence for

strong gravitational signatures in supermassive black holes with the prospect of determining

the black hole’s spin and the nature of the variable emission. The emission from the vicinity

of the event horizon contains significant information about the physical parameters of a black

hole.

Nowadays, it is widely accepted that supermassive black holes are located in the cen-

tres of most of galaxies, and thus have a fundamental influence on galactic formation and

evolution. According to the unification model of AGN, they are most likely powered by the

accretion of gas onto their central supermassive black holes with mass ranging from 105 to

109 M⊙.

A large fraction of the accretion energy in luminous black holes is dissipated in the

innermost regions of the accretion flow. Most of the power is radiated from close to the

smallest accretion disc radii in the relativistic region close to the black hole event horizon

(Shakura and Sunyaev 1973; Pringle 1981). Relativistic effects then affect the appearance

of the spectrum from the black hole disc through Doppler, aberration, gravitational redshift

and light bending effects (Page and Thorne 1974; Cunningham 1975, 1976). The dominant

features in the emission spectrum seen by a distant observer, carrying unique information on

the structure, geometry, and dynamics of the accretion flow in the immediate vicinity of the

central black hole, provide a good tool to investigate the nature of the spacetime around the

central object (Fabian et al. 1989; Laor 1991).

Emitting flaring material within the accretion disk around a black hole is orbiting at

high velocities, close to the speed of light, in strong gravitational potential. The emission

from such flares is distorted by Doppler shifts, length contraction, time dilation, gravitational
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redshift and light bending. For a flare within the disk of the black hole, strong relativistic

effects affect every aspect of the radiation coming from the source, including its spectrum,

light-curve and image. A distant observer located at infinity will detect a time dependent

light curve to which all parts of the orbiting blob contribute. These flux contributions will

depend on the local emissivity but also on the relativistic effects and on the Doppler shift

acting at any given position. The integration method used in the code takes into account the

energy shift of the photons along the geodesics, the arrival timelags, and the lensing effect.

The combined impact of all these special and general relativistic effects was first calcu-

lated in the now seminal paper of Cunningham (1975), where he used a single transfer func-

tion to describe the relativistic effects. Even if such a flare is only a transient feature within

the disk, it may last sufficiently long to produce observable effects. A flare is expected to

arise naturally in accretion discs and to persist there for times longer than the orbital period

of the flow particles.

The Thesis concentrates only on time dependent information that can be extracted from

light curves. We model relativistic light curves by using ray tracing techniques in Kerr met-

ric. Due to the asymptotical flatness of Kerr spacetime, the relativistic effects are ubiquitous

and their onset could be tested observationally with sufficient spectral resolution. The direc-

tion of rotation of the black hole (and thus the direction of rotation of the flare) is arbitrarily

chosen to be counter-clockwise. Comparison between observational data and our simulated

light curves can’t be done without taking into account the relativistic effects that influence

the trajectories of the photons.

The resulting time dependent light curve can serve for diagnostics and to constrain es-

sential parameters of the accreting black hole system. The emitting region is assumed to be

either a synchrotron emitting hot spot or an expanding plasmon, both in stationary Keplerian

rotation. Most of the action occurs within a very small region, within a few tens of gravita-

tional radii from the center. In these inner regions, the relativistic effects leave their mark on

the emitted radiation. We aim to provide a better insight into a number of theoretical crucial

problems: (1) understand the Sgr A* flare variability at various timescales (2) understand

how strong gravity affects the emission from the inner accreting regions (3) disentangle the

intrinsic flaring emission from the relativistic effects and (4) determine whether the black



10 Introduction

hole is spinning and estimate its spin parameter

Chapter 2 focuses on rotating black holes generic properties and Kerr spacetime in gen-

eral, in order to later understand the relativistic behaviour of emitted light from the disk.

Chapter 3 presents a description of the numerical subroutines and techniques, the geodesic

ray-tracing code and the parameters used in the code. Chapter 4 investigates in detail how

the relativistic effects will distort the light curves and what the observer will see from dif-

ferent viewing angles, at different orbital radii and for different spins of the black hole. All

special and general relativistic effects are taken into consideration in order to isolate each

particular imprint onto the light curves. We focus on the time-dependent information that

can be extracted from light curves for a continuum emitting spot within a thin accretion disk.

The profile of the light curve is caused by the interplay of gravitational lensing, Doppler

and transverse Doppler shifts, relativistic beaming and gravitational redshifting. Chapter 5

studies Sgr A* flaring activity and the timescales involved in the observed variability. The

study of Sgr A* flares carry direct evidence of the strong gravity physics close to a massive

black hole. While the physical origin of these flares is still unknown, we attempt to search

for relativistic signatures within the overall characteristics of the light curve. Our primary

goal is to isolate each special and general relativistic effect studies in a previous chapter and

separate them from the flux modulations caused by the intrinsic flaring, interpreted as par-

ticle injection, magnetic fluctuations, synchrotron cooling and adiabatic cooling, at various

timescales. We are not concerned with resolved images of the emitting region. All neces-

sary information is extracted from unresolved light curves of unpolarised light, continuous

synchrotron emission of a hot spot or an adiabatically expanding blob, when time lags are

present.

Despite uncertainties, as long as the emission region is compact, robust predictions for

the spin and inclination of the black hole can be made, using relativistic ray-tracing methods,

allowing us to provide estimates on the properties, the viewing geometry and the physical

conditions of the Sgr A* accretion flow.



2
Rotating Black Holes

2.1 Overview

Black holes are among the most fascinating and counter-intuitive objects predicted by mod-

ern physical sciences. The existence of black holes was first postulated in the late 18th

century by Reverend John Mitchell who proposed that gravity could affect light as well as

matter. Subsequently in the very late 18th century Pierre-Simon Laplace reasoned that: ”it

is therefore possible that the greatest luminous bodies in the universe are on this account

invisible.” Both Mitchell and Laplace believed that the escape velocity, the speed necessary

to escape a star′s gravity, for a sufficiently large star would be greater than the speed of light.

However, the real foundations for black hole theory were laid by the discovery of Theory of

General Relativity by Albert Einstein.

According to General Relativity, a black hole is a region of spacetime around a collapsed

11
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mass with a gravitational field that has become so strong that nothing (including electromag-

netic radiation) can escape from its attraction, after crossing its event horizon. The problem

of such catastrophic gravitational collapse was first adressed by Chandrasekhar when he dis-

covered the upper mass limit for ideal white dwarfs, composed of a degenerate electron-gas.

The term ”black hole” was coined in 1968 by John Wheeler and has since been widely ac-

cepted as a description of these peculiar astrophysical objects.

From a mathematical point of view, classical black holes are solutions of the field equa-

tions of General Relativity. The final form of Albert Einstein′s general theory of relativity

was developed in November 1915 and within two months Karl Schwarzschild had solved

the field equations that determine the exact geometry of a non-rotating point mass. The ex-

terior Schwarzschild solution describes a static and spherically symmetric spacetime of an

electrically neutral point mass. The location of the point mass coincides with a singularity

where the curvature of spacetime diverges to infinity. For a distant observer the singularity

lies behind an event horizon located at one Schwarzschild radius. Schwarzschild black holes

are global vacuum solutions of the field equations where the stress-energy tensor vanishes.

The form of the spacetime around a rotating black hole is due to Roy Kerr (1963) who

found the exact solution to the general relativistic Einstein′s equations for the spacetime

outside the horizon of a rotating black hole. The spacetime geometry of Kerr black holes

depends on two parameters only, the black hole mass and spin. The source for a stationary

and axisymmetric gravitational field is a mass shielded by two event horizons forming a ring

singularity.

The Kerr solution is indeed a practical, realistic and accurate solution to be used in as-

trophysics as Schwarzschild solution is both static (highly unlikely in astrophysical context,

as long as a black hole forms through the gravitational collapse of a rotating body) and point

mass (could work in approximation, for very low spins, but not accurately as the metric form

completely changes).

The Schwarzschild and Kerr metrics represent solutions of Einstein’s equations relevant

for astrophysical black holes which are assumed to be electrically neutral. Nevertheless, they

can be further generalised by taking of the electric charge into the consideration. The cor-

responding solutions are Reissner-Nordström metric for a non-rotating charged black hole,
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and Kerr-Newman metric for a rotating charged black hole, respectively. Besides the mass,

angular momentum and electric charge, black holes do not have any other parameters, which

is often called ”no-hair theorem” (this statement gets its name from a comment by John

A.Wheeler 1968). Astrophysical black holes are expected to be uncharged, therefore only

the mass and spin are important here.

2.2 Black hole properties

Several characteristic radii can be defined around black holes, and the most important are:

1. Schwarzschild radius RS , representing the limiting radius below which a collapsed

mass form a spherically symmetric non-rotating black hole, where G is the gravitational

constant and c is the speed of light;

2. gravitational radius Rg (being a half of RS and usually used as a unit for distance

around a black hole);

3. radius of event horizon Rh (representing space-time boundary below which events

cannot affect an outside observer); and

4. radius of marginally stable orbit Rms (representing the minimum allowed radius of a

stable circular equatorial orbit around a black hole).

Black holes in nature are classified according to their masses as: supermassive black

holes (with masses MBH ∼ 105 − 1010 M⊙), intermediate-mass black holes (MBH ∼ 102 −

105 M⊙), stellar-mass black holes (MBH < 102 M⊙), mini and micro black holes (MBH ≪

M⊙). A crucial event for the acceptance of black holes was the discovery of pulsars, as a clear

evidence for the existence of neutron stars, therefore, as a confirmation of Chandrasekhar

limit. The first identification of a stellar mass black hole came in 1972, when the mass of the

rapidly variable X-ray source Cygnus X-1 was proven to be above the maximum allowed for

a neutron star.

The first exact solution of Einstein’s equations describing a black hole for a point mass

assuming spherical symmetry is Schwarzschild solution. The radius of the event horizon is

accordingly called Schwarzschild radius:

rs = 2rg =
2GM

c2 , (2.1)
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where rg is the gravitational radius which is equivalent to the mass if the geometrised units

with c = G = 1 are used. The Schwarzschild metric in Schwarzschild coordinates is:

ds2 = −
(
1 − rs

r

)
dt2 +

1(
1 − rs

r

)dr2 + r2dΩ2, (2.2)

where dΩ2 ≡ dθ2 + sin2 θ dφ2, t is the time measured by an observer at infinity at rest, r is

the radial coordinate, θ is the latitude, and φ is the azimuthal angle.

2.3 Kerr spacetime

General Relativity tells us that mass causes gravitational redshift effects i.e. the strong pull of

gravity shifts radiation emitted near masses towards the red spectral range and the intensity

is reduced, too. This is mathematically included in the general relativistic Doppler factor or

g–factor for short hereafter. The g–factor is a measure for both, energy shift of emission and

suppression or enhancement of intensity as compared to the emitter’s rest frame. g is gener-

ally a function of the velocity field of the emitter (as measured in a suitable observer’s frame

e.g. the zero angular momentum observer, ZAMO), the curved space–time (represented by

metric coefficients), and constants of motion of the photon as discovered by Carter.

Kerr black holes belong to the stationary axially symmetric vacuum solutions family and

it is depicted by two physical parameters, the mass M and the specific angular momentum a.

In Boyer–Lindquist form, a Kerr black hole is defined by a line element

ds2 = −α2dt2 + ω̃2(dϕ − ωdt)2 + ρ2/∆ dr2 + ρ2dθ2, (2.3)

with the lapse for rotating black holes

α =
ρ
√
∆

Σ
. (2.4)



2.3 Kerr spacetime 15

Other metric functions satisfy

∆ = r2 − 2Mr + a2, (2.5)

ρ2 = r2 + a2 cos2 θ, (2.6)

Σ2 = (r2 + a2)2 − a2∆ sin2 θ, (2.7)

ω = 2aMr/Σ2, (2.8)

ω̃ = Σ sin θ/ρ. (2.9)

One important metric coefficient is the redshift or lapse function α that measures the amount

of gravitational redshift of photons and time dilation. It holds for static black holes

αS =

√
1 − 2M

r
, (2.10)

and is known as Schwarzschild factor. In a good approximation, any slowly rotating mass

may be described by this factor. A classical black hole horizon satisfies ∆ = 0 and conse-

quently αS = α = 0. Since g ∝ α, the redshift influences any emission of electromagnetic

radiation in the vicinity of a black hole. The observed intensity of radiation satisfies Fobs
ν ∝ g3

so that spectral flux is strongly reduced as the emitter approaches to the event horizon. For

a static Schwarzschild black hole, a = 0, there is only one event horizon located at the

Schwarzschild radius, RS = 2M. Kerr black holes posses two horizons with

r±H = M ±
√

M2 − a2, (2.11)

where r+H is the outer horizon and r−H the inner horizon or Cauchy horizon. The inner Cauchy

horizon can only be intersected once, being a one–way ticket towards the curvature singu-

larity. Because of the cosmic censorship conjecture (R. Penrose, 1969), the true singularity

remains hidden by the two horizons. The radius of the outer horizon is given by:

r+/M = 1 +
(
1 − a2/M2

)1/2
. (2.12)

The conversion factor from the angular momentum Jphys (in physical units) to the angular

momentum J (in geometrical units, cm2) is: J = (G/c3)Jphys. It is convenient to make all

geometrized quantities dimensionless by scaling them with the appropriate power of mass

M. The dimensionless specific angular momentum, a ≡ J/M, spans the range −1 ≤ a ≤ 1,
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where the positive/negative value refers to the motion co/counter-rotating with respect to the

φ-coordinate. We will further assume co-rotational motion only (a ≥ 0). The magnitude of

a is thought to be less than 1, in order to have a regular horizon and avoid the case of naked

singularity.

The equations for photon trajectories in the Kerr metric were derived by Carter (1968).

Several relativistic effects, such as light bending, gravitational and Doppler shift could be

computed by solving the equation of the photon orbits. Cunningham and Bardeen calculated

the radiation of a point source in a circular orbit in the equatorial plane around an extreme

Kerr metric black hole. (see Cunningham and Bardeen, 1972) Bardeen (1973) studied the

effects of accretion from a disk of gas orbiting a black hole on its properties and showed

that the Kerr metric is more appropriate for describing supermassive black holes than the

Schwarzschild metric. As noted by Thorne (1974), the rotation of an astrophysical black

hole is limited by the (maximum) equilibrium value a=̇0.9982 because of the capture of

photons from the accretion disc and by magnetic torques (Krolik et al. 2005). The disk

would extend down to about 1.23 Rg, while in the case of a non-rotating black hole it could

extend down to 6 Rg.

Kerr black holes show a new feature that doesn’t exist in Schwarzschild case: rotation of

space–time or frame–dragging. The frame–dragging frequency already introduced as ω in

Eq. (2.8), parameterizes the rotation of space as seen from infinity. Approaching the black

hole, the spin steeply increases, ω ∝ r−3. Kerr black holes posses an oblate zone where the

spacetime rotation is extraordinarily strong: the ergoregion (see Figure 2.1). The outer edge

of this region, the ergosphere, may be computed according to gtt = 0 and we have

rerg(ϑ) = M +
√

M2 − a2 cos2 ϑ. (2.13)

The metric coefficient changes sign here: it is negative for r > rerg and positive for r < rerg. In

the equatorial plane, ϑ = π/2, the ergosphere lies at the Schwarzschild radius, independent

of the spin. For lower poloidal angles, the ergosphere approaches the event horizon and

coincides with it at the poles, ϑ = 0.

The natural length scale here is the gravitational radius defined by rg = GM/c2 with

Newton′s constant G and vacuum speed of light c. For one solar mass, M = M⊙ = 1.989 ×
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Figure 2.1: Architecture of static Schwarzschild (left) and rotating Kerr BHs (right).

We assume the same mass. Kerr BHs are more compact than Schwarzschild BHs. Credit: A.

Muller, 2004

1033 g, the Schwarzschild radius amounts to RS ≃ 3 km. It is convenient to use geometrized

units G = c = 1 so that length is measured in units of mass M. We measure black hole

rotation in terms of the specific angular momentum (Kerr parameter) that holds a = J/M =

GM/c. At first glance, the Kerr parameter can take any value between −M and +M but the

cases a = ±M develop a naked singularity that is forbidden. As discussed earlier, accretion

theory favours a limit of |a|max = 0.998 M.

The metric depends on two parameters, the total mass M and the angular momentum

J = Ma (we assume J ≥ 0 without loss of generality, and we use units where the velocity of

light c as well as Newton’s gravitational constant G are equal to 1). The metric is stationary

(independent of t) and axisymmetric (independent of φ). Inside the ergosphere (r+ < r < r0)

an observer must rotate in the same direction as the black hole (dφ/dt > 0). We can see the

locations of the ergosphere and the horizons in Figure 2.2.

For circular orbits of a test particle in the equatorial plane ϑ = π/2, the angular velocity

is

Ω = ±
√

M

r3/2 ± a
√

M
, (2.14)

where the upper sign represents direct orbits (co-rotating) and the lower sign for retrograde
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Outer ergosurface

Inner ergosurface

r+E = m +
√

m2 − a2 cos2 θ

r− = m −
√

m2 − a2

r−E = m −
√

m2 − a2 cos2 θ

z

y

x

Symmetry axis θ = 0, π

Outer event horizon
r+ = m +

√
m2 − a2

Inner event horizon

Ring singularity
x2 + y2 = a2 and z = 0

Ergoregion

Figure 2.2: Location of the horizons, ergosurfaces and curvature singularity in Kerr space-

time. Credit:Matt Visser, 2008

(counter-rotating) orbits. A circular orbit will exist only for r > rph. The photon orbit is

given by

rph = 2M
{

1 + cos
[
2
3

arccos
(
∓ a

M

)]}
. (2.15)

The orbits become bound at r > rmb, with the ‘marginally bound orbit’

rmb = 2M ∓ a + 2M1/2(M ∓ a)1/2. (2.16)

(Under an infinitesimal outward perturbation, a particle in an unbound orbit will escape to

infinity.)

The two limiting cases of Kerr black holes are a = 0 (J = 0), the non-rotating (Schwarz-

schild) case, and the a = M (J = M2), the extremely rotating black hole. In a = 0 case,

the event horizon is formed at by r+ = 2M (‘Schwarzschild radius’) and no ergosphere is

formed. In a = M case, one has r+ = M and the ergosphere will extend up to r0(π/2) = 2M

in the equatorial plane. The characteristic radii rph, rmb and rms discussed above are given in

Table 2.1.
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Table 2.1: The photon orbit, marginally bound orbit and marginally stable orbit for

Schwarzschild black hole and for extreme Kerr black hole. For the rotating black holes,

there are two cases: direct and retrograde orbits.

rph rmb rms

a = 0 3M 4M 6M

a = M (direct) M M M

a = M (retrograde) 4M (3 + 2
√

2)M 9M

There are three significant Kerr geometry features that are most relevant to this Thesis:

1. Event Horizon: It is a sphere of radius ∼ GM/c2 around the singularity, from within

which nothing may emerge — a one-way membrane.

2. Ergosphere: It is a region around a rotating black hole where the spacetime is dragged

along with the direction of rotation at a speed greater than the local speed of light.

3. Innermost Stable Circular Orbit (ISCO) or Marginally stable orbit: It is the small-

est orbit (r = rms) along which a free stable particle orbits around a black hole. No

stable circular motion is possible for r < rms. In Newtonian theory, orbits at any radii

were possible.

For astrophysical black holes, the black hole is an uncharged object and the gravity of the

disk is negligible. The spacetime metric gµν will be described by the Kerr metric, determined

by two parameters: total mass M∗ and total angular momentum J∗.

The Kerr metric is not dependent on time t and azimuthal angle ϕ around the symmetry
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axis. The other used coordinates are the Kerr-Schild coordinates, with the metric

gµν = ηµν + f kµ kν, ηµν = diag(−1, 1, 1, 1)

f =
2Mr3

r4 + a2z2 ,

kt = 1,

kx =
rx + ay
r2 + a2 ,

ky =
ry − ax
r2 + a2 ,

kz =
z
r
, (2.17)

with kν = (kt, kx, ky, kz) is a unit vector, and r is given by

x2 + y2

r2 + a2 +
z2

r2 = 1. (2.18)

The Kerr–Schild metric in given in the Cartesian form in order to prevent confusion with the

spherical-polar Boyer–Lindquist coordinate system. The indices {t, ϕ, r, θ} refer to the Boyer–

Lindquist coordinates. In Boyer-Lindquist form, The Kerr solution exhibits a coordinate

singularity at both horizons. The coordinate system can be easily transformed to suited

wellbehaved coordinates such as horizon adapted coordinates, like Kerr-Schild.

On the other hand, the main advantage of the Boyer–Lindquist form is that the event

horizons can be easily calculated, whereas the pathological behaviour of the standard Boyer-

Lindquist formulation can be remedied by the Kerr-Schild coordinate system, circumventing

the coordinate singularities at the horizon.

The Kerr-Schild frame represents the most simple horizon adapted frame. Another

advantage the Boyer-Lindquist coordinate system is that the parameter t can naturally be

thought of as a time coordinate, at least at large distances near spatial infinity.

The Boyer-Lindquist coordinates also minimizing the number of off-diagonal compo-

nents of the metric (there is only one off-diagonal component), making the asymptotic be-

haviour more easily understood. While Boyer-Lindquist coordinates are more helpful and

well adapted to many purposes, they are very ill-adapted to probing the coordinate singular-

ities, found in Kerr-Schild decomposition.
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2.3.1 ISCO: the Marginally Stable Orbit

The Kerr metric solution implies the presence of a radius within which the orbit of a moving

particle in the equatorial plane becomes unstable. This radius is known as the Innermost

Stable Circular Orbit (ISCO), referred to as the marginally stable orbit (rms) (Bardeen, Press

& Teukolsky 1972). Beyond the ISCO, the particles plunge into the black hole on nearly

geodesic orbits of constant energy and angular momentum. The ISCO represents the closest

orbit to the black hole, where the orbit of a particle is stable. Below this orbit, only unstable

(unbound) orbits may occur.

The basic assumption is that the accretion disc is in circular orbital motion and disc ex-

tends down to the ISCO. Most of the accretion energy is released very close to the black

hole at only a few gravitational radii enabling the effects of general relativity to be probed by

observation. Accreting gas can efficiently lose energy and angular momentum only outside

of the ISCO. The radiative behaviour of the inner disk becomes strongly dependent on the

geometry of spacetime near this region. It is very difficult to recover unambiguous infor-

mation about the main parameters, such as black hole spin, disk inclination angle or inner

disk radius. This is because the smooth, featureless tails in the light curve do not retain

enough information to break the degeneracies between the various parameters, describing

the accretion disk or its emissivity.

The ISCO depends on the spin of the black hole (see Figure 2.3) and the relative ori-

entation of the black hole angular momentum relative to the angular momentum that of the

accretion flow. rISCO ranges from r = 1 (a = 1, i.e. the case of a maximally spinning black

hole) to 6 (a = 0, a static black hole) and 9 for a = −1. The rotation limit of an astrophysical

black hole of a=̇0.9982 implies that rISCO = 1.23. The accretion process naturally causes a

black hole to spin, provided the disc angular momentum is partly aligned as the black hole

spin.

For values of the spin lower than a = 1, the radius of the marginally stable orbit will

increase (see Figure 2.4). The spin of the black hole not only determines how close the

disk can extend to the center, but also causes additional distortion due to the dragging of

the frame. The velocity field of the accreting matter is usually treated in the approximated
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Figure 2.3: Relative location of the ISCO within a black hole accretion disk for a flare in

retrograde rotation, for a non-rotating black hole and for a flare in prograde rotation. The

disk is truncated at the inner radius of the disk rin which in this case coincides with ISCO.

Credit: NASA website, JPL-Caltech, 2013

way in models of relativistic effects: it is assumed that the matter accretes in a form of a

geometrically thin accretion disk and, for prograde rotation, it is assumed that the disk rotates

in the planar plane of the black hole (cf. Bardeen & Petterson 1975 for frame dragging effects

on disks not in the equatorial plane). The accreting material is assumed to flow along circular

equatorial geodesics for r > rms, and to be in free fall for r < rms.

The inner radius of the accretion disc cannot be smaller than the ISCO. This of course

does not mean that there is no matter at radii lower than the ISCO but matter must spiral in

(see Krolik & Hawley 2002 for alternative definitions of the “edge” of the disc). The ISCO

depends on the black hole spin and on whether the disc is co– or counter–rotating with the

black hole:

rISCO = 3 + Z2 ±
[

(3 − Z1)(3 + Z1 + 2Z2)
] 1

2 (2.19)

where

Z1 = 1 + (1 − a2)
1
3 [(1 + a)

1
3 + (1 − a)

1
3 ] (2.20)

Z2 = (3a2 + Z2
1)

1
2

The – (+) sign applies to co– (counter–) rotating discs. Indeed, the decrease of the ISCO

with a (for a corotating disc) provides a method to measure the spin.
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Figure 2.4: Relation between spin a and marginally stable orbit rms. Credit: J. Svoboda,

2010

There are two types of rotation for a black hole: a prograde black hole rotates in the

same direction as its accretion disk, whereas a retrograde black hole rotates in the opposite

direction. We refer to prograde rotation, if the spot (located within the accretion disk, in

the equatorial plane) rotates in the same direction as the black hole (counter-clockwise) and

retrograde if the spot in the disk rotates in the opposite direction as the black hole. In this way,

it is possible not only to infer the black hole spin but also to find whether the Keplerian flow

is in prograde or retrograde rotation. The radius of the retrograde photon is larger because of

the rotation of the black hole. If the photon comes nearer to the black hole, then the rotation

of the spacetime geometry would force the photon to change its direction of rotation towards

the direction of rotation of the black hole. As the photon loses rotational velocity, it will

fall into the black hole. Consequently, the retrograde orbits are present further away than

prograde orbits (see Figure 2.5).

The velocity at the marginally stable orbit reaches a considerable fraction of the speed of
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Figure 2.5: Black hole spins for retrograde and prograde photons.

light c (=1) and has a similar value V(r) ≈ (0.5 − 0.6) c for any value of the spin (Figure 2.6).

For large spins, a small dip develops in the velocity profile near the horizon. Although it is an

interesting feature, its magnitude is far too small to be recognised with existing or planned

observational facilities. Despite its successes, there has not yet been a satisfactory test of

general relativity in the strong gravity limit. By their very nature, studies of black holes are

likely to provide the best opportunity for constraining strong field relativity.

Frame dragging slows down the particles orbiting in retrogrades orbits and acts in op-

position to the disk angular momentum, causing orbits to plunge in from farther out than

otherwise.(Chandrasekhar, 1983). In the case of a Kerr black hole, there are two circular

photon orbits in the equatorial plane. One is a prograde orbit moving in the same direction

as the black hole spin, while the other is the retrograde orbit moving against the black hole

(see Figure 2.7).

The motion around a black hole follows bound orbits that are never closed. There are no

perfectly circular orbits in a realistic scenario. Any eccentric orbit in either Schwarzschild

geometry or in the equatorial plane of a Kerr black hole will be planar but never closed.

Lense-Thirring precession will cause for any circular orbit that lies outside the equatorial

plane to not be planar and take the shape of an orbital ascending node. A plasma blob

that falls into the event horizon on a trajectory outside the equatorial plane would cause the

geometrically thin accretion disk to become a thick disk, symmetrically spread above and
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Figure 2.6: Orbital velocity of prograde motion near a Kerr black hole for three spins. The

thick coloured part indicates the range of radii above the marginally stable orbit, where the

circular motion is stable. The thin curve indicates an unstable region at small radii.

beneath the equatorial plane. The trajectory will eventually be confined onto the equatorial

plane and become circular. With good approximation, we generate most of our relativistic

light curves using circular orbits in the equatorial plane. We also propose a plunging scenario

of a blob in non-keplerian orbital motion, falling into the event horizon of a Kerr black hole.

Assuming purely azimuthal Keplerian motion of the spot, the orbital velocity (with respect

to a locally non-rotating observer at the radius r) is:

v(ϕ) =
r2 − 2a

√
r + a2

√
∆

(
r3/2 + a

) . (2.21)

In order to derive time and frequency as measured by a distant observer, we have to to take

into account the Lorentz factor associated with the orbital motion,

Γ =

(
r3/2 + a

) √
∆

r1/4
√

r3/2 − 3r1/2 + 2a
√

r3 + a2r + 2a2
. (2.22)

The angular velocity of orbital motion is Ω = (r3/2 + a)−1, which also determines the or-

bital period torb. The redshift factor g and the emission angle ϑ (with respect to the normal
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Figure 2.7: The orbit of a retrograde photon.(Chandrasekhar, 1983)

direction to the disc) will be

g =
C

B − r−3/2ξ
, ϑ = arccos

g
√
η

r
, (2.23)

where B = 1 + ar−3/2, C = 1 − 3r−1 + 2ar−3/2; ξ and η are constants of motion for with

the photon path in an axially symmetric and stationary spacetime. In the numerical code, the

velocity is calculated in special Kerr ingoing coordinates (Kerr-Schild form), non-singular on

the horizon. In approximation, the orbital period formula for a = 0 is accurate enough also

in the case of a spinning black hole, provided that r is not very small. For instance, even for

r = 6 (the last stable orbit in Schwarzschild metric), Torb(rms) calculated for a static and for a

maximally rotating (a = 1) black hole differ by about 7%. The relative difference decreases,

almost linearly, down to about 1% at r = 20. The orbital period may be used in this case

to estimate the black hole mass even if the angular momentum is unknown (deviations are

relevant only for r < 6, when the radius can be used to constrain the allowed range of a).



3
Ray-Tracing in Kerr geometry

In order to analyze relativistic light curves from a localized emitting spot integrated over the

surface of an accretion disk, we propose a review of the ray-tracing method in Kerr metric.

We describe the principles of geodesic ray tracing and derive the observed photon flux from

the black hole disk.

We use a generalized scheme and a code that requires the use of the standard X-ray

spectral fitting package xspec (Arnaud, 1996). To explore the relativistic effects from the

disc, a modified subroutine of the Karas-Yaqoob (KY) numerical code is employed (using

the NASA X-Ray Spectral Fitting XSPEC Package). We adapted an existing Fortran 77

numerical code to work for broad band continuum instead of line profiles and to allow in-

trinsic variation of the source. The code was modified in order to integrate the expanding

plasmon model, a plunging blob model, a simple particle injection model and to allow for

intrinsic emmisivity of a synchrotron (continuum) emitting blob. The calculations are based

27
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on a modified KY code (Dovciak, Karas, Yaqoob, 2004) for a single spot orbiting close to

the corresponding last stable orbit. All special and general relativistic effects (the relativistic

beaming, redshifts and blue-shifts, lensing effect, photon time delays) for unpolarized syn-

chrotron emission near a Schwarzschild and Kerr black hole are all taken into consideration.

The light curves are plotted in proper time and therefore can model realistic time de-

pendent profiles of the continuum radiation expected to be emitted by an SMBH. The code

produces light curves of from a synchrotron-emitting blob of plasma. For simplicity reasons,

the mapping between the rest frame emission and that seen by a distant observer is called

Transfer function. Each relativistic effect has been computed for light rays emitted from the

equatorial plane of the Kerr black hole and received by an observer at infinity and is stored in

a separate transfer function. The transfer function includes all relativistic effects into a single

function that describes the overall influence of the gravitational field on light rays emerging

from the disc.

The transfer functions amplify the flux in some regions within the disk whereas in other

areas it suppresses the emission. The code subroutine employs pre-stored data tables to look

up and interpolate the relevant effects:(i) the Doppler shift of the photons and gravitational

redshift effect, (ii) relative delay of their arrival time, (iii) magnification of radiation (gravi-

tational lensing effect) in Kerr metric. Due to the relativistic effects and a non-axisymmetric

compact emission, the impact on the light curve is asymmetric and can be used to constrain

the inclination angle of the disk and the spin of the black hole, together with other emissivity

parameters.

The modified code produces light amplification curves for each individual flare in kep-

lerian orbit around the black hole, including all special and general relativistic effects. We

adopt a geometrically thin and optically thick accretion disc model and we point out that

general relativity effects play an important role if the configuration is sufficiently dense in a

limited region, typically a few tens of gravitational radii. Calculation of the bending of light,

rotational frame dragging or lensing requires the integration along photon rays (Broderick

and Blandford 2006). In order to calculate the final spectrum that an observer at infinity

measures when local emission from the accretion disc is given, one must first specify the

intrinsic emissivity in frame co-moving with the disc medium and then perform transfer of
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photons to a distant observer.

Cunningham and Bardeen (1973) analyzed light curves of a point-like source of light or-

biting in the equatorial plane of a Kerr black hole. They adopted approximations of geomet-

rical optics and presented a detailed study of periodic variations of the observed frequency-

integrated observed flux. Origin of the variability was twofold: (i) energy of individual

photons is affected by the Doppler effect (special relativity effect), and (ii) photon trajec-

tories are influenced by the gravitational field of the central black hole (general relativistic

effect).

The photons (null geodesics) that connect the emission from the disc with the observer

can only be found by computing the full general relativistic light travel paths which connect

the disc to the observer. These null geodesics are given by solutions of the geodesic equations

(Carter 1968; Misner, Thorne & Wheeler 1973; Chandrasekhar 1983), which can be obtained

numerically (e.g. Karas, Vokrouhlicky Polnarev 1992), but can also be given in terms of

analytic functions (Rauch & Blandford 1994; Agol 1997; Cadez, Fanton & Calvani 1998),

which enable them to be solved quickly and with arbitrary accuracy.

The first calculation of the spectrum of matter accreting onto a Kerr black hole was

done by Cunningham (1975). His results, however, do not have the form suitable for data

analysis, as they are tabulated only for a few values of the relevant parameters. So far, the

most efficient procedure for the data analysis comes from the concept of the photon transfer

function, which is constructed by calculating the trajectories of a large number of photons

(e.g., Laor 1991).

3.1 Imaging an Accretion Disk

General relativistic radiative transfer can be applied to accreting systems in two ways. Cun-

ningham (1975) packaged all relativistic effects for optically thick, geometrically thin disks

into a single transfer function to follow from local emitted flux on the equatorial plane to the

observer located at infinity, ignoring all trajectories that recross the plane. Luminet (1979)

used a relation between the impact parameters at infinity and constants of the motion to shoot

photon rays backwards in time from an observer’s photographic plate located at infinity to
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the black hole.

Numerical simulation of Kerr null geodesics is computationally expensive in certain ap-

plications. Rauch and Blandford (1994) found a method for computing null geodesics in the

Kerr metric semi-analytically using the Hamilton-Jacobi formulation of the equations of mo-

tion and used it to study the primary caustic. Fanton et al. 1997 used a fast analytic version

for creating line profiles and accretion disk images. Falcke et al., 1994 used it along with a

simple model for the Galactic center black hole to create images of the accretion flow. All of

this work used Legendre’s formulation of elliptic integrals and treated the ϕ and t coordinates

numerically, if at all. Other approaches have been applied to the study of emission lines and

spectra from AGN accretion disks and tori as well as their quasi-periodic oscillations. Noble

(2006) has generated images of the galactic center black hole Sagittarius A* (Sgr A*) us-

ing axisymmetric general relativistic MHD simulations and Broderick and Loeb studied the

frequency dependence of Sgr A* position (Broderick and Loeb, 2005).

De Felice, Nobili and Calvani (1974) have computed radiation from matter moving

around a black hole in different approximations and parameter space. Cunningham (1975)

studied the combined effects of Doppler shifts and gravitational lensing on X-ray emission

from an accretion disc. He introduced a concept of a transfer function that includes all rel-

ativistic effects and describes the overall influence of the gravitational field on photon rays

emerging from the disc. He also studied the self-irradiation of the disc and its impact on the

disc emission (Cunningham, 1976). Since then numerous authors have investigated emission

from disc (line, blackbody, reflected, etc.) in strong gravity. When full spectral resolution is

not available, power spectra of light curves provide partial information on the emission from

accretion discs.

Several methods have been used to calculate the emission profiles from accretion disks

around black holes. The methods can be roughly divided into three categories. The first

method uses a transfer function to map the image of the accretion disk onto a sky plane

(Cunningham 1975, 1976). It is Keplerian and geometrically thin, but optically thick and re-

siding in the equatorial plane. The spacetime metric around a black hole is firstly specified,

and the energy shift of the emission (photons) from each point on the disk surface is calcu-

lated. The line profile expected for an accretion disk orbiting a non-spinning Schwarzschild
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black hole was described by Fabian et al. (1989); the maximal spin Kerr case was described

by Laor (1991). It was not until 2004 that models became available that included spin as

a parameter. Such models have been developed and implemented into XSPEC by Dovciak,

Karas and Yaqoob (2004), Beckwith and Done (2004), and Brenneman and Reynolds (2006).

These authors used several methods for computing the transfer of photons from the accretion

disc to the observer located far away from the central black hole. Some of them assumed the

black hole to be non-rotating, others performed their calculations for a rotating Kerr black

hole. Karas (1994) has explored a substantially more complex case when self-gravity of the

disc is not neglected. Schnittman developed a geodesic hot spot model to explain the fre-

quency commensurabilities seen in the quasi periodic power spectra of various micro-quasars

and binary black holes. The results of his model are based on a fully relativistic ray-tracing

framework.

The specific intensity at each point in the sky plane is determined from the energy shift

and the corresponding specific intensity at the disk surface, using the Lorentz-invariant prop-

erty. The transfer-function formulation (Cunningham 1975, 1976) has been applied to line

calculations in settings ranging from thin accretion rings (e.g. Gerbal and Pelat 1981) and

accretion disks around Schwarzschild (e.g. Laor 1991) and rotating (Kerr) black holes (e.g.

Bromley et al. 1997). The second method makes use of the impact parameter of photon or-

bits around Schwarzschild black holes (e.g. Fabian et al. 1989; Stella 1990; Kojima 1991).

The transfer function is described in terms of elliptical functions, which are derived semi-

analytically. The Jacobian of the transformation from the accretion disk to sky plane is,

however, determined numerically via infinitesimal variations of the impact parameter (Bao

1992). This method can be generalized to the case of rotating black holes by using addi-

tional constants of motion (Viergutz 1993; Bao et al. 1994; Fanton et al. 1997; Cadez et al.

1998). The third method simply considers direct integration of the geodesics to determine

the photon trajectories and energy shifts (Dabrowski et al. 1997; Pariev and Bromley 1998;

Reynolds et al. 1999).

Let us begin with a construction of a simple image of the accretion disk, as seen by on

observer at infinity. We will later consider a localized source in the accretion disk, that will

be the emitting source for all our time dependent emissivity models. We present a general
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formulation for ray-tracing in Kerr space-time. The trajectory of a photon in the Kerr metric

can be described using 3 constants of motion (Misner, Thorne, & Wheeler 1970),

E = −pt , L = −pϕ ,

Q = p2
θ − a2E2 cos2 θ + L2 cot2 θ ,

(3.1)

with r, θ, ϕ and t are the Boyer–Lindquist coordinates, p is the four-momentum and a =

J/M is the angular momentum in units of black hole mass. We use natural units such that

G = c = 1. In order to eliminate the inflection points along a trajectory, we solve the three

second-order geodesic equations, for r(t), θ(t) and ϕ(t).

d2xi

dt2 = −Γ
i
µν

dxµ

dt
dxν

dt
+ Γ0

µν

dxµ

dt
dxν

dt
dxi

dt
(3.2)

Here, the Γ’s are connection coefficients; Latin indices take the values 1,2,3 (with x1, x2 and

x3 representing r, θ and ϕ, respectively) and Greek indices range from 1 to 4; repeated Greek

indices denotes summation.

To obtain an image of an accretion disk as seen by a distant observer we integrate the

geodesic equations (3.2) to follow trajectories of photons which propagate from a uniform

Cartesian grid of points in the observer’s sky plane to the accretion disk. The uniform grid

may be associated with the field imaged by pixels of a CCD detector.

The integration of equations (3.2) occurs in three steps. First, we determine the initial-

value data, i.e., the phase-space location of the photons; the starting points of the trajectories

are located at a large distance from the black hole. In the second stage, we integrate the

equations from t = 0 until the photon just crossed the plane of the disk. An adaptive step

4th-order Runge–Kutta method is used to calculate the trajectory. In the last step, we use a

golden selection search to determine the spacetime intersection of the photon and the disk

with high accuracy. We discard the photons intercepted by the black hole (determined by an

inner cut-off radius) or miss the accretion disk. We save the Boyer-Lindquist coordinate of

the photon-disk intersection, the flight time in the observer frame and the frequency shift for

each pixel.

Figure 3.1 shows the image of a geometrically thin accretion disk around an extremely

rotating black hole (a = M) with the inner and outer radii at 1.25Rg and 10Rg, respectively.

The disk is viewed at 75◦ with respect to the polar axis. The colors show the frequency shift
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Figure 3.1: A geometrically thin and optically thick disk around a maximally-rotating black

hole of mass M. The inner radius and outer radius are at 1.25M and 10M. The disk is viewed

at a 75◦ inclination angle. The color map shows the ratio of observed frequency to emitted

frequency, with the blue shaded bands representing the blueshift and the red indicating the

redshift. The white patch represents the zero frequency shift contour. Credit: B Bromley,

1997

of emitted photons caused by the Doppler and gravitational redshift effects. We can see the

gravitational re-focus effect of photons emitted from the far side of the disk, causing the far

side of the disk to appear bent towards the distant observer. The relativistic effect of frame

dragging is also shown in the shape of disk and the asymmetry of the frequency shift along

the contours of the fixed radius between the near and far sides of the accretion disk.

Photons have an equivalent to the ISCO for massive particles, the circular photon orbit.

This orbit represents the boundary between photons that are bound and unbound to the grav-

itational pull of the black hole. Inside of this circular photon orbit, only particles from the

front side of the disk will emit photons that reach the observer. Unless the disk is opaque,

when the photosphere being placed in front of the black hole, this will produce a shadow at

the circular photon orbit, where regions outside of the projection of the photon orbit at infin-

ity appear brighter than the regions inside it. The combination of maximum path lengths at
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the photon orbit together with the emission peaking near the black hole produce bright rings

in these regions. The black hole shadow is a consequence of the circular photon orbit and a

prediction of the presence of an event horizon (Bardeen, 1973; Broderick and Loeb, 2009).

3.2 Photon trajectories in Kerr spacetime

The motion of a photon follows the null geodesic equation ∇p · p = 0, where p is the 4-

momentum of the photon and ∇p is the directional derivative operator along p . This is a set

of second-order ordinary differential equations, which may be solved by the Runge-Kutta

method with known initial position and momentum of the photon. We also note that in

Kerr spacetime, the constants of motion include the energy of the photon E, the angular

momentum along the spin axis Lz, and the norm of the 4-momentum δ) and solve the photon

trajectory in the equatorial plane by the Lagrangian approach.

For a general null geodesic in Kerr spacetime, Carter (1968) has proven the separabil-

ity of the Hamilton-Jacobi equation and found another constant of motion (i.e. the Carter

constant Q). If we take the partial derivatives of the Hamilton’s principle function

S =
1
2
δλ − Et + Lzϕ +

∫ r √R(r)
∆

dr +
∫ θ √

Θ(θ)dθ , (3.3)

with respect to E, Lz, δ, and Q then set them to zero, we obtain the equations of motion of

the photons. We find that the equation governing the motion of the photon (δ = 0) in r and θ

is ∫ r dr√
R(r, ξ, η)

=

∫ θ dθ√
Θ(θ, ξ, η)

= P , (3.4)

where

R(r, ξ, η) = r4 +
(
a2 − ξ2 − η

)
r2 + 2M

(
η + (ξ − a)2

)
r − a2η , (3.5)

Θ(θ, ξ, η) = η + a2 cos2 θ − ξ2 cot2 θ , (3.6)

and P is the parameter along the photon trajectory. e used two impact parameters ξ = Lz/E

and η = Q/E2. The equations of motion for other coordinate systems (including the affine
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parameter λ) are described as combinations of the integrals about r and θ

λ =

∫ r r2dr√
R(r, ξ, η)

+

∫ θ a2 cos2 θdθ√
Θ(θ, ξ, η)

, (3.7)

t = Eλ + 2M
∫ r

r
(
Er2 − aLz + a2E

) dr

∆
√

R(r, ξ, η)
, (3.8)

ϕ = a
∫ r (

(r2 + a2)E − aLz

) dr

∆
√

R(r, ξ, η)
+

∫ θ (
Lz csc2 θ − aE

) dθ√
Θ(θ, ξ, η)

. (3.9)

The upper and lower limits in the integrals about r and θ are related to the turning points of

the photon trajectories which are roots of quartic Eqs. 3.5 and 3.6 but with different choices

of the impact parameters. 3.9 are elliptical integrals, that can be reduced to Carlson’s (1977)

standard forms.

The covariant components of the 4-momentum of photon can be written

pµ =
(
pt, pr, pθ, pϕ

)
=

(
−E, ± E

√
R/∆, ± E

√
Θ, Lz

)
, (3.10)

with the signs in pr and pθ determined by the initial values. The impact parameters ξ and η

are associated with the angular parameters α (perpendicular to the projection of the spin axis

in the observer’s plane) and β (parallel to the projection) of the image seen by an observer

located at infinity receiving photons from different points of the disk:

α = (rp(ϕ)/p(t))r→∞ = −ξ/ sin θ0 , (3.11)

β = (rp(θ)/p(t))r→∞ = (η2 + a2 cos2 θ0 − ξ2 cot2 θ0)1/2 , (3.12)

where p(α) is the tetrad components of the photon 4-momentum, θ0 is the inclination of the

observer with respect to the black hole spin axis.

3.3 Principles of Geodesic Ray tracing

The initial conditions for a photon geodesic are described in the local orthonormal frame

of a “Zero Angular Momentum Observer” (ZAMO). The spatial axes are aligned with the

coordinate axes while the time axis is is orthogonal.
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Far away from the black hole, the spacetime is nearly flat and the Euclidean geometry

will describe the spatial direction of the photon nîeî, from which the initial momentum in the

coordinate basis is derived:

pt = −Eobs(ωϖnϕ̂ + α) (3.13a)

pr = Eobs

√
ρ2

∆
nr̂ (3.13b)

pθ = Eobs

√
ρ2 nθ̂ (3.13c)

pϕ = Eobs

√
ϖ2 nϕ̂, (3.13d)

where the photon energy is measured by a distant ZAMO with Eobs.

The photon trajectories are integrated backwards in time from the image plane oriented

at some inclination i with respect to the axis of rotation. A photon path is integrated from the

intersection with the center of a pixel in the detector grid to the point of origin on a thin disk

around a black hole. The accretion disk is actually confined to a finite region with angular

thickness ∆θ, which is oriented normal to the black hole rotation axis. The photon trajectory

will end either at the event horizon or pass through the surfaces of colatitude (θ = const).

As the trajectories can pass through the disk, the photon’s position and momentum (xµ, pµ)

can be recorded at each plane intersection, to be able to construct the image of the disk. The

method is identical in form to the forward integration from the photon origin on the disk to

the detector, but more computationally efficient. Each photon is assumed, with accuracy, to

approach the detector camera from a direction normal to the detector plane.

In order to trace the trajectory of a photon and consequently compute the observed flux,

the local flux is considered to be emitted from the surface of the disc where the conditions of

integration are initially set. If we integrate all flux contributions over a fine mesh on the disc

surface, the emission originating in the disk, arriving at the observer within a solid angle can

be calculated at the infinity in the observer’s plane.

For an infinitely thin disk (∆θ → 0), the image plane maps onto the source plane and in



3.3 Principles of Geodesic Ray tracing 37

pseudo-Cartesian coordinates:

x =
√

r2 + a2 cos ϕ (3.14a)

y =
√

r2 + a2 sin ϕ. (3.14b)

For i > 0◦, as the photon rays are deflected by the black hole, they tend to be focused on the

far side, exhibiting a strong magnification by mapping a large area in the image plane onto a

small area of the source plane. For a flat disk geometry, the photon rays are not allowed to

pass through the plane defined by θ = 0, so we are not able to see multiple images of sources

behind the black hole.

For a sufficiently high inclination and spin values, single points in the equatorial plane

may be mapped to different regions in the image plane, obtaining multiple images of different

regions of the disk.

Considering the entire disk, we can integrate an entire collection of mass elements mov-

ing along geodesic orbits and emitting isotropic light with energy Eem in the emitter’s rest

frame. For a photon with 4-momentum pµ(xem) that intersects a particle trajectory with the

4-velocity vµ(xem), the redshift as seen by the observer is defined

Eobs

Eem
=

pµ(xobs)vµ(xobs)
pµ(xem)vµ(xem)

, (3.15)

where for a distant observer at r → ∞, we take vµ(xobs) = [1, 0, 0, 0].

We consider radiation coming from a limited area of the disk, corresponding to the emis-

sion region responsible for flaring emission. Assuming zero opacity of the source, when

calculating the emission from a flat, steady-state disk, the equatorial plane is taken to be to-

tally opaque so that rays cannot curve around and see the “underside” of the accretion disk.

The collection of incident photons can be summed to obtain the light curve.

Starting at a distant observer, a collection of photon trajectories are integrated backwards

in time to a fixed coordinate grid surrounding the black hole. With the spacetime position and

momentum recorded at each point in the computational grid, time-dependent light curves of

the dynamic spot are generated. There are two steps in backwards ray tracing. Firstly,

the photon trajectories associated to a camera coordinate grid are computed. Secondly, the
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relativistic radiative transfer equation is solved for each photon trajectory, using an emission

model. The camera is located at a very large distance from the black hole, in such a way that

the light bending effect is negligible at the observer. The camera coordinates are related to the

constants of motion in Kerr metric and use corresponding impact parameters perpendicular

and parallel to the black hole spin axis respectively.

Given the ray-tracing map from the accretion disk to the image plane, with each pho-

ton bundle labelled with a distinct 4-momentum and time delay, we can reconstruct time-

dependent images of the disk based on time-varying emission models.

3.4 Kerr Black Hole Ray Tracer

We use the modified KY code as a ray-tracer to generate time-dependent profiles of contin-

uum emission from the black hole disk. The integration of photon trajectories is performed

twice, both forward and backward in time, in order to compute relativistic path trajectories

of the photons. All relativistic effects are pre-calculated, using forward integration subrou-

tines (Dovciak et. al. 2004), all present in FITS files. We modify only backward integration

subroutines, that describe the local emission from a spot around the black hole and use the

existing pre-calculated relativistic effects. All dynamical ray-tracing computations are done

using photons emitted from the initial point within the accretion disk and reach the observer

at infinity.

The Kerr Black Hole Ray Tracer maps emitting points in the equatorial plane of a Kerr

black hole to points on the observers screen. Spectral flux of continuum emission is com-

puted by numerical integration over the solid angle subtended by the screen. All relativistic

effects such as gravitational redshift, beaming and lensing are accounted for. The complete

solver will be presented later. The final formulation will take full account of all special and

general relativistic effects in the photon transport and the relative motion of the emitting

source. In our models the continuum emission profile originate from a thin accretion disk,

the motion of the emitter in the disk being determined by the gravity and spin of the black

hole as well as the space-time structure near the black hole.

The model is based on pre-calculated tables and thus the geodesics do not need to be
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calculated each time one integrates the emission. The ray tracing method is shown in Fig-

ure 3.2. In general, the disk emissivity (or a non-axisymmetric area in the disk, in our case a

blob) is the quantity that has to be folded into the flux integral to evaluate the observed flux

from accretion disks.

We consider cases where disk material is either in a stable circular orbit (Keplerian in

a relativistic sense), or, if within the marginally stable circular orbit at ISCO, it is assumed

to be in free fall onto the black hole, with energy and angular momentum corresponding to

the marginally stable orbit (see Cunningham 1975; also Reynolds and Begelman 1997). All

material, whether in circular orbit or in free fall, is taken to lie in a slab whose thickness

is small everywhere compared to the distance to the black hole (lying in thin disk). The

information contained in the continuum emission profile is rich but the parameter space for

the models is also fairly large.

The model parameters and light curve characteristics depend on disk radii, emissivity pa-

rameters of the source, observed inclination angle of the disk, orbital period, spin parameter

of the black hole. If the black hole is rotating, we assume that the disk lies in the equatorial

plane of the black hole and that the disk is corotating. This last assumption is justified by

the Bardeen-Petterson (1975) effect which causes a viscous disk to stabilize in the equatorial

plane of the rotating hole. With these specifications for the relativistic accretion disk system

we proceed to calculate quantities relevant to our study. On the other hand, the source can co-

rorate or counter-rotate relative to the spin direction. We study both prograde and retrograde

motion of the plasmon around the black hole. Of all of these parameters, perhaps the most

problematic is the disk emissivity. We assume a number of emission models, stationary and

non-stationary. As a radiation mechanism, we will use an adiabatically expanding uniform

blob of relativistic electrons that moves in a Keplerian orbit around the spinning black hole.

The observed radiation flux from a spot in an accretion disc is obtained by integrating

the intrinsic emission over the entire spot, weighted by the transfer function T (re, φe, θo, a)

determining the impact of relativistic energy change (Doppler and gravitational) as well as

the lensing effect for a distant observer directed along the inclination angle θo:

Fobs (θo, a, Eo) =
∫

T (re, φe, θo, a) I(re, Ee) dg re dre, (3.16)
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Figure 3.2: Schematic illustration of the ray-tracing method in the Kerr metric, showing

a photon ray emitted from a radius in the accretion disk in Kerr coordinates and observed

at a point of coordinates α, β on the disk image in the observer’s reference frame. Image

Credit: Jovanović & Popović, Copyright: Black Holes and Galaxy Formation, Nova Science

Publishers Inc, Hauppauge NY, USA, 249-294 (2009).

where the index ‘e’ denotes quantities related to the disc and ‘o’ observed quantities. The

integration is carried out over all possible values of the frequency shift g. The quantity

Fobs (θo, a, Eo) is given by the integrated flux per energy bin. The integration can be carried

out over the coordinates where the g-factor is computed at each place. We introduce the

quantity I as the specific intensity, given by eq. (3.21). and the transfer functions given

by G1 ≡ g3 and G2 = g2µeℓ. The relation for G2 may be found from the transformation

relation between the α, β coordinates and the Boyer-Lindquist coordinates of the disc r,φ.

The relationship between the image plane coordinates and the local flux, expressed in Boyer-

Lindquist coordinates is:

dα dβ
r dr dφ

=
dS o

dS ⊥loc

×
dS ⊥loc

dS loc
× dS loc

dS
=
ℓ µe

g
, (3.17)

where S o is the observed element surface (i. e. in the detector frame), S loc is the local element

surface of the disc, and ℓ ≡ dS o
dS⊥loc

is the lensing factor defined as the ratio of the cross-section

of the flux tube at the detector to the cross-section of the same flux tube at the disc. Using

eqs. (3.19)–(3.17): G2 = g2µeℓ. In order to include the transfer function explicitly, we write
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the observed flux at a particular frequency ν from an accretion disk as a function of specific

intensity and frequency of a photon located at the radial location re:

F(ν) =
∫

dΩ
∫

dνeT (ν, νe, re)I(νe, re) (
ν

νe
)3 , (3.18)

where I is the specific intensity which is a function of the frequency νe of the emitted pho-

ton and the radial location re of the emitting material on the disk. The transfer function T

determines the fraction of locally emitted energy that is ultimately detected by the observer

at frequency ν. In addition to the intrinsic disk quantities νe and re, this function depends on

the observed frequency, the inclination angle of the disk as given by the angle cosine µ, and

the distance d between source and observer.

There are two possibilities how the observed flux is expressed:

1. in detector coordinates α, β:

Fobs (θo, a, Eo) =
∫

G1(re, φe, θo, a) I(re, Ee) dα dβ, (3.19)

2. in Boyer-Lindquist coordinates of the disc r, φ:

Fobs (θo, a, Eo) =
∫ 2π

0

∫ rout

rin

G2(re, φe, θo, a) I(re, Ee) re dre dφe, (3.20)

where G1(re, φe, θo, a) and G2(re, φe, θo, a) are the previously introduced transfer functions.

The integration over dΩ, an element of solid angle, covers the image of the disk in the

observer’s sky plane. The factor (ν/νe)3 arises because Iν/ν3 = Iνe/νe
3 is an invariant from

one observer to another, and from one event to another, along the entire trajectory of the

photon. This invariant results from the principle of conservation of photons in a flux tube

together with conservation of volume in phase space (Liouville’s theorem holds in curved

spacetime). Indeed, Iν/ν3 is equal, up to a power of Planck’s constant, to the photon phase-

space density.

We allow a to vary independently, in which case the horizon radius, rh(a) ≡ 1+
√

1 − a2,

has to be, and indeed is, updated at each step of the procedure.
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3.5 Photon flux from the black hole disc

In order to study the relativistic effects from emitting light from a Kerr black hole, it is nec-

essary to compute the photon flux from a local proper area in the disc reaching the detector

within a given solid angle and being measured in the rest frame co-moving with the disc.

The flux contributions will be integrated over a mesh grid on the disc surface. The specific

intensity I is defined as energy emitted at some given frequency ν into the element of solid

angle Ω in unit of time t:

I =
dNhν

dtdνdΩ
, (3.21)

where N is the total number of photons. The value of the intensity detected by an observer

depends on the frequency shift of the emitted radiation. This relation may be derived from the

Liouville’s theorem which states that the phase-space volume Γ is invariant to the canonical

transformations representing the time evolution of the system:∫
Γ

dn p dnq = C, (3.22)

where n is the dimension, q expresses coordinates and p the conjugated momenta. In our

application, the Liouville’s theorem states that the phase-space density:

n =
dN
Γ
, (3.23)

is a constant of the Lorentz transformation. The element of the phase-space volume is de-

pendent on the proper area S in the disc from where the emission originates:

Γ = d3 pd3x = 4πp2dpdΩcdS dt. (3.24)

Thus,

n =
dN

4πp2dpdΩcdSdt
. (3.25)

Substituting from (eq. 3.25) into (eq. 3.21) and using p = hν
c :

I(ν) =
4πh4cdS nν3

c3 , (3.26)

and so
I
ν3 = const. (3.27)
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Therefore we have
Iobs

Iem
=
νobs

3

νem
3 = g3. (3.28)

This fact implies that the radiation from matter approaching the observer (blueshift) is

boosted while the radiation from a matter receding from the observer (redshift) is diminished.

The level of the intensity amplification (respectively diminution) depends on the values of

the line-of-sight velocity.

The emission profile produced by the hot spot within the disk around a black hole is

influenced by the Doppler shift, gravitational red-shift, beaming effect, and gravitational

lensing effect. The changing of photon energy along a bundle of photon trajectories (geodesic

congruence) can be characterized by the ratio g of the energy Eobs measured by a local inertial

(rest) observer at asymptotic infinity to the emitted energy Eem measured by an observer co-

moving with the plasma element on the accretion disk,

g =
Eobs

Eem
=

(uµpµ)obs

(uµpµ)em
= (1 + z)−1 , (3.29)

where z ≡ (λobs − λem)/λem is the redshift as usually defined, uµ in the denominator and

numerator are the four-velocity of the emitting plasma element and the observer at infinity

respectively, and pµ is the four-momentum of the photon which propagates from the plasma

element to the observer along a null geodesic. The total observed flux Fobs is determined by

integrating the specific flux dFobs over all the plasma elements on the accreting disk. The

specific flux dFobs(Eobs) at observed energy Eobs can be expressed as:

dFobs(Eobs) = Iobs(Eobs)dΩobs , (3.30)

where Iobs is the observed specific intensity and dΩobs is the observed solid angle subtended

by each plasma element. Using Liouville’s theorem

Iobs/ν
3
obs = Iem/ν

3
em (3.31)

we find

Iobs = Iemν
3
obs/ν

3
em = Iemg3 = Iem(1 + z)−3 . (3.32)

And the observed solid angle dΩobs is naturally the size of the pixels in the observer’s screen.
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We trace every null geodesic from the observer’s screen backwards towards the central

black hole and search for the interactions of the trajectories with the surface of the disk.

The shadowing from the observer due to the warping of the disk is taken into account. We

calculate the observed flux dFobs from each plasma element, and add its contribution into a

energy bin according to the observed energy of photons (Eobs = gEem). Then we obtain the

light curve profile by plotting the observed flux dFobs for all photons versus proper time. The

number of bins we choose determines the spectrum resolution. We assume an optically thick

disk, thus we consider only the direct photons and neglect the photons which would circulate

around the black hole and strike the disk.

The properties of radiation are described in terms of photon numbers. The source appears

as a point-like object to a distant observer and consequently the observer will measure the

flux that enters the solid angle dΩo, associated with the detector area dS o≡D2 dΩo where D

is the distance between the observer and the source. We define the total photon flux received

by the detector,

NS
o (E) ≡ dn(E)

dt dS o
=

∫
dΩNl(E/g) g2 , (3.33)

where dn(E) is the number of photons with energy in the interval ⟨E, E + dE ⟩ and g = E/El

is the redshift factor. We therefore have:

Nl(El) ≡
dnl(El)

dτ dS l dΩl
(3.34)

the local photon flux emitted from the surface of the disc. The local flux, Nl(El), can also

vary over the disc and in time, and it can also depend on the local emission angle. The

emission that reaches the detector within a solid angle dΩ originates from the proper area

dS l on the disc (as measured in the rest frame co-moving with the disc). We integrate the flux

contributions over a fine mesh on the disc surface. We adjust eq. (3.33) and obtain NS
o (E)

flux density:

NS
o (E) =

1
D2

∫
dS

D2dΩ
dS

Nl(E/g) g2 =
1

D2

∫
dS

dS ⊥
dS

dS f

dS ⊥
Nl(E/g) g2 . (3.35)

Here dS f is an element of area perpendicular to light rays corresponding to the solid angle

dΩ at a distance D, dS ⊥ is the proper area measured in the local frame of the disc and

perpendicular to the photon rays, and dS is the coordinate area. We integrate in a two-

dimensional slice of a four-dimensional space-time, which is specified by coordinates θ =
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π/2 and t = to −∆t with ∆t being a time delay with which photons from different parts of the

disc (that lies in the equatorial plane) arrive to the observer (at the same coordinate time to).

The coordinates are t′, θ, r, φ with t′ = t − ∆t and ∆t = ∆t(r, θ, φ). Therefore, let us define

the coordinate area by

dS ≡ |d2S t′
θ| =

∣∣∣∣∣∂xµ

∂t′
d2S µ

θ

∣∣∣∣∣ = |d2S t
θ| = |gθµd2S tµ| . (3.36)

The tensor d2S αβ is described by the two four-vector elements dxµ1 ≡ (dt1, dr, 0, 0) and dxµ2 ≡

(dt2, 0, 0, dφ) and by Levi-Civita tensor εαβγδ. The time components of these vectors, dt1 and

dt2, are such that the vectors dxµ1 and dxµ2 lie in the tangent space to the slice. Therefore

dS = |gθθεtθαβ dx[α
1 dxβ]

2 | = gθθ
√
−∥gµν∥ dr dφ = dr dφ , (3.37)

where gµν is the metric tensor and ∥gµν∥ the determinant of the metric. The area dS ⊥ is

perpendicular to the photon rays:

dS ⊥ = −
Uα pβ d2S αβ

Uµ pµ
. (3.38)

The projection of an element of area, dS ⊥ is defined by d2S αβ, on a spatial slice of an ob-

server with velocity Uα and it is perpendicular to the photon ray. In Special Kerr ingoing

coordinates (Kerr-Schild form), the spatial infinity is brought to a finite value (to zero) and

the element area dS is independent of the metric coefficients. Here, Uα is the four-velocity

of an observer measuring the area dS ⊥, and pβ is the four-momentum of the photon. The

area dS ⊥ associated to the same flux tube will be the same to all observers:

pβ d2S αβ + pα dS ⊥ = 0 , α = t, r, θ, φ . (3.39)

For α = t we have
dS ⊥
dS
=

∣∣∣∣∣ 1
gθθ

dS ⊥
d2S tθ

∣∣∣∣∣ = ∣∣∣∣∣− pθ
pt

∣∣∣∣∣ = rµe

g
. (3.40)

From eqs. (3.35), (3.36) and (3.40) the observed flux (density) per unit solid angle (Fig-

ure 3.3) becomes

NΩo (E) ≡ dn(E)
dt dΩo

= N0

∫ rout

rin

dr
∫ ϕ+∆ϕ

ϕ

dφNl(E/g) g l µe r, (3.41)
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Figure 3.3: Approximations of solid angles and areas: a) the light source appears to the

observer as point-like; b) the light rays received by the detector arriving from different parts

of the disc (closer view); c) area of the light tube is changing as the a photon ray travels close

to the black hole (the disc is edge on). Credit: M Dovciak, 2004

with N0 the normalization constant and

l =
dS f

dS ⊥
(3.42)

is the lensing factor in the limit D→ ∞ (keeping D2dΩ constant).

The integrated flux per energy bin, ∆E, becomes

∆NΩo (E,∆E, t) =
∫ E+∆E

E
dĒ NΩo (Ē, t) =

= N0

∫ rout

rin

dr
∫ ϕ+∆ϕ

ϕ

dφ
∫ (E+∆E)/g

E/g
dEl Nl(El, r, φ, µe, t − ∆t) g2 l µe r , (3.43)

with ∆t the relative time delay describing which photons arrive to the observer from different

parts of the accretion disc. The transfer functions g, l, µe and ∆t are pre-calculated and stored

in FITS files. The transfer functions are generated for light rays emitted from the equatorial

plane of the Kerr black hole and received by the observer located at infinity. The values of

FITS functions for different spins of the black hole and inclination angles of the observer in

Kerr ingoing coordinates are stored in each FITS file.

For a given local flux, we have Nl(El, r, φ, µe, t − ∆t). The observed flux FΩo (E) can be

written as a function of the local flux Fl(El) in the disk:

FΩo (E) =
∫ ∞

−∞
dEl Fl(El) G(E, El), (3.44)

where

G(E, El) = F0

∫ rout

rin

dr R(r)
∫ 2π

0
dφ g2 l r δ(E − gEl). (3.45)
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Figure 3.4: Segment of the thin disc from where the emission arises.

In this case, the integrated flux can be expressed in the following way:

∆FΩo (E,∆E) =
∫ E+∆E

E
dĒ FΩo (Ē) =

=

∫ E+∆E

E
dĒ F0

∫ rout

rin

dr R(r)
∫ 2π

0
dφ Fl(Ē/g) g l r

∫ ∞

−∞
dEl δ(El − Ē/g) =

= F0

∫ rout

rin

dr R(r)
∫ ∞

−∞
dEl Nl(El)

∫ (E+∆E)/El

E/El

dḡ F(ḡ) , (3.46)

where we substituted ḡ = Ē/El and

F(ḡ) =
∫ 2π

0
dφ g2 l r δ(ḡ − g) . (3.47)

The function dF(ḡ) ≡ dḡ F(ḡ) has been already pre-calculated and stored in separate files.

The main subroutine integrates the local emission parameters for unpolarized emission

from the accretion disc near a rotating (Kerr) black hole characterized by the angular mo-

mentum a) for an observer with an inclination angle θo. The emission originates in the disk

and the photon flux is computed at the observer’s plane. Photons emitted in the vicinity of

the Kerr black hole travel to the observer on null geodesics in curved spacetime and their

light curves are computed using numerical integration over a solid angle subtended by the

observer’s plane.

The inner and outer radii are relative to the black hole horizon and, their minimum value

is zero. The ms switch determines if we the emission originates below the marginally stable
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orbit. If the value is zero and the disk inner radius is below this orbit, only the emission

below the marginally stable orbit will be considered.

The phi and dphi parameters represent the axial sector of the disc from which emission

comes as we can see in Figure 3.4. The nrad and nphi parameters determine the grid for

numerical integration. If the division parameter is zero, the radial grid is equidistant; if it

is one, the radial grid has an exponential form, with more points closer to the black hole.

3.6 Transfer functions

All special and general relativistic effects are stored in transfer functions that are computed

backwards from the observer towards the black hole disk.

A number of functions (transfer functions) are necessary for the transfer of the local flux

to infinity. Some functions are numerically calculated across the emitting region: (i) the

energy shift affecting the photons or the gravitational and Doppler g-factor (ii) the gravi-

tational lensing, (iii) the relative time-delay of the observed photon or the delay between

different photons arriving from various regions of the emitting source. The time-delay factor

is required here as the emission is not stationary (an orbiting blob).

The transfer functions are stored in the form of tables in a FITS (Flexible Image Transport

System) file. The transfer of photons is computed from infinity and setting the initial radius

ri = 1011 to the disc by solving the equation of the geodesic. For this purpose the Bulirsch-

Stoer method of integration was necessary.

These tables are calculated for the vacuum Kerr space-time and for a Keplerian co-

rotating disc plus matter that is freely falling below the marginally stable orbit. The falling

matter has the energy and angular momentum of the matter at the marginally stable orbit. It

is possible to use different pre-calculated tables as long as they are stored in a specific FITS

file. The ray-tracing method is associated with a radiation transfer routine that calculates the

intrinsic continuum spectrum of the source.

The local emission from the area in the disk is time dependent therefore, we must take

into account the relative delay with which photons from different parts of the disc may arrive

to the observer.
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An optically thick and geometrically thin flat disc has been assumed. Only null geodesics

starting at the observer at infinity and ending at the equatorial plane of the black hole, with

no crossing of the plane, is considered.

The transfer functions are necessary to transfer the local flux to the observer at infin-

ity. The Kerr metric is used and the medium between the disc and the observer is assumed

optically thin for wavelengths in which we are interested.

Special Kerr ingoing coordinates, non-singular at the horizon, with spatial infinity (in

Kerr asymptotic limit) to a finite value (to zero), will be used. This allows the integration

of the photon rays from a local area in the disc to a detector located at infinity. The code

integrates the photon geodesics between a position inside the orbiting spot and an observer

at infinity (by setting the initial radius at a distance where relativistic effects are negligible

and the flux is not affected by the transfer functions). The transfer functions with a high

precision even very close to the horizon of the black hole are therefore calculated. The Boyer-

Lindquist azimuthal coordinate φ is transformed into Kerr coordinate φK, more precise for

the interpolation between the disk values.

A number of transfer functions are directly dependent of the motion of the matter in the

disc, assumed Keplerian above the marginally stable orbit rms and freely falling below it,

where it has the same angular momentum as the matter which is on the marginally stable

orbit.

Each transfer function except the lensing effect were pre-calculated analytically using the

mapping of the impact parameters α and β to the disc coordinates r and φK.

We used 105 geodesic trajectories in the numerical simulation. The photon paths cover

the region between the inner disc radius, close to the horizon to the disc outer radius of

rout ∼ 1000. The region that is closest to the horizon is most densely covered. The transfer

functions on a non-regular grid over the disc are interpolated to a regular grid in r and φK

coordinates using Delaunay triangulation.

In the next few subsections, we will address and define each transfer function used here:

Gravitational shift, Doppler shift, Gravitational lensing and Relative time delay.
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3.6.1 Gravitational and Doppler shifts

Light emitted from a moving emitting source is shifted in frequency as observed by a sta-

tionary observer:

ν0 = γνe(1 − β cos θ) (3.48)

tan θ′ =
sin θ

γ(cos θ − β)
(3.49)

where νo and νe are the observed and emitted photon frequencies, β = v/c,γ =
√

(1 − β2), v

is the relative velocity between the emission source and the observer, and the angles θ and θ′

are between the 4-vectors in different inertial frames with respect to v. The first order in β

and θ =0 gives the standard Doppler shift:

ν0 = νe(1 − v/c) (3.50)

which is a frequency shift in the direction perpendicular to the motion of the emitting source

or the transverse Doppler effect. For θ = π /2 , we have

ν0 = νeγ (3.51)

Doppler distortion is a key feature of relativistic spectra exhibiting skewed and asym-

metric and broadened light curve profiles, shifting the flux contribution from each radius to

lower energy values. This effect is important only very close to the black hole.

The photons that originate within the disc change their energy due to the gravitational

and Doppler shifts as they are are emitted by matter moving close to the source of strong

gravitation. The cross-section of light tube will change as the photons rays propagate in the

vacuum. We will see that such an effect is stronger for high inclinations of the observer and

when the photons paths originating from behind the black hole are bent more. The bending

effect also influences the area from which the photons arrive due to different emission an-

gles. An aberration effect will be created by the motion of the disc matter. All these effects

influence the intensity of light that the observer will measure.

Motion of matter in Keplerian rotation within the accretion disc is dominated by the

gravitational potential of the black hole. Close to the black hole, the Keplerian velocity,
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vK becomes very large, reaching a significant fraction of the velocity of light. In the Lo-

cally Non-Rotating Frame (LNRF), i.e. the reference frame “rotating with the Black Hole”

(Bardeen et al. 1972), the Keplerian velocity is:

vK/c =
r2 − 2a

√
r + a2(

r2 + a2 − 2r
) 1

2
(
r3/2 + a

) . (3.52)

The accretion flow velocities can be very high near the event horizon, eventually reach-

ing the speed of light and causing the frequency of the radiation of the infalling matter to

be Doppler shifted and its intensity to be highly boosted. Just under 3GM/c2 the redshift

starts dominating the light curve and almost no blueshift is present, the flux amplitude be-

ing highly suppressed. However, the gravitational potential near the event horizon is very

strong, producing time dilation, which in turn will shift the radiation to lower frequencies.

Time dilation will shift the light curves at earlier starting times, the photon arrival time being

considerably modified for photons arriving from inner regions of the disk. A distortion of

the light travel time and redshift contours from straight lines will occur near the black hole.

The transverse Doppler effect represents the nominal redshift or blueshift predicted by

special relativity and it occurs when the emitter and receiver are at the point of closest ap-

proach.

Light aberration causes most of the photons to be emitted along the direction of motion.

The Doppler effect changes the energy of the photons by red- or blue-shifting them. Time in-

tervals as measured by clocks moving alongside the emitting object are different from those

measured by an observer on Earth due to time dilation and photon arrival time effects. How

all of these effects modify the brightness, or apparent luminosity, of a moving object is de-

termined by the equation describing the relativistic Doppler effect (which is why relativistic

beaming is also known as Doppler beaming).

The Keplerian velocity can be as high as almost half the speed of light, implying that

the Doppler shift and boosting could be very significant. Doppler boosting is the brighten-

ing/dimming of the flux when the matter is approaching/receding. It is a Special Relativity

aberration effect due to the fact that Iν/ν3 is a Lorentz invariant. As a result of light bending,

geodesics of photons emitted in the far side of the disc are strongly curved making the disc

appears bent towards the observer (see e.g. Luminet 1979, 1992).
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Gravitational redshift in strong field potential produces remarkable distortions of the light

curves if the rest frame feature is compared to its analogue in the observer’s frame. The

gravitational redshift decreases the energy of photons and accordingly their frequency while

they propagate out of a gravitational potential. The deeper the potential the photon has to

overcome, the higher the redshift. Hence this effect is especially relevant for massive and

compact objects. This is true only for photons emitted from orbital radii exceeding the

Schwarzschild radius, at which the redshift approaches infinity. Gravitational redshift shifts

the spectral features and changes the shape of the light curve when compared to its analogue

in the observers frame.

The g-factor is defined as the combined gravitational and Doppler shift and more explic-

itly as the ratio of the energy of a photon received by an observer at infinity to the local

energy of the same photon emitted from the black hole disc

g =
νo

νe
=

po t

pe µ Uµ
= − 1

pe µ Uµ
. (3.53)

The frequencies νo and νe are the frequency of the observed and emitted photons, and Uµ

represents the four-velocity of the matter within the accretion disc. For rotating black holes,

the g-factor is defined as a function of the position within the disc and the emission angle

g = g (R, φ, θe). For definition purposes only, we introduce the quantity Vlos, in order to

introduce the transverse Doppler effect. For Keplerian orbital velocities we have, Vlos =√
GM

R cosφ sin θ.

In special relativistic approach, we have

gSTR =
1

γ
(
1 − Vlos

c

) , (3.54)

where γ = 1√
1− v2

c2

is the Lorentz factor. The observed frequency is shifted even when the

line-of-sight velocity is zero (Vlos = 0, “face-on” disc). Since gSTR = γ
−1 < 1 in this case,

the frequency is shifted to lower energies. This effect is called the transverse Doppler shift.

In general relativity, the g-factor is defined in the geometrical optic approximation using

the four-momentum of photons pµ and the four-velocities uµ. A g-factor of unity corre-

sponds to un-shifted emission, while g < 1 indicates the redshifted emission and g > 1 the
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blueshifted emission. We therefore have:

g =

(
pµuµ

)
obs(

pµuµ
)

em

. (3.55)

Using uµobs = [−1, 0, 0, 0] (four-velocity of the observer):

g =
−(pt)obs(
pµuµ

)
em

. (3.56)

The frequency shift g and the emission angle θe depend on the constants of motion:

g =
C

B − r−3/2ξ
, θe = arccos

g
√
η

r
, (3.57)

where B = 1 + ar−3/2, C = 1 − 3r−1 + 2ar−3/2; ξ and η are constants of motion using the

common symmetries of the Kerr metric.

The higher intensity for the blue shifted photons will be caused by relativistic beam-

ing, caused by the Lorentz invariance of Iν/ν3 along the photon bundle. Approaching the

black hole, the spacetime curvature becomes more significant and the redshift grows rapidly

whereas the g-factor approaches zero. It is important to mention that because of the asymp-

totical flatness of the Kerr spacetime, the spacetime curvature approaches zero at infinity.

Therefore, there is no finite distance at which the gravitational redshift would vanish com-

pletely.

3.6.2 Gravitational lensing

The flux from a hot spot is periodically modulated on orbital timescales through gravitational

lensing by the black hole. The shape of the disk itself is distorted because of gravitational

lensing. The amount of deflection depends upon the mass distribution of the gravitational

lens and the bend angle depends on the gradient of the gravitational potential. In a typi-

cal lensing situation, a photon is emitted from the source, approaches the black hole to a

minimum distance and then escapes toward the observer. In some cases, the photon goes

directly from the source to the observer moving away at all times from the black hole (see

Figure 3.5). The lensing effect is derived from the integration of the equation of the geodesic

deviation. The equation of the geodesic

Dpµ

dλ′
=

dpµ

dλ′
+ Γµστpσpτ , µ = t̂, û, µ̂, φ̂ (3.58)
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and the equation of the geodesic deviation

d2Yµ

j

dλ′2
+ 2Γµσγpσ

dYγ

j

dλ′
+ Γµστ,γpσpτYγ

j = 0 , µ = t̂, û, µ̂, φ̂ , j = 1, 2 (3.59)

solutions in special Kerr ingoing coordinates t̂, û, µ̂, φ̂ lead to computing the transfer func-

tions over the accretion disc, where pµ ≡ dxµ
dλ′ is a four-momentum of light, λ′ is an affine

parameter for which the conserved energy −pt = 1, Yµ

j are two vectors characterizing the

distance between nearby geodesics and Γσµν are Christoffel symbols for the Kerr metric. In

the initial point, the vectors are chosen to allow for the metric to be flat-space Minkowski at

infinity, perpendicular to each other and to the four-momentum of light, space-like and have

unit length.

The lensing effect is defined as the ratio of the cross-section dS f of the light tube at

infinity to the cross-section dS ⊥ of the light tube at the disc:

l =
dS f

dS ⊥
=

1√
∥Ye1∥2∥Ye2∥2− < Ye1, Ye2 >2

. (3.60)

where the magnitude of a four-vector is ∥ ∥ and the scalar product of two four-vectors is

< , >.

The four-vectors Ye1 and Ye2 are transported along the geodesic according to the equation

of the geodesic deviation from infinity, space-like and perpendicular to each other and to the

four-momentum of light. At infinity, the four-vectors are one. The cross section of the light

tube is constant for all possible observers.

Stronger amplification occurs via gravitational lensing effect, if a precise geometrical

alignment with the caustic position can be satisfied (e.g. Rauch and Blandford 1994; Bozza

et al. 2005). The light rays emitted by a source are expected to be bent by the strong

gravitational field, appearing at many different locations on the sky plane. In Figure 3.6,

light rays starting from a source could orbit the black hole several times before reaching

the observer generating an arbitrary number of Einstein rings. The analytical lens equations

provide the position of multiple lensed images of the source together with the time of arrival

of each image. Theoretically, infinitely higher order images can be formed. There is a

constraint here, however. The higher order images should be exponentially suppressed in

angular diameter and have increasingly longer light travel times compared to the original

image.
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Figure 3.5: Photon trajectories coming from a thin accretion disk around a black hole at

a high viewing angle. The trajectories passing the black hole in its very near vicinity are

strongly lensed. The rays (1) are not very well gravitationally focussed, being in front of the

black hole and closest to the observer. The rays (2) are strongly focussed as they come from

behind the black hole and light will be bent as the ray passes the black hole. The rays (3)

are both behind the black hole and closer to the black hole, therefore are affected the most

by the lensing effect. These rays will produce higher order images because the photons orbit

the black hole more times before they reach the observer.

The lensing effect magnifies the emission from some parts of the disc especially from

behind the black hole from the observer’s point of view in Kerr ingoing coordinates, becom-

ing significant for observers at large inclination angles. Gravitational lensing effects on the

intensity of the light are implicitly included in the generated light curve. If a region of the

disk is magnified then it will cover more area in the sky plane, and thus will appear brighter

than a non-magnified area. As the inclination angle also influences the amplitude of the

light curve, we take into account that an inclined disk will cover less pixels in the sky plane

than a face-on disk, where the number of pixels is roughly proportional to the inclination

angle. The light bending effect will cause this euclidean proportionality to be only a rough

approximation.

The gravitational lensing factor is proportional to the solid angle that a finite patch of

emitting material subtends in the sky plane of the observer.

The lensing effect is calculated implicitly by the mapping of photon trajectories from the

emitting region to the observer’s sky plane. Lensing is manifested in the distortion of the

disk relative to an image in flat space; regions of high amplification simply occupy more
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Figure 3.6: The observer located very far from the black hole observes two concentric

Einstein rings formed by photons arriving at various times, measured with respect to the

observers proper time. The two null geodesics that connect the blob and the observer have

different light travel times. The dotted line represents the circular photon orbit.

pixels and thus appear magnified in the sense of geometric optics. The amplification factor

for a given point on the disk is thus evaluated by mapping adjacent pixels to the disk surface.

The gravitational lensing and magnification of emission from the spot within the accre-

tion disk is performed automatically by the geodesic integration of evenly spaced photon

trajectories, stored in their respective transfer functions, so that high magnification will oc-

cur in regions where nearby points in the disk are projected to points with large separation

in the image plane.

As the rays are deflected by the black hole, they tend to be focused on the far side, giving

a strong magnification by mapping a large area in the image plane onto a small area of the

source plane, using a higher density of lattice grid points.

To be able to estimate the effect of gravitational potential on the photons (and conse-

quently the amplitude of the flux) coming from different parts of the disc, all three effects

have to be taken into account: the g-factor, the emission angle µe and the gravitational lens-

ing.

The gravitational lensing enhances the flux from the far side of the disc and magnifies the

image of regions with velocity mostly tangential to the line of sight, without being strongly

Doppler shifted. This fact boosts the light curve at g approaching unity.
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Gravitational lensing causes significant magnification of the emission region when it is

on the far side of the black hole, spreading the image of a single blob into an arc, much like

galaxies are distorted by intervening matter in distant galaxy clusters.

3.6.3 Relative time delay

The relative time delay ∆t is defined as the time elapsed between the emission of a photon

from the accretion disc and the reception by a distant observer, in Boyer-Lindquist coordi-

nates. This also includes a constant so that the delay is finite close to the black hole but not

too close. If the equation of the geodesic is integrated in Kerr ingoing coordinates we are

able to calculate the time delay in Kerr ingoing time coordinates ∆tK.

The Boyer-Lindquist time is determined from ∆tK using:

dt = dtK −
[
1 +

2r
(r − r+)(r − r−)

]
dr , (3.61)

with r± = 1 ±
√

1 − a2 the inner (−) and outer (+) horizon of the black hole. Let us integrate

the equation and determine the time delay

∆t = ∆tK −
[
r +

2
r+ − r−

ln
r − r+
r − r−

+ ln [(r − r+)(r − r−)]
]

for a < 1 , (3.62)

∆t = ∆tK −
[
r − 2

r − 1
+ 2 ln (r − 1)

]
for a = 1 . (3.63)

The direction of integration is backwards in time from infinity to the disc.

3.7 Velocity of the emitter

In order to derive the 4-velocity of a plasma element in the disk, we need to derive the

velocity components in spherical coordinates by projecting the orbital plane x′y′ (in x′y′z′

frame) of the emitter onto the equatorial plane xy (in xyz frame) of the black hole. The

angular position of the each plasma element be φ = Ωt, with t the coordinate time in the Kerr

metric and the plasma particle’s velocity components are

v′ = dxi′/dt = v (− sinφ, cosφ, 0) , (3.64)



58 Ray-Tracing in Kerr geometry

where v = rΩ = r(a + ϵ
√

r3/M)−1 and ϵ = +1 is for prograde orbiting, ϵ = −1 is for

retrograde orbiting. In addition, we need to transform the velocity into the coordinate frame

in which the z axis is aligned with the black hole spin. The y′ axis coincides with the line

of nodes and points at the ascending node. The xy plane is the equatorial plane which has a

tilt angle β relative to the x′y′ plane. The projection of the z′ axis on the xy plane has a twist

angle γ relative to the x axis. We find the components vi in the xyz coordinate basis using

vi = Ti j′v j′ , where

Ti j′ =


cos γ cos β − sin γ − cos γ sin β

sin γ cos β cos γ − sin λ sin β

sin β 0 cos β

 , (3.65)

from which we get

vx = v (− cos γ cos β sinφ − sin γ cosφ)

vy = v (− sin γ cos β sinφ + cos γ cosφ)

vz = v (− sin β sinφ) .

(3.66)

In our calculations, we assume that the disk lies in the equatorial plane of the black hole, so

that β = 0.

We calculate the velocity components in spherical coordinates by projecting the velocity

v onto the spherical basis er, eθ, eϕ

vr = 0

vθ = v (− cosψ cos β sinφ cos θ + sinψ cosφ cos θ + sin β sinφ sin θ)

vϕ = v (sinψ cos β sinφ + cosψ cosφ) .

(3.67)

where ψ = ϕ − γ is the azimuthal angle of the plasma element measured from the projection

of the x′ axis on the xy plane.

If we define τ as the proper time of the plasma element, we have

−dτ2 = ds2 = −Σ∆A−1dt2 + sin2 θAΣ−1 (dϕ − ωdt)2 + Σ∆−1dr2 + Σdθ2 , (3.68)

and we divide both sides by dt2

−dτ2

dt2 = −Σ∆A−1 + sin2 θAΣ−1
(
ϕ̇ − ω

)2
+ Σθ̇2 . (3.69)
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We can now write the 4-velocity of the plasma element:

u0 =
dt
dτ
=

(
Σ∆A−1 − sin2 θAΣ−1

(
ϕ̇ − ω

)2
− Σθ̇2

)−1/2

ur =
dr
dτ
=

dr
dt

dt
dτ
= ṙu0 = 0

uθ =
dθ
dτ
=

dθ
dt

dt
dτ
= θ̇u0 = u0 vθ

r

uϕ =
dϕ
dτ
=

dϕ
dt

dt
dτ
= ϕ̇u0 = u0 vϕ

r sin θ
.

(3.70)

The radial component of the velocity is zero because of we assumed that the particle follows

only Keplerian orbits.

The 4-velocity of the particle are defined by the Boyer-Lindquist coordinates. The ex-

pression for g is

g =
Eobs

Eem
=

(uµpµ)obs

(uµpµ)em
= (1 + z)−1 . (3.71)

The observer at rest at infinity has the 4-velocity pµ=(-1, 0, 0, 0), thus in the numerator

(uµpµ)obs = E; while in the denominator

(uµpµ)em = −Eu0 ± Eu0
√
Θvθ/r + Lzu0vϕ/ sin θ , (3.72)

therefore we have

g =
1

u0(−1 ±
√
Θvθ/r + ξvϕ/ sin θ)

, (3.73)

where the sign is given by the zenithal emitting direction.



4
Relativistic signatures in light curves

4.1 Introduction

Relativistic signatures in the light curve for continuum emission from a spot within the ac-

cretion disk of a black hole are here investigated using ray-tracing. We include all special

and general relativistic effects when simulating the light curves observed at infinity. Firstly,

the rapid Keplerian motion of the spot within the accretion disk causes both the Doppler

frequency shift and Doppler boosting. Second, the strong gravitational field introduces grav-

itational redshift and lensing effects. There exist two types of peaks (Asaoka, 1989). The first

one is a broad variation which is caused by Doppler effect. We call it the Doppler variation or

the Doppler peak. The second one is a narrow higher peak which is caused by gravitational

focusing. We will call it the lensing peak.

The light curves for an emission area in the disk are strongly dependent on Doppler

60
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shift, gravitational redshift, lensing and time delay effects. The relative contribution of all

these effects on the light curve is considered in the next sections. So far, hot spot model has

been applied only to atomic line emission from AGNs. As the dominant radiation from a

supermassive black hole is in the form of continuum emission, we only extract information

from light curves from a continuum emitting blob in the disk.
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Figure 4.1: Relativistic effects on radiation from a blob near A Kerr black hole (a = 0.998).

Photons come from different points of the equatorial plane. The Left panel shows the frame

dragging of the photon trajectories. The observer is located at the top of the figure. In

the Right panel, 4 sets of contours are plotted: (i) redshift function (solid lines); (ii) time

delay (dashed); (iii) emission angle with respect to the local normal direction (dot-dashed);

and (iv) light amplification due to gravitational lensing (different levels of shading). Credit:

Karas, 2006

These signatures provide essential information about the nature of the spacetime geom-

etry in vicinity of the event horizon. Consequently, if a flare is emitted close to the event

horizon, it should exhibit a relativistic light curve affected by the spin (Reynolds & Fabian,

2008), gravitational redshift, gravitational lensing and other relativistic effects (Fabian et al.,

1989; Laor, 1991) (see Figure 4.1). The event horizon is several times smaller if the black

hole is rapidly spinning. General relativistic effects can then be very important.

A number of elements contribute to the observed variability of the emitting source:

* Doppler shift between the emitted and detected radiation that increase the intensity of
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the rays originating at the approaching side of the source, and vice versa for the receding

side. The effect tends to enlarge the light curve and to enhance the observed flux at its high-

energy tail. The effect is expected to depend on the inclination angle of the observer. Doppler

boosting effect becomes significant for high inclination angles.

* Gravitational redshift that affects mostly the photons coming from the inner parts of

the source. This effect decreases the amplitude of the main peak in the light curve.

* Light-travel time that determines which photons are received at the same instant of time.

Contours of constant time delay are deformed near the black hole. This effect influences the

flux under suitable orientation angles.

* Gravitational lensing manifested in the distortion of the disk relative to an image in flat

space. The effect enhances the flux from the far side of the source (the part of the source

which is at the upper conjunction with the black hole). This tends to increase the observed

flux in the light curve.

In this chapter, we consider a steady flat-spectrum continuum emission from a single

orbiting blob of white light continuum emission spectrum. In the next chapter, we consider

models that include intrinsic emission as well. The variation in flux from a blob without

intrinsic variability arises from at least two fundamental processes. The first is the frequency

shifting of photons from the Doppler effect as the blob orbits the black hole. The second is

the flux amplification from gravitational lensing of photons by the black hole. The presence

of these two effects, along with the flight time of photons to the observer, produces the light

curve. The profile of the light curve is mainly due to the motion of the hot spot in a curved

spacetime around the black hole. For a realistic model, other processes may be included,

such as the occlusion of the photons by an optically thick accretion disk or by the surface of

the black hole, a limb darkening effect, the tidal shredding of the orbiting material and many

others. Here, we consider only the occlusion by the disk in the sense that we trace only the

photons that are emitted from the side of the blob nearest the observer.

The importance of the relativistic effects for variability models has been discussed in

various papers, but only for line emission (e.g. Abramowicz and Bao 1994; Xiong, Wiita

and Bao 2000).

Because they are compact, the photon rays connecting the emitting spot and an observer
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at infinity sample only a small portion of the spacetime around the black hole. Thus, the

measured mass and spin are actually indicative of the spacetime in a small region. Obser-

vations of a hot spot at different orbital radii will consequently provide a way in which to

measure the mass and spin at a number of distinct points near the black hole. These may

then be compared to the general relativistic prediction that the spacetime is fully described

by a mass and spin alone, thus providing an easy method to test the validity of Kerr metric.

4.2 Orbiting spot model

Motivated by the evidence of the observed periodicity in the NIR emission from Sgr A*, the

simplest model for a flare is that of a transient over-dense bright compact region or a hot

spot, orbiting inside an accretion flow and dominating the quiescent emission in the disk.

The observed periodicities that suggest the presence of temporary clumps of matter in the

accretion flow are not theoretically unexpected and may be common in the region near the

ISCO, as strong inhomogeneities develop in the innermost regions of general relativistic

magnetohydrodynamic simulations (De Villiers et al. 2003, Schnittman et al. 2006). Such

a hot spot can be created by a flare, internal instabilities, stellar impacts or irregularities in

the disk. Such a spot may also appear as the product of magnetic reconnection events or

turbulent shocks within the accretion flow. The observed light curves contain significant

information about the spacetime around the black hole.

There are a number of advantages to study these hot spots as opposed to the underlying

quiescent accretion flow. Firstly, due to their compact, and essentially local nature, they are

likely to be considerably simpler to model than the global structure of the accretion flow.

As the hot spot is emitting only continuum radiation, the spectrum in the local frame can be

written as a power law Ic(ν) ∼ να, then the time-varying continuum signal Iν from a spot that

subtends a solid angle ∆Ω on the observer’s sky yields a flux of

F(t) = ∆Ω(t − ∆t)
∫ ν2

ν1

dνIν(t − ∆t)

= ∆Ω(t − ∆t)
∫ ν2

ν1

dν
(
ν

νe

)3

Ic(νe) (4.1)

= C∆Ω(t − ∆t)[D(t − ∆t)]3−α ,
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where D ≡ ν/νe is the redshift which is the same for all photons from the hotspot at a given

time t; ν1 and ν2 give the detector bandwidth and νe is the photon frequency in the source

frame. The constant of proportionality C in the last line of equations (4.1) depends only

on the detector’s bandwidth and the normalization of Ic (Bromley, Chen & Miller, 1997).

With ∆Ω(t) containing the information about amplification from gravitational lensing andD

containing the variations in frequency shift, it is straightforward to interpret light curves in

this case.

The observed flux at infinity will be time dependent and will take into account the time

delay effect t = to − ∆t with ∆t being the time delay with which the photons from different

parts of the disc arrive at infinity at the same coordinate time. In our plots, zero time corre-

sponds to the moment when the center of the spot was at the farthest point on its orbit with

respect to the observer.

The hot spot model consists of a locally axially symmetric over-density of non-thermal

electron bright region in circular and confined Keplerian orbital motion around the black

hole. The hot spot model for continuum emission is characterized by the black hole mass,

spin parameter, disk inclination angle, spot size, radial distance from the black hole, spectral

index and frequency of the emitted light. The model produces a perfectly periodic light curve

as a single hot spot orbits the black hole indefinitely.

We assume a stationary local emission and a dependence on the axial coordinate together

with the prescribed dependencies on radius, spot size, spectral index and frequency:

Fl(r, φ, ν, p, t − ∆t) ≡ Fl(ν,R(β, r) f (ν, p). (4.2)

The full expression of the local emission from the blob in the disk is dependent on the spot

size, frequency and spectral index:

Fl(ν) = ν−α exp
[
−β (∆r)2

]
for β (∆r)2 < 4 , (4.3)

Fl(ν) = 0 for β (∆r)2 ≥ 4 . (4.4)

Here β represents the size of the spot and (∆r)2 = r2 + r2
spot − 2 r rspot cos (φ − φspot) with rspot

and φspot being polar coordinates of the spot.

Because we assume all points in the hot spot have the same 4-velocity as the geodesic
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guiding trajectory, one must be careful not to use too large a spot or the point of emis-

sion xem can be spatially far enough away from the center rspot to render the inner product

pµ(rem)vµ(rspot) unphysical. One way to quantify the size of this physical region is through

the use of Riemann normal coordinates, where the metric is locally flat and the Cartesian

dot product is well behaved. The quadratic deviations from flat space scale according to the

local curvature scale.

After the hot spot trajectory is tabulated as a function of coordinate time t, the ray-tracing

map between the disk and the observer is used to construct a time-dependent light curve from

the emission region. For each photon bundle intersection point there is a time delay ∆ti, j,k

(where i, j are the coordinate indices in the image plane and k is the latitude index in the disk)

so for the observer time tobs, we first determine where the hot spot was at the coordinate time

(tem)i, j,k = tobs − ∆ti, j,k. If the spot is close enough to the disk intersection point (r, θ, ϕ)i, j,k,

then the redshifted emission is added to the pixel spectrum Iν(tobs, i, j).

The model produces a QPO signal associated with the Keplerian orbit of a hot spot of

plasma at the last stable orbit. Orbital periods of 20 min are of significant importance for

Sgr A* flare emission study, as they correspond to a quasi-periodic (QPO) signal, interpreted

as the orbit of a spot at the last stable orbit of a Kerr black hole. It is also possible that such

a hot spot may appear somewhere farther away from the ISCO, producing QPOs on longer

timescales. While there is evidence for periodic modulations of 20 min, a major difficulty

induced by the hot spot model is the lack of significant peaks in the periodograms, while

performing robust statistical estimators, therefore no conclusive results in NIR regime (Do

et al. 2008, Meyer et al. 2008). Additionally, some MHD simulations estimate that a hot

spot could last less than an orbital time scale before it disappears.

A basic light curve of a simple hot spot can be seen in Figure 4.2. We have chosen an

inclination angle, black hole spin and spot size in such a way that the relativistic effects

are blended and merge into one single symmetric time dependent flux modulation. In the

following sections we explore how the relativistic effects in light curves depend on these

parameters.

The emission mechanism for the hot spot produces only periodic light curves. The peak

broadening and the dampening of the resulting light curves were measured and compared for
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Figure 4.2: Light curve of a hot spot in a circular orbit around a Kerr black hole with spin

a/M = 0.3 at the ISCO, viewed at the inclination of 60◦. Flux is on the ordinate and proper

time on the abscissa. The spot radius is Rspot = 1.5M. The spot is moving at the −eϕ̂ direction

with ϕ(t = 0) = 180◦ and the observer at ϕ = 270◦.

different black hole spins, orbital radial position of the blob and disk inclination angles.

4.3 Light curve modelling

4.3.1 Gravitational and Doppler shift

Light curves are influenced and distorted by both gravitational redshift and Doppler effects.

For emission originating from the inner disk region, the gravitational redshift signatures are

strong, dominating over all other relativistic effects. The cause of smearing of the light curve

is due to different flux contributions of the radiation. With decreasing distance from the event

horizon, the g-factor starts to slowly deviate from the standard Doppler factor. We find that

the emission from the inner regions within the disk around an extreme Kerr black hole are

redshifted at all viewing inclination angles. We also find that this is contrary to the case of

a Schwarzschild black hole, where there are regions on the inner disk boundary from which
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the emission is highly blueshifted, at sufficiently high inclination angles.

Doppler shifting refers to both sides of the light curve, meaning that the emission from

the approaching side will be blue shifted while that on the receding side will be red shifted.

The length contraction along the line of motion beams the emission in that direction. Thus

the blue shifted emission from the approaching side is also boosted in comparison to the red

shifted emission, leading to a broadened and skewed light curve. An additional energy shift

is provided by time dilation and also gravitational redshift which combine to broaden the

light curve even further.

In the next sections we will refer to a ”blue peak” as the peak formed on the approaching

side of the light curve and a ”red peak” on the receding side of the light curve.

Here we explore the relativistic effects, by showing how inclination angle of the observer

affects the observed time dependent flux. Figure 4.3 shows light curves for a small spot

on a circular orbit in the equatorial plane at a radial distance of rsp = 6GM/c2, for various

inclination angles. If the light curve is accurately determined, it places strict constraints on

the disk inclination angle of the black hole. The light curve corresponds to two full orbital

periods. The spot is moving towards the observer on the left side of the light curve, moving

away on the right side.

At average inclination angles, the light curves show a blue peak that is still sharp and

tall whereas the red tail is almost not present. For these angles, the redshift smears the light

curve and is less noticeable as a separate peak distinct from the lensing peak, the light curve

is broad and symmetric. The extensive red wing and a separate peak caused by the Doppler

shifting of the photons starts to become noticeable at higher inclination angles as the light

curve loses its symmetry. At higher inclination angles, the light curve becomes narrower

because of the Doppler boosting and high lensing effect, the flux is highly amplified and

the lensing peak becomes distinguishable. Also, because of the beaming effect, the photons

arrival time to the observer’s plane is changed and the light curve is shifted towards earlier

times. The beaming effect creates also a sharp look of the light curve on the left flank due to

a shortened arrival time window of the beamed photons into the line of sight. For an extreme

rotating black hole, the red peak is more defined as a second peak.

At low inclination angles, the light curve appears symmetric (see Figure 4.3, top left
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Figure 4.3: Light curves from a spot in a retrograde circular orbit in the equatorial plane of

an extremely rotating black hole at a radial location of rsp = 6GM/c2, for various inclination

angles θo. The radius of the spot is Rspot = 0.5GM/c2. The first column shows light curves

for θo = 5◦ (up) and θo = 45◦ (down). The second column shows light curves for θo = 75◦

(up) and θo = 89◦ (down). The initial orbital phase location of the spot is behind the black

hole ϕ(t = 0) = −180◦, the observer being located at ϕ = 0◦.

panel) because the Doppler redshift smears the light curve, becoming significant relative

to the boosting effect that takes over only at higher inclination angles. At low inclination

angles, the profile of the light curve is almost triangular. Towards average inclination angles,

the kurtosis of the light curve changes significantly because of a combination between the

red peak and its tail and the narrow blue peak. This picture changes considerably as the

inclination angle becomes higher and the light curve loses the symmetry.

For large inclination angles, the Doppler effect becomes more significant as the flux of

a source moving with relativistic speed is strongly magnified or demagnified depending on
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whether it is approaching or receding from the observer (relativistic beaming). The light

curve is stretched as a function of the redshift effect. To conserve energy, as the curve is

stretched, fewer photons are detected per second. The curve is stretched and disappears into

the background as the redshift increases. The profile broadens and the flux is suppressed as

the emitting spot is moved closer to the black hole.

For high inclination angles, both lensing and light bending effects play a significant role,

however the dominating feature remains the blue peak associated with the maximum shift

of energy because of the high magnification of the peak due to the lensing effect. A new

peak of the maximum observed flux should arise, due to the lensing effect. The new peak

is formed by photons arriving from another azimuth of the spot orbit. The secondary faint

maximum is in the point where the effect of energy shift, lensing and time delay combine to

produce the maximum amplification. However, the time delay and the g-factor vary rapidly

across the region of the disc most affected by lensing. The two components of the g-factor

remain entangled and can be separated only based on the dominating effect of gravitational

redshift and Doppler shift for different parts of the orbit of the spot. The g-factor can either

amplify or diminish the observed flux amplitude and the ratio between the components is

distinct for different parts of the light curve. The ratio of the amplification produced by the

two components is dependent on the orbital radius and the angular position of the spot. The

diminishing effect happens for orbits in lower inclination disk angle due to the fact that the

flare orbits very close to the black hole and gravitational redshift will prevail over the Doppler

shift. Close to the black hole, where orbital velocities become relativistic, the beaming of

the photons enhances the blue peak with respect to the red side, and the transverse Doppler

effect shifts the profile to lower flux contributions. The relation is made complex by the

time delays which can’t be neglected, given the large velocities of the orbiting matter and

the frame dragging effects near the black hole. As we approach the black hole and gravity

becomes strong enough, gravitational redshift becomes important and the overall light curve

is shifted towards lower frequencies, decreasing the final observed amplitude of the light

curve. The disc inclination fixes the maximum flux magnification at which the emission

can still be seen, especially because of the angular dependence of relativistic beaming and

gravitational light bending effects.
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A significant modulation results primarily from special relativistic aberration associated

with the rapid orbital motion, as a strong function of radius and viewing angle. With increas-

ing inclination, the radial velocity of the inner disc regions grows, and due to the aberration

of light, the emitting area becomes increasingly bright, however the projected area on the line

of sight decreases. The dependence upon viewing angle reaches a maximum when a great

portion of the rays is incident along the orbital axis (however, due to gravitational lensing

this doesn’t occur when the orbit is face-on).

The light curve reveals all special relativistic effects such as the Doppler shift and beam-

ing as the blob moves toward and then away from the observer. For a hot spot orbiting in the

clockwise direction as seen from above (vϕ < 0 with ϕ = 270◦ toward the observer), the point

of maximum blue shift actually occurs at a point where ϕ > 0 because of the gravitational

lensing of the light, beamed in the forward direction of the emitter and then bent toward the

observer by the black hole. Gravitational lensing also causes significant magnification of the

emission region when it is on the far side of the black hole, spreading the image into an arc

or even an Einstein ring for i ≈ 90◦.

There are two types of Doppler effect. The longitudinal Doppler shift considers the

simpler case of a source moving directly towards the observer or away from the observer

along a straight line. The transverse Doppler effect, on the other hand, considers what is

observed when the observer is placed in a direction perpendicular to the direction of the

spot motion. We distinguish between the time an event occurs in the observer’s frame and

the time when the observer sees it occur. The code calculates the time it takes for the light

to travel from the flare event to the observer. The observer will see some of the particles

from within the spot arriving at earlier times, as they are beamed relativistically into the

direction of motion, as they reach a great percent of the speed of light. This effect happens

only closer to the ISCO and it is not related to the gravitational potential but only to the

relativistic velocities of the particles. Some particles will arrive earlier in time by taking a

shortcut to the observer instead of waiting for the spot to come around and move towards

the observer. The effect is combined with the gravitational lensing effect that elongates the

observed emitter and several photons from the observed arc or filament could actually come

earlier that the expected arrival time as they are apparently located further from the observer
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than the flare itself. Some of the photons in the arc will also come from different phase angle,

behind the black hole and they will be further lensed.

The strength of the Doppler shift depends on the line-of-sight velocity. This effect is

the strongest at the closest orbit to the black hole where the orbital velocity is maximal. By

measuring the redshift, the spin of the black hole can also be calculated. For stable orbits,

the maximal redshift occurs at the marginally stable orbit. On the other hand, the maximal

blueshift effect occurs farther from the black hole due to the gravitational redshift, and its lo-

cation depends on the inclination angle. For lower inclinations, the Doppler effect becomes

much weaker and it overcomes the gravitational redshift at a farther orbital radius. Suffi-

ciently far from the event horizon, the two regions of blueshift and redshift are separated by

to the signature of rotation and the direction of the line-of-sight velocity towards the observer.

The frequency shift decreases with the orbital radius as the orbital velocity decreases. For a

flare located within a disk viewed at any other inclination than face-on, substantial Doppler

boosting is present, causing the disk of the black hole to appear asymmetric with a bright

(or dim) approaching (or receding) side. For nearly edge-on viewing, the boosting effect

dominates the appearance of the accretion disk. As the observer approaches edge-on angle

with the disk, the light curve is sharply peaked by the combination between the beaming of

the flare as it moves towards the observer and the gravitational lensing as the flare moves

behind the black hole.

As expected from the Doppler shift and relativistic beaming, the approaching portion

of the spot orbit (left-hand side of the light curve) appears considerably brighter than the

receding portion of the spot orbit (right-hand side of the light curve). In general, the most

energetic photons largely come from the inner portion of the disc, where the linear speed of

accreted matter is comparable to the speed of light. The net effect of Doppler broadening is

a net blueshift of the light curve, as a larger amount of the flux comes from the blueshifted

regions than from the redshifted regions.

While the redshift at smaller radii reduces the energy of all emitted photons equally,

special relativistic beaming causes the observer to see a larger number of blueshifted photons

(through the invariance of Iν/ν3), increasing the flux contributions in the light curve. At high

inclination angles (& 70◦) the beaming factor dominates, giving larger values of the flux at



72 Relativistic signatures in light curves

smaller radial locations, while at lower inclinations (. 70◦) the gravitational redshift wins

out and reduces the flux contribution in the light curve.

The comparable influences of the transverse Doppler effect and gravitational redshifting

shifts the flux contributions towards lower energies, respectively lower frequencies.

A face-on orientation of the disk, i = 0 will completely suppress the longitudinal Doppler

effect because there is no relative emitter motion along the line of sight. However, we still

take into account the transverse Doppler effect although this is important only for relativistic

speeds of the emitter.

When the spot is located at lower orbital radii within the disk, i.e. closer to the black

hole, it orbits faster, and the light curve peaks at much lower flux values as it gets close to

the ISCO. Due to the time dilation effect and earlier arrival time of the photons from the

source, the light curve will be shifted at earlier times. If the emission is produced at larger

distances from the black hole, the emitting material is rotating slower and therefore the light

curve becomes broader.

For large inner radii, the most significant differences in shape are seen for high values

of the inclination angle while the red tail and the Doppler peak are more distinguishable.

The slight increase in flux at the lowest energies is due to the increased Doppler shift. The

high energy, blueward extent of the light curve is a strong function of the inclination of the

disk. The blue extent of the light curve is almost entirely a function of the inclination, thereby

providing a robust way to measure the inclination of the disk. On the other hand, the redward

extent of the light curve is a sensitive function of the orbital radius of the spot and the spin

of the black hole.

The intensity is varied by the special relativistic beaming of photons emitted toward and

away from the observer. Smaller contributions to the intensity modulation also come from

the transverse (”second-order”) Doppler shift and from the gravitational lensing of the far

side of the accretion disk. As the spot approaches the black hole, the relativistic beaming of

photons towards the observer is enhanced, as the velocity of the emitter is higher at smaller

orbital radii. Therefore, the relativistic beaming enhances the emission for smaller radii,

giving larger amplitude fluctuations for high inclinations. Near the black hole, where the

orbital velocities of matter become relativistic, special relativistic beaming enhances the blue
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peak of the light curve for any orbital radius. The beaming effects compensates for the signal

demagnifying caused by redshift, close to the black hole, as more photons get captured by

the event horizon.

For large inclination angles (i.e., when the disk is almost ”edge-on”), the beaming serves

to compensate for the intensity decrease due to the gravitational redshift. As a result, the two

major relativistic effects counter each other and the intensity modulation becomes higher.

The emission model shows greater emission at small radii and, thus, higher amplitude varia-

tions for larger inclinations of the disk.

Gravitational redshift causes an additional suppression in flux so that close to the black

hole the emission from a medium to highly inclined ring is asymmetric and skewed. The ray

tracing simulations confirm the predictions based on theory. The gravitational redshift decays

with increasing distance. The blue peak is very narrow and bright, while the red one is wider

and much fainter. Besides, the gravitational redshift causes further deformations of the light

curve by smearing the blue emission into a red one. The redshift approaches z− > 0, i.e. that

g− > 1, at infinity. The combined g-factor affects the light curve showing that the rotation

of the black hole becomes visible only in its vicinity (r . 10). Close to the event horizon,

the g-factor decreases down to zero due to the gravitational redshift effect, whereas far from

the center the Doppler shift is dominant. Very far away from the black hole, the matter of

the disc rotates slowly, thefore the g-factor becomes one (see Figure 4.4). The gravitational

redshift becomes infinite on the event horizon (g = 0). The onset of gravitational redshift can

be tested observationally with sufficient spectral resolution. In general, gravitational redshift

is an indicator of black hole mass and spin as well as for the inclination angle of the accretion

disk. According to the asymptotical flatness of the Kerr metric, there is no finite distance at

which the gravitational redshift vanishes completely.

The emission from the flare originates from a radius r in the disc and it is affected by

a different redshift amount depending on the observer inclination. As we discuss only con-

tinuum emission, the g-factor (gravitational and Doppler combined) signatures can be found

only from the light curve itself. Unfortunately, there is not sufficient precision on the highly

shifted and damped red wing of a light curve, but the information is more helpful if the

emission originates close enough to the event horizon.
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Figure 4.4: The g-factor as a function of the radius, for various inclination angles. for a

Kerr black hole with a = 0.998 M

The magnitude of the frequency shift g depends on the effects of gravitational redshift

and Doppler shift. Near the black hole, the gravitational redshift is much stronger than the

Doppler shift, resulting in a loss of brightness that can be observed in plotted light curves,

close to ISCO. We find that the gravitational redshift decreases with distance to the black hole

and decays more rapidly for Kerr black holes, compared to Schwarzschild case, by modelling

light curves for orbital radii between ISCO and 100 Schwarzschild radii (see Figure 4.5).

Additionally to the increased gravitational redshift for higher spin parameters, the orbital

velocity increases, in turn increasing the relativistic beaming and blueshift as the spot moves

towards the observer, causing the light curve to become sharply peaked. The typical maxi-

mum redshift occurs when ϕ ≈ 160◦ and the maximum blueshift occurs when ϕ ≈ −45◦. The

blueshift extent could reach positive orbital phase values, towards ϕ ≈ −20◦, if the emission

is highly lensed at a high inclination angle of the disk. A simulated time-dependent energy

spectrum or spectrogram is shown in Figure 4.6, for a spot of Rspot = 0.5M orbiting at the
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Figure 4.5: Gravitational redshift z decay with the increasing distance to the black hole.

The top figure shows the redshift for an extreme Kerr black hole, a = 0.998 M and the bottom

figure shows the Schwarzschild case.

inclination of 60◦ and black hole spin a/M = 0.7. The orbital period is 13 min. The hor-

izontal axis measures proper time in the observer’s frame, with t = 0 corresponding to the

time at which the spot is moving away from the observer (ϕ = 180◦). The point of maximum

redshift occurs closer to ϕ = 160◦ due to gravitational bending of the emitted light.

Due mainly to the Doppler effect, we found an average of about 15 percent in dampen-

ing of the observed flux amplitude for an average inclination angle. The amplitude of the

observed flux variation will significantly depend on the inclination angle. The gravitational

amplification factor is proportional to the solid angle that a finite patch of emitting material
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Figure 4.6: Spectrogram of a hot spot in a circular orbit (for an iron line with E = 6.4 keV).

Energy is on the ordinate and proper time on the abscissa. The spot radius is Rspot = 0.5M

and it orbits a Kerr black hole with spin parameter a/M = 0.7 at the ISCO, viewed at an

inclination of 60◦. The orbital period is 13 min. The spot is moving at the −eϕ̂ direction with

ϕ(t = 0) = 180◦ and the observer at ϕ = 270◦. The maximum redshift occurs when ϕ ≈ 160◦

and the maximum blueshift occurs when ϕ ≈ 20◦.

subtends in the sky plane of the observer.

In the extreme Kerr case, the disc extends down to 1.235Rg far closer to the event horizon

than in the Schwarzschild case, introducing a greater complexity to the geodesic paths.

Stronger gravitational lensing effects are seen, especially for high inclination images.

Photons from the far side of the disc pass close to the black hole, so the light curve is strongly

distorted. Because the area of the emission is magnified, the contribution to the observed flux

should be large. However, the low inclination light curves are also affected by light bending

effect, though they are not magnified by gravitational lensing.

The orbital speeds within the inner 10Rgreach a considerable fraction of the speed of

light. Beaming, aberration, and the light bending affect the emitted photons significantly in
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this region. Less energetic photons come from the outer parts where the motion slows down

and the relativistic effects are of diminished importance. Individual rays experience unequal

time lags for purely geometrical reasons, and other relativistic effects occur in the very vicin-

ity of the black hole and are relevant for the source variability, namely, lensing and Doppler

boosting. In the case of long life flares in the disc, there is, indeed, a substantial contribution

to the variability caused by the orbital motion (Abramowicz et al. 1991; Mangalam, Wiita

1993).

We find a complicated interplay of geometrical effects originating from the high curvature

and rotation of the spacetime, with the aberration effects which result from the orbital motion

of emitting matter. All these need to be taken into account when determining the expected

light curves.

4.3.2 Gravitational lensing

The lensing effect due to the gravitational focusing of the light generates the global maximum

flux of the light curve which occurs when the observer and the flare (at a retarded time) are

located in the opposite direction with respect to the black hole. Gravitational focusing effect

dominates at high inclination angles. We find that strong gravitational lensing can cause high

amplitude modulations in the light curves, even for a relatively small flare.

The gravitational amplification factor is proportional to the solid angle that a finite region

of emitting material subtends in the sky plane of the observer. Regions of high amplification

occupy more pixels and thus appear magnified in the sense of geometric optics.

The photons emitted at the far side of the observer are collimated and their flux is fo-

cussed in such a way that it is strengthened by the gravitational lensing. Photons emitted

at the near side of the observer are being diverged and the resulting flux is weakened. The

effect at the far side of the black hole is stronger as the light becomes more collimated while

passing by the near vicinity of the black hole. The effect of aberration makes the apparent

solid angle narrower, focussing some of the photons while the spot is moving towards the

observer. The focussing effect is weaker and the solid angle is much larger when the spot is

moving away from the observer.
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As we know, two peaks may appear in the light curve, in one orbital period, caused

by the gravitational focusing of the photons (the lensing peak) and the signatures caused

by the Doppler shift and aberration. When the emitter moves towards the observer, the

aberration effect causes the apparent solid angle of emission to become narrower. If the

orbital period is smaller, the gravitational focussing effect lasts for a shorter time window and

the lensing peak allocates a smaller portion within the light curve, the Doppler shift effect

and aberration becoming dominant as we get closer to the black hole. The ratio between the

peak and trough of the light curve is larger for smaller orbital radii. As we get nearer the

black hole and the orbital radius becomes smaller, all other effects become dominant over

the lensing effect and there are no remaining photons creating a positive trough in the light

curve. For closer orbits, between two orbital periods, the flux (trough) is zero, the lensing

effect becoming insignificant. In this way, the ratio peak/trough becomes larger for smaller

orbits. The lensing effect has its largest amplification contribution for the inclination angle

of around 85◦, whereas for low inclinations under 30◦ its effect can be neglected.

Gravitational lensing is significant at edge-on viewing directions, where the spot, the

black hole, and the observer are (nearly) lined up. For inclinations of 85◦, the peak of the

light curve occurs when the spot passes behind the black hole, at 180◦. At average inclina-

tions angles the Doppler shift effect is dominant. In contrast to the Newtonian regime, the

maximum (minimum) relativistic Doppler shift does not occur when the spot is approaching

(receding from) the observer at maximum velocity but it rather happens at the phase of about

225◦, respectively at 45◦.

The magnification varies significantly with the orbital radius (see Figure 4.7) and the

inclination of the orbit relative to the line of sight. The strongest magnification is obtained

for orbits which pass directly behind the black hole. In principle, some photon rays coming

from the close vicinity of the black hole and from behind the black hole don’t reach the ob-

server directly and they have to orbit the black hole more than one time in order to reach the

observer, especially at large inclination angles. In our calculations, rays are not allowed to

pass through the plane defined by zero inclination angle, so we do not see multiple images of

sources behind the black hole. However, for sufficiently large inclinations and spin parame-

ters, single points from the spot in the equatorial plane can be mapped to different regions of
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the image plane, creating multiple images of certain regions of the spot.

The photon rays are not isochronal, as they have different propagation times, therefore

different arrival times. The final light curve contains lensing information from an apparent

extended source, as photons apparently don’t originate from the same region in the disk

but rather originate from an extended source, much like an arc or annulus formed by the

apparent extended image of the spot. Their arrival time will definitely be earlier than the

expected arrival time for photons coming directly from the spot. The lensing arc effect can

be seen in Figure 4.8 where the flux amplitude never drops to zero between consecutive

orbits, showing the presence of a number of photons at every phase angle, even when the

spot should be totally eclipsed by the black hole itself. In our case, for orbits very close to

the ISCO, the photons that arrive earlier at the observer are produced, besides the lensing

effect, by a pure special relativistic effect of beaming the light into the direction of sight.

The two effects could be theoretically disentangled (not a task here) in the light curve by

calculating the arrival time of the photons from the geometry of light deflection (including

the Shapiro time delays) and from the transverse Doppler special relativistic effect.

The light curves plotted for high inclination angle reveal an additional feature: Small

faint spiky second peaks appear in the light curve (see Figure 4.9). The extra peaks are

generated by photons emitted from the far side of the disk, therefore we have a manifestation

of gravitational lensing. The occurrence of Einstein rings and multiple high order images

can be observed in the substructure of the light curve. This phenomenon develops when

the the observer and the emitting source are aligned, with the black hole between them.

In Figure 3.6 we have shown that the observer may observe two concentric Einstein rings,

formed by photons arriving at different times at infinity. Light rays starting from the blob

could orbit the black hole several times before reaching the observer which could yield to an

arbitrary number of concentric rings. This effect should also diminish the brightness from

images formed by photons moving on longer paths.

The peak flux originates from the development an Einstein ring (including multiple im-

ages), an apparent ring-shaped image of the spot with the black hole in its center. It occurs

when the light source, the black hole and the observer are aligned (and the black hole is

in between). Due to the finite extension of the source, conditions for an Einstein ring are
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Figure 4.7: Lensing of an orbiting spot as dependent on the orbital radius

fulfilled in a finite but small range of inclinations.

As the emitting source has a finite size, the sought conditions for developing an Einstein

ring are found in a very small range of disk inclinations. We don’t use the direct 90◦ case

but close values to this inclination. Further multiple higher order Einstein rings can develop,

if the photons will keep orbiting the black hole. Narrow spikes appear in the light curve

(Figure 4.8).

A secondary Einstein ring flux spike appears when the hot spot passes in front of the

black hole. We then receive photons from the far side of the spot, which have orbited the

black hole once. In fact it occurs a bit later, since one has to consider the finite speed of
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Figure 4.8: Light curves as functions of the orbital phase, for a spot orbiting a black hole

with a/M = 0.9987, for different inclination angles and large orbital radii. The first column

shows a spot located at rsp = 15GM/c2 at θo = 75◦ (top) and located at rsp = 20GM/c2 at

θo = 79◦ (bottom). The second column shows a spot at rsp = 30GM/c2 at θo = 79◦ (top) and

an obscured spot at rsp = 30GM/c2 at θo = 85◦ (bottom). The initial orbital phase is shifted

with 180◦.

the photons when orbiting the black hole. These peaks appear in our plots, in the receding

redshifted side of the light curve. They are a lot fainter than the ones caused by the primary

Einstein ring (see Figure 4.9).

Only photons from the far side of the black hole will reach the observer. These pho-

tons have only orbited the black hole once. For disk inclinations close to 90◦, the spot will

exhibit a light curve containing an essential characteristic: on the approaching side, before

the expected peak, created by a combination of gravitational lensing and Doppler boosting,

a second peak will also emerge from the Einstein ring formed by the gravitational focusing

effect.

At slightly lower inclinations we no longer expect Einstein rings, but still multiple images
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Figure 4.9: Light curves for a spot orbiting (retrograde) a black hole with a/M = 0.9987,

at θo = 75◦ for a spot of radius Rspot = 0.2GM/c2, located at rsp = 20GM/c2 (Top) and

Rspot = 0.5GM/c2, at rsp = 30GM/c2 (bottom.

of the spot. Obviously, their effects on the light curves are marginal. Distinct spikes appear in

the structure of the light curve. Comparing the occurrence of these spikes with the occurrence

of the sub-peaks in the light curves, we can ascertain that they appear at the same orbital

phase. These can again be associated with the Einstein rings. A second cusp emerges on the

approaching side. At lower inclinations no Einstein ring is formed, but multiple high order

images of the flare can still be present but very faint. However, a deviation in the symmetry

of the light curve is caused by the multiple images of the flare.

Light curves corresponding to flares over 70◦ inclination to the observer will exhibit a

signature in the main peak of the light curve. This distortion or cusp in the light curve

suggests the existence of a secondary image. The small apparent size of the flare will prevent
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the secondary image from making a good impression in the light curve. The cusp in the light

curve is more prominent for higher inclination angles.

Along with the special relativistic beaming of the emitted radiation, we find that strong

gravitational lensing can cause high amplitude modulations in the light curves. For a rapidly

rotating black hole, we found a difference in the lensing signature between prograde and

retrograde orbits, which is detailed in the next section.

4.3.3 Black hole spin signatures

We consider spin signatures in the light curves for a localized emitter in the form of bright,

continuum emitting blob on a circular orbit around the black hole. Such an object produces

a time varying signal that can reveal valuable information about the black hole spin. We

only look here for simple indicators of the spin in the light curve structure, not infer the spin

parameter at this time. We will later attempt to calculate the Sgr A* black hole spin, taking

into consideration some other aspects that complement these initial findings.

We consider light curves of emission as a function of time for co-rotating spots in ex-

treme Kerr and Schwarzschild spacetimes. The light curve from a hot spot shows differences

between the two, although these too are pronounced only at large inclination angles. Material

drawn close to a black hole is likely to carry some angular momentum, hence the formation

of the accretion disk seems inevitable. The dominant radiation is in the form of continuum

emission, which has been the subject of intensive analysis over last few years.

We initially consider the orbital period of the spot for different black hole spins in Fig-

ure 4.10. We find that for prograde rotation, as long as we know the mass of the black hole,

we can obtain a lower limit of the spin parameter, for emission presumably originating near

to the ISCO, fact that we find useful later, when we estimate Sgr A* black hole spin.

The radiation originating from the innermost part of the disk shows different dependence

on the inclination angle than the emission of the outer parts. To demonstrate this, we assumed

that the disk surface is radiating uniformly in the local frame co-rotating with the accretion

disk. Depending on radial distance to the black hole and the orientation angle to observer,

the emission is influenced by Doppler effect, gravitational redshift and beaming to a different
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extent. If we compare the flare emission for an extreme Kerr black hole with that for an

infinitely slow rotating (using Kerr metric) or non-rotating (using Schwarzschild metric)

black hole, we are be able to find differences in most relativistic signatures in the light curves.

These include the height and location of the Doppler peak, the depth of the trough, the the

amplification from gravitational lensing, the redshift tail and the bend found on the blue

side of the trough when the inner radius is very small. We also explore the relation between

various spin dependent features that produce visible signatures in the light curves. Individual

rays experience unequal time lags, for purely geometrical reasons and for relativistic time

dilation. The final signal is smeared by relativistic effects that become dominant in the close

vicinity of the black hole and are relevant for the light curve and the variability of the source.

The differences between the Kerr and Schwarzschild cases are not strongly evident for

small inclination angles θ and large radiii (re
>∼ 6Rg), but are enhanced with increasing θ and

decreasing re. Without any highly distinctive features such as multiple peaks, perhaps these

differences can be exploited only if the angle of inclination can be determined independently.

The light curve from a single flare shows differences between two black hole spins, al-

though they are pronounced only at large inclination angles. To establish the differences

between rotating and non-rotating regimes for Keplerian orbits, we compare light curves

from a flare at the same orbital radius for different spins. As Schwarzschild case keeps the

ISCO well far out, we choose to compare slowly rotating black holes (a=0.3) values with

extremely rotating black holes, to keep ISCO slightly lower than 6Rg. One way of enhanc-

ing these relativistic effects is to allow the disk to extend closer to the black hole, which is

possible when the black hole is rotating.

The differences between the Kerr and Schwarzschild cases are expected to be quite small.

However, the shape of the light curve is slightly different because in the Kerr metric material

exists in stable orbits below ∼ 6Rg. This material contributes only a small fraction of the

total flux in the light curve, so the differences are not pronounced. The detection of frame

dragging by identifying emission from this material is very difficult, requiring very low flux

measurement errors. The analysis of light curves from a spot about a Kerr black hole are

considered for possible signatures of the frame-dragging effect.

When the inclination angle is small (i < 60◦), the former Doppler variation dominates.
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Figure 4.10: Orbital period (in minutes) of a spot in circular orbit around a black hole

of mass 4.31x106M⊙ with spin parameter of 0 (top left), 0.5, 0.7, 0.8 and 1 (bottom), as a

function of the orbital radius in units of the ISCO radius.

When the inclination angle is large (i > 80◦), the lensing peak is prominent. The light

curves of a spot orbiting in a Keplerian disk are periodic with typically two peaks, originating

from gravitational focusing and Doppler boosting, respectively. If the flare is created at a

sufficiently large radius and spirals towards the center, multiple peaks appear with different

peak heights and intervals. The peak height decreases quickly as the spot infalls. However,

the peak interval maintains its periodicity with the rotation period. Generally the red tail

provide the information about the spin of the black hole, while the high peak about the

inclination angle.

There are quantitative differences in the magnification similar to those seen when the

spin is varied. Higher black hole spin parameters will tend to demagnify the emitting source
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slightly. For higher black hole spins, stable circular orbits extend closer to the horizon.

Placing the orbits at the ISCO will result in an increase in the maximum magnification and

a reduced orbital period. Circular particle orbits around a black hole are only stable outside

the radius of marginal stability. Within this radius, it is normally assumed that the material

plunges ballistically into the black hole. The location of ISCO depends on the black hole

spin, decreasing from 6Rg for a static Schwarzschild black hole (a/m = 0) to 1.235Rg for

prograde orbits around a maximally spinning Kerr black hole (a/m = 0.998). The retrograde

ISCO orbit moves out considerably. Thus the inner edge of a Keplerian accretion disk will be

at ISCO. The degree of redshifting is an indication of how close the emitting region extends

to the black hole. Sharp features will be mostly smeared as a result of the Doppler and other

relativistic effects.

The dependence on disk inclination is very strong, whereas the dependence on spin is

less substantial. We illustrate this in Figure 4.11, where we plot the dependence of the

ratio between the peak and trough of the light curve on the inclination angle at various spin

parameters. The dependence on inclination is strong, with only a weak dependence on the

spin parameter. For a non-spinning black hole, the dependence is steep, whereas for spinning

black holes, as the spin increases, the same ratio values shift towards higher inclination

angles, flattening the curve at the same time.

Due to the strong gravitational redshift in the inner regions, the observed intensity is

reduced by a significant factor of ν3
obs/ν

3
em, resulting in a weak dependence on spin, assuming

uniform emission (no limb darkening law).

As the sign of a is defined with respect to the angular momentum of the accretion disk,

negative values imply retrograde orbits and larger values of RISCO. If we obtain the incli-

nation of the disk independently, theoretically the spin can be inferred from the light curve

broadening. It can be seen that the black hole spin especially affects the red wing and that

this wing is more extended towards lower energies for higher values of the spin. At the same

time, the light curve becomes wider and its red peak brighter.

Figure 4.12 demonstrates that the differences between the Kerr and Schwarzschild space-

times can be noticeable. However, the distinction is less evident at small inclination angles

and at large orbital radii.
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Figure 4.11: Change of the ratio of peak to trough observed flux with inclination angle for

different black hole spins. The spot is located at an orbital radius of rsp = 5GM/c2. The spot

radius is Rspot = 0.5GM/c2.

A rotating black hole transfers its angular momentum to the accreting matter via frame

dragging, and as a consequence, the marginally stable circular orbit decreases considerably.

The location of ISCO depends on the black hole spin, decreasing from 6Rg for a static black

hole to 1.235Rg for prograde orbits around a maximally spinning black hole.

As the spin increases, the ISCO moves closer to the horizon, increasing the circular

velocities of particles on the ISCO and thus the Doppler shift effect on the light curve. Fig-

ure 4.12 demonstrates this by showing a slightly broadening of the light curve for higher spin

parameters.

The Figure 4.13 shows light curves for two different black hole spin values. A static

black hole will have light curves that peak slightly later and at higher maximum values of

the flux. However, the primary distinction between different spins is likely to be the variation

in the radius of the ISCO, and therefore the orbital period. The spin is directly related to the

location of the disk’s inner edge. As the spin of the black hole increases, an evident increase

in the orbital velocity of matter leads to an enhancement of the relativistic beaming, shifting
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Figure 4.12: Light curves for a continuum emitting spot located at rsp = 6GM/c2 and

θo = 75◦, for two black hole spins (retrograde motion). The spot radius is Rspot = 0.5GM/c2.

The top figure shows the case a/M = 0 and the bottom one shows the case a/M = 0.9987.

The orbital phase is ϕ(t = 0) = −180◦, with the observer at ϕ = 0◦.

the peak of the light curve towards the approaching side (left hand), as the photons arrive

earlier at the observer (see Figure 4.12). Earlier arrival times shifts the light curve on the time

axis, even for large orbital radii, far enough from the black hole. The Doppler peak starts to

become significant for high spinning black holes, even for average inclination angles. As the

photons are dragged into the direction of motion by the spacetime itself, they leave quicker,

so that the Doppler peak becomes significant. This is actually an apparent Doppler increase,

as it mainly due to the Lense-Thirring effect on the redward flank of the light curve. As the

receding side brings flux contributions, the light curve is smeared and therefore for higher

black hole spins, the flux peaks at much lower values. For the extreme rotating Kerr case, we
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Figure 4.13: As in Figure 4.12 but at an inclination angle θo = 85◦, for two black hole spins.

The top figure shows the case a/M = 0. The bottom figure shows the case a/M = 0.9987.

The initial orbital phase of the spot is in front of the black hole ϕ(t = 0) = 180◦, with the

observer at ϕ = 0◦.

will have light curves that peak much earlier, at lower values of the flux, with a clear second

peak caused by the frame dragging (see Figure 4.13). The presence of this frame dragging

signature can be used as a measure of the spin of the black hole, even at average inclination

angles of the accretion disk.

We isolate the transverse Doppler and frame dragging effects acting on the photons that,

in this case will arrive earlier at the observer (see Figure 4.14). Light received by the observer

is emitted earlier, the photons being beamed into the direction of the motion. We can’t

accurately compare the two cases of a slow rotating and fast rotating black hole, as the ISCO

for two black holes of a different spin parameter are actually placed at a different radial
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Figure 4.14: Light curves for a spot located at rsp = 5GM/c2 and θo = 89◦, for two

black hole spins. The radius of the spot is Rspot = 0.5GM/c2. The top figure shows the

case a/M = 0.3 and the bottom one shows the case a/M = 0.9987. The orbital phase is

ϕ(t = 0) = −180◦, with the observer at ϕ = 0◦. Prograde (blue) and retrograde (red) rotation

is assumed.

location. We only show the qualitative evidence of each relativistic signature in the light

curves.

The spin affects mainly the receding wing of the light curve. The Doppler peak appears

brighter and the light curve shows a more extended and slightly broader profile, for higher

values of the spin. (see Figure 4.15).

The second (”red”) peak is brighter in the case of highly rotating black holes, however

it is also more embedded into the first (”blue”) peak wing and therefore less separable from

it. In the retrograde case, the frame-dragging will act in opposition to the disk angular
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Figure 4.15: As in Figure 4.12 but at the inclination θo = 85◦, for various spins. The spot

radius is Rspot = 0.1GM/c2. The first column shows a spot orbiting a black hole with a/M = 0

and a/M = 0.5. The second column shows a spot orbiting a black hole of a/M = 0.8 and

a/M = 0.9987.

momentum, causing orbits to plunge farther out. In the prograde case, the frame-dragging

will rotationally support the orbits close to the black hole. The retrograde light curve shows

a stronger Doppler boosting therefore a stronger signal compared with a strong dampened

redshifted prograde light curve (see Figure 4.16).

The changes in the light curve in the presence of the black hole spin explicitly depend

on whether the motion of the light ray is in the direction, or opposite to the spin. Compared

to the Schwarzschild case, the bending angle is greater for direct orbits, and smaller for

retrograde orbits.

In addition, for higher spins, the effect is more pronounced resulting in tighter winding

of direct orbits with respect to the axis of rotation, and a higher degree of unwinding of

retrograde orbits. A direct consequence of this effect combined with the time delay caused
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Figure 4.16: As in Figure 4.12, bottom, for prograde and retrograde motion and a/M =

0.9987. The spot is located at an orbital radius of rsp = 6.5GM/c2. The radius of the spot

is Rspot = 0.5GM/c2. The red light curve shows a spot in prograde rotation. The blue light

curve shows a spot in retrograde rotation. Radius is in units of GM/c2. The initial orbital

phase location of the spot is behind the black hole ϕ(t = 0) = −180◦.

by Lense-Thirring effect is a shift of the light curve at later times for retrograde orbits. The

best chance of detecting the frame dragging effect is to search for stable Keplerian orbits

at radii below or close to the limit of 6Rg imposed in a Schwarzschild metric (Laor 1991).

We find that the differences between the Kerr and Schwarzschild cases are generally not so

strong beyond 10Rg. The dragging of inertial frames is the strongest at the equator, and

in this case, it cancels out the retrograde motion of the photons. Away from the equator,

the dragging becomes weaker and so the orbit regains its retrograde character. Particles on

retrograde orbits require larger absolute values of the specific angular momentum to remain

out of the black hole than particles on prograde orbits. Frame dragging approaches zero on

the axis of rotation and it is maximum at the equator.

Because the most significant influence of the relativistic effects is visible in the close

vicinity of the black hole, the relativistic effects are more pronounced for highly rotating

black holes (Figure 4.13). If the black hole rotates with extreme spin a = 0.998M, the

inner radius rin for the accretion disk is only 1.23Rg. The gravitational redshift and the
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light bending become more significant here. Some photon trajectories which are initially

retrograde could be forced to turn back to become prograde due to the frame dragging. In

this case, the red tail is rather long and extended, while the blue tail ends very abruptly,

although cut off quite sharply for high inclinations (see Figure 4.16). However, the light

curve contains contributions to the flux mainly from the outer region of the disk (r > 10Rg),

where the frame dragging effect is much smaller. The retrograde orbiting of the spot reduces

the contribution from the innermost parts of the accretion disk so that the red and blue tails

become slimmer.

For a retrograde black hole, the emission becomes greater with decreasing angular mo-

mentum of the black hole. The peak is observed earlier for a faster rotating black hole (see

Figure 4.16), as the photons are dragged into the direction of motion and more dragged pho-

tons come at an earlier time than in the case of a slow rotating black hole. In the prograde

case, the peak is still observed earlier because of the frame dragging effect being stronger

for a fast spinning black hole but in this case, the peak flux increases for a faster rotating

black hole. Since the marginally stable orbit is smaller for a higher angular momentum of

the black hole, the hardening effect of the spectrum is more significant in Kerr regime than

in Schwarzschild case.

For a rapidly spinning black hole, there is a difference in the lensing signature of prograde

and retrograde orbits, keeping in mind that the retrograde ISCO moves considerably farther

out in the disk. The differences between the magnification for prograde and retrograde light

curves are small in comparison to those associated with the variations of the orbital param-

eters. The light curves from a spot in retrograde rotation show a few differences that can

be interpreted through frame dragging effect and beaming of the photons in the direction of

motion. The light curve for a flare in retrograde motion appears to be delayed, as the photons

are turned around in the direction of the black hole spin, being ”dragged” be the spacetime

to follow prograde orbits. We notice this time delay at every inclination angle, the signature

being more significant at higher spins of the black hole, where frame dragging effects are the

strongest. The second signature in the retrograde orbits is a special relativistic effect due to

the ”beaming” of the photons while they are boosted into the direction of the black hole spin.

For rapidly spinning black holes there is a difference in the lensing signature of prograde
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and retrograde orbits. There are quantitative differences in the peak flux similar to those

seen when the spin is varied (higher black hole spin tends to demagnify the flux peak). The

combination between lensing and beaming effects participate to a slight increase of the peak

flux in the retrograde case (see Figure 4.14). Aside from its influence on the ISCO radius,

the black hole spin has only small impact on the shape of the light curves. For this reason it

is almost impossible to deduce the spin parameter from the light curves alone.

4.4 Light curve properties and substructure

The shape of the light curve is determined by various physical parameters: the black hole

angular momentum and the inclination angle of the disk to the observers line of sight. The

profile of a light curve from a spot in a circular orbit has a characteristic double-peaked

shape with a longer tail on the red extent, a narrow peak to the gravitational lensing and a

broad Doppler peak where this becomes significant (see Figure 4.16). The final light curve

is the composite of the two peaks representing light emitted when the source is approaching

or receding relative to the observer. The emission from the black hole is beamed into the

direction of motion, making the blue peak much brighter than the red one (see Figure 4.3).

We find that the blue wing is quite sensitive to the inclination angle, compared to the red

wing.

Relativistic effects, particularly for a maximally rotating Kerr case, significantly affect

the shape of the light curve, especially from the inner disk when viewed at large inclination

angles. At medium and high inclination angles, the differences between light curves still

persist. The most important one is the redshift due to the gravitational potential at small

orbital radii. The light curve for a spot around a rotating black hole has a unique shape

which may be fit to real data to determine the orbital parameters. At high inclination angles

the light curve characteristics can help to distinguish the extreme Kerr and Schwarzschild

spacetimes (Figure 4.13). Without any highly significant features, these differences can be

exploited only if either the angle of inclination or the spin can be determined independently.

We display light curves for a spot model for spot radii (see Figure 4.17) and inclinations

of the disk. Decreasing the spot radius leads to narrower, higher peaks in the light curve.
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This fact is due to the increasing spot velocity leading to stronger relativistic Doppler and

beaming effects. The same changes are produced by increasing the inclination of the disk,

since this increases the line of sight velocity of the spot. In our used parameter range, the

changes in inclination exhibit the sought relativistic effects more strongly than the changes

in the orbital radius. When comparing light curves for different blob sizes and orbital radii,

one of the first notable features in the profile is the double peak aspect which is mostly

determined by the physical and geometrical parameters at a relatively large distance from

the inner most stable orbit.

The flare time scale and the flux/trough ratio are good indicatives of the orbital radius and

inclination angle of the disk. We find a symmetry breaking between the approaching part and

the receding part of the orbit. Doppler beaming as well as the light focusing contribute to

variations of the observed flux, especially at high view angles when the orbit is seen almost

edge-on. The Doppler boosting effect is off phase with respect to the light focusing effect,

roughly by 0.25 of the full orbit at the corresponding radius (Figure 4.3). This de-phasing

depends on the black hole spin and on the inclination through the finite light-travel time

from different parts of the orbit towards the observer. The finite light travel time affects

the resulting signal and causes an additional enhancement of the observed flux, especially

in the case of an extremely rotating black hole. Although the light time delay arises as an

immediate consequence of the finite speed of light, the interplay with the light bending and

focusing effect is complicated, being interconnected in a rather complex manner.

We find that the size of the spot can be a significant parameter that contributes to the

shape of the light curve, as well as the amplitude of the observed flux at infinity, as we

can see in Figure 4.17. The effect of gravitational lensing requires a fine tuned geometrical

arrangement, which occurs with only a low probability in practical observations.

The competition between the relativistic beaming effect and gravitational redshift is very

interesting. In Figure 4.18 we see that the beaming effect on the incoming photons causes

a magnification of the observed flux as we locate the spot closer to the black hole reaching

a maximum at about rsp = 3GM/c2. However, within this limit, as we get closer to the

black hole, the flux diminishes rapidly due to strong gravitational redshift. The degree of

redshifting is an indication of how close the emitting region extends to the black hole. Near
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Figure 4.17: As in Figure 4.12, bottom but for various sizes of the spot and a/M = 0.9987.

The first column shows a spot of radius Rspot = 0.2GM/c2, Rspot = 0.5GM/c2 and Rspot =

1GM/c2. The second column shows a spot of radius Rspot = 2GM/c2, Rspot = 6.3GM/c2 and

Rspot = 10GM/c2.

the black hole, where the orbital velocities are relativistic, the beaming effect enhances the

blue peak of light curve. The extent of the broadening is determined by both Doppler and

gravitational shifts. However, the total shift is always towards the red as the latter effect

always overwhelms the former. At large distances to the black hole the light curves are not

dominated by gravitational redshift. These effects are shown by simulating light curves at
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Figure 4.18: As in Figure 4.12, bottom but at the inclination θo = 85◦, for various radial

locations and a/M = 0.9987. The first column shows a spot located at rsp = 9GM/c2,

rsp = 8GM/c2 and rsp = 6GM/c2. The second column shows a spot located at rsp = 5GM/c2,

rsp = 4GM/c2 and rsp = 3GM/c2.

larger inclination angles. The only way to have significantly redshifted flux is for the source

of emission to move quite close to the innermost stable orbit of the black hole. Unfortunately,

for a static black hole, the ISCO is located too far from the black hole to observe any strong

signatures. The principal difference between these two spacetime geometries is the location

of the innermost stable orbit (and hence the inner edge of the emission).
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The photons are also experiencing a slowing down of time or gravitational time dilation,

relative to an observer located outside the gravitational field. The observer will see that any

physical events and clocks appear to run slower. As the object approaches the event horizon,

the time dilation would approach infinity, the local time would appear to be stopped. As seen

by a distant observer, the local time associated with an object plunging into the black hole

appears to slow down, approaching but never actually reaching the event horizon. Combined

with this effect, the object appears redder and dimmer, because of the extreme gravitational

redshift. Eventually, the plunging object becomes so dim that it can no longer be seen, at a

point just before it reaches the event horizon.

Light curve distortion by strong gravity, i.e. very skewed and asymmetric profiles (see

Figure 4.19) occur at smaller orbital radii. There are several differences in the asymmetry

of light curves. In particular, there is a dependence on inclination angle: the asymmetry

strengthens as the inclination increases. This is due to the emission from high accretion

disks becoming amplified by relativistic Doppler beaming. The amplitude of the light curve

changes due to the combined effect of gravitational lensing, rotation and Doppler shift. In

addition, the light curve becomes asymmetric (Fukue 1987).

The light curves have distinctive skewed, double-peaked profiles which reflect the Doppler

and gravitational shifts associated with emitting material in a strongly curved spacetime (see

Figure 4.19).

The delay amplification plays a significant role in enhancing the local flux. From the

observer point of view, the flare spends more time in certain parts of the orbit than in the

others and therefore less photons per unit observers time are detected. In Kerr regime, the

flare orbits with a higher velocity being closer to the black hole and the delay amplification

is more significant. The effect of rotation becomes visible only close to the black hole.

The symmetry of the light curve is regained when the spot is located closer to the black

hole, because of a lack of lensing effect in the area. We can see that there are no remaining

photons that make up a positive trough in the light curve, showing an elongated filament

or Einstein ring around the black hole. In this way, the flux is never null, where lensing

effect is acting, like in the middle figure, at around rsp = 6GM/c2. The gravitational lensing

effect will also break the symmetry of the light curve, at a high inclination angle. In the
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Figure 4.19: As in Figure 4.12, bottom but at θo = 85◦, for a/M = 0.9987 and for four

radial locations, close to the ISCO. The double-peak profile is lost because of the redshift.

The first column shows a spot located at rsp = 2.7GM/c2 and rsp = 2.5GM/c2. The second

column shows a spot located at rsp = 2.2GM/c2 and rsp = 2GM/c2.

bottom figure, the lensing effect is much smaller, the flux actually becoming zero between

two consecutive orbits. No elongation or ring effect is formed in this case and the light

curve keeps its symmetry. The blueshift peak is dominant and the light curve actually gains

in amplitude because of the boosting of the light. The gravitational redshift will counter-

balance and compensate for the amplification caused by the lensing effects, generating a final

loss in the observed brightness. The observed periodicity depends on the relation between

the longest and the shortest photon geodesics that connect the spot with the distant observer

at a given time in the observer’s frame. Going towards larger inclination angles, the shape of

the light curve changes and it becomes more symmetric, with an exception for the phase of

180◦, when the spot passes behind the black hole. The closest symmetry is reached between

45◦ and 60◦. For larger angles, the flux decreases rapidly and the light curve becomes much
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flatter. We included photon energy shifts due to Doppler and general relativity effects, as

well as light bending and the time delays that influence the observed light curve.

The relativistic light curve exhibits a dependence for many physical parameters. The

energy of the blue peak is mainly dictated by the inclination of the observer line of sight with

respect to the accretion disc axis. The difference in the redshift or blueshift is mainly a result

of the difference in the position of the ISCO. While the magnification varies with the orbital

radius, it is a stronger indicator of the inclination of the orbit relative to the line of sight (not

to be confused with orbits lying out of the equatorial plane of a Kerr black hole). Placing the

orbit at the ISCO results in a reduced orbital period and a strong redshifted demagnified flux

amplitude. By increasing the orbital radius (with spin and inclination fixed), the dominant

factor is the gravitational redshift rather than the relativistic beaming. On the other hand, the

latter becomes important for large inclinations.

Time delays can significantly influence the observed flare duration and the light curve

profile. The general transfer function together with the time delay amplification tell us how

much the local flux from the flare is amplified when observed from infinity. Both functions

depend on the location of the emitting source within the accretion disc. Consequently, we

need to know where the flare is located at the time when an observed photon was emitted

from the disk, in other words, we need a time dependent emission law. If the spot is moving

in the local frame with a constant velocity, the observer at infinity sees that the flare changes

its velocity, due to different time delays with which the emitted photons are observed. For

larger inclinations, the overall amplification has a higher maximum in Kerr regime, because

of a larger lensing effect, Doppler shift and delay amplification, whereas for lower inclination

angles it is diminished because of a smaller gravitational shift. The contribution of each

component to the transfer function is present in the light curve profile.

In our modelling, we assume that the inner edge of the disk is located at the marginally

stable orbit and exclude all photons which cross the surface of the disk and therefore are

recaptured. We can see in Figure 4.20 the effect of eclipsing the light curve from the spot

by the outer regions of the disc, resulting in a narrower profile of the light curve. In the

approximation where the height of the accretion disk is much smaller than the radius of the

disk, if the disk is opaque, the effect of eclipsing the light curve of a spot by the disk itself



4.4 Light curve properties and substructure 101

Figure 4.20: Light curves for an eclipsed spot orbiting a black hole of a/M = 0.998, testing

the effect of the outer regions of the disc. The spot located at rsp = 30GM/c2 at θo = 45◦

and azimuthal inclination ϕo = 70◦ (top). In the middle the spot is located at rsp = 20GM/c2

(rin = 2GM/c2 and rout = 50GM/c2) at θo = 60◦ and azimuth ϕo = 80◦. In the bottom figure

the spot is located at rsp = 6GM/c2 (rin = 2GM/c2 and rout = 20GM/c2) at θo = 80◦ and

ϕo = 80◦.
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is interesting. As we can see, the shape of the light curve relies strongly on the geometry of

the disk, apart from the inclination angle of the disk. The eclipsed light curves could be used

to determine the geometry of the accretion disk itself, as the light curves produced in this

way contain sharp peaks and plateaus that are specific only to orbits nearly in the equatorial

plane.

We find that most of the significant observable relativistic effects are obtained only for

high inclination angles. The shape of the light curve is far from symmetric when the rel-

ativistic effects are strong. The Doppler shift and the gravitational lensing generate sharp

features within the light curve if the viewing angle is large enough. Within the redshift fac-

tor, both Doppler shift and gravitational shift determine the strength of the emission, the

g-factor being dominated by the Doppler effect, whereas the gravitational shift effect is less

intense. The shape of the light curve becomes more sinusoidal when the orbital radius is

large enough and the disk is nearly face-on. The gravitational lensing is most sensitive to the

inclination angle, especially for a disk inclined nearly edge-on.

The characteristic peak of the light curve is determined by the interplay between the

Doppler shift and gravitational lensing. The lensing part induces the maximum at the center,

whereas the Doppler shift determines the characteristic edge of the light curve. The light

curve has a hump and a peak in one single orbital period, the peak results from the lensing

effect when the flare is behind the black hole and the hump comes from the Doppler effect

when the flare moves towards to observer. The Doppler effect is suppressed with increasing

strength of the lensing effect. Contrary to the Schwarzschild black hole, a spot orbiting a

Kerr black hole close to the ISCO can be eclipsed even for average inclination angles. For

a flare orbiting an extremely rotating black hole, two peaks are present in the light curve, if

the disk is seen nearly edge-on. The main peak occurs when the spot is just behind the black

hole, as a result of the gravitational focussing. The second peak occurs at around 270◦ and it

is a result of the Doppler shift, effect that is dominant for disks seen nearly face-on.

As the inclination angle increases, the brightness is significantly amplified, due to the

special relativistic beaming which will focus the radiation toward the observer, increasing the

relative flux contributions from the emitting blob. As the spin of the black hole increases, the

ISCO moves towards the horizon and the velocity of a photon near the ISCO will increase,
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Figure 4.21: The observed flux for various disk angles for a black hole of a/M =

0.9987(Top). The spot (Rspot = 0.5GM/c2) is located at rsp = 6.5GM/c2. The observed

flux for different spin parameters (Middle), for a spot located at rsp = 6GM/c2, and θo = 30◦.

The observed flux for various orbital locations for a black hole with a/M = 0.9987(Bottom)

and θo = 30◦.

together with the gravitational lensing. This fact should cause a considerable magnification

of the flux contributions from the flare. However, this is not the case, as we can see in
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Figure 4.21 (middle). The reason for this is the increasing gravitational redshift as the spot

is located closer to the event horizon and under stronger gravitational potential. The phase

lag of the blueshift peak with respect to the initial angular phase of the spot is also amplified

for smaller values of ISCO, producing asymmetric light curves. This lensing effect becomes

more significant for higher inclinations as the black hole and the emitting region approach

collinearity with the observer, producing an Einstein ring as i→ 90◦. This adds up to the the

special relativistic beaming as the light curve peaks over a broader phase of the orbital period

due to lensing. Therefore the dependence on inclination for a Kerr light curve is smaller than

that for the Schwarzschild geometry. For example, in Figure 4.11 we show the dependence

of the ratio between the peak and trough of the light curve on the inclination angle for various

spins. However, if the spot is rotating in a retrograde motion with respect to the black hole

spin, the ISCO moves away from the horizon (e.g. RISCO = 8.97M for a/M=-0.99) and this

way reverses the effect, leading into a stronger dependence on inclination.

The effect of light bending is most important in the high energetic parts of the observed

spectrum. Photons at these high energies originate close to the central black hole, and hence

their trajectories are most affected by the light bending effect. Depending on the viewing

angle, this can enhance the observed flux, if the light bending effects are not neglected.

The peak of the light curve is given by the maximum flux due to both special relativistic

beaming and the magnification caused by the gravitational lensing onto emission from the

far side of the black hole. The lensing effect produces an intermediate peak from the grav-

itational magnification of light moving transverse to the observer line of sight (Beckwith

& Done 2004; Schnittman & Rezzolla 2005). This peak is most pronounced at very high

inclinations where lensing is more important. At high inclination angles, the shape of the

light curve (for a continuum emitting spot) can serve to distinguish the extreme Kerr and

Schwarzschild geometries, even at radii near 6Rg. Lensing effect causes magnification of the

main peak of the light curve and a different ratio between the peak and the trough of the light

curve. When the lensing effect is not significant, at low inclination angles (see Figure 4.3),

the Doppler shift raises the trough between consecutive peaks of the flux and dampens the

overall shape of the light curve.

Due in large part to these relativistic effects, the amplitude of the light curve is primarily
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sensitive to the inclination angle which affects not only the total observed intensity, but also

significantly changes the shape of the relativistic light curve. Close to the black hole, the

light curve loses its shoulders, the kurtosis becoming flatter as the spot gets near the ISCO.

For large radial orbital locations, if the flare is locate far away from the ISCO, the kurtosis

becomes thinner. The photons arrive earlier at the observer, as the light is beamed into the

direction of motion, therefore the light curve is shifted to earlier times, as we can see in Fig-

ure 4.19. Close to the ISCO, the light curve exhibits a very long tail on the left (approaching)

side caused by a number of photons being beamed at very early times, as in Figure 4.3).

As the inclination increases, the matter moves towards and away from the observer with

higher velocity, narrowing the light curve. Near the limit of→ 90◦, while the greater beaming

helps narrowing the light curve, gravitational magnification amplifies the contribution of a

small region of the emission region. At smaller inclination angles, relativistic beaming plays

a significantly smaller role, so the gravitational redshift dominates the flux contributions

in the light curve at small spin and radius, broadening the entire light curve and giving it

symmetry (see Figure 4.3). We find the most symmetrical profiles at about 45◦. The nearly

face-on projection also gives a much smaller range of redshift, corresponding to smaller

values of energies.

The shape of the light curve changes as a function of radial location or distance from

central black hole. When the emitter is located at lower radii within the accretion disk, i.e.

closer to the central black hole, the light curve is broader and the profile is more asymmetric.

If the emission is originating at larger distances from the black hole, the red peak becomes

brighter and profile narrower and more symmetric. We show how the peak flux changes with

the orbital location of the spot (see Figure 4.22).

The effect of black hole rotation becomes prominent for almost extreme values of the

black hole spin. The differences between a = 0 and a = 0.5 are found to be relatively small.

We find that presence of frame dragging is not notable if the inner radial location of the

spot is ∼ 5Rg or above; for example the profile from a Kerr black hole from the radius of

ri = 5.5Rg is similar to the Schwarzschild case with close to the minimum stable orbit of

6Rg.(see Figure 4.14). This result gives hope that black hole rotation may be detected but

only if there is a blob emitting region that comes well below 6Rg. The prominent features
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Figure 4.22: The peak flux for different orbital locations of a spot orbiting an extreme

spinning black hole of a/M = 0.9987. The spot is viewed from θo = 75◦.

in the profiles include the height and location of the peaks, the depth of the trough, and the

kink found on the blue side of the trough when the radial location is above several Rg.

We also find a large difference in the orbital phase of the maximum emission between

the extreme regime, a → 1, in contrast to the static case, a → 0. The reason is that for large

black hole spins, the time delay and the effect of frame dragging on photons emitted behind

the black hole are quite prominent, as we can see in Figure 4.14. For very high inclination

angles, most of the flux actually comes from the far side of the disc, due to very strong

light bending. The light curve is sensitive to the inclination angle of the observer. For low

inclination angles, the profile tends to be a single broad peak with the same endpoints of the

red and blue tails, and almost all of the photons are redshifted due to strong gravitational

redshift and weak Doppler blueshift. The lensing effect is also not very significant and

doesn’t contribute with a considerable magnification to the peak of the light curve.

All these investigations indicate that the light curves are a helpful tool for studying the

properties of the supermassive black holes (such as the inclination angle of the disk and the

black hole spin), spacetime geometry in their vicinity, the accretion physics, probing the

effects of strong gravitational fields, and testing the predictions of General Relativity. In the

next chapter, we include the effects of intrinsic variability and apply our model to Sgr A*.
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Modelling Sgr A* flare variability

5.1 Variability of Sgr A*

Sgr A* is strongly variable in the X-ray and near-infrared wavelength bands (Baganoff et al.

2001, 2003, Eckart et al. 2004, 2006a, Porquet et al. 2003, Goldwurm et al. 2003, Genzel et

al. 2003b, Ghez et al. 2004, Eisenhauer et al. 2005, Belanger et al. 2006, and Yusef-Zadeh

et al. 2006a). The X-ray and infrared flares occur almost simultaneously, with no significant

or visible time delays (within 3 minutes). The strong flares in the submillimeter band show

structure at very small angular scales (Doeleman et al. 2008) leading us to the hypothesis

that the innermost regions of the accretion disk are strongly variable.

Sgr A* is continuously variable showing low-level emission above 5 mJy known as flar-

ing state and low level emission as the quiescent state. At low-level average flux, the vari-

ability in NIR follows a log-normal distribution (Dodds-Eden et al., 2010). The low-level

107
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emission above 5 mJy was identified (Schdel et al., 2006) as the flaring emission state and the

low-level emission below 5 mJy represents the quiescent state, with minimum 0.5 mJy flux

due to faint stellar components. Flares with more than 5 mJy of variability are rare, about

two per year. The quiescent emission seems to show variability with four NIR flux peaks

and only one X-ray flux peak per day. At high flux values, above 5 mJy, the flux distribution

seems to flatten, most likely caused by sporadic flare events superposed onto the quiescent

emission.

Sgr A* variability shows more significant activity (larger amplitudes, shorter time scales)

at shorter wavelengths. The flares are most likely generated by high energy processes occur-

ring within a few Schwarzschild radii of the event horizon. The flares occur several times

a day and typically last for about 60-100 min. During a flare, the luminosity increases by a

factor of up to 100 in X-rays (Baganoff et al. 2001; Porquet et al. 2003; Eckart et al. 2004)

and rises by factors up to 20 during a single flare infrared event in K-band. The infrared flares

occur on average ∼ 4 times per day (30-40% of the observing time). The X-ray flares seem

short with high amplitude outbursts. A strong X-ray flare followed by three other moderate

flares can be observed once a day.

Superimposed on the hour-scale flares, another type of shorter timescale variations were

noticed in the NIR regime, quasi-periodic oscillations (QPOs). Sgr A* exhibits flaring in the

NIR a few times daily, with 30-40 minute flare durations and peak flux amplitudes starting

from 30 mJy (see Genzel et al. 2003; Eckart et al. 2006b; Yusef-Zadeh et al. 2006, 2009;

Do et al. 2009). Evidence for a quasi-periodic signal of about 17-22 mins, together with

a short variability timescale, down to only a few minutes, suggests that the origin of the

variability must be a compact emission region located near the ISCO of the black hole.

The cause of these flares is not clear but the general consent is that they might be caused

by synchrotron or synchrotron self-Compton emission in the inner 10 Schwarzschild radii

(Eckart et al. 2006a; Gillessen et al. 2006). The flares are most likely synchrotron emission

from a high energy electron populations, accelerated by magnetic events within the accretion

disk, cooling by synchrotron losses. The 30-40 minute flare duration is in agreement with

the electron synchrotron cooling timescale. The amplitude of a typical IR flare increases

by a factor of about 5 while the X-ray amplitude increases by 1 or 2 orders of magnitude.
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The reported variability observed at mm/cm wavelengths(Zhao et al. 2003; Miyazaki et al.

2004) is smaller than at X-ray/IR wavelengths, with a variability timescale between days and

weeks.

The NIR/X-ray variability may be associated to the variability at radio through sub-

millimeter regime exhibiting variations on time scales from hours to years (e.g. Bower et

al. 2002, Herrnstein et al. 2004, Zhao et al. 2003, 2004, Markoff, Bower & Falcke 2007,

Markoff, Nowak & Wilms 2005, Mauerhan et al. 2005).

As the NIR emission is highly polarized, it is most likely synchrotron radiation from a

NIR transient population of ∼GeV accelerated electrons. The particle acceleration mecha-

nism responsible for the NIR flares is not yet understood. The process may be related to

acceleration in weak shocks (e.g. Yuan et al. 2003), magnetic reconnection events in a disc

corona (e.g. Yuan et al. 2004) or acceleration by a spectrum of plasma waves associated with

the dissipation of magnetically-driven turbulence (Liu et al. 2004; 2006a,b). The position of

these flares was found to coincide with the dynamical center of some stellar orbits.

Multi-wavelength observations also show evidence of delayed mm and sub-mm emis-

sion of about 100 minutes after NIR/X-ray flares (Kunneriath et al., 2010). Subflares within

timescales of 15-25 minutes occur in IR regime. In the near-IR (NIR), the flare emission

is optically thin synchrotron, whereas at longer wavelengths (submillimeter, millimeter and

centimeter), the flaring activity is due to optically thick synchrotron emission. The exact

frequency corresponding to the transition from optically thick to thin emission is not yet

known. In radio wavelengths, Sgr A* appears to be a permanent and resolved source. Hour-

scale variability has been observed at 2 and 3 mm (Miyazaki, Mauerhan). Yusef-Zadeh

recorded delayed flares at 7 mm and 13 mm, with time lags of 20–40 min between the flux

peaks. At centimeter wavelengths, periods of 57 and 106 days were recorded and claimed

as an orbital period by Townes and Zhao (Townes et al. 1999;. Zhao et al. 2001), later

disproved by Macquart (Macquart Bower. 2006). The flux variations of Sgr A* could be

explained in either a disk or jet model (Eckart et al. 2006ab, 2008a) or as a in relation

to an underlying red-noise process (Do et al. 2008, Meyer et al. 2008). Coordinated ob-

servations (Eckart et al., 2008, Yusef-Zadeh et al, 2006, Marrone et al. 2007) have shown

evidence that the sub-millimeter/mm flares always seem to follow the largest event observed
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at NIR/X-ray wavelengths with an approximate delay of ∼1.5±0.5 hours. We will adopt as a

working hypothesis that the flares at millimeter wavelengths are interconnected to the earlier

IR flare event and therefore have the same origin. However, the relationship between the sub-

mm/mm and NIR/X-ray emission remains quite unclear due to the very limited simultaneous

time coverage between the radio, IR and X-ray telescopes (Yusef-Zadeh et al. 2009).

Figure 5.1 displays the broadband spectral energy distribution of Sgr A*. The peak lies

in the sub-millimeter band and it is presumed to be the dividing line between optically thin

emission at higher frequencies and the optically thick emission at lower frequencies (Zylka

et al. 1995; Falcke et al. 1998). This submillimeter bump could be the signature of a very

compact synchrotron emitting region with a size of a few Schwarzschild radii (Falcke 1996;

Falcke et al. 1998). The change in spectral index and the association between NIR and X-ray

flares could be indications of the different nature of the high flux near-infrared emission from

Sgr A*.

In the sub-mm and radio, long term variability (on a 100 days timescale, e.g. Zhao et al.,

2001) occurs together with moderate short term variations (on hourly timescales, e.g. Bower

et al., 2002) a possible effect of modifications within the accretion flow. The optical depth

seems to also be an important factor in softening the observed short term variability (see

Goldston et al. 2005). Simultaneous near-IR and sub-mm observations exhibit two near-

IR flares of 20–35 min lifetime within a 850 µm flare with a duration of about two hours

(Yusef-Zadeh et al. 2006a). The first near-IR flare is simultaneous with the submm flare but

the second flare comes delayed by 160 minutes after the submm flare. If we assume that near-

IR and submm flares are in some way related to each other, the evident conclusion is that

both near-IR and sub-mm flares are generated by the same synchrotron emitting electrons. It

is possible that the sub-mm flare could be correlated simultaneously with the second near-IR

flare, or it could be caused by the first near-IR flare with the observed 160 minutes time lag.

The time delay between the near-IR and sub-mm flares leads us to the possible conclusion

that the synchrotron emission in the emission region is initially optically thick in sub-mm

bands and it becomes optically thin during the adiabatic expansion of the plasma (van der

Laan 1966). This is a common phenomenon observed in micro-quasars (e.g. Ueda et al.

2002).
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Figure 5.1: Spectral energy distribution of the emission from Sgr A* from Genzel et al.

(2010). Below 86 GHz, the spectrum follows a power law and above it, the sub-mm bump.

The curve peaks then steeply drops towards infrared band. The quiescent X-ray emission

is thermal bremsstrahlung. Over-plotted is a quiescent emission model (Yuan et al. 2003):

the radio spectrum is produced by synchrotron emission of thermal electrons (short-dashed

line). The secondary maximum comes from inverse Compton upscattering of synchrotron

thermal electrons.

Most of the previous models that explain the variability of Sgr A* have focussed only on

the NIR and X-ray flaring activity (Baganoff et al. 2003, Eckart et al. 2004, 2006; Yusef-

Zadeh et al. 2006a; Hornstein et al. 2007) where the the IR flaring is generated through

synchrotron emission from a transient electron population of electrons in a magnetic field,

while the x-rays are produced by synchrotron from higher energy electrons or inverse Comp-

ton scattering of transient electrons (synchrotron-self-Compton) or the sub-mm environment.

We could say that the infrared wavelength is a very important component of the spectrum of

Sgr A* flare emission. The flare may be firstly produced in infrared band and followed by

submm and radio emission with a delayed peak flux with respect to the peak in IR band. In
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Figure 5.2: Sgr A* light curves from 2006 July 17 using , CSO and VLA data. The X-ray

(2-8 keV), submm (850 µm) and radio (7 and 13 mm) data are binned every 207 seconds, 20

minutes and 9 seconds (from top to bottom). Credit: Yusef-Zadeh et. al. 2008

this expanding plasmon scenario, the flare at a particular frequency is formed by the adia-

batic expansion of an initially optically thick plasma blob of synchrotron emitting relativistic

electrons. The model can offer an accurate understanding of the nature of the observed time

lags in the Sgr A* flare emission in the optically thick regime. Nonetheless, the relationship

between IR and radio/submm flare emission is not yet well understood. Previous studies have

been limited in analyzing time dependent constraining parameters of the observed flares due

to a considerable lack of complementary observations (Eckart et al. 2004, 2006c; Yusef-

Zadeh et al. 2006b). Consequently study is often restricted to information extracted from an
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individual flare (Marrone et al. 2008). Although there have been various emission models

aiming to explain the nature of flaring activity, only recently time-dependent modelling has

been considered (Chan et al. 2009; Dexter, Agol, Fragile 2009; Maitra et al. 2009).

Two possible main scenarios have been so far considered: hot plasma within the disk or

expanding plasma ejected near ISCO. Broadband campaigns found evidence that X-ray/NIR

flares are actually accompanied by time delayed radio emission (Yusef-Zadeh et al. 2006a;

Eckart et al. 2006a). These events were interpreted as originating from an expanding plas-

mon in orbital motion in the vicinity of the black hole, the source of optically thin and thick

synchrotron emission with the flux peak depending on frequency (van der Laan 1966).

Simultaneous observations in multi-wavelength bands have been found very useful in

differentiating between different emission models of Sgr A* in its quiescent state and study-

ing the Sgr A* estimated low accretion rate. Existing simultaneous observations studying the

correlation of the variability in various wavelength bands is very limited. Several scenarios

were proposed for the origin of the Sgr A* flaring:

A Star-disk interactions far away from the black hole, at about 102–104IRs. This concept

can’t justify the observed synchrotron emission and the quasi-periodic emission on

timescales of a minutes. The observed disk size in radio(rdisk . 1 AU) is actually in

conflict with the idea of stable stars on inward orbits (Nayakshin et.al., 2003).

B An increase in the accretion rate caused by the infall of clumps of plasma, fast and

non-linearly merged onto the disk, developing into strong Rossby vortices, due to

Rossby wave instability (Tagger and Melia, 2006; Falanga et al., 2008). The emis-

sion originates from material in the inner few Schwarzschild radii. The instability

increases rapidly over several orbital periods, causing the clump of material to accrete

close to the inner edge of the accretion disk. The material forms a symmetrical spiral

structure, caused by a wave-like rotation in the disk. The emitting plasma generates

quasi-periodic oscillations, not of a Keplerian origin, with the rate close to the orbital

period. Because the orbits are not Keplerian, the black hole spin can’t be constrained

based on the periodic timescale.

C Sudden heating of electrons by magnetic reconnection in a permanent jet (Falcke and
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Markoff, 2000). The short-term variability seen in lightcurves could be caused by very

dense blobs ejected at a pseudo-frequency, on dynamical timescale of the disk. If a

blob of plasma passes through the reconnection node with velocities of a fraction of c,

the blobs could exhibit short-term proper motion within the accretion disk.

D Synchrotron emission from electrons accelerated close to the black hole, by intense

shockwaves, turbulent processes, magnetic reconnections and weak shocks in the ac-

cretion disk. Observational data seems to agree with this idea. The plasma becomes

confined into a small area within the accretion disk (Gillessen et al., 2006) or a plasma

blob of highly accelerated electrons in a broken power-law distribution (ne ≈ 105 cm−3 γ−3

in the NIR). Even though the plasma moves with high velocities (about half the speed

of light), there is no expectation of long-term proper motion, on timescales of more

than one orbital period.

The strong variability at shorter wavelengths and the correlation between light curves in

submm, NIR and X-ray bands provide evidence that the emission is produced in the close

surroundings of the black hole. As a result, properties of the black hole and of the variable

emission as well as the accretion mechanisms in the close proximity of the event horizon can

be studied at these wavelengths.

5.2 A plasma blob close to the event horizon

Multi-wavelength monitoring of Sgr A* flaring activity confirms the presence of embedded

structures within the disk on size scales commensurate with the innermost accretion region,

matching size scales that are derived from observed light curves within a broad range of

wavelengths.

Motivated by the evidence of quasi-periodic enhanced emission within Sgr A* accretion

flow (see Genzel et al. 2003, Eckart et al. 2004, 2006, Meyer et al. 2006), the simplest

model for a flare is that of a transient orbiting bright spot that would dominate the entire

emission. A confirmed periodic signal from a flare could be very helpful with constraining

the flaring nature and serving as evidence for strong general relativistic effects around SgrA*.
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We explore here a few of the observational signatures for an orbiting spot within the accretion

disk around Sgr A*.

5.2.1 Orbital periodicity in Sgr A* light curves

Sgr A* exhibits strong flares in the NIR and X-ray, implying that the innermost parts of

the accreting region is strongly variable. Various observations show a periodic variability

varying between around 20 min and around 40 min (Genzel et al. 2003; Dodds-Eden et al.

2010). These pseudo-periodicities are interpreted as the period of an orbiting hot spot.

The measurement of orbital periodicity has the potential to place a lower limit on the

black hole spin parameter (see Genzel et al. 2003; Broderick Loeb 2005; Meyer et al. 2006).

There is evidence for a 17±3 minute periodic modulation in NIR and X-ray bands (Genzel

et al.2003b, Eckart et al. 2006b, Meyer et al. 2006ab, Belanger et al. 2006, Aschenbach et

al. 2004ab). The 17-22 mins periodicities were observed clearly only in a few cases, raising

doubts about their orbital origin, but Eckart et al. (2006b) found that the QPOs are present in

NIR polarized light, while still not visible in the total observed flux. In this way, it is possible

that the QPOs, while invisible in the total flux, could indeed be present in all NIR flares. As

the orbital period at the last stable orbit of a Schwarzschild black hole is much longer than

20 min, this periodicity is the closest evidence for Kerr metric around Sgr A*.

A fruitful characteristic of the model is a weak dependence on the spin parameter. Most

models that aim to produce QPO signals include either Keplerian orbits of hot spots at ISCO

(Meyer et al., 2006; Trippe et al., 2007) or models with rotational instabilities in the accretion

flow (Falanga et al., 2007). The orbit is stable only for radii larger than the ISCO and

consequently it is dependent on the spin parameter. A lower limit of the orbital timescale is

here imposed by the spin of the black hole. For example, Sgr A* dynamical timescale lies

between 27.3 min for a Schwarzschild black hole with a = 0 and 3.7 min for an extreme

black hole with a = 1, assuming prograde orbits, a > 0. However, a flare could actually form

at radial locations larger than the ISCO.

Assuming that the detected periodic signal origin is orbital, for the co-rotating ISCO,

Genzel (Genzel et.al., 2003) derives a lower limit of the spin parameter of a = 0.52, whereas
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based on disk oscillation model, Aschenbach ( Aschenbach, 2007) found a = 0.996 and Kato

found a = 0.4 (Kato et.al. 2009). Assuming the shortest period claimed to date, 13 ± 2 min,

the Sgr A* spin parameter becomes a > 0.70.

For the flare from 2002, 3 October, Belanger et al. derived the orbital period of 22.2 min.

Belanger also found the presence of a 22.2 min period in the X-ray flaring event from 2004

August 31 using simultaneous XMM-Newton and HST data (see Yusef-Zadeh et al. 2006,

Belanger et al. 2005 and Belanger et al. 2006). A bright flare was simultaneously observed

in NIR and X-ray on 2007, April 4 (Dodd-Eden et al. 2009, Porquet et al. 2008). The NIR

power spectrum shows quasi-periodic variations of about 23 min.

Assuming the orbital period to be close to the NIR observed periodicity, of about 22

minutes, it is possible that only one of the peaks of the light curve to contribute to the orbital

period of the flare and the other peak to be caused by the intrinsic variability of the flare.

From the observed X-ray flare, assuming that only one of the peaks, in this case, the second

peak, is responsible for the orbital periodicity and corresponds to the lensing peak, we no-

tice a number of important features: the presence of another peak that could correspond to

the intrinsic flare and a third smaller peak on the right side of the flare, which most likely

corresponds to the Doppler blueshift effect on the approaching side of the orbit. We will be

discussing this matter in detail a little bit later in the chapter.

5.2.2 Plunging blob model

Both NIR and X-ray observations provide evidence for a blob orbiting very close to the

ISCO, on a non-keplerian unstable orbit, falling in towards the ISCO on the last portion of

the accretion disk. We use a simple in-falling flare in a plunging orbit within the ISCO.

The light curve for a in-falling flare that models the 2005 X-ray light curve, can be seen

in Figure 5.3. The quasi-periodicity refers to the average period of a detected signal with

periodic features, while there is still a possible evolution from longer to shorter periods,

leading to successively broader peaks.

We model the time evolution of such an emitting compact source in plunging orbit around

the black hole, with successive smaller orbital periods while the flux distribution decreases,
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Figure 5.3: Relativistic light curve from a initially located at rsp = 0.93GM/c2 falling into

the event horizon of an extremely rotating black hole, at a viewing angle θo = 75◦. The radius

of the spot is Rspot = 0.5GM/c2. The orbital period decreases monotonically with time.

as the blob approaches the event horizon.

However, we don’t eliminate the possibility to have plunging orbits for orbital radii larger

than ISCO, due to a possible evolution detected by Belanger in X-ray from longer to shorter

orbital periods. The evolution of the orbital period as a function of time was considered, as

it is expected from the in-spiraling motion on a plunging orbit close to the ISCO, as seen in

Figure 5.4.

The period of ∼ 17–23 minutes corresponds to orbital radii of 0.73–0.94 rISCO below the

ISCO (rISCO = 3Rs = 6GM/c2) for a Schwarzschild black hole. The X-ray flare is modelled

using a continuously decreasing orbital period of the orbiting material. The magnetic recon-

nection event could be interpreted as a sudden drop in magnetic field in an inner region of the

disk, occurring every 20 min, on the natural dynamical timescale. Magnetic reconnection

events are expected to occur near the ISCO, accompanied by sudden heating of the inner

regions of the accretion flow due to magnetic dissipation.

The flare emission may be produced by a hot, magnetized Keplerian flow of clumping

matter (Yuan et al. 2004; Kato et al. 2009), in in-spiralling orbital motion very close to the
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Figure 5.4: Relativistic light curve from a blob initially located at rsp = 0.85GM/c2 falling

into the event horizon an extremely rotating black hole, at θo = 60◦. The radius of the spot is

Rspot = 0.2GM/c2. (Top) Trajectory in the equatorial plane of the same flare. (Bottom)

ISCO and the stress edge of the accretion disk (Krolik and Hawley, 2002). The flare observed

emission may be directly associated here with a monotonically decreasing orbital period.

The decrease of the period would suggest the temporal evolution of an compact source that

moves inwards across the ISCO of the black hole. The orbit is no longer Keplerian due to

the presence of a radial velocity component. The X-ray flare lifetime is shorter than the

NIR flare counterpart. When simultaneously detected, the X-ray flare could be most likely

related to the flare infrared counterpart. The similar morphology of the sub-structure in the

light curves suggests the same population of highly energetic electrons that trigger the flare

emission. As the X-ray and near-IR emission could be coupled, we may expect very strong

similarities in the lightcurves.
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Figure 5.5: Plunging trajectory blob initially located at rsp = 0.93GM/c2 on an unstable

non-keplerian orbit, falling into the event horizon of Kerr black hole with a/M = 0.9987, at

a viewing angle θo = 75◦. The radius of the spot is Rspot = 0.5GM/c2.

Figure 5.6: The angular velocity evolution during the plunge of the blob from ISCO

towards the event horizon, for an extremely rotating black hole and for a Schwarzschild

black hole.
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The trajectory of a particle in Kerr metric in Boyer-Lindquist coordinates approaching

the event horizon at x = xh follows a plunging trajectory, quasi-periodically “winding up”

with the angular velocity Ωφ → Ωh. coming close to the angular velocity of the black hole

horizon Ωh, where

Ωh =
dφ
dt

∣∣∣∣
x→xh
=

a

2(1 +
√

1 − a2)
. (5.1)

Figure 5.5 shows the plunging trajectory of a flare with the angular velocity Ωφ → Ωh,

located between the event horizon and the ISCO, quasi-periodically infalling into the black

hole and approaching the event horizon at the southern hemisphere. The dependence of the

angular velocity on the orbital radius, for a plunging particle or photon from the ISCO into

the event horizon is shown in Figure 5.6. We show both Schwarzschild and Kerr black hole

cases. The angular velocity of black hole event horizon Ωφ may be imprinted to the QPO

variable signal from the black hole. However the NIR and X-ray Sgr A observations are

limited to 1-2 hours flare event durations. Due to this short duration, the QPO periodicity is

still open to argument. However, the QPOs are only seen at the flaring time and most likely

occur near the ISCO (Genzel et al. (2003); Aschenbach et al. (2004); Eckart et al. (2006);

Belanger et al. (2006)). The blob approaches the event horizon and it is viewed by the

observer as a relativistically beamed and boosted forward emission that is repeated quasi-

periodically with a frequency very close to νh = Ωh/2π. An oscillation with the angular

frequency Ωh from (5.1) could be a proper observational signature for the spin of the black

hole and may be related to the QPOs of non-equatorial bound orbits in the accretion flow.

5.3 Relativistic modelling of Sgr A* NIR variability

Typically, a NIR flare lasts for 100-140 min, which is much longer than the synchrotron

cooling time for a plausible magnetic field strength in the inner regions of the accretion disk,

close to the ISCO (Dodds-Eden et al, 2010). Therefore the production of the synchrotron

emission should require sustained injection of highly energetic electrons throughout the life-

time of the flare.

In order to understand the time dependent NIR emission we use a simple non-thermal
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electron acceleration picture to explain the broad NIR flare. Possible processes responsi-

ble for the non-thermal component (turbulent acceleration, reconnection, weak shocks) can

accelerate electrons to very high energies.

Most NIR flares show obvious sub-structural characteristics in the light curves (Genzel

et al., 2003b). Using relativistic modelling of an orbiting hot region around a Kerr black

hole, close to the ISCO, we are able to fit typical NIR flares at several timescales in the light

curve. We have previously discussed a particular periodic substructure of the order of 15-

20 minutes which we associate with the orbital timescale of matter at the ISCO. A detailed

analysis of this flaring substructure, based on relativistic suborbital assumptions, will lead

us to confirm the orbital origin of the signal and therefore calculate the black hole spin. A

very similar sub-structural periodic modulation on the same characteristic timescale between

15-25 minutes has been recorded in several NIR flares (Genzel et al., 2003b; Meyer et al.,

2006; Eckart et al., 2006c; Trippe et al., 2007; Do et al., 2009a).

We propose a simple time-dependent model of the NIR flares, using the hot spot picture.

We consider light curves in continuum emission as a function of time for a prograde hot spot

in Kerr and Schwarzschild geometries. We neglect all structure of the accretion disk and

the dynamics of the outflow and focus only on the information that can be extracted from

continuum profiles and time-varying signals from a flare within the accretion disk.

We assume the emitter to be an isotropic source (extended segment in the disk but point-

like source as seen from the observer’s location) of stationary emission within the disc plane.

Here, the hot spot emission, while only stationary, is still computed in proper time, allowing

direct comparison with existing data. The source is located in the equatorial plane, following

a circular orbit close to the ISCO. The trajectories of emitted photons are integrated through

the Kerr metric to a infinitely distant observer to construct time dependent light curves of the

emission region.

Our model for Sgr A* is an optically thin, geometrically thick accretion flow around a

rotating black hole with the orientation of the black hole spin and the accretion disk rotational

axis aligned. In our modelling we assume that the flares from Sgr A* are caused only by

plasma on Keplerian orbits around the black hole and that the period recorded in the light

curves represents a signature of the orbit itself. The flare is caused by a temporary local event
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close to the ISCO. The cause of the flare event could be magnetic reconnection processes in

the disk, stochastic acceleration of electrons or Magneto Rotational Instabilities (MRI) inside

the plasma.

We propose that the emission comes from a blob formed within the disk, gets injected for

a limited time with high energy electrons from the disk. If the electron distribution is high

enough, a slow expansion process may be triggered. The dominant energy loss mechanism

is synchrotron cooling. The electrons obey a simple power law with the exponential cut-off

are injected into the synchrotron blob for a limited time interval.

We apply a simple injection model to the observed light curves for the simultaneous

NIR/X-ray Sgr A* flare from 2007, April 4, (Dodds-Eden et al. 2009; Porquet et al. 2008;

Trap et al. 2009; Yusef-Zadeh et al. 2009). The April 4, 2007 flare, observed with NACO

(VLT) and XMM-Newton shows light curves obtained simultaneously at NIR and X-ray

wavelengths, providing the opportunity to study the particle acceleration and cooling pro-

cesses in the disk.

The 2007 April 4 L-band light curve shows significant sub-structure on a timescales of 20

minutes, previously found in Ks-band flares (see Figure 5.7). (Genzel et al., 2003b; Eckart

et al., 2006b; Trippe et al., 2007). The presence of this type of sub-structure is a common

feature of IR flares. Our model explains two outstanding features in the NIR flaring: the

broadness of the NIR light curve and the sub-structure in the NIR lightcurve.

The near-IR flaring of Sgr A* is due to optically thin synchrotron emission from a tran-

sient population of particles from within ∼ 10 Schwarzschild radii of the center (e.g., Genzel

et al. 2003; Eckart et al. 2006; Gillessen et al. 2006; Yusef-Zadeh et al. 2006).

The single component synchrotron models, with the standard particle distribution dN(γ) ∝

γ−p dγ) seem to be problematic (see discussion in Dodds-Eden et al. 2009, Trap et al. 2011)

as the particles that are required to produce the X-ray flare have shorter cooling times than a

typical X-ray flare duration. A continuous injection process seems to not be able to sustain

the same power-law index p at both all energies, in order to replenish the population of the

flare. Such a simple power-law particle distribution can’t maintain the same power-law index

p at all energies.

If the emission originates near the ISCO, the escape time calculated for a black hole mass
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Figure 5.7: (Left) IR (L’-band) and X-ray lightcurves from the April 4, 2007 and (right)

the theoretical modelling results of the IR flare

4 × 106 M⊙ is:

τesc ∼ 3
6GM

c3 ≈ 6 min , (5.2)

The cooling break occurs at the frequency above the NIR and below the X-ray, for a

magnetic field of the order 20-30 G that is required to produce the quiescent emission.

νb ≈
(
2 × 1014 Hz

) ( B
30 G

)−3

, (5.3)

To model a non-thermal process we assume a constant injection of particles following a

power-law distribution. In this model the injection duration is connected to the broad flare

timescale. We use the data of the 2007, April 4 IR/X-ray flare given in Porquet et al. (2008)

and Dodds-Eden et al. (2009). The values of the chosen parameters are determined from

the SED of IR and X-ray light curves, at the same time endorsing the picture of an initially

synchrotron blob that starts to expand at a later time. The model and parameters used are

detailed below. The flare timescale is fixed by the injection time of non-thermal electrons,

directly connected to the electron acceleration process. The magnetic field is assumed to

be constant. The injection duration is directly connected to the flare timescale. In a purely
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phenomenological way, we assume that the relativistic particle distribution that generates the

NIR/X-ray flare has the form:

dN(γ) = N0


0, ifγ < γmin ,

Kγ−p exp(−γ/γmax), ifγ ≥ γmin ,
(5.4)

where K, p, γmin, and γmax are parameters. The parameter γ is the electron Lorentz factor. We

define q(γ) as the injection rate per unit volume and unit interval of γ. The parameter γmax

is assumed time dependent. The duration of the injection process is tinj. The normalization

factor, K, can be defined by assuming the value of the injection rate per unit volume:

qinj =

∫ ∞

γmin

q(γ)dγ. (5.5)

The model parameters involved are R, qinj, p, γmin, γmax and tinj. The blob gets injected

with qinj constant for t < tinj, decreasing as qinj ∝ exp[−(t − tinj)/(0.25tinj)] for t > tinj. The

initial parameters are γmin = 2, p = 1.3 and tinj = 8R/c. The parameter γmax is linearly

increasing. The theoretical light curves superimposed over the IR and X-Ray observations

(Figure 5.7) include full relativistic modelling, including gravitational lensing and Doppler

beaming effects. The synchrotron cooling time would be on the timescale of hours for a

typical magnetic field strength in the accretion flow.

The parameter γmax increases linearly with time. For t < tinj, the number density of elec-

trons will increase due to the injection process. For t > tinj, the injection rate will decrease

exponentially in time. The synchrotron cooling will cause the decrease in number of higher

energetic electrons. Both NIR and X-ray emissions are produced by synchrotron radiation.

The maximum value of the synchrotron energy flux per unit frequency, νFν should appear

between the IR and X-rays bands.

The initial blob is a very small hot spot of insignificant small number of particles and can

be considered empty at t = 0.

A large number of non-thermal electrons start to be injected for t > 0. If γmax would have

a fixed value, the particles should be injected almost instantly at t = 0 and the light curve

should rise very steeply, which is not the case in NIR. This is the reason we assume that γmax

increases linearly with time, in order to obtain a slow rise of the light curve. The injection
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rate decreases linearly after t = tinj. The parameter γmax increases from qinj = 500 to 5 × 104

between t = 0 and tinj.

We assume q(γ) ∝ exp[−(t − tinj)/(ξtinj)] for t > tinj. The parameter γmax is constant for

t > tinj.

During the steady phase of the blob, of a constant size, the duration of the flare is inde-

pendently chosen, as strictly dependent on magnetic field, injection timescale of non-thermal

electrons or other factors strictly dependent on how the blob was formed within the disk

(through magnetic reconnection, shock acceleration or ejected from the inner edge or near

the inner edge of the accretion flow). These parameters will be included in further modelling

of the light curves and they are not part of the current work. Shock acceleration in the disk

or magnetic reconnection processes could generate non-thermal electrons.

The NIR broad flare rising is produced by a combination between the heating of the

electrons and the injection of new accelerated particles in the blob, whereas the decay is pro-

duced by the radiative cooling through synchrotron emission. Once heated, the particles start

cooling producing an exponential cutoff in the infrared light curve with a cutoff frequency

decreasing in time.

The emission at a given frequency ν is dominated by electrons with Lorentz factor γe =
√
ν/νB, where νB is the electron cyclotron frequency and the cooling time of the flare observed

at ν is

τc ≃ 102
(

ν

103GHz

)−1/2 ( B
30G

)−3/2

min. (5.6)

The synchrotron cooling process may also account here for the observed variable spectral

index, requiring magnetic fields of about 20 − 30 G. We find that for a magnetic field B =

20 G, the synchrotron cooling time is τc=16 min (for B = 5 G, τc=128 min, for B = 8 G,

τc=63 min, for B = 10 G, τc=45 min, for B = 15 G, τc=25 min).

For accretion disk models with Ṁ ≈ 10−8 M⊙/yr (see Agol, 2000) a magnetic field of

B ≈ 30 G is required at a orbital radius of 3.5 RS. The synchrotron cooling time of electrons

that emit radiation of λ = 2 λ2 µm for B = 30 B30 G is

tcool ≈ 8 B−3/2
30 λ1/2

2 min . (5.7)

we notice that the cooling time is very similar to the orbital timescale.
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Figure 5.8: (Top) Light curve of a blob orbiting an extremely spinning black hole. The blob

of radius Rspot = 0.5GM/c2 is located at rsp = 6GM/c2 The initial parameters are B = 20

G, γmin = 2, p = 1.3 and tinj = 8R/c. The model fits the IR (L’-band) April 4, 2007 data.

(Bottom) Light curves fitting the 2007 flare with suborbital relativistic effects.

The NIR flare observed in L′ band (3.80 µm) (2007, April 4) that lasted for about 100

minutes exhibits sub-structural variations on the known timescale of ∼ 20 minutes. In Fig-

ure 5.8 we model light curves of a blob with radius Rspot = 0.5GM/c2 that is located at

rsp = 6GM/c2 from the black hole. The black hole has the spin parameter a/M = 0.998.

Most NIR flare characteristics, employing various timescales, are shown in Figure 5.8.

Both light curves are modelled as a steady (constant size) synchrotron blob with p = 1.3,

placed in a magnetic field B = 20 G, and injected with new electrons with γmin = 2 that in-

creases from qinj = 500 to 5 × 104 between t = 0 and tinj. The difference between the top and

bottom pictures is that the first figure considers only the lensing effect, whereas the second
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picture assumes both Doppler beaming and gravitational lensing effects, producing a clear

sub-peak structure within the orbital timescale. The X-ray flare brightness is directly depen-

dent on γmax and tinj because the X-ray electrons are highly energetic and their cooling time

is very short. When the injection rate of the electrons begins to decrease, the X-ray flux will

start to decline rapidly. The NIR electrons have a longer cooling time than the X-ray emit-

ting electrons. In order to understand the NIR broad flare, there must be continuous injection

of relativistic electrons considering the 100-150 minutes cooling lifetime electrons emitting

synchrotron radiation. We expect that the accretion flow is injecting electrons into the low

magnetized inner plasma. We make assumptions about variability at various timescale levels

and build up the final picture for both NIR and radio wavelength regimes employing all three

steps: sub-orbital, orbital and super-orbital. We find sub-structural variations with character-

istic timescales of 17-25 minutes that conform the observed quasi-periodicity found in both

NIR and X-Ray on a regular basis. If we assume multiple orbits of the same synchrotron

emitting blob, we obtain theoretical light curves that closely simulate the broad NIR flares

of Sgr A*, as we can see in Figure 5.9.

We describe the 2007, April 4 light curve using three superimposed components:

(1) an overall modulation with a total span of 100 min, i.e. around five ISCO orbital

periods of a Kerr black hole, that models the broad NIR flare using an injection model. The

flare duration is partially determined by the injection timescale of the non-thermal electrons.

The flare decay is caused by the radiative cooling process after the initial injection of the

non-thermal electrons has finished.

(2) the broad modulation could trigger the formation of an expanding plasmon at the

same timescale, visible at optically thick wavelengths through the presence of 2-2.5 hours

flares with optical depth effects and time lags between peaks at different frequencies.

(3) a smaller periodic modulation, of orbital origin, varying over about one orbital period.

We find that the periodic sub-structure observed in the NIR light curves being caused by a

combination between gravitational lensing and relativistic beaming on the approaching side

of the orbit.

The NIR and the X-ray lightcurves are relatively symmetric and peak simultaneously,

(up to five minutes lags), with NIR rise and decay times slower than the X-ray flares.
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Figure 5.9: a): A bright infrared flare of Sgr A* observed with NACO/VLT on 2007, 15

May and the model light curve (red) of the IR flare. The polarimetric channels have different

colors. The light curve of a constant star, S2, is also shown. b) and c):The NIR (top)

and X-ray (bottom) data for the Sgr A* flare observed on 2005, 30 May. The X-ray data are

corrected for quiescent emission. The NIR peak occurred at 02:56:00 UT ±3 minutes, within

about 7 minutes of the X-ray peak.

Our simulations suggest, independent of the emission mechanism, that the observed X-

ray/NIR flare involve the same population of electrons, responsible for both NIR and X-ray

flare emission. However, in all detected NIR flares with X-ray counterparts, there is no

evidence for time lag between the flare peaks, confirming the hypothesis that both NIR and

X-ray emission are optically thin.

The model predicts that X-ray and NIR flux peaks will occur simultaneously, as they are

both optically thin during the expansion, fact consistent with most simultaneous X-ray and

NIR campaigns. However, in 2012, Yusef-Zadeh et al. (2012) found evidence that the X-ray

emission actually lags the NIR peak by a few to tens of minutes.

In this case, while a NIR event would occur within the inner regions of the accretion flow,

the X-ray flares would be caused by inverse Compton scattering of infrared photons by the

thermal electrons from the accretion flow, at a greater radius, producing time delays in the
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light curves (Yusef-Zadeh et al. 2009; Wardle 2011).

The inverse Compton scenario or the upscattering of NIR photons by 10 MeV electrons

in the accretion disk (Yusef-Zadeh et al. 2006, 2009) is not ruled out either.

The X-ray emission mechanism was associated with transient accelerated electron pop-

ulations arising through self-synchrotron-Compton (SSC), inverse Compton (ICS) and syn-

chrotron emission (Markoff et al. 2001; Liu Melia 2002; Yuan et al. 2004; Yusef-Zadeh et

al. 2006a; Eckart et al. 2009; Marrone et al. 2008; Dodds-Eden et al. 2009).

In the inverse Compton scenario, sub-mm photons arising from the quiescent flux are

upscattered by transient electron populations that produce the IR flares (Yusef-Zadeh et al.

2006a). In a second scenario, NIR photons that are emitted during the flare event are up-

scattered by the mildly relativistic electrons which are also responsible for the quiescent

radio/sub-mm emission (Yusef-Zadeh at al. 2006a, 2008, 2009).

While it is settled that the NIR flares are due to synchrotron emission of transiently heated

electrons, we have to take into account the fact that the emission should be definitely affected

by the orbital dynamics, injection and synchrotron cooling process at the same time.

We suggest that the NIR variability is caused by a combination between transient heat-

ing processes with subsequent synchrotron cooling, injection of new electrons and orbital

dynamics providing relativistic signatures in the light curve.

The main broad flare is based on an initial population of heated electrons. The broad NIR

flare of 100 minutes duration is most likely due to synchrotron cooling while new accelerated

electrons are injected into the blob. Relativistic beaming together with gravitational lensing

effect near the event horizon are the most likely source of substructural flux modulation in

the NIR emission.

In the last section of this chapter, we propose a connection between the NIR activity and

the flaring at higher frequencies
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5.4 Modelling of Sgr A* radio flaring

5.4.1 The adiabatic expanding plasmon model

The hot spot scenario analysed in the previous section expects that the flares are hot spots

orbiting within few Schwarzschild radii of the black hole (Broderick Loeb 2006) where

Doppler boosting, redshift and other relativistic effects become significant. The model

doesn’t predict any time delay between the peaks of flare emissions at different wavelengths.

However, existent observations show time delay between the peaks of NIR/X-ray and sub-

millimeter flares (Yusef-Zadeh et al. 2008; Marrone et al. 2008; Eckart et al. 2009). The

observed variability could actually be linked to relativistic emission originating from a single

or even multiple spots at different orbital radii within the accretion disk close to the last stable

orbit. We analyse light curves from an expanding plasmon in orbit around a Kerr black hole,

taking into account all special and general relativistic effects. The combination between our

theoretical relativistic amplification light curves and a simple plasmon mechanism provide a

good time dependent flare emission model.

Yusef-Zadeh et al. (2006a) proposed that the evolution of radio wavelength flares could

be explained in an expanding synchrotron plasmon model (Shklovskii 1960; Pauliny-Toth

Kellermann 1966), following the original formulation of van der Laan (1966). A schematic

picture of the expanding blob is shown in Figure 5.10. The adiabatic cooling of electrons in

the plasmon and the flux-conserving diminution of the magnetic field are the main character-

istics of the model, causing a non-radiative decrease in the synchrotron observed flux. The

plasmon model predicts lower amplitude and time delayed flare peaks at successively longer

wavelengths, with a change in the spectral index from optically thick to thin before and after

the flare peak at any wavelength.

One of the motivations of this Thesis is the relativistic analysis and application of the

plasmon model to Sgr A* based on the recent observing campaigns in multiple bands. To

understand the nature of the Sgr A*s flaring activity, we use the plasmon model of van der

Laan (1966) and analyze the light curves of the flare emission at various wavelengths. In

this model, the flaring at a particular frequency is caused by the adiabatic expansion of an

initially optically thick bubble of synchrotron emitting relativistic electrons. The Sgr A*
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flare emissions in radio, sub-millimeter and millimeter regimes vary on hourly time scales

(Marrone et al. 2007; Miyazaki et al. 2006; Maurehan et al. 2005; Yusef-Zadeh et al. 2006).

The model of a synchrotron emitting blob of electrons that cool down via adiabatic expansion

processes could explain the time lag between various flux peaks at several wavelengths as

well as the asymmetric shape of the light curves. We use Yusef-Zadeh et al. (2006) model

to analyse Sgr A* light curves that exhibit time lags in radio, sub-millimeter and millimeter.

The derived lifetime of the radio flares show evidence that the cooling process could be due

to adiabatic expansion, suggesting that the flare activity is caused by an expanding plasma

blob (Yusef-Zadeh et al. 2006) rather than a hot spot. Light curve analysis of radio data

at 7mm show a lifetime of a radio flare of about two hours, similar to the lifetime of flares

in sub-mm regime (Yusef-Zadeh et al. 2006; Marrone et al. 2006). The peak frequency

of emission (the initial optically thin near-IR flare) shifts towards lower frequencies (sub-

millimeter, millimeter and then radio) as a self-absorbed synchrotron source that expands

adiabatically. Rather than synchrotron cooling, the adiabatic cooling is associated with the

expansion process of a relativistic emitting plasma source and is the likely cause for the

decline of the flare.

The rise of the observed flux is caused by the increase of the blob’s surface area in the

optically thick regime. The turn over happens when the magnetic field decreases enough to

cause the switch to the optically thin regime. While the magnetic field drops, the blob will

expand because of the adiabatic cooling. The emission in mm and sub-mm is dominated

by synchrotron emission from a compact expanding blob of relativistic electrons with the

energy spectrum n(E) ∝ E−p. The model assumes a plasmon is surrounded by a magnetic

field, B. The particle density and spectrum and magnetic field strength are assumed to be uni-

form. Following van der Laan (1966), we assume a uniformly expanding blob of relativistic

electrons with a power-law energy spectrum, n(E) ∝ E−p, threaded by a magnetic field that

declines as R−2, and of energy and density that decline as R−1 and R−3, respectively, as a

result of expansion of the blob. If R0, S 0 and τ0 are the size, flux density, and optical depth

of the source at the peak frequency (ν0) of the synchrotron spectrum, the optical depth and

flux density at a given frequency ν scale can be calculated as follows. The original van der

Laan model assumed a different coefficient of τ0 as the expression refers to the optical depth
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Figure 5.10: Diagram of a blob expanding away from the accretion disk, superimposed

on an MHD simulation of the synchrotron emission from the central 16Rs (from Goldston,

Quataert Igumenshchev, 2006). The bright area is located near the ISCO. Credit: Yusef-

Zadeh et al., 2006

corresponding to the maximum in the spectrum at some instant (∂νS (ν, t) = 0) rather than the

maximum in the light curve at a particular frequency (∂tS (ν, t) = 0). The blob emits an initial

synchrotron spectrum depicted by two connected power-laws. The initial synchrotron self-

absorption frequency ν0 is dependent on the magnetic field B ν0[∝ {R0 ke} 2/(p+4)B (p+2)/(p+4),].

The flux reaches its maximal value, F0, at the ν0 frequency. Below this value, for ν < ν0, the

spectrum is optically thick (Fν ∝ ν 5/2).

For larger frequency values ν > ν0, the spectrum is optically thin (Fν ∝ ν (1−p)/2) and will

break exponentially at a frequency proportional to E 2
maxB.

For a specific frequency the light curve requires one additional parameter to a standard

Gaussian form (the particle index p and the expansion speed v). The existing observed light

curves at other frequencies, including the measured time delays can match a best fit Gaussian

model without any additional parameters.

The observable parameters for a light curve at a reference frequency ν0 are and the back-

ground level, the time and magnitude of the peak flux (t0, and S 0), the particle index p and

expansion speed in units of R0 per unit time, controlling the asymmetry and width of the flare,

respectively. The background value of the quiescent flux is the most uncertain parameter, as

it can vary over the lifetime of a single flare.
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The synchrotron flux from the plasmon is

S ν(R) = S 0

(
ν

ν0

)2.5 (
R
R0

)3 1 − exp(−τ)
1 − exp(−τ0)

(5.8)

where R(t) is its radius, p is the index of the relativistic particle energy spectrum (n(E) ∝

E−p), and the optical depth

τ = τ0

(
ν

ν0

)−(p+4)/2 (
R
R0

)−(2p+3)

(5.9)

The critical optical depth at the maximum of the light curve at a any frequency,τ0 satisfies

the following:

eτ0 − (2p/3 + 1)τ0 − 1 = 0 (5.10)

where ν0 is the frequency corresponding to the R = R0 condition. We employ Yusef-Zadeh et

al.(2006) model, that uses a different coefficient of τ0 than van der Laan’s (p + 4)/5 because

the expression refers to the optical depth corresponding to the maximum in the spectrum

at some instant (∂νS (ν, t) = 0) rather than the maximum in the light curve at a particular

frequency (∂tS (ν, t) = 0). Here τ0 ranges from 1 to 1.9 while p ranges from 1 to 3 (Yusef-

Zadeh et al. 2006b). Given the particle energy spectral index p and the peak flux S 0 for a

light curve at a reference frequency ν0, the adiabatically expanding plasmon model predicts

the variation of flux density at other frequencies.

Recent observations found time delays in the optically thick emission in radio, mm and

submm which remain consistent with the model of a synchrotron blob optically thick in these

bands. The plasma is embedded within the accretion disk or it could remove itself from the

disk as the expansion is more pronounced at other wavelengths that exhibit time delays with

respect to the initial IR flare. As the expansion gets noticeable, the flux will start peaking

and declining at each frequency once the plasma becomes optically thin. Firstly it happens

at high frequencies and later at longer wavelengths.

The particle index p determines the critical optical depth τ0. The value of the peak flux

S 0 determines the initial radius R0 via S 0 = πR2
0/d

2 × (1 − exp(−τ0)) where d is the distance

to the Galactic center (see Yusef-Zadeh et al. 2008). In this way, the expansion speed can be

expressed in real physical units. The magnetic field and the electron density can be calculated
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from the optical depth and the size of the emitting source, assuming equipartition between

the magnetic field and relativistic electrons (we assume Emin = 1 MeV and Emax = 100 MeV).

To obtain numerical values, we assume that a typical flare with flux 1 mJy is produced by

a population of relativistic electrons in equipartition with the magnetic field. The population

is confined to a blob characterized by the initial size R0.

Assuming that R ∝ t, a model for R(t) is necessary here to map the blob expansion to

time or more explicitly, the dependence on radius to time: we adopt a linear expansion model

at constant speed v, so that R = R0 + v (t − t0) where t0 is the time of the peak flux at the

reference frequency ν0.

We assume a power-law spectrum (E−p) and use p = 1–2 in our numerical simulations

to study the asymmetry of the produced theoretical light curves.

The frequency at which the light curve peaks can be written

νp = ν0

(
R
R0

)−(4p+6)/(p+4)

, (5.11)

with the peak flux

S p = S 0

(
νp

ν0

)(7p+3)/(4p+6)

=

(
R
R0

)−(7p+3)/(p+4)

. (5.12)

The spectral index α of the peak fluxes (S p ∝ ναp) is weakly dependent on the particle index

p, ranging from 1.21 to 1.55 while p runs from 2 to 8.

For a given particle spectral index p and peak flux density S 0 at a reference frequency

ν0, the model predicts the variation in flux density at any other frequency as a function of

the expansion factor (R/R0). Figure 5.11 shows the dependence of the flux density on the

expansion factor (R/R0). The flare emission (radio and millimeter) is plotted as as a function

of the size of the expanding blob. The curves assume a particle energy spectrum of ∝ E−3

and an initial blob size of 4Rs, where Rs is the Schwarzschild radius.

At times t > t0, if we increase the turnover frequency ν0 or the initial plasmon size R0

the light curve will shift its decaying flank to later times. The only problem here is that

decreasing the spectral index αsynch, the light curve will also shift at later times, which makes

it difficult to constrain the other parameters. A potential issue is that if the initial phase angle

of the blob changes, we will obtain the same effect but for all light curve not just its decaying

flank.
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Figure 5.11: Light curves of synchrotron emission at four frequencies for an expanding

blob. The near-IR peak flux is 1 mJy and R=4Rs. Credit: Yusef-Zadeh et al. 2006

Another constraining parameter that needs to be corroborated is the adiabatic expansion

velocity of the plasma. We find that if the expansion velocity vexp is increased, this will shift

the light curve peak to earlier times. We also find that the initial size of the blob together

with expansion velocity both determine the lifetime of the emitting source or the total flare

duration. At very high expansion speeds, the spot dies very quickly and the short timespan

would include a much smaller number of orbits. The initial size of the blob also determines

the peak flux of the flare.

Firstly, we plot light curves at different frequencies for a blob that does not expand (see

Figure 5.12). The adiabatic expansion model makes the prediction that the NIR and X-ray

emission are expected to be simultaneous and therefore optically thin whereas the optical

depth effects start to become significant only at lower frequencies, where a time delay is ex-

pected between the peak fluxes. To find evidence, various simultaneous data were obtained,

leading to a temporal correlation of light curves in different wavelength bands, for each day

of observation. There is evidence in this data that the Sgr A* flux constantly changes and

that there is low-level flare activity in most of the frequency bands. We study the light curves
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and the effect on the curve shape of using various expansion speeds of the plasma as well as

several initial radii of the blob. If the blob doesn’t expand, the light curves for different fre-

quencies show that for a specific initial size, the accelerated particles produce simultaneous,

rather than delayed flares, as we can see in Figure 5.12. The time delay is, on the other hand,

dependent on the spectral index value. The plots show that if the blob is kept with a constant

size and the expansion is not present, the light curves will always be simultaneous, showing

no time delay between the peaks. This picture will still show frequency dependent curves

with different values for the peak flux as the emission is still synchrotron whereas the station-

ary hot spot model will exhibit no frequency dependency at all. For different frequencies,

the light curves will be identical.

The remaining parameters are the particle spectral index (p) and the initial blob radius

(R0). It is important to note that if we vary the particle spectral index p or the initial radius of

the blob R0, at the same frequency we obtain simultaneous light curves with no time delay,

as we can see in Figure 5.13. The time lag between the peaks of the light curves will appear

only as an effect of the adiabatic expansion process for successive lower frequencies. The

decaying flank can be shifted toward later times by: the turnover frequency ν0, by increasing

the initial source size R0, by lowering the spectral index or by lowering the peak flux density

S 0 in the light curve. The flux declines monotonically as the blob is expanding. In the thin

part of the spectrum, the flux initially increases with the initial source size at a constant

optical depth, then it decreases because the blob starts to expand and the optical depth starts

to decrease as well, causing a drop in the flux. The adiabatic expansion process implies a

slower decay rate and longer flare timescales at lower frequencies. We plot light curves for

various initial blob sizes, various optical depth values and different expansion velocities of

the plasma. We find that the flare lifetime is determined by the frequency, the initial source

size and the expansion speed of the plasma. The peak flux of the flare is determined by the

blob size as well. As we see in the plots, the expansion speed is an important factor that

controls the flare duration.

In this case, the shorter variability timescales, between about 10 and 30 minutes would be

dominated by the orbital motion timescales. (about ∼ 20 minutes in average at the innermost

stable orbit for Sgr A*). The orbital motion in the near proximity of a black hole is important
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Figure 5.12: Theoretical relativistic light curves of a blob that doesn’t expand, showing no

time delay for different frequencies

as it is helpful in estimating the black hole parameters(mass, spin and disk inclination).

In Figure 5.14 or Figure 5.15, we plot light curves at 3 different frequencies of a blob that

expands during multiple orbital periods.

We notice the interplay between the relativistic behaviour of the orbital motion together

with the broad envelope of the expansion process. We interpret the radio flaring emission in

terms of the plasmon model by assuming the adiabatically expansion of a plasma blob. The

flaring activity is dominated by synchrotron emission arriving from a compact expanding

self-absorbed blob of relativistic electrons.

Flares produced at a specific frequency originate in the process of adiabatic expansion of

a blob of synchrotron emitting relativistic electrons. The plasmon is initially optically thick.

The variability is frequency dependent in this case. The time lags between multiple flux

peaks at several frequencies are explained via adiabatic expansion of synchrotron emitting

plasma that cools down and decays after the initial flaring event.

The increase of the plasmon surface area while it still remains optically thick will cause

the initial rise of the flux in the light curve. As the blob gradually becomes optically thin
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Figure 5.13: Theoretical relativistic light curves for a blob expanding with the velocity

v=0.01c shown for different p, the index of the relativistic particle energy spectrum p=2,

p=2.5, p=3 (bottom)

while the magnetic field diminishes, the light curve will turn over and the flux will start to

decay.

The amplitude and timescale vary with the relativistic particle energy distribution, the

expanding velocity and the size of the plasmon. If the blob lasts for multiple orbits and the

timescale of the flaring is much smaller than the orbital period, at different frequencies, the

plots will show a decay or rise, like in Figure 5.14 or Figure 5.15. We will discuss this issue

more in detail in the next chapter.

Any simultaneous light curves for different two or multiple frequencies provide a good

matching test of the existing non-relativistic plasmon model. In this case, matching realistic

light curves require a relativistic approach, as the emission comes from the close vicinity of

the event horizon.

As long as the time scales for the intrinsic flare variability and the orbital period ampli-

fication are not too close, therefore they are not interfering with each other, on a dynamical

time scale, we can use light curves for an expanding plasmon at a very large orbital period.

This approximation would be sufficient to describe the variation in flux of the expanding

blob, while the lensing amplification together with any other relativistic effects would be
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Figure 5.14: Relativistic light curves of an expanding blob with the orbital period

T=75min, p=3, v=0.02c at 3 different frequencies

ignored.

We can see that there are two important time scales involved here. The only reason we

would ignore these effects here is if the time scale of the two variability time scales taken

into account would be too far from each other.

The timescale of the flare will be longer at lower frequencies and will exhibit a slower

decay rate, because of the expansion process. Therefore, the flare time scale will be longer

at lower frequencies. As we can see, the constraining model parameters are complementary

and participate partially to the full picture of the light curve. Let us not forget that some rela-

tivistic effects, especially boosting and redshift bring a significant contribution here, leaving
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Figure 5.15: Relativistic light curves of an expanding blob with the orbital period

T=105min at 3 frequencies for v=0.005c, p=2.5

space for interpretation of the final features of the observed flare.

The position and width of the flare peaks is also dependent on vexp and R0 values. We

also have to take into consideration different values of the spectral index αsynch to be able to

match the observed flux densities.

The initial blob size R0 and the spectral index of the particles p are both strongly con-

strained by the combination of measurements at frequencies that are initially optically thin

(ν > ν0) and optically thick (ν < ν0). The initial flux at a given frequency above ν0 is al-

ways dependent on the original near-IR flux due to the the particle spectral index constraints.

However, it is not dependent on the blob size.
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The plasmon size affects only the peak flux in light curves at any frequencies below ν0 by

determining the initial optical depth. The light curve rises initially is because of the increase

of the blob’s surface while it is optically thick.

As the plasma becomes optically thin, the light curve turns over because of the decrease

of the magnetic field, the adiabatic cooling of the particles, and a decrease of the column

density.

The adiabatic picture postulates simultaneous emission that produces a flare and declines

at optically thin high frequencies and produces successive delayed flaring at optically thick

lower frequencies.

We assume that for t ≤ t0, the optical depth of the plasmon equals its frequency dependent

initial value τν at R = R0. In the optically thin part of the spectrum the flux initially increases

with the plasmon size at a constant τν and then decreases due to the diminishing optical depth

as a consequence of the blob expansion.

For t > t0 the decaying flank of the light curve shifts towards later times at the turnover

frequency ν0. The time delay between light curves is also noticed if the initial plasmon size

R0 is increased. Furthermore, by lowering the spectral index or the peak flux density S 0, the

curve will also exhibit delayed arrival.

On the other hand, by increasing the adiabatic expansion velocity vexp, the peak of the

light curve will shift to earlier times. Adiabatic expansion causes also a slower decay rate

and a longer flare timescale at lower frequencies.

Of course, we assume the values of other physical parameters of the spot model and the

expanding plasmon model, like: the energy range of relativistic particles, the particle spectral

index and the quiescent flux density.

We notice that the expansion speed is an important factor in differentiating between var-

ious light curves, as we can see in Figure 5.16. An increase of the expansion speed will shift

the peak flux of the light curve to earlier times. A change in the expansion velocity will have

as a result a change in the shape of the light curve. A blob that expands at a higher rate will

exhibit a narrower light curve and a peak flux shifter at a slightly earlier time.

As the initial blob size and the particle index determine the peak flux of the light curve,

he flare lifetime will depend on the expansion velocity of the plasma (see Figure 5.17).
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Figure 5.16: Theoretical relativistic light curves with p=2.5 for different expansion veloci-

ties: v=0.02c, v=0.005c and v=0.002c(the latest peak)

Consequently, there is a small time delay cause by the expansion velocity of the plasma.

The emission at a specific frequency peaks as the blob becomes optically thin at that

particular frequency, which means that the blob size determines the peak flux of the flare.

We also conclude that the expansion velocity determines the flare duration. This is evi-

dent in the modelled light curves for different expansion speeds of the blob.

The estimated expansion speed of the plasma is a few percent of c, the plasma itself may

be bound to Sgr A* or be embedded in the base of a jet (Maitra et al. 2009; Yusef-Zadeh et

al. 2009). In this scenario, the contributions of the flares to the structure functions at 7 and

13 mm should be related to one another.

The initial increase in flux density is caused by the increase of the blob size while it is

still optically thick. If the initial size of the blob is larger, the light curve will peak at a higher

value. Consequently, the flux amplitude is dependent on the initial blob size, as we can see

in Figure 5.18. Another interesting fact is that a larger initial size of the spot R0 means a

greater emitting surface, keeping the expanding plasma optically thick for a longer period.

Hence, a longer time delay.

Our current theoretical modelling confirms the main picture of an expanding synchrotron

emitting plasma blob matching several observations in radio with strong evidence of time
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Figure 5.17: Theoretical relativistic light curves for an adiabatically expanding blob at the

same frequency for various expansion velocities: v=0.5c, v=0.1c and v=0.005c

lags between the peaks of flare emission. The existing observational data shows time delays

that match the phenomenological model of a uniformly expanding plasma blob from Sgr A*.

As we deal with a pure phenomenological model, we don’t need to use best fitting model

but only simple reasonable matches between our relativistic theoretical plots and the ob-

served light curves. The study of the plasmon behaviour will help us understand the origin

of the emission from Sgr A*. The flare durations and time lags modelled for optically thick

flare emission are found to be consistent with the existing observations.
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Figure 5.18: Theoretical relativistic light curves with p=1.5, vexp=0.01c for different initial

blob sizes R=0.2Rs (lowest flux peak), R=1Rs, R=2Rs

5.4.2 Modelling the radio light curves

The adiabatic expansion of a synchrotron emitting blob based on the plasmon model explains

the overall characteristics of the observed flaring activity in multiple frequency regimes.

Here we test the plasmon model’s applicability by including the relativistic effects on the

light curves.

The model developed here will mainly account for the main flare structure and the sub-

flare structure in optically thick regime by including optical depth changes and strong rela-

tivistic signatures. The amplitude modulations in the light curve are determined in this case

by two different factors: the flaring modulation, caused by the intrinsic change in brightness
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and the relativistic modulation, mainly caused by lensing and Doppler effects. We refer to

these as the flaring component and the relativistic component in the light curve, respectively.

We compare the light curves to the existing observations. We find that the simulated pro-

files obtained in the context of the model of an adiabatic expanding plasmon, match very well

the shapes of the light curves, the relative flux of the peak emissions and the peak time lags

between successive frequencies from current observations. The substructure of the flares is

here explained through relativistic effects. The observed flare durations and time delays in

optically thick emission are found consistent with the proposed phenomenological model.

The orbital motion of the plasma bubble introduces variability on 20 min average timescales

with possible shorter timescale relativistic modulations, due to lensing and Doppler effects.

Note that the suborbital relativistic flux peaks don’t exhibit visible time delays between dif-

ferent frequencies.

The frequencies of interest for the plasmon model are below 350 GHz for which the

emission is optically thick and the synchrotron cooling time of the particles is longer than

the flare lifetime. The adiabatic expansion phase does not account for the initial energization

of the electrons as the flare is optically thick and the synchrotron cooling time of the particles

is longer than the flare lifetime. Therefore, the synchrotron cooling process is not included

in this picture. We will later consider the possible connection to NIR band.

We focus on data of two overlapping Sgr A* flares at 43 GHz (7mm) and 22 GHz (13mm)

on 2005, February 10 and 11. The emission is variable on hourly time scales with the 22 GHz

peak delayed with respect to the 43 GHz peak (Yusef-Zadeh et al. 2006b).

For a specified particle spectral index p and initial blob size R0, the observed delay (for

example a delay of ∼ 30 minutes between 22 and 43 GHz frequency regimes) would allow

us to infer that the source expands at a specific rate of R0/hr or ≈ 0.02 c.

In Figure 5.19, we model Sgr A* light curves at 22 GHz and 43 GHz from 2005, finding

a maximum 10% increase in amplitude with reference to the average quiescent level. The

22 GHz emission lags the flare at 43 GHz by ∼ 20 minutes (see Yusef-Zadeh et al. 2006b).

We look for time delays between various flares at several successively longer wavelengths

and simulate time lags between other wavelength bands, comparing with observations from

VLA , CSO and Chandra.
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Figure 5.19: The light curve of Sgr A* at 43 and 22 GHz with a 30s sampling time and and

the theoretical relativistic light curves at two different frequencies for an expanding blob of

plasma with R=1Rs, superimposed over the data.

The two hour radio light curves show an increase of flux of about 7% at 43 GHz (λ=7mm)

and 4.5% at 22 GHz (λ=13mm), when compared to the quiescent flux. The rise and fall time

scale is about 1.5 – 2 hours, very similar to the flare measured time scale in sub-mm and

mm wavelengths (Yusef-Zadeh et al. 2006; Mauerhan et al. 2005; Eckart et al. 2006).

Monitoring of various observations at 43 GHz also show a 2-4 hour time scale (Roberts et

al. 2006).

As we are interested also in the shape of the light curves, the plots showing evidence

of sensitivity of the decaying part of the light curves to the spectrum as the magnetic field

diminishes and therefore the synchrotron energy at a reference frequency increases with time.

The plasmon model predicts that both particle spectral index p and initial blob size R0

are strongly constrained by the successive frequencies that are initially optically thin (ν > ν0)

and optically thick (ν < ν0). The initial flux at frequencies above ν0 was found to match the

near-IR flux and it is constrained by the particle spectral index without any dependence on the

blob size. For small values of p, the peak flux declines very rapidly. Considering the plasmon

being initially optically thick for a particular frequency, the spectral index for any peak flux
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will slowly decrease for an increasing p. The particle index p is always quite sensitive to

α and consequently it is difficult to be obtained from existing observations. Of course, we

can also conclude that α is weakly dependent on the particle index p, assisting with the

prediction of the plasmon model. The source size constrains the peak flux in light curves

at frequencies below ν0 by determining the initial optical depth. Simultaneous monitoring

at various successive frequencies would eventually allow us to constrain and estimate the

parameters of the source on a flare-by-flare basis.

By modelling the flare emission using the adiabatic expansion of a synchrotron source

we are able to constrain optically thin spectral index values αsynch, adiabatic expansion ve-

locities vexp, the initial blob size R0, the cutoff frequency νobs and the flux density S max,obs of

the synchrotron source. Theoretically, if the initial plasmon parameters (orbital parameters,

size, optical depth and spectral index) are known, then the spin of the black hole may be

determined. Because the photon rays are compact, their trajectories connect the spot and

the observer at infinity only through a small portion of the spacetime around the black hole.

Thus, the known mass of the black hole together with the estimated spin could be actually

good indicatives of the spacetime in a small region. Observations of multiple spots, using

both hot spot and adiabatically expanding plasmon models, at different orbital radial loca-

tions, therefore various orbital periods, will consequently provide a good method to measure

the black hole spin at a number of distinct locations near the black hole. These findings could

be then compared to the no hair theorem for Kerr metric predicting that the spacetime around

the black hole would be fully described only by the mass and spin alone. Such a result would

provide a good method to quantitatively test the Kerr metric itself.

By minimizing the number of free parameters we are able to constrain a significant num-

ber of features in the observed light curves. Unfortunately, the model parameters are not all

independent, e.g., the width and peak of a light curve signatures depend to a varying extent

on all parameters S max, αsynch, R0, and νmax.

The parameters that influence the properties of delayed emission are the initial size of

the emitting source (before the expansion starts) and the expansion speed. The initial size

of the blob shouldn’t modify the NIR/X-ray light curves, as they are optically thin and the

emission depends only on the total number of accelerated particles, not on the initial size of
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the blob or the electron density. Nonetheless, at lower frequencies, emission could become

self-absorbed and will therefore introduce the dependence on the initial blob size.

The time delay is clear evidence that the 2 hours flare does not represent a signature of

the orbital period. These light curves don’t show strong evident sub-structure of the flare, but

such features are present in observations of other flares, such as observed on 2007, April 4

(see Figure 5.8). The measurements at 43 and 22 GHz are interleaved and therefore is some

uncertainty as to the exact value of the peak flux density at 43 GHz, considering that there is

missing data around the peak flux, bearing a lot of uncertainty in regards to a single peak or

a two peak structure.

In order to provide a better picture on the flaring activity in radio wavelengths, we use

Figure 5.20 which is an explicit developed model of the first simple expanding plasmon sce-

nario, but this time including general relativistic effects due to periodic orbital motion. The

first figure showed modelling of the adiabatic expansion of the blob without any assumption

about the orbital motion. The plasmon expands during 5 orbital periods and exhibits time

delays of 20-25 minutes between each corresponding peak, due to a main time lag between

the broad light curve at 43 GHz with a duration of approx. 2 hours and the light curve at

22 GHz with a duration of approx. 2.5 hours. The ratios between peak fluxes at different

frequencies corrected with all relativistic effects closely match the peak flux ratios and time

delays from simultaneous observations of Sgr A* at several frequencies. More accurate ob-

servational data and a better sampling time might reveal a more detailed and discriminating

substructure of the flare, providing information about the orbital motion of the blob.

As a last step in our modelling of radio light curves, we introduce various relativistic

effects at sub-orbital level and take into account a relatively small size of the source. We

previously found that the flaring seems to occur at small orbital radii in the inner accretion

flow, most likely near the ISCO. Consequently, relativistic effects play a significant factor

in affecting the variability of the emitting source. We will find that both gravitational lens-

ing and relativistic beaming near the event horizon are sources of significant magnification

of the amplitude of the sub-orbital modulations. Figure 5.21 includes both Doppler beam-

ing and gravitational lensing effects visible for each orbit of the expanding blob. During

the expansion process, the plasmon modulates its flux amplitude during each orbit, due to
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Figure 5.20: (Top) The light curve of Sgr A* at 43 and 22 GHz with a 30s sampling

time and (Bottom) Theoretical relativistic light curves at two frequencies for a plasmon with

R=1Rs. Gravitational lensing has been suppressed

Doppler effects and gravitational focussing factor. A double peak structure becomes visible

at a sub-orbital level, under the 20 minutes average duration of an orbital period. Further

radio observations with better sampling are necessary in order to confirm the presence of

relativistic multi-peak flare structure (both lensing and Doppler effects).

The sub-flares are due to a single flaring event caused by a an adiabatically expanding

blob on an orbit around the black hole and secondly, by several relativistic effects. Both

events are being modulated and simulated on the same timescale. The blending between

the two underlying events will account for the complete broad overall flare. Relativistic

effects like beaming and lensing will also imprint on the intrinsic emitted radiation. Looking
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for genuine flaring events and separating them from orbital motion flux modulation is our

main task here. The interplay between the two components is obviously dependent on the

timescale of each event.

The model matches the existing shapes of the light curve profiles and the time delay

between various frequencies. The derived emission source size, density and magnetic field

strength are all in agreement with the predicted parameters by accretion models.

Matching theoretical relativistic light curves with simultaneous observed light curves of

Sgr A* at various frequencies and performing a quantitative analysis of the findings, allowing

us to determine the peak fluxes and time lags is an excellent method to test the plasmon

model’s applicability and recipe for probing various flaring features and measurement of any

flare parameters. The most important result remains the analysis and constrain of all special

and general relativistic effects in the context of realistic matching observed light curves.

Due to the proximity of the black hole event horizon, general and special relativistic effects

imprint on the synchrotron radiation of such inhomogeneities. All the model parameters have

to be corroborated with constraining information from black hole and geometry parameters

like initial radial location, initial azimuthal angles, observed inclination angle of the disk,

orbital period and the spin parameter of the black hole. The analysis of relativistic radio

light curves is important to understand the nature of Sgr A* flare activity and confirm the

model of an expanding synchrotron source.

5.4.3 Expansion speed estimates

The radio flaring activity, including the observed time lags can be understood through the

expansion of a plasma blob within the accretion disk. By simulating light curves for blobs of

various initial sizes and considering the maximum flare length between 2–3 hours, we find

expansion velocities which are in agreement with the derived values from Yusef-Zadeh et al.

(2008) The expansion velocities predicted by our model are lower than the orbital velocity

derived by previous authors for the hot spot model, not allowing the plasma to escape from

the inner regions close to the ISCO. For a 30 minute time delay, the plasmon doubles its

initial size in about one hour. However, the sound speed for a relativistic plasma and the



5.4 Modelling of Sgr A* radio flaring 151

Figure 5.21: (Top) The light curve of Sgr A* at 43 and 22 GHz with a 30s sampling time

and (Bottom) Relativistic light curves (includes lensing and beaming effects) at 2 frequencies

for a plasmon with R=1Rs.

escape speed from the black hole should be on the order of ∼ 0.5c average velocity.

We model the sub-mm and radio flare from 2006 July 17 and the radio flare from 2005

February 10 and 2006 February 10. We compare with the model fitting of the data from

Yusef-Zadeh at. al. 2008 and find similar expansion velocities for the plasmon. The sub-

mm theoretical light curve from 2006 July 17 (Figure 5.22, a) looks asymmetric and shows

a slow decay. For a particle spectral index p=1, we derived the expansion speed of v =

0.0028c corresponding to a magnetic field of B = 76 G. As the synchrotron cooling time for

particles emitting at 350 GHz is about 45 minutes,it is possible that the decay of the light

curve might be affected by it. There is evidence for time delay between X-rays and 850 µm
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Figure 5.22: (a) Left The solid line is a sub-mm light curve fitting on 2006 July 17 at 350

GHz. The fit only uses the bright flare and not to the weak flare peaking around 6h UT. (b)

Right Light curves at 43 and 22 GHz fitted simultaneously for the 2006 July 17 data. Credit:

Yusef-Zadeh et. al. 2008

emission suggesting that the optically thin near-IR/X-ray emission leads the optically thick

sub-mm and radio flaring by about 2-3 hours. This delay confirms the simultaneous near-IR

and sub-mm 2004 observations showing a sub-mm flare being delayed by 160 minutes after

the initial near-IR flare (Yusef-Zadeh et al. 2006a).

The radio light curves at 43 GHz and 22 GHz from 2006 July 17 are modelled and for

a particle spectral index of p=1, we find an expansion speed of v = 0.12c corresponding to

magnetic field of 11 G as we see in Figure 5.23,b.

The existing 340 GHz light curves of Sgr A* (Eckart et al. 2006a) show that a highly ac-

celerated expansion of the blob is a very unlikely event. A highly accelerated or decelerated

expansion would cause a sharp drop or rise in the light curve, which is not the case. From our

theoretical light curves, plotted for various expansion velocities, we can deduce that a low

expansion velocity would firstly show high flare flux levels for a few hours after the initial

event. A change to a higher expansion velocity would show a sudden drop of the light curve.

These kind of light curve profiles don’t seem to match any existing Sgr A* data. In the same

way, a strongly decelerated flare would exhibit a fast drop to low flux density values.

If we want to make any assumptions about the expansion velocity, some considerations

about the magnetic field have to be considered. The expansion velocity could be derived from

the assumption of magnetic tangled fields, as a result of the turbulence during the adiabatic
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Figure 5.23: (a) Left The theoretical light curve fitting the sub-mm 2006 July 17 flare at

350 GHz. (b) Right Theoretical Light curves at 43 and 22 GHz fitted simultaneously for the

2006 July 17 flare. The data is shown in Figure 5.22

expansion process (van der Laan, 1966). If the expansion happens along with an outflow,

therefore within a partially aligned field, the expansion can be prevented from developing

perpendicular to the field lines. The source will remain more confined and we would have

significantly lower values of the expansion velocity.

The adiabatic expansion of a blob within the accretion disk that also assumes shearing

due to differential rotation could actually explain the low values of the expansion velocities.

However, the blob can have a bulk velocity much higher or lower than the expansion velocity

and could therefore affect the final expansion speed of the plasma. We don’t include any

shearing mechanism in the model and in this chapter, for the current purposes here, we don’t

limit our assumptions about expansion velocities. In the next chapter, these assumptions

become an important factor as we seek to confine all existing parameters to realistic ones, to

be able to match accurately the Sgr A* data.

It has been suggested that the lifetime of the NIR and sub-mm flares could imply that the

flaring is caused by an outflow (Yusef-Zadeh et al. 2006a), persuading several authors to look

for time delays in radio bands. The Sgr A* light curves at 7 and 13mm (VLA, 2005) are still

the most representative existing data to be investigated for this purpose and used to confirm

the adiabatically expanding model. The curves show a 5-10% increase of flux amplitude

for both frequencies with respect to the quiescent level. The 13 mm flare lags the 7mm one
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Figure 5.24: (a) Left Light curves of 7mm (43 GHz) and 13 mm (22 GHz) emission from

2006 February 10 data and their cross correlation (bottom). The 13 mm data indicate a time

delay of 20.4±6.8 minutes with respect to 7 mm emission. (b) Right Same as (a) except

the data is taken from 2005 February 10. The time delay is about 30±12 minutes. Credit:

Yusef-Zadeh et. al. 2008

by ∼ 20 minutes (Yusef-Zadeh et al. 2006b). The peak near-IR frequency shifts toward

lower frequencies (sub-millimeter, millimeter and then radio) and confirms the picture of a

self-absorbed synchrotron blob that expands adiabatically (van der Laan 1966). A model of

an intrinsically faint accretion disk dominated by red noise with emission assumed from a

bright orbiting spot in conjunction with a short jet was also proposed (Eckart et al. 2006b,

Meyer et al. 2006ab, 2007). The model was analyzed using the brightest flares from SgrA*

with high signal to noise light curves from multi-wavelength observations.

For the light curve from 2006 February 10, shown in Figure 5.24, a, we find for a particle

energy index p=1 we find the expansion speed of v=0.012, with B=11 G.

The light curves from 2005 February 10 at 43 and 22 GHz are both modelled in Fig-

ure 5.25, a and derive the physical parameters of the flare. For a particle index of p=1.5, we

find the expansion velocity of v=0.018c corresponding to a magnetic field of B=12 G.

We confirm that the time delay measured from theoretical light curves is consistent with
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Figure 5.25: (a) Left Theoretical light curves of the flare at 43 and 22 GHz fitted simul-

taneously. The data is from 2005 February 10. (b) Right Theoretical light curves of two

overlapping flares at 43 and 22 GHz fitted simultaneously. The data is from 2006 February.

The data is shown in Figure 5.24

the picture of an adiabatic expansion of a self-absorbed source. We find that the expansion

velocities are smaller than 0.1c.

The inclusion of an adiabatic expansion component requires expansion velocities below

the canonical sound speed 0.5c. As the blob diameter is assumed to be in the range of several

Rs, it may well be located at 10 or even more Rs. The blob may be in this case embedded in

the outer layers of an accretion flow where it would be mildly over-pressured with respect to

the neighbouring material.

Our model infers low adiabatic expansion velocities for the flares of SgrA*. We used

expansion velocity values of ∼0.002 c, ∼0.005 c, ∼0.009 c up to ∼0.5 c close to the range

of velocities of vexp=0.003-0.1c values given by Yusef-Zadeh et al. (2008). The required

expansion velocity value is lower than the typical inferred orbital velocity of the standard

orbiting hot spot model (Eckart et al. 2006b, 2008ab, Meyer et al. 2006ab, 2007, 2008,

Trippe et al. 2007). Therefore, the observed sub-mm/mm flare emission can be interpreted

as a slow expanding blob within the accretion disk around SgrA*.

The expansion time scale would be comparable to the buoyancy or orbital time scale.

We find that the emitting blob is located much closer to the black hole (within 5Rs), but

expanding more slowly than expected at these orbital radii, leading us to make assumptions

about the surrounding environment.
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The blob may be slowed down by the bulk mass of plasma where the blob is embedded.

If there is a bulk motion that slows down the blob, this fact should be also present in the

time delays in the observed light curves. If the bulk motion is lower than the expansion

velocity of the blob, we should be able to see slightly longer time delays between light curves

at successive frequencies, than the predicted time delays for a simple plasmon expanding

in vacuum. The plasmon would cool slower than the expected values from the adiabatic

plasmon model.

One interesting way to see this plasmon being dragged backwards and slowed down by

the bulk material would be assuming a retrograde motion for the blob, while the bulk mate-

rial is moving together with all accretion flow in a prograde direction with reference to the

black hole spin. We make these assumptions about the environment where the plasmon is

embedded but further evidence has to be provided by future simultaneous frequency cam-

paigns. A model for the dynamical evolution of the blob could probe the properties of the

accretion flow itself together with the feeding processes of Sgr A*.

We are able to impose limitations on the expanding velocities of the expanding plasmon.

The simulated decay rates of both NIR/radio flares suggest a non-radiative cooling process,

such as adiabatic expansion that explains the flaring activity in these wavelengths.

The modelling of these light curves results in low expansion speeds, lower than 0.2c. We

find expansion velocities in radio frequencies of the order of vexp=0.003-0.2c, in agreement

with the findings of Yusef-Zadeh et al. The expansion velocities have lower values than the

expected relativistic supersonic speeds for orbital velocities near the ISCO.

5.4.4 Contribution to time delays from orbital motion of a plasmon

The key motivation of our model is to find relativistic signatures in Sgr A* light curves using

the adiabatic expansion model of the intrinsic flaring to account for delayed peaks and focus

on features that are signatures of relativistic orbital motion. We find that the predicted time

lags slightly differ from the observed delays. We interpret this discrepancy as a relativistic

signature, produced by orbital motion, blending with the evolution of the intrinsic flux and

shifting the timing of the observed peak. As long as we can compare our theoretical values of
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time delays derived from the plasmon model, with the observed time lags in multiple bands,

the peaks that don’t exhibit delays could be considered as signatures of gravitational lensing

and/or Doppler boosting on orbital timescale. For simplicity, we assume here that the flares

produced on 20 min timescale arise in matter on Keplerian orbits around the black hole.

If the separation between two observation frequencies is too large, the task of relating

them phenomenologically and understand the possible connection between the time lags at

different frequencies can become a non-trivial and confusing job.

A robust measurement of the time lags should be only taken between light curves si-

multaneously observed at relatively small frequency ratios. In our modelling, we use small

frequency ratios, mostly 1:2 or 1:3 between two theoretical light curves, in order to examine

time delays in radio variability.

The numerical findings are found consistent with the observed time lags between the two

consecutive flare peaks at optically thin radio frequencies and higher optically thin frequen-

cies.

Here we use other pair of flares, at 84 GHz and 43 GHz to calculate the time lag and

match to the NMA observed light curves. Using the plasmon model, we obtain predicted

time lags that are shorter than the observed time delays between the same used frequencies.

The observed time delay between light curves at 84 GHz and 43 GHz is 1 hour, whereas

the predicted time lags are 18.75 at p=2, 19.25 min at p = 3 and 19.03 min at p = 2.5.

Previously, Myiazaki et al. performed NMA simultaneous observations of flux densities at

90 and 102 GHz in order to detect the time delays between these frequencies (Myiazaki et al.,

2013). The time lag predicted by the expansion model was not detected during this epoch.

The observed time lag between 146 GHz and 134 GHz ∆t146-134 is 3 min, whereas the

predicted values of the time delay are 1.77 min for p = 3, 1.67 min for p = 2 and 1.72 min

for p = 2.5.

Another interesting fact is that the predicted time lags and the observed time delays are

on the same timescale, with very close values, suggesting that we may indeed have a number

of different consecutive flares, with individual additive time lags, blended with relativistic

information and ultimately exhibiting a longer time delay of the composite broader flare.

The lack of time lags in this case could be understood through blending of the intrinsic
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Figure 5.26: Simultaneous light curves measured with the NMA at 146 GHz and 134 GHz

on 2007, April 4, respectively. The cross correlation plot shows 3+3.4
−8.0 minutes time delay.

Credit: Yusef-Zadeh et. al. 2009

flaring emission with relativistic signature peaks. Contrariwise, two or more consecutive

neighbouring flares (from more than one individual blob) could be blended with lensing

effects and exhibit a broader flare formed from multiple peaks. In this case, the observed time

lag could be actually longer than the predicted time lag of an individual expanding plasmon.

This fact could be significant to understanding the relativistic signature peaks occurring on

same timescales with an individual flare. Following Myiazaki et al., the flux peaks at the

frequency:

νp = ν0

(
R
R0

)1/A

, (5.13)

with A = −(p + 4)/(4p + 6) and p the index of the relativistic electron energy spectrum
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[ n(E) ∝ E−p ]. The plasmon expands linearly with a constant expansion speed, vexp.

R − R0 = vexp(t − t0), (5.14)

with t − t0 the lifetime of the plasmon. The lifetime of the blob is frequency dependent:

t − t0 =

(νp

ν0

)A

− 1
 R0

vexp
. (5.15)

From here, we can derive the time lag between any two observing frequencies:

∆t146-134 (min) =
[
146 GHz A − 134 GHz A

43 GHz A − 22 GHz A

]
×∆T43-22 (min), (5.16)

with ∆T43-22 the time lag between two known frequencies: we use the time lag between 43

and 22 GHz in minutes.

If the time delay ∆T43-22 is set as 25 min, the time delay ∆t146-134 is expected to be

1.67 min at p = 2 and 1.77 min at p = 3, whereas the NMA observations show a 3 min

time delay between the two light curves. Figure 5.26 shows light curves measured simulta-

neously with the NMA at 146 GHz and 134 GHz on 2007, April 4, respectively. The peak

flux at 146 GHz will arrive around 3 min later than the peak at 134 GHz.

In the same way, we calculated the time lag between the light curves at 84 GHz and 43

GHz:

∆t84-43 (min) =
[
84 GHz A − 43 GHz A

43 GHz A − 22 GHz A

]
×∆T43-22 (min), (5.17)

When the time delay between two flares is already known, the time delay between two

desired frequencies can be also calculated. We find a predicted time delay of 18.75 min for

p=2, 19.03 min for p=2.5 and 19.25 for p=3 between the light curves at 84 GHz and 43 GHz,

whereas the observed time delay is 62 min. In the same way, we calculated a time delay of

1.67 min for p=2, 1.72 for p=2.5 and 1.77 for p=3 between light curves at 146 GHz and 134

GHz, while the observed time delay is slightly longer: 3 minutes.

For modelling purposes, we use the Figure 5.21 that shows five orbits of an expanding

blob, containing both lensing and Doppler beaming signatures. The relativistic orbital modu-

lations corresponding to 43 GHz and 22 GHz are almost aligned (simultaneous) whereas the

broad 2.5 hour flare show a 25 minutes time lag between the light curves at both frequencies.



160 Modelling Sgr A* flare variability

Depending on the initial phase where the blob starts orbiting the black hole, the lensing

and beaming peaks are formed in a different part of the light curve. The existing simulation

is generated using a blob that starts orbiting at the far side of the black hole, producing a first

lensed flux and a secondary beamed flux of the first lensed image. The flux ratios between

the lensing modulation and the beamed peak can also vary, depending on the orbital phase

and inclination angle of the observer.

In order to find the time lag between the two light curves, some information about the

orbital motion of the blob is necessary. The peaks of the two light curves at 43 GHz and 22

GHz can be slightly shifted by a different phase location of the lensing/beaming peak or the

flux ratio between these two peaks (it is possible that the beamed secondary flux to produce

a a higher peak in the light curve).

The task of locating the peak in the 22 GHz delayed flare, is not a straightforward job

and it is dependent on the orbital parameters. A small difference between the estimated delay

(between the 43 GHz and 22 GHz flare peaks) and the observed time lag can here be under-

stood in the context of a relative location of the peak, dictated by relativistic modulations

at sub-orbital level. The blending between the neighbouring individual orbital modulations

may also shift the peak of the flare at earlier or later times.

As we don’t aim for a quantitative analysis of the light curves, but only present a possible

scenario that may explain, in a relativistic context, some discrepancies found in the observed

time lags at multiple radio wavelengths. The simple expanding plasmon model predicts a

large number of radio/mm data but not all of it.

We only suggest here that the predicted time lags are not always in agreement with the

data, because of possible relativistic tampering with the light curve. The presence of outlier

peaks that are not necessarily produced by a change in optical depth, but of relativistic origin,

will ultimately interfere with the expanding plasmon theoretical fits. This conclusion is a first

step in introducing (in the next section) a novel composite model containing relativistic, hot

spot and expanding plasmon components. This picture may also account for observations

where no time lags between radio flares were detected as in the case of the flares at 90 GHz

and 102 GHz (see Miyazaki at. al. 2013). This model opens up extremely interesting per-

spectives, including a potential estimate of the spin of the black hole. The method reinforces
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and corroborates the findings of quasi-periodic emission in X-ray and NIR, confirming that

the periods observed in the light curves could be a signature of the orbit and not an effect of

the intrinsic flux modulations occurring in the accretion flow due to magnetic field variations,

injection of new particles or disk instabilities.

5.5 A composite relativistic model for Sgr A* variability

5.5.1 Timescale setup

The key concept here is that different time scales are present in Sgr A* variability. Firstly,

orbital motion of the spot around the black hole produces modulation of the light curve by

lensing and Doppler relativistic effects. The second time scale is the timescale of variability

in the intrinsic flare. The flux modulation is caused here by the increasing brightness of the

flare due to e.g. a variation in the magnetic field, a disk instability, a particle injection process

or expansion. The matter can become very confusing when one considers all of the various

timescales in which Sgr A* shows variability.

Intermediate timescales, from a few minutes to several hours probe the dynamical evo-

lution of the accretion flow on timescales from less than an orbit to multiple orbits. As the

internal variability timescale appears to be of order the orbital timescale, relativistic effects

could become a significant factor in understanding the Sgr A* flare emission.

A flowchart that outlines the modelling process is shown in Figure 5.27. It identifies the

orbital timescale and the flaring timescale as the initial factors that subsequently determine

the presence of relativistic signatures within a light curve. The flare lifetime is dependent the

expansion velocity of the plasma and the initial size of the blob. The flare can be formed and

evolve on any time scale and our flowchart considers time scales, smaller or larger than the

dynamical orbital scale. In our light curve modelling, we take into account and discuss the

different time scales and are not restricted to a single period.

The flowchart is a tool for seeking for relativistic signatures, while we take into account

both delayed light curves and flares that exhibit time lags. This tool leads us to the conclu-

sion that if the two timescales are not close to each other, we can’t discern between orbital
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relativistic modulations and intrinsic flaring. Fortunately, this is most likely not a realistic

picture anyway, as the expansion velocities of the plasma that cause intrinsic brightness mod-

ulations, are on the same timescale with the orbital motion of the plasmon around the black

hole. This only means that there are chances for us to find relativistic signatures and orbital

periodic signals amongst light curves that also exhibit time lags as evidence for expansion

of the plasma. If we find for a possible orbital periodic signal in X-ray, for example that

can be confirmed by close findings in infrared, a good validation of these results would be

the evidence for the same periodic signal in mm/sub-mm wavelengths. If we separate the

time delayed peaks from genuine candidates for orbital modulations, we are presented with

the possibility to speculate that the 22-30 min patterns observed in radio are indeed orbital

signatures. This phenomenological construct is based on the assumption that the plasmon

expands on the orbital timescale.

We show on the chart that in all cases where we could have both of the timescales almost

equal, we have the opportunity to search for general relativistic signatures. The presence

of delayed peaks is crucial here, as these modulations are not candidates for lensing and/or

Doppler boost signatures. In view of the current available observations at hand, our model

can constrain the orbital period, using the plasmon model as a tool for finding candidate

peaks for measuring the orbital period.

Our presentation is developed around the timescales that are required to understand

the full picture of the flaring behaviour. We introduce the expansion timescale, the delay

timescale between spot or plasmon formation and the onset of expansion, the flare timescale,

the flare lifetime timescale, the cooling timescale, the injection/escape timescale (see Ta-

ble 5.1).

Because of the various timescales we introduced, such as the cooling, injection, expan-

sion, etc., further modelling of the synchrotron steady (not expanding) blob would be nec-

essary in order to study the flaring characteristics in more detail, using radiative transfer

constraints. The problem of the hot spot surviving for multiple orbits is strictly dependent on

the cooling process. In the case of an expanding plasmon, the constraining parameters are

already implemented, with the aim to obtain the existing time lags between observed light

curves at various wavelengths.
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Figure 5.27: Flow diagram showing possible choices of the time scale of a light curve
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Timescales used in the model: Range

Orbital period P

Flaring 1P − 100P

Expansion 0.1P − 100P

Phase displacement 0.1P − 10P

Injection 0.5P − 100P

Synchrotron cooling 0.1P − 10P

Table 5.1: Timescales used in our flare model.

5.5.2 Relativistic substructure of the light curve

The shape of the light curve holds information about the parameters of the black hole and

the orbital motion. Nevertheless, some of these parameters, like lensing and Doppler shifts,

leave their strongest signatures only on particular portions of the light curve. We search for

relativistic signatures in Sgr A* light curves at sub-orbital scale. As we take into considera-

tion all special and general relativistic effects, we are able to isolate each particular imprint

in the light curve and separate it from other time-dependent flare characteristics that might

affect the shape and sub-structure of the light curve.

We focus on the time dependent behaviour of the relativistic signatures, in particular the

sub-flare structure in a light curve. As part of the modelling, we find that the flaring structure

is partially caused by relativistic modulations exhibiting separate amplification peaks in the

light curve. A sub-orbital relativistic picture is here assumed, considering that most rela-

tivistic effects may have a substantial influence on the observed emission from Sgr A* and

should be taken into account when analysing the nature of Sgr A* flaring.

The properties of the light curve can be understood by analysing the different contribu-

tions of the flux, determined by the spin of the black hole, the geometry parameters, the size

of the blob, the emissivity mechanism and the inclination angle. Using the current obser-

vational data, we make predictions based on our modelling setup, to provide constraints on

Sgr A⋆ flare emission. The unique parameters necessary to model the light curve are shown

in the Table 5.2 and will be discussed later in this section.
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Parameters: Intrinsic peak Relativistic peak

Rise time −1.5P − 1.5P -

Decay time 1.25P − 1.0P -

Flux ratio 1-6 / 1

Phase displacement - 0.25 − 0.75C

Table 5.2: Model parameters used in our flare simulations where P is the orbital period and

C = 2πr the circumference of the blob orbit.The maximum brightness is half time between

the rise time and the decay time of the flare, for the intrinsic flux.

Some X-ray light curves show a double peaked bright flare in phase with the NIR bright-

est double peaked flares. The amplitude of the X-ray and NIR peaks are not equal but the

basic skeleton of both light curves seem very similar. There is also a similar morphology be-

tween the radio and X-ray flares and the sub-structure of the light curves that will be analysed

later.

Repeated patterns of 20 minute cycles in both IR and X-ray bands could be attributed

to a hot spot orbiting the black hole, with an average orbital motion of 20 min. Most light

curves contain several cycles of this average orbital period. The interesting fact here is that

the period of 17 − 22 min, already accepted as orbital origin, corresponds to the expected

magnetic field of about 30 G, derived from the observed spectral index. It is quite possible, in

this case, that the cooling of the hot electrons actually happens on the orbital dynamical scale

and, while newly electrons are injected into the blob, the emitting source will continue to

survive for a number of orbits, producing a number of superposed flares of about 17−22 min.

The evident question is: is this 17 − 22 min periodic signal only an orbital signature of

the emitting source, caused by Doppler beaming/boosting or gravitational lensing effects?

Alternatively, is there another process (injection, heating, magnetic field fluctuation) that

would interfere with the relativistic modulations at an orbital timescale?

Several bright X-ray flares exhibit a multi-peak substructure that could arise from a com-

bined intrinsic flaring with relativistic effects that independently modulate the observed emis-

sion. The two or three peak sub-flare structure leads to a relativistic interpretation of an
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approx. 20–22 min period, close to the QPO periodic signals previously found in NIR and

X-ray wavelengths. The model for the sub-structure of the flare strengthens the previous

claims for periodicity (including radio wavelengths) and subsequently suggests a correla-

tion or common origin of the emission in X-ray and the NIR flare activity. Previously, the

X-ray flare emission has been modelled as inverse Compton, self-synchrotron-Compton, or

synchrotron emission. A possible X-ray scenario is the acceleration of highly energetic elec-

trons that are responsible at the same time for the IR flaring. The main ideas that have been

proposed are the up-scattering of sub-mm photons (Markoff et al. 2001, Yusef-Zadeh at al.

2006, 2008) or synchrotron self-Compton processes (Eckart et al. 2006a) as the emission

originated either from the high energy tail of the accelerated electrons (Yuan et al. 2003,

Dodds-Eden et al. (2009) or from NIR electrons (Eckart et al. 2006a). Yusef-Zadeh et.al.

(2012) proposed that the X-ray flare emission is produced through the interaction of the qui-

escent and flaring components. The strong X-ray counterparts to NIR flaring that originate

within the inner disk show no significant time delays, while the events in the outer disk will

exhibit lower energy, broad and delayed X-ray flares.

The light curve is dominated by a first peak occurring when the spot is close to the

primary caustic behind the black hole. This peak is followed by a secondary peak, depending

on the spot distance, caused by the Doppler effect (see Figure 4.18).

A basic starting hypothesis is the presence of intrinsic flux signatures of the flare at orbital

scale during the dynamic motion of the blob around the black hole, with a possible magnetic

origin in the near vicinity of the ISCO.

The ∼ 20 minutes average timescale is comparable to the orbital timescale T near the

ISCO:

T � 110
(
r3/2 + a⋆

) M
4.1 · 106M⊙

[sec], (5.18)

with a⋆ the spin parameter (−1 ≤ a⋆ ≤ 1), and r is a orbital radius within the equatorial

plane, in units of gravitational radius rg ≡ GM/c2. Any modulations under this scale are

possible candidates for relativistic signatures and/or intrinsic variable emission of the flare.

For simplicity, at first we assume that the flaring period and the orbital period are equal,

which means that a flare forms at the initial phase in the orbit and dies within one or multiple

orbits. The relativistic orbital motion could generate separated peaks in the light curve. The
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lensing peak and the flare peak wouldn’t necessary coincide. The same concept applies to

Doppler boosting effects. The search for relativistic signatures becomes a genuine search

for orbital periodicity. If we choose this timescale to be almost equal to the dynamical

timescale of the orbital motion, the blob may circle the black hole for more or less than an

orbit but close to one orbit. The case of multiple peak scenario can happen especially if the

timescale for the intrinsic flaring and the timescale of the orbital period are very close to

each other. The magnitude of the relativistic flux modulation will increase with the emitting

source inclination and will reach a maximum for the edge-on view.

As the synchrotron cooling occurs on scales close to the orbital timescale, it is plausible

that the blob gets injected and starts cooling transiently on orbital scales. The blob is still

able to survive for several orbits until the cooling process is finished and the initial event

that triggered the injection process has completely stopped. While the ≈ 20 minutes scale

suggests an orbital origin of the emission, close to the ISCO, additional components such

as injection, synchrotron cooling and adiabatic expansion processes might contribute to the

flare variability.

This fact is expected if an instability in the disk generates on a dynamical orbital timescale,

a periodic injection into the blob, of new heated electrons. As the blob moves around the

black hole, it cools down and while the cooling process is not finished yet, the blob gets in-

jected on the next orbital period with more electrons, producing another 20 min flare, during

one orbit. We assume the same relativistic particle distribution law that generates the intrin-

sic flaring as in 5.3, earlier in this thesis. In modelling the broad NIR flares, we assumed

that the orbiting blob is gaining new accelerated particles, over multiple orbits. However,

here the injection and cooling occur during one single orbital period. The blob gets fed with

hot electrons every orbit. This recurrent re-charging process can cause the blob to survive

for a number of orbits, until the injection process stops, together with the initial event that

generated the continuous feeding of the blob with new particles.

Although the signature for the spin of the black hole together with the special relativistic

beaming and the formation of high order multiple images generated by lensing effects seem
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to be quite marginal in the light curves, they shouldn’t be ignored at all. The current numer-

ical resources are not sufficient to reproduce all relativistic effects in a realistic way and re-

veal accurately high order general relativistic images. Future simultaneous multi-wavelength

campaigns and photometric measurements should provide more evidence and accurate data

to be used for current studies of the temporal evolution of the expanding plasma in orbits

close to the ISCO.

Apart from lensing/Doppler peaks, some of the observed substructures visible in X-

ray/NIR/radio could be most likely caused by relativistic beaming on the approaching side

of the blob orbit around the black hole.

The X-ray flare from Figure 5.28 and exhibits a clear 3-peak sub-flare morphology. The

three peaks could be caused by gravitational lensing and Doppler boosting effects of the

emission arriving from a blob that is injected with new electrons during one single orbital

period. The middle peak corresponds to the gravitational lensing signature, whereas the last

peak is generated by the transverse Doppler effect.

Figure 5.28: Theoretical modelling of the X-ray light curve from 2002 October 3 observa-

tion.

The spectral index of the flare emission alters the shape of the light curve. This modula-

tion of the flux gets combined with the relativistic signatures and further leads to significant
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changes in the light curve. A modification of the observing range of frequencies used, there-

fore of the Spectral energy distribution (SED) of the emission is also crucial in understanding

the shape of the light curve. The Doppler effect will shift the emitted radiation, ultimately

leading us to actually observe different parts of the SED every moment in time. When the

flare is approaching the observer, the emission becomes blue-shifted. If the emission be-

haves as a red or blue SED, the emission that reaches the observer will be higher or lower,

respectively. A red SED with α < 0 will brighten the emission on the approaching part and

therefore will increase the beaming signatures whereas on the receding side, the emission

will be dimmed. A flare following a blue SED, with α > 0 will have the opposite behaviour.

The flux will not be modified in any way by the Doppler shifting, if the SED is white or

α = 0.

Due to the Doppler effect, the observed flux will relate to a different rest frame frequency

for different orbital phases. A curved spectrum is expected from a synchrotron model. If the

source spectrum is curved, the flux distribution and the spectral index seem to be correlated.

The flux from the brightest part has a rest frequency with a larger spectral index than the

dimmer flux from shorter wavelengths. The light curve peak rises with decreasing spectral

index. If we assume an overall blue SED, the observed flare emission on the approaching side

will become very diminished so that a secondary lensed image of the flare will be exposed.

The flux should be higher than the flux of the primary image for a very short time. If we

assume an overall blue SED, the original flux peak will become very narrow and will increase

in brightness. In this way, the secondary peak will arise slightly before the flare actually

arrives on the approaching side. The multiple image lensing effect is stronger if the flare

has a red SED, because the flux of the first image will get diminished more substantially

on the receding side. The flux of the secondary lensed image will be more substantially

amplified on the approaching side. The light curve in the case of a blue SED flare looks

more symmetric and shows less relativistic signatures.

If the flare orbits in the anticlockwise direction, the point of maximum blue shift occurs

just before the flare reaches the closest point to the observer ϕ = 0 as the gravitational lensing

gets beamed in the forward direction of the emitter and is also bent towards the observer at

the same time. Gravitational lensing causes strong magnification of the emission region
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Figure 5.29: An X-ray light curve observed in September 2013 (Yusef-Zadeh et al.) con-

sistent with a theoretical relativistic light curve (right) of a compact hot spot orbiting a Kerr

black hole with spin a = 0.3, for θo = 75◦. The blob is located at rsp = 4.5GM/c2 and it is

injected with particles during one orbital period. The three peaks of the simulated flare rep-

resent the intrinsic flare peak, the lensing peak and the Doppler blueshift on the approaching

side on the latest part of the light curve.

when the flare is located on the far side of the black hole, and spreads its primary image into

an extended arc. Due to the relativistic Doppler shift and beaming effects, the approaching

portion of the blob orbit will appear much brighter than the receding portion. The modelling

of the X-ray flare observed in September 2013 (Figure 5.29) shows a 3-peak sub-structure

of the light curve: a first intrinsic flare peak, caused by the injection of fresh particles, the

gravitational lensing peak and the transverse Doppler effect on the approaching side of the

disk. The same model was applied to the similar light curve of the October 26, 2000 X-ray

flare (Figure 5.30) but with a smaller number of particles that get injected into the blob,

exhibiting a lower amplitude peak than the flux modulation generated by the gravitational

lensing effect. The presence of the Doppler transverse effect is evident in all discussed X-ray

light curves.

As long as the sub-flare characteristics are caused by relativistic signatures, a strong

similarity in the sub-structure of the NIR and the X-ray light curves is expected, together

with the same flux ratios in beaming or lensing signatures. It is also possible that the new

particles that get injected might exhibit a different behaviour in X-ray and NIR. If the new

injected electrons are seen in X-ray, cooling rapidly, the same particles might cool much
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Figure 5.30: (a) Left ACIS-I light curves of the Chandra observation of October 26, 2000.

(b) Right Theoretical light curve fitting the October 26, 2000 X-ray flare.

slower as part of a bulk motion observed in NIR. The same effect on the light curve as the

injection could be generated by changes in electron acceleration or variations in the magnetic

field.

Our analysis makes predictions on possible future measurements of Sgr A* emission

and requires accurate data for revealing theoretical signatures modelled by our light curves.

The asymmetric structure present in the observed light curves may be caused by relativistic

effects, showing evidence of clumping flaring material present on scales within a few tens of

Schwarzschild radii from the black hole.

We look for similarities, patterns and recurrent ratios in the observed light curves at
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various wavelengths. The search for a patterned sub-structure in the flares is motivated by our

intention to understand the origin of the Sgr A* variability. We find that the flare events occur

quite close to the ISCO and provide strong constraints and a significant insight into the nature

of the inner accretion flow. The existing rapid modulations in the flare emission favours such

a picture. We interpret the sub-flares of 20 minutes average duration, superimposed on the

wide flare, as being due to orbital relativistic signatures of synchrotron emission from a blob

that orbits the central SMBH. The intrinsic blob emission could be due to transiently heated

and accelerated electrons. The variations in the sub-flare amplitude together with the time

separation between the peaks can be explained using such a model. Different variations are

possible for stronger modulation of the blob brightness or starting phase of the expansion

process. We will also apply this sub-orbital relativistic picture to the modelling of NIR

and radio light curves. Our sub-orbital picture accounts for the different short timescale

variability in NIR and X-ray bands. Additional future simultaneous observations at different

frequencies become necessity, in order to confirm the predictions of our modelling.

5.5.3 Relativistic modelling of NIR and radio flares

The motivation of the work here is to develop a model that explains the multi-peak sub-flare

structure in Sgr A* light curves. Subsequently, the model is expected to offer a possible

explanation for Sgr A* variability in multi-wavelength bands. As we know, all relativistic

effects become important close to the inner edge of the accretion flow, making significant

contributions to the full shape of the lightcurve itself. We consider all relativistic effects

from a localized emitter in the form of bright, continuum emitting hot spot in orbit around

the black hole. Such a bright region produces a time-varying signal that can reveal valuable

information about the environment of a black hole.

We are looking for relativistic signatures in the light curves and subsequently we take

into account all relativistic effects. We target periodic signatures in the light curves and

consequently possible links between changes in the peak flux and light curves. In order

to provide a realistic picture, we consider Doppler beaming, multiple high order images,

gravitational lensing effects and Doppler shifts. We find that in each flare the sub-flares are
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generated by flux density contributions of a single blob in orbital motion around the black

hole and eventually eliminate the multiple blob hypothesis.

The light curve could be the result of a single flare that dominates the emission for a few

orbital periods. The modulations in flux could be also caused by a number of different spots

with individual lifetimes that are shorter than one orbital period close to the last stable orbit.

If a blob would expand within the disk or cause a short outflow above the accretion disk, the

quasi-periodic emission is smeared out. It is possible, in this way, to not be detected at lower

observing frequencies.

By assuming that the observed flux variations could be dominated by the orbital motion

of the emitting source, the timescale therefore the orbital period is determined by the orbital

radial location of the source and the black hole angular momentum. On the other hand, the

magnitude (amplification) of the flux variations increases with the spot inclination reaching

its maximum for the edge-on view. The light curves for the orbiting expanding plasmon

model are calculated under the assumption that the blob remains confined, i.e. to first order

preserved in strength and extent, for several orbital periods.

We analyse the relativistic signatures for emission from a small blob in prograde orbit

close to the ISCO and produce theoretical relativistic light curves containing both relativistic

effects and intrinsic emission with sub-flare characteristics. Combined with the special and

general relativistic effects, we are able to place strong constraints on the possible size of the

blob, luminosity, orbital period, expansion speed (for an expanding plasmon) and black hole

parameters (disk inclination angle and spin). The discrimination between different types

of peaks that can appear in an observed light curve, gives us the opportunity to diagnose the

nature of the emission and, depending on the relationship between the two timescales (which

one is longer/shorter), to constrain a number of plasmon parameters (like expansion velocity

of the plasma, optical depth), orbital parameters (the orbital period being the imperative one)

and ultimately, the spin of the black hole. We show that the flare emission can be described by

the simple combination of a synchrotron spot model followed by an adiabatic expansion of

the source components, with intrinsic flaring ocurring on orbital timescale, where relativistic

effects could equally count for multiple peak substructure in the light curve.

For multiple frequency modelling of an expanding plasmon within the disk, the particle
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spectral index and the expansion speed v parameters are introduced. The observables for a

typical light curve at a frequency ν0 are the timing t0 of the flux, the magnitude of the peak

flux, S 0, the particle index p and the expansion speed in units of R0 per unit time, causing

the asymmetry and width of the flare in the light curve, together with the background level

or the quiescent flux that can slowly vary over the course of the flare.

The emitting source is fixed by the index p which determines τ0. The minimum and

maximum energy values are assumed to be Emin = 1 MeV and Emax = 100 MeV. We also

assume equipartition between the average magnetic field and total relativistic electron energy.

The magnetic field and electron density are calculated from the optical depth and size of the

emitting region.

Our model assumes that the both radio and NIR emission is synchrotron emission from

relativistic accelerated electrons moving close to the ISCO. The radio broad flare produced

by the plasmon emission is an effect of the optical depth, whereas the NIR flare is caused by

the heating and acceleration of electrons.

A blob of plasma of initial radius R0, filled with relativistic electrons, remains constant in

size for a specific time and starts to expand at time t0. The number density ne is uniform. To

model the plasmon, we picture the electrons distributed in an energy power-law (dne/dE =

ke E−p, Emin 6 E 6 Emax). The blob is surrounded by a magnetic field B.

For illustration purposes, we consider various scenarios of an expanding blob orbiting

the black hole, starting to expand before t=0. The light curve starts with the blob already

expanding and peaks, due to a maximum flux in the intrinsic emissivity of the plasmon,

before the source passes behind the black hole. The gravitational lensing peak, combined

with the Doppler boosting peak appear later as a second modulation in the light curve, with

less than a quarter of an orbit phase difference. It is possible for the blob to not expand

from the beginning of the orbit and this fact will introduce the phase displacement. The blob

may expand during one single orbit or close to one orbit, which will create multiple peak

structures in the light curve, at a sub-orbital scale, or expand over multiple orbital periods.

The sub-orbital scale, the shortest scale that we use in our model is going to be employed

again, when we assume a plasmon expanding on orbital timescale. The flux modulation

caused by the optical depth due to the expansion process, can be disentangled from the rest
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of the sub-peak structure caused by orbital relativistic modulation.

The phase displacement timescale relates to the delay between the appearance of a steady

orbiting blob and the moment when the blob starts expanding. The phase displacement is

important to locate and identify the sub-peaks in the light curve. We use the terms ”expansion

timescale” to refer to the adiabatic expansion of the plasmon, and ”flare timescale” to refer

to the full lifetime of a flaring event.

Before the flare starts to modulate its internal flux, it is possible to orbit the black hole a

number of times, producing, on the same time scale, a lensed image just after it passes the

far side of the black hole. If we assume a simple orbiting hot spot, the cooling time of the

flare might constrain the blob to complete no more than one single orbit. The hypothesis of a

hot spot combined with an expanding synchrotron blob is eliminated if the blob doesn’t last

sufficiently long enough to orbit the black hole more than once and generate multiple peak

structures in the light curve. The constraint is here imposed by the orbital period.

To apply the plasmon model, we have two constraints that should be taken into consider-

ation: the plasmon lifetime is determined by the cooling process and the expansion velocity

determines the flare duration. We also have to consider that the number of particles within

the blob is not necessarily constant at all times and there could be an injection of particles

at a specific time, especially if we need a longer cooling time of the blob (if the blob has to

last for a longer time) or contrariwise, a loss of particles escaping from the accretion disk

in a jet or wind. In both cases, we could deal here with a change (increase or decrease) in

the intrinsic flux of the flare. The expansion of the blob brings different time delays for the

radiation from different parts of the spot so the onset and the fading of the flare emission are

slightly different for an expanding plasmon instead of a steady spot. There is still an addi-

tional constraint that has to be taken into account: the size of the flare itself. We plot light

curves for different sizes of a spot around an extreme black hole and find that, as expected,

for a very large size of the flare, most of the distinguishable relativistic signatures are lost

and the amplitude of the flux is highly amplified. As long as we keep the source size within

1GM/c2 (we get the best effects for a source of 0.2GM/c2), we can expect that the relativistic

imprints on the light curve would be easily detected and isolated.

For Sgr A*, the orbital time scale close to ISCO is between 3.7 min and 27 min for
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orbits around extremely rotating and non-rotating black holes, respectively. The viability

of a model that combines a hot spot with an expanding blob requires that the synchrotron

cooling time scale to be larger than the orbital period, for the hot spot to last long enough to

introduce the plasmon scenario as well.

The fact that a single component adiabatic expansion model cannot account for the ob-

served sub-mm/mm light curves, the considerable spread in source parameters (brightness,

size, spectral index, sub-mm turnover frequency) as well as the presence of a long term vari-

ability (on scales of more than one or a few days) indicate a low level activity in addition

to the presence of repeated individual bright flares. A two phase model, consisting of an

initially steady synchrotron blob and an expanding plasmon is necessary here. The peaks

generated by the expansion process are expected to exhibit time delays in the light curves,

whereas the rest of the peaks shouldn’t show any time lags. As the initial steady blob gets

injected with new electrons, we should be able to see a large broad change in brightness (set

by the injection timescale). The injection timescale should be very close to the new adiabatic

cooling timescale of the plasmon newly formed. We already found (5.3) that the broad NIR

timescale of 100-140 min can be modelled as a slow injection of fresh particles into the blob.

The blob starts expanding on the same timescale, a fact confirmed by observed light curves

in radio wavelengths.

We should be able to see two peaks, one caused by a lensing effect from a previous orbit

of a synchrotron blob and a later peak caused by the intrinsic variability of the expanding

flare.

We introduce a new parameter: the brightness ratio between the intrinsic flux of the

confined spherical emission blob region and the peak flux created by the extended arc in-

dependently formed by lensing and boosting effects. Another parameter introduced in the

model is the phase displacement between the phase where the plasmon peaks and the phase

where the relativistic modulation reaches its maximum flux, caused by the steady blob or

by the plasmon itself. While the brightness ratio parameter doesn’t affect the orbital period

measurement in any way, the phase displacement between the peaks does.

The arrangement of the source components in the phase disk, on the orbit, provides a

set amount of lensing amplification and Doppler boosting relative to the second component
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of intrinsic emissivity. We try different arrangements in the disk, at different relative phase

displacements and different brightness ratios between the two components.

Motivated by the fact that some of the existing observational data show evidence for a

spot evolution within the relativistic disk and the existing light curves exhibit flaring sub-

structure, we assume in our model two types of amplification component, showing separated

peaks in the light curve: relativistic amplification and intrinsic brightness of the flare. We

further assume the flare starting to expand (after orbiting the black hole for a set time, with

constant brightness) at a specific orbital phase in the accretion disk, which we can freely

choose, as a new constraining parameter of the model.

For each of these set positions within the orbit, the flux density distribution within the

disk can be take different values. This means that we can have an intrinsic flare of a higher

or lower amplification than the peak formed by relativistic boosting or gravitational lensing

effects. Different orbital phase shifts between the positions of the flare within the disk will

result in different time displacements between the peaks within the light curve. The peaks

are distinct and separated at various time intervals in the light curve, depending on how

close the intrinsic flux will reach its maximum relatively to the lensing/Doppler modulation.

The Doppler redshift only makes a small contribution of smoothing the light curve together

with the effect of broadening the receding wing of the light curve. Figures 5.31, 5.32, 5.33

and 5.34 show simulations of such expanding blobs, with distinct locations of the maximum

intrinsic flux in the orbit, affecting the sub-structure of the light curve in a different way.

All Figures show peaks caused by expansion, lensing and Doppler shift occurring at distinct

orbital phases. The order of the peaks and their significance is detailed beneath each Figure.

The model assumes two separate scenarios:

A The first scenario assumes a compact hot spot or a flare of constant flux and size orbit-

ing the black hole on a keplerian orbit, on a dynamical time scale close to the orbital

period. After a set time, due to an energetic event, like the injection of new particles, an

instability in the disk or a fluctuation in the magnetic field, the blob starts expanding.

The heating/cooling process has its own life cycle and it can be characterized by a rise

time and a decay time of the flare. The three components of the model are the orbiting
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Figure 5.31: (Left) Diagram of an expanding plasmon orbiting a rotating extreme black

hole (Top) and the light curve (Bottom). The diagram shows a dark lensing area and a light

shade Doppler boosting area. The small spot shows where the plasmon starts to expand,

whereas the larger spot shows the maximum intrinsic peak flux. The light curve shows (in

order, from left to right) a peak caused by expansion (i), lensing (l) and Doppler boosting (b)

for i < l and l > b.(Right) Diagram and light curve for i > l and l > b.

spot phase, the expansion phase and the relativistic effects that generate independent

orbital motion modulations in the observed flux. The model can be applied to multiple

wavelength bands, comprising both hot spot model and the expanding plasmon mod-

els. In this way the model covers both simultaneous and time delayed light curves.

The lensing and Doppler blueshift effects, associated with orbital motion, could be

produced by the expanding blob or by a hot spot not yet expanding.

B The second scenario proposes an adiabatically expanding plasma blob that starts ex-

panding from the beginning. The flux modulates intrinsically and in general peaks at
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Figure 5.32: (Left column) As in Figure 5.31, for i > l and l < b. (Right column) Diagram

and the light curve for i < l and l > b.

a different phase within the orbit than the orbital modulation.

The flare peaks and just after it passes behind the black hole, the lensing peak is also

formed, at only a few minutes difference from the first peak. The blueshift peak is formed

on the approaching side as the flare is almost reaching the closest location to the observer.

Figure 5.35 shows flares produced by different initial size blobs, showing various intensities

of the intrinsic flux, blending with neighbouring peaks formed by relativistic signatures. The

model is based on the primary assumption that the two time scales (intrinsic and orbital)

are close to each other. For simplicity reasons, we assumed the two timescales being almost

equal and seek various types of peaks in the light curve, due to both expansion and relativistic

effects. In Figure 5.36, we illustrate the different timescales used in the modelling.

The timescale of about 20 minutes, assumed to be the orbital period, suggests orbital
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Figure 5.33: (Left column) As in Figure 5.31. In this case, there are only two peaks in the

light curve i+ l > b. (Right column) Diagram and the light curve for the two peak case where

i + l < b.

motion very close to the ISCO. This timescale can be also found in X-Ray and radio wave-

lengths, endorsing the fact that indeed it describes orbital motion. Any radiation produced

propagates through strongly curved space-time. By the time we include multiple images,

Doppler shifts, beaming effect, gravitational lensing, we attempt to eliminate the 20 minute

period as being produced by the flux variation of the flare. The model predicts that this pe-

riod, if it has an orbital origin, will not generate any time lag when observing/simulating the

same flare at a different frequency. In the model, the presence of a time lag provides evidence

of intrinsic flaring caused by the expansion of a self-absorbed source. The similarity between

the flare timescales in NIR and the mm/sub-mm suggests that the energy loss processes are

not dominated by radiative cooling but adiabatic expansion.

We argue that the entire X-ray/NIR flare is delayed towards sub-mm/radio frequencies
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Figure 5.34: As in Figure 5.31 for i < l and l > b. (Right column) Diagram and the light

curve for the case i < l and l < b.

but some characteristics in the substructure of the flare remain preserved: the brightness ratio

between the sub-flare characteristic flux peaks is conserved, together with the phase ratio (or

phase displacement, on the blob orbit) between the individual sub-flare peaks. We notice

both features when we stretch the NIR or X-ray flares to match the radio light curve and

obtain similar brightness ratios and time ratios. The typical duration of a broad NIR flare is

100-140 min whereas the radio flare lasts about 1-2 hours. The stretching of the NIR light

curve can be seen as a simulated expansion of a compact blob initially observed in NIR and

being followed by the expansion of a plasmon emitting at radio wavelengths. The stretching

factor applied to NIR flare was selected to match the radio light curve, keeping the ratio of

the observed durations.

Both plasmon model and the orbiting spot model are considered as possible scenarios in
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Figure 5.35: Theoretical modelling of a flare that expands during one and a half orbit. The

flare starts expanding before the starting phase of the light curve. In all cases, the flare peaks

before is passes behind the black hole. The first peak (in order, from left to right) is formed

by the intrinsic emission of the plasmon. The second peak is caused by the lensing/Doppler

effect. The flare brightness is different in each panel. The flare timescale is close to the

orbital timescale

the model, while the time lag between different observing frequencies can help distinguish

between them. The adiabatic expansion process, combined with all relativistic effects and

the possibility to have a constant size hot spot orbiting the black hole, before the expansion

starts, can explain the overall characteristics of the flare emission in multiple wavelengths.

The time delays found are consistent with the adiabatic expansion of a self-absorbed source.

If we consider these features through the prism of our model, the peak that is delayed (the

main large flare structure) is not a candidate for an orbital motion event, whereas the sub-

flare peaks seem to represent characteristics that reminisce the common relativistic signatures
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Figure 5.36: (Left, top) Modelling of a single blob with variable intrinsic emission, super-

posed over a broad orbital light curve. The intrinsic variability timescale is shorter than the

orbital timescale.(Left, bottom) Modelling of orbiting multiple blobs that last a fraction of

the orbit, superposed over a broad orbital light curve. (Right) Modelling of a blob that ex-

pands during multiple orbits (top), respectively 6 orbits (bottom). The expansion and cooling

timescales are longer than the orbital timescale. The broad light curve is given by the blob

expansion.

within the amplification light curve of a blob in orbital motion around the black hole (lensing

and Doppler effects). We shifted and stretched the light curve in order to display more promi-

nently the substructure of the flare and the ratios we are interested in. A close comparison

between the 43 GHz flare and the NIR light curve clearly suggests that the two emissions are

closely related with each other. A similar shift/stretch was also used by Yusef-Zadeh et. al.

on the same flare to suggest the time delay between light curves at the two frequencies and

show the duration of flare as it evolves in time.

We carried out the time-shift and time-stretch operations, obtaining a zero time lag be-

tween radio and X-ray data and same substructure (patterns and flux ratios) of the light
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curves, in order to propose a strong correlation between the flares. The stretched light curves

contain most characteristics and substructure features as their counterpart, suggesting a com-

mon origin of the two events.

Continuous hourly timescale radio variability hinders the identification of the relevant

matching radio flare counterparts for the NIR light curves. Figure 5.37 shows composite

VLA, VLT, HST and XMM light curves from 2007, April 4. The radio flare recorded be-

tween 10h and 15h UT is a possible matching delayed counterpart of the NIR/X-ray flare.

The main morphology of the flares exhibit a rise in the flux amplitude, with a number of

smaller peaks, followed by a flattening of the emission. The stretched light curve exhibits

similar features with the radio light curve, including the relative flux ratio between the 3

peaks in the flare, as we can see in Figure 5.38. The observed emission at 43 GHz is the

time delayed matching flare with respect the NIR/X-ray flare. The similar features seem to

conserve when changing from an optically thin regime (X-ray/NIR) to the optically thick

radio band. The most interesting fact here is that we notice the same 3 peak substructure in

the flare in several occasions: both X-ray light curve from 2002 October 3 and the September

2013 X-ray flare exhibit 2 bright peaks and a third peak of much smaller amplitude, which

we argue to be caused by Doppler blueshift effect on the approaching side of the blob orbit.

The flare observed during the 2006 July 17 campaign shows also very similar characteristics

to the other multiple peak X-ray light curves.

The model explains the sub-flare structure for NIR emission, showing that in the X-ray

band, the substructure of the flare has a very similar shape and when stretched, the X-ray

flare seems to overlap the NIR flare, showing very similar patters of close durations and flux

ratios between the sub-peaks. We show the overlaid X-ray and infrared flares in Figure 5.37.

We assume that the synchrotron emission from transiently accelerated particles can explain

the NIR lightcurves. The NIR and X-ray flares provide enough evidence of strong correlation

between the two types of emission with no visible time delay. A strong NIR/X-ray flare was

detected on 2007, April 4 exhibiting a main peak at 5.9h UT with a duration of about two

hours in NIR.

The NIR/X-ray emission from 2007, April 4 can be used here to relate the optically thin

emission with the flaring at radio wavelengths. An optically thin NIR flare with a shorter
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Figure 5.37: (Left) Sgr A* light curves from 2007, April 4 obtained with XMM in X-rays

(top), VLT and HST in NIR (middle) and IRAM-30m and VLA at 240 GHz and 43 GHz

(bottom). The NIR light curves are shown in red, Ks and Ks-polarization mode in green and

blue, L’ in black, and NICMOS of HST in blue. In the bottom panel, red and black colors

show the 240 and 43 GHz light curves. (Right) The top panel shows the NIR light curve and

the modelled light curve superimposed, the middle panel shows the NIR light curve shifted

by 6 hours, stretched by a factor of 2.5. Superimposed it is the simulated light curve. The

bottom panel shows the 43 GHz light curve with the superimposed simulated light curve.

lifetime is expected to have a radio counterpart shifted later in time with a longer lifetime.

As there is (almost) no time delay between the NIR and X-ray flares, it is possible to con-

sider a radio counterpart for an X-ray light curve. In Figure 5.38, the stretched NIR light

curve seems to have most characteristics and sub-structure shape features of the radio flare,

suggesting a strong correlation between the two events. In Figure 5.39,the X-ray light curve

was stretched by a factor of 3.5 and shifted by 5.25 hours, to match the NIR light curve.

The duration of a flare at 22 GHz is about 2.5 hours and at 43 GHz is about 2 hours.

If from the opacity law we extrapolate a light curve corresponding to NIR wavelengths, we
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Figure 5.38: The top picture shows the XMM data from 2007, April 4, the second panel

shows the VLA flare at 43 GHz. The X-ray light curve is shifted by 6 hours and stretched by

a factor of 2.5. The two bottom panels show an overlap between the two light curves and the

theoretical modelling of the VLA flare.
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Figure 5.39: The top and middle plots show the X-ray and NIR light curves taken on 2007,

April 4. The X-ray light curve was shifted by 5.25 hours and stretched by a factor of 3.5.

The bottom panel shows the first X-ray light curve that has been stretched and superimposed

over the second NIR light curve.
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obtain a flare that lasts about 1.5 hours, which confirms many NIR observed flares with

durations of about 120-140 min. The broad radio flare shows clear time lags when simulated

and observed at different frequencies. The change in flux is controlled by the changing

optical depth of the intrinsic emission of the self-absorbed plasmon. As the broad NIR

flare is optically thin, we must eliminate that the change in flux is dependent on the optical

depth. Consequently, we assume that the broad NIR 100-140 minutes average duration flare

is generated by the injection of new particles in the blob. As new accelerated electrons

are included in the blob, the flux amplitude slowly increases and eventually the blob starts

expanding on the same timescale, beginning to show time lags at lower frequencies. In

NIR, the cooling is radiative via synchrotron emission, causing the flux distribution to vary

on timescales of 100-140 minutes, whereas during the expansion, the cooling is done only

through adiabatic processes.

A number of flare scenarios or sub-models contribute to our final picture:

(1) the extended synchrotron spot model (synchrotron steady blob and expanding plas-

mon)

(2) the particle injection model (multi-orbital scale)

(3) the sub-orbital relativistic model (includes expansion)

If we assume a connection between the NIR flare and the radio event, based on close

timescales of the observed broad light curves and close patterns of the flare sub-structure in

both NIR and X-Ray, we can extrapolate the existence of the same orbital peaks, as found

in NIR and X-ray. This hypothesis can be applied to the 22 GHZ and 42 GHz flaring and

assume a sub-structure with orbital origin (see Figure 5.21). We propose 5 orbital periods,

as the 2007 NIR flare shows 5 orbital periods during a 100-120 minutes time window. By

extrapolating to a 2 hours 43 GHz and a 2.5 hours 22 GHz light curves, we can easily assume

that the plasmon may orbit the black hole 5 times, before it dies. We re-model the light curves

at 22 GHz and 43 GHz with orbital dynamics and find that the time delays between orbital

modulations at successive frequencies should be approx 20-25 minutes, which is the main

time lag observed between the broad light curves at 22 GHz and 43 GHz. Consequently, the

time lags between the orbital peaks are related to the broad adiabatic expansion process that

occurs during the 5 orbital periods.
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The final scenario assumes that the NIR flaring is caused by synchrotron radiation of non-

thermal electrons that are injected in the blob. This event triggers the formation of a plasmon

that starts expanding adiabatically, exhibiting time delayed flares on close timescale to the

NIR broad light curve associated with the injection and the synchrotron cooling processes.

This picture explains some properties of the structure and substructure of light curves in

both NIR and radio:

(1) the time delays between the IR flares and the radio flares.

(2) the broad NIR flare timescale of 100-140 minutes.

(3) the radio flare timescale of 2-2.5 hours.

(4) the 20 minutes average quasi-periodic modulation, identified with the orbital period.

(5) the sub-orbital modulations with variations due to beaming and lensing effects

The average range of expansion velocities as measured from the theoretical relativistic

NIR and radio flares show expansion of plasma between 0.003c and 0.1c. These values

confirm the expansion velocities calculated from observed VLBI radio and infrared flares.

Such a low velocity might suggest that the plasma is not escaping the accretion flow. Our

expanding plasmon light curves show slow expansion velocities that are required to produce

the time delayed flares, also much smaller than the escape speed near the ISCO. A second

suggestion is that the plasma is part of a large bulk motion (see Marrone et al. 2008 and

Yusef-Zadeh et al. 2008). The adiabatically expanding plasmon should be part of a bulk mo-

tion larger than vexp, contributing to the accretion flow of the disk or a jet or to the formation

of a corona. On the other hand, shearing processes caused by differential rotation within the

disk can also explain these low speed values (see Eckart et al. (2008a) and Zamaninasab et

al.).

In order to construct a full realistic model of the flaring activity in NIR/radio bands, we

follow a number of steps:

(1) separate all relativistic effects at sub-orbital level

(2) assume the 20 min average periodicity as orbital origin

(3) assume an injection event that triggers the formation of an expanding plasmon

(4) assume the observed time lags at radio wavelengths to be caused by adiabatic expan-

sion
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Our first hypothesis considered a synchrotron spot orbiting the black hole, possibly mul-

tiple times, that starts expanding on a dynamical time scale close to the orbital period.

In the second scenario, we assumed a plasma blob, completing one or more than one

orbit that starts expanding from the beginning but at a later time that we pick randomly at

different phases, it will start modifying its intensity. The flare, in our example simulations,

starts at four different phases in the orbit.

A recording of the same time separation between two peaks, assumed to be the orbital

period, at different frequencies (for example between NIR and mm) may discard these mod-

ulations as being produced by an intrinsic flaring event. However, there is little evidence to

support the premise that a blob would survive so long in a region where shearing is supposed

to be quite strong. A second complementary constraint is that the peaks recorded at one

frequency and delayed at a different frequency, can’t be caused by simple orbital motion.

Therefore, we can consider these delayed peaks as a possible origin of the intrinsic flaring

mechanism. These factors are significant constraints when searching for orbital periods or

dealing with intrinsic or relativistic flux modulations that could fully or partially contribute

to the light curve amplification. Such constraints can be imposed to help with the confine-

ment of the flare at a specific orbital radius, which is also determined by the orbital period as

recorded in the light curve.

If we find non-delayed peaks in a light curve, it is very possible that their origin is purely

relativistic due to a constant or variable size blob orbiting the black hole and cooling down

via synchrotron or adiabatic processes. If we assume that the cooling of the blob is adia-

batic, the non-delayed peak might be caused only by relativistic modulations. When blended

with relativistic signatures on the same natural timescale, some peaks might show shorter or

longer time delays than the predicted values. The adiabatic expansion can explain the time

lags between the NIR/X-ray and radio peaks. The presence of time lags in radio has lead

us to the idea of using the plasmon model as a method (or part of a method, more exactly)

to seek for relativistic signatures and orbital periodicity, together with deriving the spin, by

searching and discarding the delayed peaks as candidates for orbital/relativistic signatures

and use only the non-delayed peaks as possible orbital modulations.
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The brightness ratio as well as the relative phase ratio between these peaks seem to con-

firm our picture, as long as we consider that we are dealing with a blob that expands on

the orbital timescale during one single orbit. The superimposed simulated light curves are

obtained by using a plasmon that expands on a dynamical timescale (0.5 up to 1.5 orbits)

experiencing the predicted relativistic modulations during the orbital motion.

Depending on the initial size of the blob and the expansion velocity of the plasma, we

obtain different relative flux ratios between the two main sub-flare peaks. In the same way,

depending on the initial location of the blob (or, more strictly, the initial orbital phase where

the blob starts to expand –this is the case when we consider an initial orbiting blob of constant

size that starts expanding later in the orbit), the flare will peak earlier or later and the orbital

phase between the intrinsic peak flux and the lensing/boosting peak will be different.

If new particles are still produced or injected in the plasmon, the time delays at successive

frequencies should be larger in the observed light curves than the predicted time delays for

a simple plasmon expanding in vacuum. Such a hypothesis would confirm the previously

found time delays, slightly longer than the theoretical calculated timelags from the plasmon

model.

We find at least two pairs of radio frequencies where the observed time delays are larger

than the predicted values. We can assume in this case that new electrons are still injected

into the blob while expanding. For pairs of frequencies with observed time delays close to

the predicted plasmon model values, we can safely assume that no new particles are injected

into the plasmon. The accretion flow builds up during a process that could take between 100-

150 min. A rapidly synchrotron cooling spot with an additional extended injection process

component can solve the long duration of 100 minutes flaring time. In the absence of contin-

ued injection of high energetic particles, the cooling process will begin suppressing the high

energy part of the particle distribution function, generating a cutoff in the NIR spectrum.

If the blob is able to persist for multiple orbits, it must not expand significantly and the

expansion velocity should be quite small. The flare timescale for NIR flares, close to the

expansion timescale (which can’t be applied to NIR because of a lack of optical depth effects

in this wavelength) has a duration comparable to the orbital timescale (about 5 times longer).

It is unlikely that such a hot spot could survive for several orbits and a very reasonable
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solution is to assume here a separate process of production or injection of new particles in

the blob, helping the blob to last for multiple orbits. In the same way, a separate mechanism

had be invoked for the periodic broad flare in radio wavelengths, if the observed expansion

time is longer that the time derived for an expanding blob.

We also consider a second case of a blob that is expanding in more or less than one full

orbit. The blob might expand in one and a half orbits, two orbits or half an orbit, for example.

The two scenarios are covered here: in one case, the blob starts expanding around the

black hole at least one orbit before it starts modifying its internal flux and optical depth; in

the second scenario, the blob starts expanding from the beginning, scenario only covering

the mm/sub-mm case. The relativistic modulation is caused here by the optically-thick ex-

panding blob in orbital motion. There is not additional relativistic signature that might be

produced by a non-expanding hot spot.

We have in this case a flare that starts expanding from the moment we start our light

curve or before we plot the light curve, for example the closest point to the observer, ϕ = 0

but the expansion velocity of the plasmon will constrain the flare lifetime to not be exactly

equal to one single orbit but below one orbit or multiple orbits.

The relativistic effect could be caused by the blob that is still optically thick and not yet

changing its optical depth or by the flare already in full expansion and modulating its internal

flux. We obtain multiple peak structures as long as during one single epoch, we may observe

both components: relativistic effects caused by the orbital motion around the black hole and

the flare flux modulation produced by the expansion process. The optical depth of the blob

will start changing from the moment it starts expanding.

It is also possible, however, that during a NIR/X-Ray flare the blob to undergo expan-

sion. In this case, the adiabatic cooling is insignificant and dominated by radiative cooling

processes, with no visible time lags between the light curves. However, in the optically thin

regime we can make an assumption about the intrinsic emission of the flare, following for

example, a flux normal distribution, without any assumptions regarding the optical depth of

the flare. The blob changes size and its intrinsic emission becomes variable due to a different

number of accelerated electrons in the blob. The only effects we may see in the light curve

are the relativistic modulations during the orbital motion and the flare variability caused by



5.5 A composite relativistic model for Sgr A* variability 193

an intrinsic variation in number of particles in the blob.

The two model components line up on the far side of the black hole, on opposite phase

locations relative to the centre. A relative brightness minimum in the light curve is created

between the two peaks (or three peaks, if the Doppler peak is visibly separated from the

lensing peak) of different emission origin. Figure 5.40 shows a blob that starts expanding

half way through the orbit, while the total duration of the flare is one entire orbit. The first

peak is caused by the relativistic orbital dynamics of a synchrotron steady blob, whereas the

second peak corresponds to the intrinsic flux modulation of the expanding plasmon.

As expected, the last peak exhibits time lags when reproduced at a different frequency.

In this case, we doubled the first frequency, to be able to simulate the difference between flux

peaks at 22 GHz and 43 GHz frequencies. In Figure 5.41 we show the extreme case when

the blob starts expanding after one orbit and lasts for another orbit.

The total duration of the flare is two orbital periods, first orbit of a single steady blob

and the second orbit of an expanding plasmon. The time delay between the two peaks corre-

sponding to the maximum intrinsic flux modulation of the plasmon is about 20 minutes, as

observed between the light curves at 22 GHz and 43 GHz.

In order to estimate the expansion velocity of the plasma, we found necessary to employ

a plasmon that expands during two orbital periods. The flare lifetime in Figure 5.42 is a

total of 3 orbital periods, with the first orbit as a steady blob and the last two orbits as an

expanding plasmon. The first and the second plots show evidence for a time lag between the

plasmon peaks at two frequencies, 42 GHz and 22 Hz, whereas the last picture still shows

the light curves at 22 GHz but for a plasmon that expands much faster than the first one.

The middle figure corresponds to a plasma velocity of v = 0.09, whereas the bottom figure

corresponds to v = 0.4.

We can notice the different decay rate for each of the expansion velocities. In the case of

a fast expanding blob, the flare duration is shorter and decays more rapidly, as we can see in

the bottom light curve from Figure 5.42.

In the first scenario, we assumed an expanding blob completing a number of orbits be-

fore it starts changing in intensity. We proposed that the cooling process could be due to



194 Modelling Sgr A* flare variability

Figure 5.40: Light curve of a synchrotron blob that starts expanding half way through the

orbit. The total duration of the entire flare event is 20 min during one single orbit. The

light curve substructure shows a peak caused by the orbital relativistic effects of a steady

synchrotron blob orbiting a black hole of spin a/M = 0.998 and a second peak caused by

the intrinsic flux of the expanding blob. The blob is located at an orbital radius of rsp =

4.5GM/c2. The radius of the blob is Rspot = 0.5GM/c2. The flare is decomposed in two

separate components, the steady blob and the expanding plasmon, both shown in black. The

top figure shows the light curve at 146 GHz and the bottom figure shows the same light curve

at 134 GHz with a 2.5 min time delay between the plasmon peaks.



5.5 A composite relativistic model for Sgr A* variability 195

Figure 5.41: Light curves of a blob expanding after one orbit. The first peak is caused by

relativistic effects of a steady blob and the second peak is caused by the relativistic effects

of an expanding plasmon combined with optical depth effects. The blob of radius Rspot =

0.5GM/c2 is located at rsp = 4.5GM/c2. The top figure shows the light curve at 43 GHz and

the bottom figure shows the light curve at 22 GHz with a 20 min time lag between the peaks.

adiabatic expansion, implying that the flare activity might be actually associated with an out-

flow (Yusef-Zadeh et al. 2006). Their concept was a direct consequence of the fact that the

synchrotron lifetime of sub-mm particles is about 12 hours, much longer than the 20-40 min

timescale associated with the higher energetic particles from NIR emission.

The simultaneity of the NIR and X-ray light curves together with similar sub-flare struc-

ture favours a model of emission from a single region. The blob could be ejected from the

region near the central black hole or formed in the disk. However, from radio/mm modelling

we inferred very low expansion velocities of the plasma. Consequently, it is very possible

that the blob is formed within the disk and not ejected with a relativistic speed from inner
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Figure 5.42: Light curves of a synchrotron blob that starts expanding after two orbits. The

total duration of the entire flare event is three full orbits. The first peak is caused by the orbital

relativistic effects of a steady synchrotron blob orbiting a black hole of spin a/M = 0.998.

The second and third peaks are caused by the orbital relativistic effects of an expanding

plasmon combined with the intrinsic flux modulation caused by optical depth effects. The

blob is located at an orbital radius of rsp = 4.5GM/c2. The radius of the blob is Rspot =

0.5GM/c2. The top figure shows the light curve at 43 GHz and the middle figure shows

the same light curve at 22 GHz with a 15 min time delay between the plasmon peaks. The

plasmon expands with a velocity of v=0.09. The bottom figure shows the same light curve

at 22 GHz but for a blob expanding faster with the velocity v=0.4.
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regions close to the ISCO of the black hole.

The inferred expansion speeds suggest a low orbital velocity speed of the blob and a disk

origin rather than the relativistic ejection of emitting blobs from the underlying accretion

flow (analogy with the theory of the coronal mass ejection in the Sun, see Yuan, 2010).

As we employ the extended synchrotron model, we find that the model is also able to

explain the time lag feature in the radio flares observed at different frequencies, together

with an understanding of the flare duration (not predicted by the adiabatically expanding

plasmon model), at the same timescale with the NIR broad flaring activity.

The interplay between the variability at sub-orbital level, orbital and multi-orbital plays

an important role in providing a full realistic picture of the light curve structure in both NIR

and radio wavelength bands.

5.6 Estimating Sgr A* parameters

It is possible to estimate the blob orbital period and ultimately the black hole mass and spin.

Since the orbital period at ISCO of a Schwarzschild black hole is longer than 20 min, this

orbital period can be easily interpreted as evidence for a Kerr black hole. Modelling of a

spot at different orbital radii in the accretion disk provides a good method for estimating the

black hole spin.

An additional factor is employed here, to substantiate our claim for periodicity. An im-

portant result from multi-wavelength simulations here is that the process of adiabatic expan-

sion of the source is very relevant when looking for periodicity, as the time delayed peaks in

the substructure of the light curve can be eliminated on the basis that they are not of relativis-

tic origin. A candidate for a periodic signal is most likely caused by a relativistic signature

occurring during the periodic orbital motion of the blob. It is also possible that periodic

signatures of intrinsic variability to be present, if we assume a flare having an intrinsic mod-

ulation exactly equal to the orbital motion. A possible instability in the disk could exhibit

periodic signatures on orbital scale. We calculated the orbital period of a spot in circular

orbit for Sgr A* of mass 4.31 106M⊙, in Kerr metric. We have plotted the dependency of the

orbital period as a function of orbital radius which has been normalized by the ISCO radius
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(see Figure 2.4). The radius of the flare orbit and the spin parameter could be constrained by

various observations of flares from Sgr A*.

If we consider the infrared observations that show a periodic variability of the light curves

between approx 20 min and 22 min, we have to take into account the spot model, as there is

no time delay observed.

Considering a simple spot model, these periodicities correspond to the orbiting period

of the flare around the black hole. As we assume that the blob is formed near the ISCO,

we use Figure 2.4 to find the spin parameter as a function of the orbital radius. As the spin

estimation is done based on ISCO dependency of the spin parameter, Figure 2.4 can be used

to calculate the black hole spin.

From our light curve modelling, we find an average orbital location of the flare being

between 4.3Rs and 4.5Rs (with insignificant changes for different spins of the black hole)

corresponding to the 1330 sec orbital period ( from relativistic light curves matching the

data). Consequently, if 4.5Rs is interpreted as ISCO in the context of our model constraints,

this leads to a black hole’s spin:

0.4 . a . 0.5, (5.19)

4.3 rS . r . 4.5 rS.

If this orbital period is the same with the QPO already found in simultaneous X-ray/NIR

light curves, this fact substantiates the previous findings and confirms the QPO as a genuine

orbital period. In this way, the time lag searching method can be used as a valid technique to

find and confirm the orbital period and ultimately, the spin of the black hole.

Combined with observed quasi-periods found in X-ray and NIR, this method provides a

new way in which to estimate the black hole spin.

The model also allows estimates of the inclination angle extracted from a number of

initial assumptions regarding the sub-structure of the light curve.

The magnification caused by gravitational lensing varies with the orbital radius and it is a

good indicator of the inclination angle of the disk (and the equatorial orbit of the blob in the
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disk) relative to the line of sight of an observer located at infinity. This factor together with

an estimate of the asymmetry of the light curve at orbital scales, for a given 4.5Rs ISCO, can

constrain the viewing angle.

The flare peaks at different flux values for various inclination angles, radial locations of

the spot and different spins of the black hole. We notice that for different spins, the flare

peaks at lower values of the flux as the black hole spins faster.

The flare also peaks at higher values as the inclination angle of the disk relative to the

observer increases. A very interesting feature is that under the ISCO limit, the flare peaks

are lower as the orbital location is increased.

Further away from the black hole, the flare loses its brightness and reaches a minimum

flux value for ISCO location. As we consider larger orbits than ISCO, the flux amplitude

is higher as the spot is further away from the black hole. For orbits larger than the ISCO

limit, the flux peaks start to increase, as less photons are falling into the black hole. As we

get closer to the black hole, the flux amplitude is lower because a number of photons are

captured by the black hole and plunge into the ISCO region.

The flare loses brightness in this way. Another reason for this decrease is the fact that the

redshift signatures become very strong closer to the black hole, smearing the higher peak of

the light curve and lowering the total amplitude of the flare.

For high inclination angles both gravitational lensing and Doppler boosting effects would

play major roles in the relativistic structure and shape of the light curve. For blobs viewed at

higher inclination angles, this leads to significant Doppler boosting effects, causing the black

hole disk to appear asymmetric with a bright (dim) approaching (receding) side.

We have fit light curves for different gravitational lensing magnifications and Doppler

boosting modulations and found that only for viewing angles ranging from 75◦ to nearly

face-on 89◦ inclinations, we obtain a clear double peak sub-structure. A light curve observed

at these angles will exhibit asymmetric characteristics between the approaching and receding

side of the black hole.

For nearly face-on 89◦ inclinations, we expect very narrow profiles of the light curve.

However, in some cases, the flare appears broader than the simple simulated relativistic light

curve, suggesting a separate intrinsic mechanism, like the injection of fresh particles and/or
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cooling processes that. Such a separate mechanism will definitely affect the asymmetry of

the light curve.

Throughout the modelling, we assumed the X-ray/NR flare to be affected by the injection

of high energy electrons and synchrotron cooling processes, whereas the radio flares to be

subject to slow adiabatic expansion/cooling processes. If such a mechanism occurs at orbital

scale, the light curve sub-structure could be affected.

The minimum inclination angle that allows for a double-peak structure in the light curve

is 75◦. Unfortunately, because the broadening of the light curve and the degree of symmetry

could be both affected by other intrinsic energetic mechanisms in the flare, an estimate for

a minimum viewing angle can’t be provided accurately. However, the model allows us to

strongly disfavour the low disk inclination angles and to estimate some parameters of the

accretion flow, together with the spin of the black hole.

The spin parameter is constrained based on two models (hot spot and plasmon) and the

assumption that the flare is forming at the ISCO. The models involved suggest an average

orbital location of 4.5Rs ±0.2, with face-on geometries θ = 30◦ and very high inclination

angles θ = 90◦ being satisfactorily ruled out.

We find consistent values of the orbital radius, providing in this way, compelling evidence

for the existence of a fixed inner-disk radius. We suggest that the orbital radius is closely

associated with the radius of the ISCO. This assumption postulates a firm foundation for the

measurement of the black hole spin.

Unlike the inclination, the spin estimates are not so robust. While the spin is indepen-

dent of the accretion dynamics, the estimation of the spin parameter is still dependent on

the geometry involved and the spatial distribution of the emitting plasma surrounding the

black hole. The most likely values for the spin were placed in the interval a= 0.45 ±0.2.

Nonetheless, additional observations are required before this constraint can be convincingly

settled.

Given the confidence limits, a non-rotating black hole can be in this way ruled out, to-

gether with very high values of the spin a & 0.9, regardless of the weak constraint. It is

necessary to better distinguish between the models of emission and accretion scenarios to-

gether with including polarimetric data, in order to provide a confident prediction of the
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value of the black hole spin.

5.7 Final remarks and future prospects

This Chapter represents a qualitative analysis of the relativistic signatures on Sgr A* light

curves. However, we find it necessary to discuss the quality of the fit between the models

used and the existing observational data, in order to provide further comparative aspects

between various assumptions made e.g. expanding / non- expanding blob. We suggest that

the existing data confirms the picture of a composite relativistic hot spot / expanding plasmon

model at multiple wavelengths. While the constraints on Sgr A* parameters are here not very

strong, a brief comparative statement can be issued. We find that a composite model that uses

both the hot spot and the expanding plasmon pictures, with sub-orbital relativistic structure,

is a good fit for the current simultaneous IR/NIR and mm data, suggesting a correlation or a

common origin between them.

The model setup and assumptions are both based on a phenomenological approach but

still provide a convincing case for a relativistic picture with sub-flare characteristics, account-

ing for beaming and lensing effects. Our analysis is meant to offer an insight about the nature

of the flares and the inner accretion flow. Nonetheless, only additional future simultaneous

multi-wavelength observational data, with better sampling rates can ultimately confirm our

predictions and theoretical assumptions.

We suggest various scenarios and find that for the IR/NIR and mm data, the best fit is

given by a combination between a non-expanding hot spot and an expanding self-absorbed

plasmon, while the peaks formed at sub-orbital timescales account for relativistic signatures.

The time delays are also found to be consistent with the existing observations.

A realistic scenario is here developed by introducing the plasmon model together with

all relativistic effects and employing the hot spot scenario as an additional component, ul-

timately comparing to existing Sgr A* flare data. The simulated light curves contain all

relativistic effects such as gravitational lensing, time delays, gravitational redshift and rela-

tivistic beaming of the photons.
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Because of many timescales involved in the flare structure such as orbital motion, adia-

batic cooling, injection and synchrotron cooling, time-dependent modelling of the flaring is

required to understand the light curve characteristics. We analysed the structure and parame-

ters of a blob of synchrotron emitting plasma in the vicinity of Sgr A* at various wavelengths

and predict the presence of time delays between flux peaks in light curves at successive fre-

quencies together with long-term evolution of the flare.

The method of disentangling the orbital peaks (created by relativistic effects) from the

flare peaks (created by intrinsic flux modulations) by introducing the plasmon model, helps

us dissociate the delayed peaks from the simultaneous ones (when observed at different fre-

quencies). However, by eliminating most types of peaks and identify their nature, we remain

only with peaks purely caused by orbital motion. being able to estimate the orbital period of

the flare. The reason we introduce multiple timescales and aim to provide a complete picture

of NIR/radio flaring activity is to identify the origin of each type of sub-peak in the light

curve and answer the question about the orbital period, as the stepping stone helping us with

a better estimation of the spin parameter of the black hole. Further observations with large

frequency coverage are also required to resolve these issues.

The combination between the relativistic amplification curves with the plasmon mecha-

nism provides us with a valid and flexible time dependent flare emission model. The emis-

sion from SgrA* can in this way be interpreted through a relativistic model with combined

intrinsic emission properties of a simple synchrotron spot and an expanding plasmon.

We showed that a combined orbiting synchrotron spot and adiabatic expanding plasma

blob models, together with all relativistic effects can explain the observed variability of Sgr

A* across all wavelengths and the time lags observed in radio wavelengths. We tested the

model by simulating light curves for expanding blobs with various expansion velocities and

orbital locations, obtaining delayed flaring that confirms the derived expansion velocities in

the literature as well as the predicted time lags from the plasmon model.

We presented a complementary approach to estimate the orbital parameters using the

plasmon model. We also offered an estimate for the spin of the black hole and the inclination

angle of the disk.

We matched the structure of the light curve profiles as well as the calculated time lags
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between successive frequencies. The derived blob size, density and magnetic field strength

are also in agreement with the standard accretion model.

We tested the model in a simplistic and phenomenological way, through qualitative com-

parison with simultaneous and delayed light curves in the literature.

Future simultaneous measurements at both optically thin and thick frequencies should

be able to test the model. A further understanding of Sgr A* emission will rely on simul-

taneous multi-wavelength campaigns. The flare emission is most likely originating from a

compact source from the inner regions of the accretion disk and could probe the dynamics

and properties of the gravitational field close to an event horizon.

It may be also possible in the future to calculate with accuracy the spin of the black hole

by detecting the periodic signature of the blobs close to the ISCO. The study of the temporal

information in the light curve provides further constraints on possible future phenomenolog-

ical models and analysis of future Sgr A* data.

5.7.1 Caveats and approximations

While the model offers a realistic picture of Sgr A* variability at several wavelengths and

predicts several features in the flare emission, there are still a number of issues to be ad-

dressed. Several approximations had to be assumed in order to keep the calculations simple.

In Kerr metric, a good approximation is neglecting the gravitational field of the accreting

plasma. If the disc is thick and dense, its gravity, especially farther away from the black

hole, shouldn’t be neglected. A more advanced version of the model that assumes a self-

gravitating disc should be considered.

We also assumed that the blob is compact and rigid, neglecting any shearing effects. In a

realistic scenario, the blob could vary in shape due to differential rotation within the accretion

disk. In a very strong magnetic field, the blob can be considered a rigid object that retains its

original shape during the flare emission event. The blob intrinsic shape is disregarded as the

source is ray traced from infinity to the disk, using the geometric optics approximation. We

have also ignored external influences on the light rays when they arrive at the observer. The

blob follows a stable planar circular orbit near the ISCO in the equatorial plane of the disk.
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A supermassive black hole is unlikely to be accreting in the same orbital plane as the

black hole spin. The Lense-Thirring precession should lead to a tilted and warped disk. Ec-

centric orbits should eventually converge and produce non-axisymmetric standing shocks.

The gravitational torque could cause the disc to precess almost as a solid body (Fragile et al.

2007). By working in 2 dimensions only, the simulation excludes the effects of misalignment

between the angular momentum of the gas and the black hole. A geometrically thick accre-

tion flow does not align with the black hole. The disc misalignment affects the dynamics and

properties of the accretion flow. A tilted accretion flow could alter the observable features of

Sgr A* emission and considerably affect the sub-flare structure of the light curve.

In our modeling the flare is caused by a local event close to the ISCO. In such a dynamical

picture of the accretion flow, it is possible that the flaring to be produced close but not exactly

at the ISCO due to instabilities and turbulent processes in the disk. For a thick disk solution,

self-eclipsing of the disk might play some role in the observed emission. As the blobs could

be created through magneto-rotational instabilities, shown to be present in Keplerian rotating

accretion disks (Hawley Balbus 1991), a shear-flow instability may generate a turbulent

flow in the disk. Excess angular momentum transport from such shock could truncate the

accretion flow outside the ISCO (Fragile 2009; Dexter Fragile 2011). The flare could spread

out via a shock wave and produce a temporary torus around the black hole. In this case, the

spin of the black hole shouldn’t be derived only based on flares located at ISCO. The light

curve sub-structure could be also affected by the presence of an orbiting asymmetry in this

torus causing flux modulations on orbital scales.

In order to develop a more realistic model, work should include a variable expansion

speed of the plasmon. Furthermore, other types of orbital motion should be considered, such

as orbits off the equatorial plane.

5.7.2 Future prospects

To provide additional insight on the nature of Sgr A* flaring activity, modelling of polarized

emission should be also included in future modelling, in the context of a hot spot or an ex-

panding synchrotron blob. A model for polarized emission of an expanding plasmon should
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be considered together with the influence of relativistic effects on the polarization degree and

polarization angle. Such an analysis would provide further constraints on the black hole spin

and the orientation of the orbital plane.

We have studied and modelled the possibility of gravitational lensing and Doppler effects

in light curves from compact orbiting blobs. The VLTI instrument GRAVITY will be able to

image these plasma blobs orbiting near the ISCO. VLBI interferometry or second-generation

Very Large Telescope Interferometer instrument GRAVITY is designed to detect highly rel-

ativistic motion of matter close to the event horizon. The astrometric displacement of the

primary image, the presence of a secondary image that shifts the centroid of Sgr A, and the

gravitational lensing effect may be detected. GRAVITY may also detect gravitational lensing

effects in the NIR bands. The gravitational lensing effects around Sgr A* might be detected

for the first time due to GRAVITY astrometric capacity.

Current 1.3 mm VLBI observations have shown that the mm emission arrived from a

compact region from the disk (Fish et al., 2010 ). We used this data to constrain the black

hole parameters (spin and inclination). Future additions to the VLBI array will offer the

opportunity for the mm emission to be imaged directly. Millimeter VLBI offers the possi-

bility to probe the Sgr A* emission at angular scales of only a few Schwarzschild radii and

on timescales of a few seconds. The high angular resolution and fine time resolution will

be used to identify the nature of the quiescent emission and detect possible periodicity in

the variable component of emission. A measurement of the spin of the black hole may be

done by using the observed periodic signature of the compact blobs at the ISCO. Very long

baseline interferometry at mm/sub-mm wavelengths offers the highest spatial resolution at

any wavelength. The inclusion of ALMA as a phased array into the VLBI network by the

end of 2014 will bring high sensitivity for mmVLBI. The new ALMA capabilities will al-

low imaging the event horizon of the black hole and testing General Relativity theory. The

new phased ALMA will offer the sensitivity needed to image the innermost regions of Sgr

A* disk at all available frequencies and in polarization, with excellent angular and spatial

resolution.

The time resolved monitoring observations will search for structural variability and help
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with deriving the spin of the black hole. New triggered VLBI imaging using NIR variabil-

ity as a trigger for direct VLBI imaging at high frequencies will be also performed. Our

proposed scenario and connection between NIR and radio frequencies may be confirmed

by future VLBI observations that include ALMA facilities, through a deeper analysis of the

time-variable structures in Sgr A* accretion flow. Future mm-VLBI observations (Fish and

Doeleman, 2009) at high frequencies as well as VLTI observations in the NIR should provide

a better picture of the Sgr A* variable emission. Spatial resolution is probably the key to un-

derstanding the Sgr A* variability, hence the need for polarimetric mm-VLBI measurements.

Simultaneous observations in X-ray and NIR will also allow us to constrain the location of

the compact source, the nature of the expanding plasma and detect any time variable period-

icity and sub-structure in the light curves.



6
Conclusions

Time variability is extremely important to the understanding of Sgr A* flaring nature and

has to be considered in conjunction with general relativistic effects, especially, as seems to

be the case, if the intrinsic variability time scale and the orbital scale are comparable.

This Thesis examined the contributions of GR effects associated with orbital motion to

the variability of Sgr A*. Using ray-tracing techniques, we model all relativistic signatures

in light curves from a continuum emitting blob in orbital motion around a Kerr black hole.

We initially studied the relativistic effects in light curves for different viewing angles, at

different orbital radii and for different spins of the black hole, for an intrinsically steady spot

of continuum emission within a thin accretion disk as viewed by a distant observer located at

infinity. The spot was assumed to be in circular orbital motion and located in the equatorial

plane of the accretion disk.

We modelled relativistic light curves by using ray tracing techniques in Kerr metric and

207
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found that the light curve can be a useful tool to constrain the black hole parameters and

understand the nature of emission. We computed the profile of the resulting light curve

and the blending between Doppler shifts, lensing, relativistic beaming, and gravitational

redshifting. We found that the variation in flux would arise from two major fundamental

processes: Doppler shift and gravitational lensing. We showed that some of these processes

leave their strongest signatures on specific portions of the light curve.

Motivated by the apparent periodicity in some Sgr A* light curves, and the clear sub-

structure, suggestive of lensing and Doppler beaming effects, together with the presence

of time lags at radio wavelengths, we developed a relativistic time-dependent model that

includes the intrinsic variability of the emission region. We took into account all relativistic

effects, and sought for relativistic signatures in the resulting light curves. Modelling of Sgr

A* periodicity provided us with important clues about long-term and short-term variability,

through identifying and isolating peaks of different origin in the light curves. We analysed

light curves firstly under the assumption of stationary intrinsic emission and later, considered

an intrinsic variable source that expands adiabatically while orbiting the black hole.

This led us to suggesting a possible connection between the NIR flaring activity and

the radio emission via adiabatic expansion of a self-absorbed plasmon in orbital motion

about the black hole. The observations were interpreted in the framework of a relativistic

model involving a multi-component structure containing both the hot spot picture and a self-

absorbed plasmon forming within the accretion flow. We showed that the intrinsic evolution

of the flare could exhibit time dependent signatures in the light curve, on a different or the

same timescale with signatures caused by orbital relativistic effects. The model was used for

the evaluation of the spin, assuming one identifies the inner edge of the disc with the ISCO.

The extended analysis of the variability timescale has led us to an estimate of the black hole

spin, albeit determined entirely from the radial position of the ISCO. We find that the Sgr A*

spin has rather an intermediate value a ≈ 0.45. We also found that the minimum inclination

angle allowing for the double-peak structure apparent in many of the observed X-Ray/NIR

light curves is 75◦.

The individual sub-flares of 20 min average separation seen in the NIR are due to a

single blob in orbital motion around the black hole, with shorter term modulations caused
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by lensing and Doppler effects. A relatively slow underlying process of injection of new

particles accounts for the broad overall flare observed in the NIR bands. The modelling

provides evidence that some sub-structural patterns present in Sgr A* flaring are due to

orbiting bright structures in the accretion flow that exhibit clear small timescale sub-orbital

modulations.

To provide additional insight on the nature of Sgr A* flaring activity, modelling of po-

larized emission should be also included in future modelling, in the context of a hot spot or

an expanding synchrotron blob. A model for polarized emission of an expanding plasmon

should be considered together with the influence of relativistic effects on the polarization de-

gree and polarization angle. Such an analysis would provide further constraints on the black

hole spin and the orientation of the orbital plane. We will consider in the future to calculate

with accuracy the spin of the black hole by detecting the periodic signature of the blobs close

to the ISCO.

As we only included a qualitative analysis of the light curves here, future work should

include a quantitative follow-up task, allowing a good estimate for the location of the emis-

sion region in the accretion flow. Using near-future observational data that aims to reach the

immediate vicinity of Sgr A*, we may be able to provide a better estimate of the black hole

parameters, infer the properties of the spacetime around the black hole and ultimately test

General Relativity.
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[87] Eckart, A., Schödel, R., Meyer, L., et al. 2006, A&A, 455, 1

[88] Eckart, A., Garcı́a-Marı́n, M., Vogel, S. N., et al. 2012, A&A, 537, A52

[89] Einstein A. (1916). Die Grundlage ger allgemeinen Relativitätstheorie. Ann. Phys.

(Leipzig), 49, 769.
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