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Abstract

The research program described in this thesis analyzes the interaction of
the electromagnetic field with several classes of open cylindrical structures,
by using the semi-analytical Method of Regularization (MoR). The dielec-
tric cylinders considered in this thesis are partially shielded by conformal
perfectly electric conducting (PEC) strips, where significant coupling and
re-radiation of energy are created by the presence of apertures and sharp
edges. The problems studied include the scattering problem of a single
cylindrical lens reflector (CLR) illuminated by an obliquely incident plane
wave, the scattering problem of a finite array of CLR with different char-
acteristics when illuminated by a normal plane wave, the analysis of the
scattering from and penetration through a multi-layered CLR and a multi-
conductor cylinder, as well as the transmission line problem involving a
multi-conductor cable. Each of the problems studied is interesting from
both a theoretical point of view and as an idealization of scattering and

coupling mechanism in real devices of technological interest.

When the structures are of moderate or large electrical size, standard
numerical approaches to solving these mixed boundary valued problems
(MBVP) often encounter difficulties of convergence and accuracy of com-
puted solution. Therefore, the MoR — which transforms the ill-posed
nature of the standard formulation of the problem to a well-conditioned
second kind Fredholm matrix equation — is well-suited for the class of
problems considered here. Numerical algorithms based upon the solution
of the matrix equation, after truncation to a finite system of N;, equa-
tions, converge with guaranteed and predictable accuracy, as Ny — oo.
Because the computed solutions to these problems are rigorously accurate
(in the sense of guaranteed convergence — theoretically and numerically),
they provide benchmark solutions to problems of significant complexity
against which solutions computed by more general purpose numerical
codes (which although of wider applicability have less firm theoretical

underpinnings) may be validated.
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Chapter 1

Introduction

1.1 Electromagnetic interaction with open cylin-
ders

Structures (in e.g., electrical devices and equipment) with apertures on the surface
or that are partially shielded by metals are often termed open structures. The scat-
tering from and penetration through the openings on the surface of these structures
are of great interest in engineering applications such as aperture antennas and mi-
crostrip transmission lines. In addition, the mass production of telecommunication
networks has led to the development of transmitting and receiving structures with
metals packed between layers of dielectrics. Dielectric loading has been widely used
as a convenient way to modify the scattering behavior of a structure. For exam-
ple, careful selection of the structure’s geometry and physical parameters (such as
its dimension, dielectric constants and aperture size) allows one to control and/or
reduce the structure’s radar cross section (RCS). At the same time, by using flexible
dielectric materials, nonplanar transmission lines and reflectors which wrap around a
cylinder can be easily constructed.

This thesis focuses on the interaction between electromagnetic fields and infinitely-
long, partially-shielded dielectric cylinders, as opposed to the conventional closed
cylinders (which are either full dielectric or PEC). In the literature, these open cylin-
ders are also frequently termed slotted cylinders when the angular size of the aperture
is less than 7. Underground water pipes provide approximate examples of these ideal
cylinders, when their lengths are substantially greater than the other dimensions en-
countered (such as the diameter, screen thickness, and the wavelength of the incident
radiation). The presence of sharp edges in these open cylinders requires more careful

attention in all solution methods than that of a closed cylinder, due to the mixed



boundary conditions (MBC) that apply.

The problems studied are classified by the scatterers involved, which include a
cylindrical lens reflector (CLR), a finite array of CLR with different characteristics,
a multi-layered CLR, a multi-conductor cylindrical scatterer and a multi-conductor
transmission line. The studies are carried out in the frequency domain and time
dependence e/*? is assumed. All these problems are solved using the semi-analytical
Method of Regularization (MoR) documented in Section 2.2 of [84]. The rigorous
solutions computed are not only of direct technological interest, they also provide
quantitative predictions for more general and complex structures that are more reli-

able than those obtained by purely numerical methods.

1.2 A brief survey of solution methods

There are essentially three main groups of computational methods to solve these
MBVP where an analytical solution method is intractable. They are the purely-

numerical methods, the high frequency methods and the semi-analytical methods.
Purely-numerical methods:

This group consists of the differential equation methods and the integral equation
methods. They are usually only feasible at low to intermediate frequencies. Short
introduction to and discussions of these methods are given in the following paragraphs.
In-depth introduction and review of these purely-numerical methods can be found in
classical literature such as [53, 57, 62, 86|. These methods are versatile methods for
handling complex scatterer and media but they suffer from some intrinsic weaknesses.
Many of them require large computational resources (both time and storage) that
may exhaust resources available, especially in the quasi-optical regime (A < R)!. In
addition, it is often hard to establish the accuracy of the computed solution based
upon these methods.

The Finite Difference Methods (FDM), a popular example of the differential equa-
tion methods, was popularized by A. Thom in the 1920s [73]. The method is based
upon direct discretization of the differential equations encountered (Maxwell’s equa-
tions or equivalent) and approximating them by the equivalent finite differences. In
another words, it is derived using a truncated Taylor series expansion to approximate
the derivatives in the differential equations. The Finite Element Method (FEM)

'Here, ) is the wavelength, while R is a typical dimension of the scatterer.



[11, 61] — another example of the differential equation methods — is relatively the
simplest method to implement for problems involving complex geometries and inho-
mogeneity. Its key ideas involve discretizing the solution region into a finite number
of elements and deriving the governing equations for a typical element. For the scat-
tering problem in regions of infinite extent (i.e., in the open domain), the Sommerfeld
radiation condition is normally approximated by some artificial boundary condition
on the exterior of the truncated domain. A survey of various treatments of this artifi-
cial boundary condition can be found in [78]. The equations are assembled and solved
using methods such as Gaussian elimination, or for large problems where this method
is too computationally demanding, iterative methods or band matrix methods can be
applied.

For the FDM, truncation error arises because some higher order terms in the
Taylor series expansion were neglected in deriving the finite difference schemes. One
way to tackle this is by increasing the number of terms in the series expansion of
derivatives. However, instability may result if the order of the finite difference is
higher than that of the original differential equation. Another way is by reducing
the mesh size, which results in an increase in the number of arithmetic operations
and thus, an increase in the roundoff error due to the finite storage capacity of the
computer. In other words, the accuracy of the FDM is limited [88], as the truncation
error is inversely proportional to the roundoff error. A similar limitation exists for
the FEM as it requires discretization of the domain. Additionally, any area of highly
concentrated energy (such as in the vicinity of edges) needs to be carefully analyzed
by using a sufficiently refined mesh.

Integral equation solution methods rely on the integral equation obtained from
Maxwell’s equations with an appropriately constructed Green’s function. An example
is the MoM which became widely popular since the work by Harrington [24]. The
conventional MoM converts the integral equation encountered — e.g., the electric
field integral equation (EFIE) — into an infinite system of linear algebraic equations
(ISLAE) by using some properly chosen weighting functions in the process of taking
moments, and using basis functions to represent the related surface current. The
ISLAE is subsequently truncated (by restriction to a finite basis and weighting set)
and solved numerically for the coefficients of the basis functions.

Although the methods avoid discretization of the entire domain by solving only
for the fields on the surface of the scatterer, instability may still arise when they rely

on numerical solving of a first kind Fredholm equation. We consider the EFIE of a



slotted PEC cylinder as an example: it is a first kind Fredholm equation, of the form
Ax =b, (1.1)

where A is a compact operator on the Hilbert space /5. It is inherently weakly ill-
posed [43]. The solution of this equation, when solved with direct numerical methods,
is unreliable [27, 51]. Thus, the computational scheme for the conventional MoM is
not stable, especially for the nearly-resonant open cylinders. In addition, due to the
capacity limitation of computers, this method is less desirable for electrically large

scatterers.
High frequency methods:

The high frequency methods are based on the assumption that the electromagnetic
fields act like optical rays. They play an important part in developing solution for
problems in the quasi-optical regime (i.e., when the wavelength is much smaller than
the dimension of the structures). The Geometrical Optics (GO) and the Physical
Optics (PO) are two classical examples from this group.

The classical GO uses the ray concepts to approximate the propagation of electro-
magnetic fields, ignoring the wave effects. Its correction in [36, 37, 47] describes the
fields by the leading term of the Luneburg-Kline asymptotic series expansion. Con-
trasting to the GO, the PO is a wave optical approach. Under the PO, the scatterer
is replaced by a set of equivalent electric and magnetic surface currents on the sur-
face, where the surface currents are often approximated by the GO. Via the radiation
integral of the surface currents over the surface, the diffracted fields are subsequently
found.

The main weakness of this group is the neglect of the finiteness of wavelength. For
the open cylinders considered, this disregard may lead to the case where the fields
are trapped inside the structures and hence provide a poor estimate of true solution.
The GO method provides an approximation to the dominant part of the diffracted
field only along the direction of reflection (if that direction is not near the caustics?).
In addition, the GO fails near the sharp edges as well as in the shadow region, even
with the improvement by including additional terms of the Luneburg-Kline series. On
the other hand, although the PO ameliorates the problems encountered by the GO

near the caustics, it fails to model the dependence of the diffraction on polarization.

2A caustic refers to the cross-sectional area where all the rays pass.



The PO is also inaccurate in bistatic scattering direction away from the direction of

reflection, when the GO is used to approximate the surface currents.
Semi-analytical methods:

It is these limitations of the purely-numerical methods and the high frequency
methods that motivate the development of the final group of solution methods — the
semi-analytical methods. The semi-analytical methods include the Tikhonov regu-
larization and the Method of Regularization (MoR) — which sometimes referred to
as the Analytical Regularization Method (ARM) or Method of Analytical Regular-
ization (MAR). Although using different means and steps, the key idea of all these
semi-analytical methods lies in converting the ill-posed, first kind equation of the

form (1.1) to a well-conditioned, second kind Fredholm equation of the form
(Z+H)x=Db, (1.2)

where 7 is the identity operator, and H is a compact operator in the Hilbert space
l5. The benefit of this second kind system is that it is well-conditioned and has a
numerically stable, converging computational scheme simply implemented by trun-
cating the infinite system to a finite one. By increasing the truncation number, any
desired accuracy of the computed solution can be reached.

The Tikhonov regularization [74, 75] was proposed to find a stable solution to

(1.1), by seeking the solution x that minimizes
[ Ax — b||* + of |Bx]|*, (1.3)

where a > 0 is called the regularization parameter and B is some suitably chosen
bounded operator (e.g., the identity operator). It is worth noting that the operator
(A*A + aB*B) is a self-adjoint, bounded and invertible operator®. For any a > 0,

the regularized problem is well-posed. An explicit form of the solution is given by
x = (A*A+aB*B)" A'b. (1.4)

It is clear that the approximated solution depend on the choice of « and B [74, 75].
In general, « is chosen to be as close to 0 as possible, so that the regularized problem
is consistent with the original problem, with a good condition number (that of A*A+

aB*B). In many cases, B is chosen as the identity operator and « as 1.

3Here, * indicates complex conjugation.



Even though the theoretical scheme of the MoR can be found in many functional
analysis textbooks [42], the practical implementation of the scheme is not straight-
forward. Many different treatments have been developed over the years to regularize
a set of ill-conditioned dual series or dual integral equations. The older publications
of these treatments include the definition-extension method [90] and the multiplying
factor method [55]. One popular example of the MoR is the dual series approach
based on the Riemann-Hilbert problem of complex analysis. It was first formally
documented by Shestopalov et al in [41, 66] and popularized in the western area by
Ziolkowski et al in [32, 96, 97, 98]. Since then, the method has been extended to the
study of various 3D and 2D structures, e.g., in [59]. In [79, 80], Tuchkin proposed a
method to transform the singular kernel of the original integral equation (e.g., EFIE)
to an infinite set of decoupled integral equations, which are eventually transformed to
a second kind system of equations by constructing a pair of two-sided regularizator.
The MoR has been successfully applied to solve many mixed boundary value scat-
tering and potential problems, such as those involving punctured/slotted spherical,
spheroidal and toroidal shells in [84, 85]. Detailed review and survey of some recent
work of the MoR can be found in [56, 59, 84].

These methods are uniformly valid for analysis in a broad frequency band, includ-
ing not only the Rayleigh regime (A > R) and the resonance regime (A &~ R), but also
the quasi-optical regime (A < R). They offer a way to obtain reliable solutions to the
benchmark problems of more complex problems and provide a means to check for the
validity of other numerical methods. Apart from the crucial advantages coming from
a second kind equation, these semi-analytical methods also have a similar advantage
to that of the boundary integral equation method; 7.e., they avoid the discretization
of an infinite domain by expanding the fields as a series of special analytic solutions

of the governing equation and solving these coefficients in a linear system.

1.3 Outline of the thesis

This thesis structurally consists of seven parts and is organized in the following man-
ner:

The introductory Chapter 1 consists of an overall description for the electro-
magnetic problems under study, a short survey of solution methods for the MBVP
encountered, as well as a sketch of the thesis structure.

The aim of Chapter 2 is to allow us to establish the terminology and notations

that will be used in this thesis. The mathematical framework of electromagnetism



is introduced, particularly when the structures under consideration are infinitely-
long cylinders. The expressions for some of the physical quantities of interest that
are subsequently employed in the numerical analysis (e.g., energy distribution, RCS,
normalized relative error and surface current densities) are also presented.

In Chapter 3, the MoR approach (documented in Section 2.2 of [84]) to transform
a set of ill-posed DSE involving the trigonometric functions to a well-conditioned
second kind equation is formulated for the sake of completeness of the thesis. In
addition, more thorough justifications of the steps of the regularization process are
presented.

We study the diffraction problem of an oblique incident plane wave impinging on
a cylindrical lens reflector (CLR) in Chapter 4. As opposed to the 2D normal incident
problems, the E- and H-polarizations in this 3D oblique incident problem are mixed
and exist simultaneously. The effect of incident angle on the scattering behavior is
studied numerically by considering the RCS and energy distribution.

Analysis and comparison of the performance of a CLR versus a cylindrical Luneb-
urg lens reflector (CLLR) is carried out in Chapter 5. The energy distribution of a
constant- K lens is studied for proper placement of the reflecting PEC cylindrical strip
of the CLR. Here, we use the term constant-K lens to refer to the homogeneous di-
electric cylinder with constant K (an alternative symbol for the relative permittivity,
€.). Special attention is paid to the RCS calculations when the incidence angle varies
from normal incidence to so-called grazing incidence. Because of similar underlying
physical principles, these studies are also useful for the 3D version of the spherical
lens reflector.

Chapter 6 focusses on the mutual interaction of the scattering from an array of
CLR under normal incidence. Suppose a finite number of parallel CLR of different
geometry and physical parameters (e.g., radius, PEC strip size, dielectric constant
and center of cylinder) are located in the near region of one another. Due to the close
proximity to one another, mutual interaction of these CLR under the a plane wave
incidence is significant, which therefore has to be taken into account in the problem
formulation. We consider the multi-body scattering problem of this finite array by a
TM, normally incident plane wave.

The oblique plane wave scattering problem of a braided cylindrical shield is con-
sidered in Chapter 7. The scatterer under consideration is a dielectric cylinder with
multiple conformal PEC strips attached. The PEC strips are placed periodically on

the surface of the inner dielectric cylinder and are taken to be the same width.



In Chapter 8, the MBVP associated with a shielded, inhomogeneous transmission
line is formulated in terms of a rigorous hybrid electromagnetic mode (HEM) rep-
resentation. We consider a shielded transmission line consisting of an inner coaxial
cylinder with multiple PEC strip lines, the structure of which bears great similarity
to that of the scatterer considered in Chapter 6. The resulting DSE are transformed,
via the application of the MoR in the spectral domain, to yield a characteristic equa-
tion for the dispersion properties of the transmission line. The cutoff frequency of
the HEM is computed by finding the zeros of the determinant of the block matrix
obtained from the MoR approach.

Lastly, in Chapter 9, the main conclusions and observations are drawn of the work
that is reported in this thesis. Related future considerations and development are also

summarized here.



Chapter 2

Mathematical formulations

Some basic concepts and equations of electromagnetic theory used are briefly reviewed
in this chapter. Whilst the material is purely expository, it allows us to establish
terminology and notations that will be subsequently used. The series representations
for general field components and classical incident waves are formulated. Definitions
and expressions for some of the electrical and numerical quantities of interest are also

included.

2.1 Maxwell’s equations and the constitutive rela-
tions

The behavior of electromagnetic fields is governed by the Maxwell’s equations and
the medium dependent constitutive relations. The time domain! Maxwell’s equations

in the differential form are

0

V X E(r,t) = —EB(r,t), (2.1a)
V x H(r,t) = %D(r, t)+ J(r,1), (2.1b)
V -D(r,t) = p(r,t), (2.1c)
VvV B(r,t) =0, (2.1d)

where E and H are the electric and magnetic field intensities (in volt/meter and
ampere/meter, respectively), D and B are the electric and magnetic flux densities (in
coulomb/meter? and weber/meter?, respectively), J is the electric current density
(in ampere/meter?), p is the volume charge density (in coulomb/meter?), and (r,?)

denotes an arbitrary point of position r and time ¢.

!The teletype fonts are used to represent the time varying (vector) functions.



The fields are assumed to be finite, single-valued as well as continuous with con-
tinuous derivatives in both time and space excluding the scattering structure (par-
ticularly any edges of the scatterer). It may be noted that (2.1b) and (2.1c) may
be combined to give the continuity equation, which connects the current and charge

densities,
0
V~J(r,t)+§ (r,t)=0. (2.2)

The constitutive relations supplementing the Maxwell’s equations describe the
macroscopic properties of the medium being considered. They give a relation between

the quantities {D,B,J} and {E,H}. For a linear, homogeneous and non-dispersive

medium,
D(r,t) = €E(r,t), (2.3a)
B(r,t) = puH(r,t), (2.3b)
J(r,t) = 0 E(r,t), (2.3¢)

where the scalars €, © and o are the permittivity, permeability and conductivity of
the medium (in farad /meter, henrie/meter and mho/meter, respectively).

In the frequency domain, the time variation for all fields can be represented by /.
A time varying function can be reconstructed from its Fourier transform by explicitly

evaluating the integral (2.4a), which acts as the inverse Fourier transformation?.

1 [~ -
—/ F (r,w)edw, (2.4a)

F(r,t) =
(00) = o
where w is the sinusoidal frequency. The unknown F is the Fourier transform of F in

the frequency domain. It is defined by the direct transformation

F(r,w) = /OO F(r,t)e?“idt. (2.4Db)

o0

All the electromagnetic fields having sinusoidal time variation can be related to their

corresponding time-varying fields by

F(r,t) = Re [F (r,w) ']

The time dependence e’“* common to all the time-harmonic field is omitted through-

out this thesis. It is worth noting that as any transient electromagnetic field is

2The conventional bold fonts in mathematical mode are used to represent the (vector) functions
in the frequency domain.
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bounded in value, the Fourier transformation exists for all w € C, provided that
Im(w) < 0 [52]. The Fourier transform at real values of w are obtained by letting
Im(w) — 0.

The Maxwell’s equations in frequency domain read

V x E(r,w) = —jw,uH(r w), (2.5a)
V x H(r,w) = jweE(r,w) + J(r,w), (2.5b)
D(nw) - ﬁ( W), (2.5¢)
B(r,w) =0, (2.5d)

where p(r,w) denotes the transform of the transient volume charge density p(r,t) in

the frequency domain.

2.2 Conditions for existence and uniqueness of so-
lution

Maxwell’s equations, which completely specify the electromagnetic fields over time
in a continuous medium, are common to every electromagnetic problem. To ensure
that the solution exists and is unique, a complete description of an electromagnetic
problem should also include information about the domain. These conditions include
the boundary conditions specified along the geometrical configuration of the problem,
the Sommerfeld radiation condition in the case when the medium extends to infinity,
and the Meixner finite energy condition in the case of scatterers with edges. A proof
of solution uniqueness upon the enforcement of these boundary conditions is given in
Chapter 9 of [33].

2.2.1 Boundary conditions

Consider a closed smooth surface €2 separating two different homogeneous media with
parameters (€1, ii1,01) and (€z, pi2, 02). The fields in regions 1 and 2 are denoted by
(E1,H;) and (Es, Hy), respectively. The boundary conditions at €2 can be derived

from the integral form of Maxwell’s equations as

nx (By—Ey) = (2.6a)
nx (H, — H)) = —JS, (2.6b)
n-(eE;, —eE) =—pg, (2.6¢)

n- (ILLQHQ — 1H1) = (26d)

11



where n is a (unit) normal vector pointing from medium 2 into medium 1, Jg is the
electric surface current density on the boundary and pg is the electric surface charge
density on the boundary.

(2.6a) and (2.6d) state that the tangential components of electric field and the
normal components of magnetic flux density are continuous at all points, including
points on {2 for which the physical quantities (e, u) may change discontinuously. At
the interface 2, (2.6b) states that the discontinuity of the tangential components of
magnetic field equals the surface current density; while (2.6¢) states that the normal
components of magnetic flux density exhibit a jump discontinuity of size pg.

These four boundary conditions are not independent when solving for an electro-
magnetic problem. By enforcing that the fields satisfy the Maxwell’s equations as well
as the first two boundary conditions (2.6a) and (2.6b), it is automatically ensured
that the normal components of the corresponding flux densities satisfy the remaining
pair (2.6¢) and (2.6d). Therefore, only (2.6a) and (2.6b) are needed [6].

When there is no current nor charge on the surface Q (i.e., Jg and pg are absent),
the tangential components of the magnetic fields are continuous across §2; i.e., (2.6b)

becomes
nXleanz. (27)

In most cases, transmission lines and scatterers are made from highly conducting
materials such as brass or copper and it is valid to assume that the conductors are
perfect (ideal with infinite conductivity). If the surface 2 enclosing the interior re-
gion 2 is a perfect electric conductor, the electric and magnetic fields vanish in the
impenetrable region 2, i.e., E; = 0 = Hy. The boundary conditions (2.6a) and (2.6b)
simplify to

nxE =0, (2.8a)
nxH, =Jg. (2.8b)

If there is an aperture in the perfectly electric conducting (PEC) surface (2, mixed
boundary conditions (MBC) are required. We denote the aperture surface as g, and
the remaining PEC portion as €y, where 2 = Q4 U Q, as depicted in Figure 2.1.
Besides the continuity conditions given by (2.6a) which applies over the total surface
2, the MBC on 2 are

n x E; , on QO
nx E; = (2.9a)
0 , On Ql

12



region 1
(81) Hq, 0-1)

Figure 2.1: Contour €2 comprising discontinuities and sharp edges.

n x H; , on Qo
n X H2 = (29b)
—Jg ,on

As Jg is due to the induced field that is yet to be determined, the second half of
(2.9b) defined over € is redundant.

2.2.2 Radiation condition

Due to the superposition principle, the electric and magnetic fields can be separated
with respect to their origin. Consider a general scattering problem involving a source
located somewhere in space, and illuminating a particular structure. In the absence
of the structure, this source produces the primary fields, the incident fields (E™¢ and
H"®). The secondary fields induced in the presence of the structure are the referred to
as the transmitted fields (E* and H"™) when inside the structure, and as the scattered
fields (E* and H*) when outside the structure. The total fields (E** and H*") in
the exterior of the structure is the sum of the incident and scattered fields.

When the outer boundary of the domain recedes to infinity, physics demands
that the scattered field acts as an outgoing wave, and vanishes at infinity if the
electromagnetic contrast of the structure with respect to the background remains of
finite support. These can be summarized by the Sommerfeld radiation condition. For
the cylindrical structures considered in this thesis, the Sommerfeld radiation condition
is expressed in the polar coordinates (p, @, z), where the z-axis is taken to be the
cylinder axis. Assuming that the structures are immersed in free space with wave

number kg, and located within a finite distance from the origin, the z-components of
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the scattered fields are required to satisfy

/oU| < K, (2.10a)

lim \/p (EU +jk;0U> =0. (2.10b)
p—00 ap

In the above equations, U may denote either E5¢ or H53, while p is the radial distance
from the origin, and K is some constant. This is equivalent to enforcing a boundary

condition at infinity so that the only incoming waves come from the incident field.

2.2.3 Finite energy condition

For a closed scatterer, the implementation of the boundary conditions and the Som-
merfeld radiation condition is adequate to ensure a unique solution to the scattering
problem. However, when the structure considered has singular points (e.g., a slot-
ted PEC cylinder), the solutions are not always unique. In particular, it is found
that some of the field components become infinite. To guarantee the existence of a
unique solution, the order of singularity allowed is such that the energy stored in the
vicinity of the diffracting edge is finite. The Meixner finite energy condition [49, 50],
which states that the total electromagnetic energy contained in any finite volume V'

is bounded, can be expressed mathematically as

%// | {elBP 4+ [ HP}AV < oo, (2.11)

This condition provides the correct choice of the solution class for the field and its
expansion coefficients, when the field is expanded in cylindrical harmonics. It ensures
that the field in the volume V' containing the edges displays a weaker singularity than

that of the real source.

2.3 Wave equations for configurations uniform in
z-direction

The cylindrical structures considered in this thesis are uniform in the z-direction. By
taking this geometrical property into consideration, the analysis can be made much
simpler by expressing all fields in terms of their longitudinal and transverse compo-

nents. This is done by first separating the longitudinal and transverse components

3In this thesis, the scalar functions are represented by the conventional slanted font in mathe-
matical mode.
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with respect to the z-axis as follows

E(r) = E(r) +i,E.(r), (2.12)
H(r) = Hy(r) +i,H.(r), (2.13)
V=Vt+i2%, (2.14)

where i, is the unit vector in the z-direction, the subscript ¢ indicates the component
transverse to the z-direction, the subscript z indicates the z-component, and V, is
the transverse gradient operator.

Substitution of above expressions into (2.5a) leads to

0
(vt + iza> (B +1.5.) = —jwp (H, + i.H.) . (2.15)

By using the identities V,-i, = 0, i, -E, =i, -H; = 0 and (A.1), the operation “i,-”
on (2.15) gives an expression for the longitudinal part of the magnetic field in (2.16).
On the other hand, by using (A.2), the transverse part is obtained in (2.17), by using

the operation “i, x i,x” on (2.15).
—jwuH, =1, - (Vi x Ey) | (2.16)

—jw,th = Vt X (iz Ez) + iz X (%Et> . (217)

Using the same arguments, the longitudinal and transverse parts of the electric
fields can be obtained from (2.5b) as

Jjwek, =1, - (Vi x Hy) | (2.18)

jweEt = Vt X (iz Hz) + iz X (aﬁHt) . (219)
z

Therefore, the following two expressions of E; and H; in terms of E, and H, are
derived from (2.16)-(2.19),

0? 0
0? 0

where k = w,/eu = 27/ (in radian/meter) is the wavenumber of the electromagnetic
field in the medium, with A (in meter) being the wavelength of the field. This points

out that all components of electromagnetic fields can be readily calculated once the
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values of the scalar functions E, and H, are known. The following section concentrates
on deriving the scalar wave equations for £, and H..

In regions where p is independent of x and y, the operation “V;x” on (2.17), with
the aid of (A.4), gives

. . . 0
—jwp (Ve x Hy) = =V (i, E.) + i (V- Ey) . (2.21)
In regions where p is independent of x and y, taking the transverse divergence of
(2.19), and making use of (A.3) gives

0

jWE (Vt . Et) = —a [iz . (Vt X Ht)] s (222)
which when combined with (2.18) becomes
v, B =-2E (2.23)
t t — Oz z .

We obtain the scalar wave equation for E, by substitution of (2.23) and (2.18) into
(2.21):

0?
2 2
<Vt + 92 +k ) E.=0. (2.24a)

With similar arguments and steps on (2.16), (2.17) and (2.19), the scalar wave equa-

tion can be obtained for H, as

82
(v? tost kQ) H,=0. (2.24b)

2.4 General field expressions for circular cylinder

In this section, the method of separation of variables is employed to find a series
representation of the solution to the scalar wave equations given in (2.24). When
the structure involved is closed, an exact solution (Mie series) can be derived for
the problem, by exploiting the orthogonality of the kernel functions [9]. However,
separation of variables method has strict restrictions on the boundary conditions
defining the problem, making it not applicable to an open problem (which has MBC).
Nevertheless, it is this approach that MoR depends on in formulating the set of DSE.

With U denoting either of £, and H,, the scalar wave equations in (2.24) in polar
cylindrical coordinates (p, ¢, z) read

10 [ 0 1
2= 4~ =0. 2.2
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The solutions of the form U(p, ¢, z) = P(p)Q(¢)Z(z) are sought, using separation of
variables method. By substitution of this separable solution into (2.25), the Helmholtz

equation decouples into the following ordinary differential equations (ODE)

d2z

o k27 =0, (2.26)

d2

d7§ +n*Q =0, (2.27)
d [ dP

where k, and n are separation constants. It is worth noting that k. is termed the
propagation constant in the z-direction (or the longitudinal wavenumber).

The ODE for variable z is harmonic, and its commonly-used solutions are e/*:*,
e %% sin(k,z) and cos(k,z). With respect to the time dependence e/“*, both sin(k,z)
and cos(k,z) represent standing waves. When k, is real-valued, e/*:* and e=7*=*
represent waves traveling in the negative- and positive-z direction, respectively. When

k. is purely-imaginary, e*/k:*

represents evanescent waves, as z — £o0o. For complex
valued k., e/*#* and e 7/*:* represent attenuated-traveling waves. To simplify the
notation, we assume that the source is located such that the waves are traveling only
in the negative-z direction, thus involving only e/*:*.

The ODE for variable ¢ is also harmonic. In addition, ¢ is an angle coordinate,
and only solutions in the full azimuthal domain —7 < ¢ < 7 are considered. As the
electromagnetic fields are single-valued, the requirement of Q(—7) = Q() leads to n
taking on integer values only.

For propagating waves k? # k2, k, is introduced to denote kf, = k? — k2. Tt is
worth noting that k, is the propagation constant in the p-direction (or termed the
transverse wavenumber). The ODE for variable p is essentially Bessel’s equation of

order n and argument k,p

d?pP dpP

(kpp)Qd(k?—pp)Q + (kpp)m + [(/{pr)Q - nﬂ P=0. (229)

Any two of the Bessel function J,(k,p), Neumann function Y, (k,p), the Hankel
functions of the first and second kind Hfll)(k:pp), Hflz)(k:pp) form a pair of linearly-
independent solutions to the equation. The characteristics of these functions are
documented in the Appendix B.2.1. From the definitions given in (B.10)—(B.13),
only J,,(k,p) is bounded as p — 0. Due to the boundedness of electromagnetic fields,
the radial function P(p) can contain only J,(k,p), when the origin is included in the

domain. On the other hand, from the asymptotic behaviors of the functions when
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p — oo given in (B.18)—-(B.21), H,Sz)(kpp) is the only function that represents outgo-
ing and vanishing waves, for the choice of time variation e/“!. In compliance with the
Sommerfeld radiation condition (2.10), P(p) contains only HT(LQ)(k:pp), if the domain
considered is unbounded.

As a result of the choice of solutions to each of the ODE, an elementary wave

function traveling in the negative z-direction, and satisfying (2.25) is

, Jn(kop) , “interior”
Uk, ik, = elks* ’ eim? for the problem (2.30)
HP (k,p) “exterior”

n

for some fixed values of k, and n. Due to the superposition principle, the summation
of all the elementary wave functions gives a general solution to (2.25). Thus, the
z-component of a electric or magnetic field has the following expansion:

o0

U(p7 ¢7 Z) = ejkzz Z [anH’l(l2)(kpp> + ann(ka)} ejTLd)’ (231>

n=—oo

where {a,} — _ and {b,} - _ are unknown coefficients to be determined from

o [e.e]

boundary conditions, with {a,} - _ = 0 for domains including the origin, and
{b,}>~ . =0 for unbounded domains.

For the special case when k* = k?, the Helmholtz equation (2.25) becomes the
Laplace equation encountered in the transverse electromagnetic mode (TEM) in trans-
mission line problem. The corresponding radial solutions for (2.28) are p" and p~",
for positive integer n. For n = 0, the radial solutions are simply 1 and In p. Therefore,

a general solution to (2.25), when k?* = k?, has the expression

u(p, ¢, k.) = e’ {ao In(p) + by + Z [anp_" + bn,o"] COS n¢} ) (2.32)

n=1
Similarly, as electromagnetic fields are finite, and satisfy the Sommerfeld radiation
condition, ay and {a,} -, and ao vanish for domains including the origin, while
bo, {bn}.—, = 0 for unbounded domains.

The expressions for all other field components can be obtained from (2.20a) and

(2.20b) upon setting % = jk, as

E : uH) E,
{ p}z%ﬁ{ : }+‘7k;£{ } (2.334)
H, kop 0¢ b, ks Op | H,
E : “uH) E,
[ S e LD sz 9 . (2.33b)
H, k2 Op ek, k2p 09 | H,
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2.5 Plane wave

A plane wave consists of the electric and magnetic fields of uniform phase over a set
of infinite parallel planes (called the equiphase surfaces) that are perpendicular to
the direction of propagation. For a uniform plane wave, the fields are of constant
amplitude over the equiphase surfaces. The electric and magnetic fields of a plane
wave are orthogonal to each other. For a linearly-polarized plane wave, the fields
always point to the same direction in space. The source of a plane wave is considered
to be at infinity to produce such planar equiphase surfaces. Plane waves are the type
of electromagnetic waves that predominate at each fixed observation point in the far
zone of an antenna.

Suppose a uniform plane wave propagates in the direction of a unit vector w, in
the free space with intrinsic impedance 1 = +/jto/€o ~ 1207 (ohm), and wavenumber
ko = wy/eofto = 2m/A. Here, ¢y ~ 7/36 x 107 (farad/meter), and po = 47 x 1077
(henry/meter) are the permittivity and permeability of vacuum, respectively; whereas
w and A are the frequency and wavelength of the radiation, respectively. It can be

expressed mathematically as

EPY = Age MoV Ty (2.34a)
A .

HPY = e koW (w x v) | (2.34b)
"o

where the constant A is the amplitude of the uniform plane wave, v is a unit vector
on the equiphase surfaces indicating the direction the electric field points to, and r =
(x,y, z) is the arbitrary position vector. As the equiphase surfaces are perpendicular
to the direction of propagation, v-w = 0.

Consider a uniform plane wave which direction of propagation w is completely
defined by the polar angle ¥ and the azimuthal angle 6®", as shown in Figure 2.2.
That is, w = (— cos 62" sin O2, — sin 2" sin 2%, — cos 02%) in Cartesian coordinates.
Here, the polar angle 6P% is the angle the propagation direction w makes with the
z—axis, while the azimuthal angle 6P is the angle between incidence of the plane
wave in the zy-plane and the positive z-axis. The electric field of the plane wave may

be either parallel (TM.) or orthogonal (TE,) to the plane of incidence?.

TM, case (i.e., H?Y =0) :
From the definition of magnetic field given in (2.34b), and the condition v-w = 0,

we have vy = (— cos0PY cos PV, — sin 6PV cos APV sin V). Due to the geometry

4The plane containing the direction of propagation w and the cylinder axis, the z-axis.
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Figure 2.2: Direction of propagation of a plane wave.

of the structure, it is desirable to express the plane wave in the polar cylindrical

coordinates, where x = pcos¢ and y = psin¢. From (2.34a), we get

. i 0PV ik o sin 0PV cos(db—OPY
ng(p7 Qb, Z) — AO Slngswe]kozcos@ ejkopslné’z cos(p—03 )’ (235&)

— Ay sin PV ekoz cos0Z" Z F7Jn (Kop sin 0PV )eIM(O=0") (2.35b)
where the series expansions is obtained using (B.27).

The series expansion for other components of the TM, plane wave can be derived
from (2.34a) and (2.34b), with the help of (A.5), (B.16) and (B.15). Alternatively and
more straightforwardly, they can also be obtained using (2.33) with k, = kg cos 2%
(and thus, k, = ko sin 62%).

When the special case of normal incidence (i.e., 05" = %) is considered, the
problem reduces to 2D as k, = 0. Only the components E?¥, HP™ and ng are

non-zero for this special case.

TE. case (i.e., E?Y =0):

In this case, we have vrg = (sin 2", — cos 6PV, 0). Clearly, w X vrg = vy and

w X vim = —vre. Consequently, ETF = —nOHTM and HTE = niOETM. Thus,
pw AO : w _jkoz cos 5% - n . W jn(p—05")
HY(p, ¢, 2) = = sin 2020 % 7 ], (kopsin 02 )e"@%0) . (2.36a)
Mo e

Similarly, for normal incidence problem, only H¥, E™ and ng are non-zero.
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2.6 Quantities of interest

2.6.1 Energy density

The energy density w (Joule/meter?) of an electromagnetic field is simply the sum of

the electric and magnetic energy densities
1
wi=; (e|E + u[H) . (2.37)

The integral expression in (2.11) gives the total electromagnetic energy contained in

any finite volume V.

2.6.2 Radiation pattern and radar cross section

The radiation pattern R(¢) is an alternative representation for the scattered field,
valid for observation point in the far zone where p — oco. The large argument ap-
proximation for the Hankel function is given in (B.21) while the approximation for

its derivative can be deduced to be

/ 2 . n+1
H,?(kp) = — I/ =il asp> R (2.38)
TP

From these approximations, magnitudes of the scattered fields in free space are ap-

proximately

e—Jkop

\/15 )

(2.39)

where U is either E or H.

Another important parameter in radar communication study is the radar cross
section (RCS) of a scattering structure, o(¢). It is defined as the area intercepting
the amount of power that, when scattered isotropically, produces at the receiver
a density that is equal to the density scattered by the actual target [5]. For the

cylindrical structures considered, the mathematical expression for RCS is

U

(2.40)

o= lim 27 )
P00 p|Uinc|2

The same value of RCS can be calculated for a scattering problem by using either
choice of E or H because of (2.33).

Without loss of generality, the incident field is assumed to have amplitude A
of one throughout this thesis. The normalized RCS (against the dimension of the

scatterer mR), 6(¢), can be written in terms of the radiation pattern R(¢) as

70) = IR 241
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In particular, the backscattering RCS (61,) (when ¢ = 0P% + 1) indicates the efficiency
of the structure in scattering the incident plane wave back to its source. The RCS

is depicted in decibel scale in most of the numerical investigations carried out; i.e.,

2.6.3 Surface current densities

The surface current density measures the jump in the magnetic field across the contour
of the PEC strip. In general, the surface current density flows both parallel and

transverse to the cylinder axis on the strip, it can be written as
J=nx (Hl — Hg) , (242)

where n is a unit normal vector pointing from medium 2 into medium 1. For the
special case of normal incidence, the surface current density has only the z-component

and depends only on the angular variable ¢.

2.6.4 Relative error

For a numerical solution to be reliable and useful, it is important that the approx-
imated solution derived is indeed close to the exact solution (if exists), as well as
being stable. Suppose when the infinite system (derived upon the application of the
MoR) is truncated to Ny, equations. We denote the computed solution as {:ant}gil
The normalized relative error of the computed coefficients in maximum norm sense,

emax(Nir), can be defined mathematically as

max Nt _ N
emax(Nir) = neley TR L (2.43)

Nt
max, . [zh

The relative error of the RCS in ¢y-norm sense, es(N,), provides another useful
measure of the value of Ny, required for a desired accuracy of the physical quantities
computed. We denote the normalized RCS value computed based on the coefficients
{$nNt}iV;1 as 0N, The relative error of the RCS in fo-norm sense, e;( Ny, ), is defined
as

a—Ntr“Fl ANtr

— 0

es(Nep) = (2.44)

‘&Ntr
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2.6.5 Condition number

Another useful numerical quantity is the condition number, x (A), associating with
the matrix operator 4. In fy-norm, x (A) is defined as the ratio of the maximal
to the minimal singular values of A. It gives an indication of the accuracy of the
results from matrix inversion and the linear equation solution. For our purpose,
the condition numbers for each considered problem are computed using the built-in
MATLAB function, cond, directly.

Suppose we have x (LA) = 10* for our final system of equations. As a general rule
of thumb, log;, [x (A)] indicates the number of decimal places lost by computer due
to roundoff errors arising from the matrix inversion of A. In other words, with the
16 decimal digits of computer precision, the results computed will be accurate to at

most (16 — «) decimal places of accuracy.
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Chapter 3

Method of Regularization

3.1 Introduction

Although there is a variety of regularization techniques for electromagnetic problems,
this thesis deals exclusively with the Abel integral transformation method. In partic-
ular, for the cylindrical problems considered, this thesis deals with the regularization
of the DSE involving trigonometric functions documented in Section 2.2 of the mono-
graph [84]. This type of DSE has also been previously reported in [69, 76, 77]. For the
sake of completeness of this thesis, the regularization process involved is presented in
this chapter. The final solutions are the same as those documented in [84], though
different notations are employed. In addition, more thorough justifications of the
steps are formulated, and a more compressed process is presented here. This method
has been applied to the study of the scattering problem of a slotted cylinder illumi-
nated by a normal incident plane wave in [85]. It is the aim of this thesis to extend
the application of this method to consider some of the more generalized problems in
subsequent chapters.

The first step of the regularization involves rewriting the DSE (derived from the
MBC) in terms of Jacobi polynomials. By rescaling and levelling the convergence
rate of them, the DSE are then transformed into a set of Abel integral equations. An
ISLAE is subsequently obtained by employing the corresponding inversion formulas.
Upon converting the original DSE into a Fredholm matrix equation of the second
kind (with the relevant matrix operator being a compact perturbation of the identity
operator), the equation is then solved by the truncation method and numerical matrix
inversion. The accuracy of the solution computed can be controlled by altering the
truncation number Ny, of the ISLAE. The most notable feature of this approach is
that the solution computed converges not only theoretically, but also numerically to
the exact solution of the ISLAE, as N, — .
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3.2 Dual series equations with kernels cosng

We consider the following DSE involving the cosine functions

axg + ¢ + Z [xn (1 - Sn) + en] CO8S nQS =0 (A) ’ ¢ € (07 ¢0)7 (31&)
n=1
bro+d+ Y nlw, (1—t,)+ fu] cosng =0 (A), ¢ € (¢o, ), (3.1b)
n=1

where a, b, ¢ and d and {e,,, fn, Sn,tn},., are assumed to be known, while {z,},
is the unknown sequence to be determined. Here, ¢q is some fixed value in (0, ).
The notation (A) implies that each member of the DSE above is to be read as being
Abel-summable (see Appendix D.1.2) to the right hand value on its corresponding
interval; i.e.,

arg+ ¢+ lim { [z, (1 — s5,) + €,] 7" cos ngf)} =0, ¢€(0,¢0), (3.2a)

[r|—1—
n=1

Mg

bxog +d+ lim {

|r|—1—

(1—t,)+ ful ™ cosngb} =0, ¢€(po,m). (3.2b)

For the regularization process, it is assumed that {y/nz,}, ., belongs to the set

of square-summable Fourier coefficients ¢5; i.e.,

o

> nfz,)* < . (3.3)

n=1
The known sequences {v/ne,, v/nfa}.., are also assumed to belong to the same class,
(5. In other words, {z,, e, f,},—, are assumed to satisfy the Fejér’s Tauberian con-
dition (D.4). Additionally, it is assumed that

lim s, = lim ¢, =0, (3.4)

n—ro0 n—oo
which is why they are often termed the asymptotically small parameters. In the elec-
tromagnetic problems considered, these assumptions arise naturally from the Meixner
condition required for a structure with apertures, as well as the general properties of
fields in space excluding the scatterer.

From these assumptions, we can see that the general terms of series in (3.1a)
and (3.1b) decay at rates O (n™%/?) and O (n~'/?), respectively, as n — oo. In the
key step of the regularization process, the slower converging series equation (3.1b)
is subjected to an integration operation to equilibrate the rates of convergence of
the DSE. These assumptions provide sufficient conditions for the justification for the

termwise integration operations, as shown in the next subsection.
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3.2.1 Justification of term-by-term integration

Although its convergence is not assumed, this series in (3.1a) is convergent as its
terms satisfy (D.4). In fact, the series can be shown by the Weierstrass M Test to be
absolutely (and hence, uniformly) convergent for all real-valued ¢. Therefore, (3.1a)
can be integrated termwise over any interval (0, ¢'), for some ¢’ € (0,7). In addition,
the notation (A) is omitted for (3.1a) from here onwards.

However, the slower converging series in (3.1b) are not uniformly convergent for
the interval (¢g, 7), if convergent at all. While uniformity of convergence is a sufficient
condition for term-by-term integrability, it is not a necessary condition.

For brevity, we denote the Abel mean of the series in (3.1b) as
Z nlr, (1 —t,)+ fu]r" cosng. (3.5)
n=1

Clearly, A(¢, ) is absolutely convergent as long as |r| < 1, for all ¢ € (0, 7). Therefore,

for |r| < 1, A(¢,r) is integrable term-by-term over the interval (¢, ), for some
¢ € (¢, ™), to give

/7T i [, ( )+ fo] 7" sinng’ . (3.6)
n=1

/

We introduce the following sequence from A(¢,r):
Ae(9) =X (0,1 — 1) = Zn [0 (1 —tn) + fo] (1 — )" cosng, (3.7)
n=1

for k =1,2,... From (3.2b), we know

lim A(¢,7r) = —(bxg+d), for ¢ € (¢, 7). (3.8)

|r|—1—

Hence, from the definition of {\;};—, give in (3.7),

Jim Au(¢) = —(bzo + d),  for ¢ € (o, ). (3.9)
In addition, as A\(¢,r) is piecewise continuous for |r| < 1, each A\x(¢) for k =1,2,...
is integrable over the interval (¢', 7), for some ¢' € (¢g, 7). Moreover, |A\p(¢)| < C,

forall k =1,2,..., on (¢, ) for some ¢’ € (¢pg, 7), where C' is some positive constant.
Accordingly,
lim Ai(@) do = lim A\ (¢)d¢p = —(bxg + d) do, (3.10)
k—o0 ¢l ¢/ k—oo ¢/

by Arzela’s Dominated Convergence Theorem, and the term-by-term integration of

(3.1b) is justified.
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3.2.2 Levelling of the rates of convergence

To ensure both members of the DSE will involve the same kernel after the transfor-

mation, the DSE in (3.1) are first rewritten in terms of the Jacobi polynomials using
(B.35b),

1 1
vant (-2

) o) —
F(n—l—%) <¢) —07 ¢ S (¢0,1)7

(3.11a)

ax0+c—|—z [, (1 — s) + €3]

n=1

brg+d+ Y nl, (L—t,)+ fil %&(5’5)@) =0(4), ¥ e (=11n),

"~ (3.11h)
by means of new variables 1) := cos ¢ and )y := cos ¢y.

An additional step of transforming the parameter values o and f in p) (¥)
occurring in (3.11) is required before the equilibration of the convergence rates of the
DSE. This is to ensure the condition «, § > —1 is satisfied after the equilibration. It
is accomplished by multiplying (3.11a) and (3.11b) by (1 — ¢)~Y2(1 + v)~Y/2, then

integrating over (¢,1) and (—1,v), respectively. The term-by-term integration has
11

been justified in the previous subsection, as the DSE in (3.11) in terms of P,Siiﬁﬁ) (¥)
are essentially those in (3.1) with kernels cosn¢. We obtain the following from the
integration with the aid of (B.37) with a = = —1/2:

€ o 1= 50+ el =P ) =0 Ve oD, (3120
(bxo 4 d) (5 +sin~ ') — 4(1 — ¢)%(1 )2
€D o (1) ) e A ) =0 Ve (—Lu). (3120)

The convergence rates of the series terms in (3.12a) and (3.12b) are O (n=°/2)
and O (n=3/?), respectively, as p? = o (n='/?) as given in (B.34). Both series
are now uniformly convergent in their corresponding intervals. In order to level the
convergence rates, the slower converging (3.12b) is integrated over (—1,%) for ¢ €
(—1,%), with weight function (1 +)~'/2. With the aid of integration by parts and
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(B.36b) with n = 0, the integration gives

(bo + d) [4\/1 T —2/1-v (2 +sm—1¢)}

N e
——1+¢ Z — JrJ'-‘n]mPn,1

w
N

N =

)(2/1) =0, (3.13)

n=1

for all ¢» € (—1,10). Both series in (3.12a) and (3.13) now have the same convergence
rate O (n*‘r’/ 2), but different kernels.

3.2.3 Abel integral transformation

The next step involved in the regularization process is reformulating (3.12a) and
(3.13) as Abel integral equations. For (3.13), this is done by using (B.36b) when
n = 1/2. We obtain

v S(t) 4
71\/T

for all ¢ € (—1,1y), where S(t) is defined as

— 4 (bzo + d) [2\/1+¢— V1 —¢(g+sm—1¢)} , (3.14)

—(1+t i )+ fo] POV (1) (3.15)

The interchange of the order of summation and integration is justified because of the
weighted mean square convergence of the series in (3.13). The equation (3.14) is of
the form of (C.1). Using the inversion formula (C.7), it can be derived that, for all

te <_17¢0>

t — T s -1
S(t) = %(bxo v S / 2Vite - */1 ( sin” y) &, (3.16)
:% (bzo + d) dt/ ” 2 4+sin~' ) dy, (3.16Db)
2 t oz -
2 mra) [ 2 Sm_l j/’ (3.160)
—2 by +d) In (%) | (3.16d)

It is noted that integration by parts was used to evaluate the integral in (3.16a). Since
the integrand in the right hand side of (3.16b) is continuous everywhere in (—1,¢] as

t < 1, the integral can be evaluated making use of the fundamental theorem of
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integral calculus and chain rule. The resulting integral in (3.16¢) is solved by change
of variable (1) = —cos@,t = — cos 8) and the Dirichlet-Mehler formula [21, 69]
A 6 sin &

) _ p
\/mde = —V2rIn (cos 2) : (3.17)

Similarly, (3.12a) defined over (i,1) can be transformed using (B.36a) when
n=1/2to

LTt B 5= sin !¢

for all ¥ € (1o, 1), where T'(t) is defined as:
Z Tn (1= s,) + €] Pﬁi) (t). (3.19)
n=1

Repeating parallel operations used in the derivation of (3.16d) with the aid of (C.8)
and (3.17), we obtain a series equation of {z,} , in terms of the same kernels,
P(O’l)(t), as that in (3.16d):

T(t) =2 (azo+c)(1+1)", t € (Yo, 1). (3.20)

We convert the kernels to the normalized form, P(0 1/ (t), defined in (B.31), and

introduce following normalized coefficients for brevity:

{:z-n, é, fn} =/ {n, ey f} (3.21)

for n = 1,2,... It is worth noting that these new coefficients lie in /5. Combining

(3.16d) and (3.20), we obtain a series equation defined over the entire interval:

. :;;Z}Z An n;(l/}) (3‘22)
n=1
L+ ¢ P (@)
(aajo + C) - \/5 (i'nsn en) n_T ; ¢ € (1?0’ 1)7
n=1

3.2.4 Conversion to an ISLAE

The last step of regularization process involves converting (3.22) into an ISLAE, which

can be solved numerically by truncation method and matrix inversion. This process
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is achieved by exploiting the orthonormality and completeness of {P (© 1)(w)} on

(—1,1) as given in (B.32). The following integrals which occur in the conversion are

evaluated using integration by parts, (B.38) and (B.39),

5(10)
[ e a= -y, (323)
Yo 1—1t 5(0,1) . 1- % Amlfol) (1/}0)
/1 In <T) m—1 (t) dt = —(1 — ¢0) In ( 9 ) m
~(0,1)
—(1+ %)—m;ﬁ“) . (3.24)

It is worth noting that every series in (3.22) is Fourier-Jacobi and uniformly con-
vergent. By exploiting the completeness and orthonormality of the kernels, the infinite

system below is obtained from (3.22), for m =1,2,...

Ty (1 —t)

= V2 (b +d) (1= o) In (1 _2%) ) (W) + (14 40) w
—VQMMwﬂa—%ﬁ#%%ﬂ—;
+Z B (50— ta) + fo = 0] QW 1 (). (3.25)

The function Qnm (10) (see Appendix B.4.2) denotes the incomplete scalar product

of the normalized Jacobi polynomials encountered; i.e.,
1
Q)= [ @+ POV POV dt. (3.26)
0

The solution of {Z,} ~, is square summable, regardless of the value of the unknown
ro. However, zy must be chosen to ensure that it also lies in /5. Since the series
on the left side of (3.22) is uniformly convergent (as {@,} ., € {3), the right side
must be continuous everywhere on (—1,1), including at the point ¢ = 1. It is
worth noting that both sub-functions on the right side of (3.22) are continuous on
their corresponding intervals (¢, 1) and (—1,1y), due to the assumptions made on
{ens fn, Snstn, xn} . For the continuity at ¢) = v, the sub-functions on the right

side of (3.22) are equated to give an equation for

—dln (1522)
o= bln(1 %) —a

1+ A . ;
+\/_[bln 1— d?o . Z[ +en_fn]T, (327)
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provided [b In (1 wo) — ] # 0. Subsequently, the value of xy can be calculated once
the values of {Z,,} -, are known. Therefore, by substitution of (3.27) into (3.25), and
by exploiting (B.47a) when a = 1 and § = 0, an ISLAE involving only {z,} -, is

obtained
(1=t +an 0 — 5n) Rin—1.0-1(th0)
SRCIRRN ;f)d i)
~ fn +Z [ — €n] m—1,n—1(%0), (3.28)
for m =1,2,3, ..., where the following notation is used for brevity
: A b(L+¢0)* B (o) B2V (o)

Rt (%) =QW %, 1 () — (3.29)

bln (%) —a m n
When [b In (1 wo) — } = 0, the continuity at t = )y gives rise to an additional

series equation involving only {Z,} 7 |,

o0 (0,1)
c—dln (1_2wo) + 1—\;;(]2 [j\jn (tn_sn)+én_fn L@UO) =0. (330)

The original ISLAE in (3.25) can be reduced to the following by using (3.30), and
(B.47a) when aw =1 and 8 = 0,

n=1

0,1) ()
B \/ﬁb(l + ¢0)%(wo>$0 + & (1= ty) + Zin (tn — sn) inzf))l,n—l(wﬂ)
n=1
") (o) .7 ALO)
—¢WOHM"%1 —M+Xm QQ@MJ%L (3.31)

for m = 1,2, ... The additional series equation (3.30) and the above ISLAE are to be

solved simultaneously for the values of zo and {Z,}, .

3.2.5 ISLAE in matrix operator form

The ISLAE in (3.28) can be written in matrix operator form as

IT+H)x=h, (3.32)

!The Calligraphic fonts are used to represent the matrix operators.
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where Z denotes the identity operator on the Hilbert space {5, the column vector

b represents the right side of (3.28), x is the column vector containing the solution
{@,},2,, and H is defined as

H=R(T-8)-T. (3.33)

~

Here, R := {Rn_Lm_l(@/Jo)}oo » denotes the matrix operator of function defined in
(3.29), whereas S:=diag ({;ﬁio:l) and T :=diag ({t,},—,). It is worth noting that
the column vectors x and b are square-summable.

As s,, t, — 0 when n — oo, the diagonal matrix operators S and T are compact
in /5. The linear matrix operator R is bounded as it is a superposition of two linear
bounded operators. In fact, because of the property of ngf)l,n—l(wo) given in (B.46),
the first part of R in (3.29) is idempotent and hence, a projection operator having
norm at most 1. The second part of R in (3.29) can be shown to be Hilbert-Schmidt
and bounded, by using (B.34). As a product of a bounded operator and compact
operator is compact, R (T — §) is compact. Consequently, the matrix operator H is
compact because the sum of compact operators is also compact. As Z in the infinite-
dimensional /5 is a Fredholm operator with index zero and H is compact, the matrix
operator (Z + H) is Fredholm with index zero?.

As a result, (Z + H) satisfies the Fredholm alternative theorem. If the solution is
unique, the Fredholm alternative theorem implies the solution existence and stability.
For the electromagnetic MBVP considered, one can prove the uniqueness of solution
by using the standard technique in [12]. The infinite system in (3.28) is truncated
to a finite system of N, equations and solved numerically. The computed solution
of this finite system (x™) converges to the true solution of the infinite system (x>),
as Ny — oo. The condition number of the truncated system is uniformly bounded
(i.e., XN

system (i.e., YV — x°°). Therefore, the numerical process of solving these truncated

< C, for some positive constant C') and converges to that of the infinite

system is stable for arbitrarily large /Vi,. The solution of the MBVP can be computed
numerically with any predetermined accuracy, limited only by the computer’s digital

precision [2, 4, 34].

2The background definitions and theorems from functional analysis are omitted. We refer to
[2, 15, 30, 34].
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3.2.6 Companion pair of DSE

Consider a companion pair to the DSE given in (3.1), where the subintervals on which
(3.1a) and (3.1b) are defined are interchanged:

axg + ¢+ Z [z, (1 —s,) +e,] cosng =0 (A), ¢ € (¢o,m), (3.34a)

n=1
bro+d+ > nlr, (1 —ty)+ facosng =0 (A), ¢€(0,¢). (3.34b)
n=1
Same assumptions as those for the previous pair of DSE are made on the coefficients
zg and {Zn, €n, [, Snytn}oo -

This pair of DSE can be regularized and transformed to a second kind ISLAE,
by following the same process used for the pair in (3.1). Alternatively, the final form
of system can be obtained from (3.28) by means of new variables ¢':=m — ¢ and
¢y :=m — ¢o. The DSE in (3.35) can be rewritten as

axg+c+ Z ", (1 —5s,) +ep)cosng’ =0 (A), ¢ €(0,¢;), (3.35a)

brg + d + Z (=1)"n[x, (1 —t,) + fu]cosng' =0 (A), ¢ € (¢y, 7). (3.35b)

By putting x,, — (=1)"x,, €, — (=1)"€,, fu = (=1)"fn, 1o — cos ¢y = — cos pg =
1o in (3.28) with the rest remaining unchanged, we obtain

<_1)m Tm (1 - tm) + Z (_1>n Ty (tn - Sn) Rm—l,n—l(_@zjo)

bc — ad A,(,?’_ll)(—@bo)
() e

_1)m fm + Z (_1)n |:fn - én] Rmfl,nfl(_wo) ) (336)

= V2(1 + 1)

provided [b In (1 on) } # (0. An alternative form of the above can be obtained by
making use of the identities (B.33) and (B.45),

1_Sm an n—S n m 1,n— 1(¢0)

be—ad P (vo)
bln (H2) —a  m

— Cp — Z [fn — én:| Sm—1n1(t0), (3.37)
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form =1,2,3,..., where we define:

b(1 — )2 PO (1o) B (wo)

A 0,1)
Shn— 1,n— 1<¢0) Qm 1,n— 1(¢0)+bln(#)_a m n : (338>
Similarly, the expression for = can be obtained from (3.27) and (B.33) as
—dln (1-&-1110)
x
M (Hwo) —a
H(1,0)
1— wO T n—1\¥Y0/ <¢0)
_ 3 . 3.39
V2 [bIn (H22) — 4] Z [ -/ n (3:39)

The infinite system when [bIn (52 — a] =0, can be obtained directly from (3.30)

and (3.31), by substitution of ¢’ and ¢j.

3.3 Dual series equations with kernels sin n¢

We consider the following DSE involving the sine functions

Z Yn (1 — 8p) + gnlsinng =0 (A), ¢ € (0, p0), (3.40a)
n=1
D nfyn (1—tn) + hylsinng =0 (4), ¢ € (¢o, ), (3.40b)
n=1

where the coefficients {g,, hn, Sn, 6, }, o, are assumed to be known, and {y,}, -, is
the unknown sequence to be determined. As with the case where the DSE involving
cos NP, {Yn, gn, Iy}, are assumed to satisfy the Fejér’s Tauberian condition (D.4);
whereas {s,,t,} - tend to zero, when n — co. Term-by-term integration of (3.40a)
and (3.40b) can be justified following the same arguments given in the previous section

for the DSE involving cosne.

3.3.1 Leveling of the rates of convergences

The conversion of the weakly ill-posed DSE in (3.40) follows parallel operations as
those in previous section, except that the transformation of the values of o and (3 of
plep (1) is not required. The justification of each of the mathematical operations is

similar to those given in previous section, and hence omitted.
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By using (B.35a), we rewrite the DSE in (3.40) as

Z Yn 1_8n +gn] I—‘(nn—_"_l)Pn(—il’i)(w):(L (VRS (w071>7 (341&)
S nlin 1=+ bl 7o )Pn?1§)<¢>=o (A), Ge(-Lay). (341b)

To equilibrate the convergence rates, we integrate (3.41b) over (—1,4) with weight
function (1 + )2, for some ¢ € (—1,). By using (B.36a) when = 0, we get:

(1—|—¢)%Zn[yn(1—tn)+h]F<nn!+ 5 n(“) ) =0, € (=1, 4p). (3.42)

3.3.2 Abel integral transformation

Abel integral transformation is carried out on (3.42), by using (B.36a) when n = 1/2,
and the homogeneous form of (C.1). We obtain

> 0 lya (1—ta) + ha] POV (1) =0, te (—1,). (3.43)
n=1

Using (B.36a) when n = 1/2, and the homogeneous form of (C.8), Abel transforma-
tion of (3.41a) gives

S nly )+ ga] POV (1) =0, t € (Yo, 1). (3.44)
n=1

Combining (3.43) and (3.44), we get a series equation defined over (—1,1):

Z (Gnsn — Gn) POV (@), 9 € (0, 1),
(3.45)
>

(yn n n) 75071)(1/})7 ¢ S (_171/}0)7
where the following normalized coefficients have been introduced for n = 1,2, 3, ...
{0 G P } =/ (G s i} (3.46)

3.3.3 Conversion to an ISLAE

By making use of the properties of orthonormality and completeness of the set
{Pé”’l)(w)} on (—1,1), (3.45) is converted to the following ISLAE where m =
n=1
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1,2,3,...

G (1= tn) +Zynt — ) Qi a1 (%)

o0

m+; ( n) Q1 (o). (3.47)

3.3.4 ISLAE in matrix operator form

It is evident that (3.47) is a Fredholm equation of the second-kind, and can be written

in the following matrix operator form
Z+H)y=V, (3.48)

where the column vector b’ represents the right side of (3.47), y is the column vector

containing the solution {g} ~ ,, and H’' is defined as

=9(T-8)-T. (3.49)
The operators Z, S and T are as defined in the previous section for the DSE involving
cosng. The matrix operator Q:= {QTS 1% n 1(%)} et is idempotent because of

(B.46). Hence, Q is linear bounded operator havmg norm atmost 1, and H' is a
compact operator. Therefore, (Z + H’) is a Fredholm operator with index zero, and
(3.47) offers a stable computation scheme to solve the originally ill-posed DSE in
(3.40).

3.3.5 Companion pair of DSE

The companion pair to the DSE given in (3.40) is

[y (1 — 8,) + gn]sinng =0 (A), ¢ € (¢po,m), (3.50a)
Zn Un ( hy]sinng =0 (A), ¢ € (0, ¢p). (3.50b)

This pair of DSE can be regularized and transformed to the following second kind
ISLAE, where m =1,2,3, ...

G (1= $m) = > G (tw — 32) QG711 (0)

=~ = > (b= 3 ) Q1 (00). (3.51)
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Chapter 4

Scattering from a CLR under
oblique incidence

4.1 Introduction

In this chapter, the scattering of an oblique incident plane wave on a dielectric cylinder
with a conformal PEC strip' (as depicted in Figure 4.1) is considered. Assuming
that it is aligned parallel to the z-axis, the structure has constant cross-section with
respect to z. The terminology cylindrical lens reflector (CLR) is used to refer to this
partially-shielded dielectric cylinder.

The scattering problem of an axially-slotted PEC cylinder is one of the simplest
and most investigated geometries in the area of scattering and radiation. A very large
number of papers have been written on the determination of the near-field quantities
due to normal plane wave incidence. For example, Senior [65] and Beren [7] used the
integral equation approach to determine the field around an axially slotted cylinder,
the rigorous regularization method was used to solved the same problem first by
Shestopalov et al in [41], then by Ziolkowski et al in [32, 97], Harrington treated the
field penetration inside a conducting circular cylinder through a narrow slot in using
method of moments [17], etc.

Most of these studies are for incidence at normal incidence with respect to the
cylinder axis (i.e., the z-axis). In this special case, the vector boundary value prob-
lem can be studied in terms of two separate scalar boundary value problems. They
are the E-polarization (the TM, case) and the H-polarization (the TE, case). For

normal incidence case, the F- and H-polarized waves are separate, and are solved

! Alternatively, when the strip subtends an angle greater than 7 (i.e., the slit is small), the
structure is often referred to as a slotted cylinder with dielectric loading.
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plane wave

};r

Figure 4.1: The infinitely-long CLR and the oblique incident plane wave.
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Figure 4.2: Cross-sectional view of the CLR.
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independently. The secondary (reflected or transmitted) fields for a general incident
wave polarization are simply a vector sum from each one of these two polarizations.

However, when the incident wave is at an oblique angle (angle other than perpen-
dicular) to the z-axis, the two polarizations are mixed and exist simultaneously. The
oblique scattering problem has important practical applications in various areas such
as diffraction grating analysis. The problem also forms a fundamental building block
in the analysis of the fields induced by a finite source, which may be decomposed
into a spectrum of oblique incident plane waves. In spite of the fact that for many
real-world applications the excitation is not normal to the cylinder, results for this
general case of oblique incidence are rather sparse. Surprisingly, despite the simplicity
of the scatterer considered, the oblique scattering problem of a slotted cylinder has
only been considered in [94], to the best of our knowledge. However, [94] neglected
the crossed polarization in its conformal mapping formulation.

In order to provide an accurate and constructive assessment, as well as under-
standing of the scattering properties of the CLR, the 3D oblique incident problem
is considered in this chapter. The detailed derivation for the pure TM, excitation is
first formulated, and the extension to the pure TE, case is outlined. The formalism
can be readily adapted to the problem with incident wave coming from an infinitely
thin straight wire of infinite length running parallel to the z-axis and carrying a

Jk:2 wwhich represents a wave with axial wavenumber k., propagating in

current Ipe™
the positive z-direction. A single-layered dielectric substrate is assumed in the prob-
lem formulation for simplicity, although the approach is applicable to the problem
involving a multi-layered and/or overlaid structure.

Section 4.2 is devoted to give a full description of the problem, and to establish the
notations used. In Section 4.3—4.4, the MBVP is transformed into two independent
2-by-2 block matrix equations of the second kind by using the MoR approach. The
result is extended to the case involving a pure TE, incident plane wave in Section
4.5. Series representations of the energy distribution, RCS and surface current are
derived in Section 4.6.3, where an approach to improve the convergence rate of the
series terms is also proposed in Section 4.7.

The numerical investigation for this chapter is documented in Section 4.8. It
first deals with the numerical verification of the problem formulation and numerical
algorithm through internal as well as external tests. Internal tests based on the
calculations of the near fields to verify the MBC on the contour (to within the roundoff
errors) are applied. In addition, comparisons with the results from the literature

(for the normal incident problem) have been carried out as an external test. The
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agreement in all cases is excellent. The second part of the numerical investigation
focuses on the stability and convergence of the algorithm. Specific information about
the dependence of the truncation number Ny, (for a chosen degree of accuracy) on
the radius of the CLR and the dielectric loading is obtained through convergence
checks of the unknown coefficients and the RCS. Numerical results also show that the
condition numbers of the matrices are bounded, as Ny, increases. In the final part of
the numerical investigation, the effects of the oblique incident angle on the RCS and

internal energy are plotted.

4.2 Geometrical description of the problem

Consider an infinitely long CLR of radius R, with cylindrical lens made of dielectric
material of relative permittivity and permeability (e, u,.)*>. The conformal PEC strip
on the surface of the CLR is assumed to be infinitely thin, and has an angular width
of 20YF€. Without loss of generality, we suppose that the CLR is embedded in
free space, and is aligned parallel to the z-axis, and the PEC strip is located at
Qpec = {(p,¢) : p= R and |¢| < 675}, We use the term “aperture” to refer to the
interface on the cylindrical lens that is not shielded by the PEC strip; i.e., Qaper =
{(p.¢) : p= R and |¢] > 07"}

Suppose the CLR is illuminated by a purely TM, oblique incident plane wave
(i.e., H™ = 0), with vacuum wavenumber ko = wy/€opto- The plane wave propagates
in the direction which makes a polar angle 0°" with the z-axis, and an azimuthal
angle 6P in the xy-plane with the positive x-axis. The geometrical description of
the CLR, and the propagation direction of the oblique incident plane wave is given

in Figure 4.1. The time dependence ¢/“! is assumed and suppressed.

4.3 Derivation of the four sets of DSE

The series expansions for the field components have been derived in Section 2.4, by
replacing k, with kg cos 2%. Due to phase matching, all of the primary and secondary
fields exhibit the same phase dependence on z through the factor efkozcosé:” (which
is suppressed throughout this chapter). For oblique incidence (when k, # 0), even
a pure TM, or TE, plane wave will give rise to a mixed-polarized field, due to the

dependence of E, and H, on both E, and H, as seen in (2.33). As a result, four sets

2Under the assumption that the permittivity is independent of frequency, for any material, €, > 1;
whereas ., is essentially 1 for most materials, except for nonlinear ferromagnetic material.
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of connected DSE are derived from the MBC, instead of two independent sets of DSE

for the normal incidence problem.

4.3.1 Series representations for the field components

The complete scattering domain is divided into two regions by the contour of the
CLR; i.e., region 0 which denotes the exterior with p > R (free space), and region 1
which denotes the interior with p < R (the dielectric lens).

In region 0, the transverse wavenumber k, = \/M = kosin 0P, It is denoted
as kg to avoid confusion with the vacuum wavenumber kq. From Section 2.5, the field

components of the TM, incident plane wave have the following series representations:

B = Z cn(kop)ed™® (4.1a)

HM™ =0, (4.1b)
: ko cos 0P .

By = —OTZ Z ney (kop)e?™ (4.1c)

kop n=-—o00

inc jk?() - / ing

H)¢ = ——— cn(kop)e?™? 4.1d
p no’i%zzoo (Kop) (4.1d)
inc jk’o cos ng - in

Eye = T _Z  (kop)e?™? (4.1e)

H™ = — ko i ne,(kop)e?™ (4.1f)
? Mokipp, S~

where the following parameters have been introduced for brevity,

cn(Kop) :=Ap sin QEWj”Jn(/fop)e_jnegw , (4.2a)
¢ (kop) :=Ag sin 7% j7 J' (rgp)e 0% (4.2b)

The presence of the CLR causes a scattered field in the region 0. We represent
the z-components of the fields by:

EZ‘C L) CLS)) H(2) A
=3 | 03
Hzc n=-—o0 b'gz ) Hy (KOR>

where {ag)), bﬁ?’} are unknowns to be determined. By normalizing the coefficients
ne”L

in (4.3) with respect Hy(ZQ)(KoR), the overflow problems encountered when computing

large order Hankel function are improved [14]. In fact, after the normalization, it
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follows from the Meixner condition that {a,(qo), b&o)} satisfy the Fejér’s Tauberian

ne”L
condition (D.4) (shown in next subsection). It is worth noting that, the scattered
field components represented by (4.3) automatically satisfy the Sommerfeld radiation

condition.

In region 1, we denote the transverse wavenumber as k; = +/k? — kg cos? 2"
Here, k1 = ko\/€.j1, is the wavenumber in the dielectric lens. In terms of the unknowns

{a%l), b%l)} , we write the z-components of the transmitted fields as
nez

EY > all , .
{ H?} ::n_zoo { bgp} Jn(k1p)H, P (k1 R)e™™ . (4.4)
We have chosen this normalization instead of one in the same form as (4.3) to avoid the
division by J, (k1 R), which could vanish for a finite number of w, when the argument
k1R coincides with one of the zeros for J,(x). This normalization also ensures that
{ag), bg)} satisfy the Fejér’s Tauberian condition, for the Meixner condition to be
satisfied. Tt 61? worth noting that these series representations satisfy the boundedness
of fields at the origin.

Due to (2.33), the transverse components can be expressed in terms of the trans-

verse derivatives of E, and H,. Therefore, all the transverse components can be
expressed in terms of {a,(f), b,(f)} (i=0,1) as:

nez
( S W 2 (2
e _ ko cos 6P na® H )(ﬁoﬂ) @b(mm oInd (4.52)
¢ Ko, £ kop " HP (koR) T " HSP(koR) ’
9] . (2 W 2
. I g B op) | cosO2 ) Hi (rop) " (4.5h)
Ko <= | m " H7(L2)(/£0R) Kop " H7(l2)(/£0R)
ko e /
pr == 3 { Sl )T
ki, == K1p
<
+ ”O—f“”b;”J;L(mp)H;(?)(mR)} e (4.5¢)
J
ko > {]6 ’
HY = -2 LM (k1p)H P (kiR
b w2~ o (K1p) (k1 R)
cos PV ' ;
= nbgzl)Jn<Rlp>Hn(2)(ﬁlR> ejmb? (45d)
K1p
\
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( ) (2) (2)
k H,\ H .
E;C _no E j cos QPWG(O)# + &nbgo)# eI , (4.6a)
Ko Hy”'(koR)  kop Hy” (koR)

PR 1 HT(LZ) H;L@) A
H = { nal® B0 o s I LKOPY s (4 1)

ko = | mrop " HP(koR H? (koR)
ko ~ /
E = /{—0 {j cos PV alM J! (k1 p)H,® (k1 R)
1 =—00
+ Mnbgl)Jn(mlp)H;@)(mR)} el (4.6¢)
Kip

. ko ~— €r /
Hy =~ { nal) 1, (k1p)H,”) (k1 R)
1 Nok1p

n=—oo

— j cos ngbg)(];l(/ilp)ﬂ;@)(/ﬁ]%)} eI (4.6d)
\
where the prime on the Bessel and Hankel functions denotes differentiation with
respect to the argument x;p (i = 0,1).

As all electromagnetic fields are finite, single-valued as well as continuous with
continuous derivatives everywhere in space, excluding the contour of the scatterer, the
representations given in (4.3)—(4.6) need to be bounded, convergent and continuous,
as long as p > R (for the scattered field) or p < R (for the transmitted field). These
series can be shown to satisfy these properties by using the ratio test, and considering
the solution class established in next subsection for the coefficients {ag),bg)} o
(1=0,1).

4.3.2 Solution class of the unknown coefficients

The electromagnetic energy contained per unit length of the CLR is

1 /! 2 Ropm 12 |2 tr |2
W:—/ dzx/ / {eoﬁr (’Ep‘ +|Ey| +‘Ez}>
2 0 0 —T

T 2 T 2 r 2
oy ([HE [+ [HE + 1) b g pdp. (4.7)
The original triple integral in (2.11) can be evaluated as this iterated integral accord-

6jk0z cos O2W

ing to Tonelli’s theorem, as the integrands are all nonnegative. It is worth noting that
not all integrands are bounded in the region of integration; e.g., H, (R, :I:GPEC). A

series expression for W can be obtained by substitution of the representations given
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n (4.3)-(4.6) into (4.7). The double summations encountered can be reduced by

making use of the orthogonality of the exponential function:
T 0, if n #m,
/ dmmoqp = (4.8)
— 2m, ifn=m.
The series expression for W can be simplified to
W=m Z {(eoer ‘a,(zl)|2 + fhofhr |b$l ‘ ) o, + (b( (1) b(l) (1) ) I‘n} , (4.9)
where the following quantities are introduced for a neater expression,

R k2 cos? 0P% + k2 n?
o, ¢=/ {Jﬁ(mp) + =2 = - {Jf(mp) + Hg—szﬁ(mp)} } pdp
0 1

1

, 2
x ‘H@) IilR)‘ , (4.10a)
45k? cos P

[, = j—w/eo,uo/ ndy(k1p)J) (K1p) dpx‘ (Kle)) : (4.10Db)

The integrals in (4.10a)-(4.10b) are evaluated by a change of variable, z = k1p.
By using integration by parts and the Bessel equation (B.7), we derive

/zJﬁ(z)dz =1 {2?0%(2) + (&* = n®) J2(2)}, (4.11)
/ 2T 2(2)de = 2, (2)J)(2) + / 2 J2(2)dz — / %Jg(z)dz, (4.12)
/Jn(z)Jfl(z) dz = 1J2(2). (4.13)

Substitution of these into (4.10a)—(4.10b) leads to

k2R2
“1

o, = }H;@)(MR)(Q X { [J”(mR) (1 - R’;;Q) J,f(/is)}
(K2 + kD) R

+/<;—J/ (%1R)Jn(/€1R)} : (4.14a)

2jk? cos OP% 2
1

T, = (4.14D)

JeoronJ2 (k1 R) ’H )(k1R)

1

For the series in (4.9) to be bounded, as required by the Meixner finite energy
condition stated in (2.11), the behaviors of ®, and I', when n — oo need to be

46



inspected. According to the characteristics of the Bessel and Hankel functions given
in (B.22)-(B.25), we have for large order n:

Jo(2)H ) (2) = — J {1 +0 <E>2} ) (4.15a)

T () HP(2) = — % {1 +0 (%)2} . (4.15b)

Therefore, for large order n, the magnitudes of ®,, and T, are approximately C|n|
x{1+0 (/ilR/n)Q}, for some constant C. As a result, the unknowns coefficients

{a%l), b%l)} are required to satisfy the following conditions
nez

Z | ‘ag)f < oo and Z In| }bg)f < 00. (4.16)

Due to the continuity condition, it is clear that the remaining pair of unknowns

{a%o), b%o)} (which are the coefficients for the scattered field in region 0) belong to
neZ

the same solution class, as follows from (4.19) and (4.20).

4.3.3 Enforcing the MBC

The solution of the unknowns {a,(f ), b )} (1 =0, 1) can be obtained by applying the
continuity condition and MBC on the cogtc%ur of the CLR. The tangential components
of the total electric field are continuous across the contour of the CLR as according
to (2.6a). Thus,

lim (E+ EX) = lim EY, (4.17)
p— Rt # # p— R~ #

: SC inc) __ : tr
i (B + Ey©) = lim EF. (4.18)

for all ¢ € (—m, 7). As these components are matched over the entire contour of the

CLR, the coefficients may be equated termwise,

a) =alD J, (k1 R)H,? (k1 R) — cu(koR) , (4.19)
; pW 2 , H'r(LZ)
po I o802 (@ _ ) nal) J, (R H.? (ry R) (0 R)
770/430R K1 Hn( )(IioR)
H? (koR)

+ b0 T, (1 R)H, (11 R) (4.20)
1

H;l(2) (lioR) ‘

Therefore, only {ag), bg})} are left to be determined from the MBC.
nez
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According to (2.9a), the tangential components of the total electric field vanish

on the PEC strip, Qpgc; i.€.,

lim (E+EX) =0= lim EY,

p—RTt p—R~
lim (E5° + Elnc =0= lim EY.
p— Rt ( ¢ ) p—R~ ¢

Imposing these two conditions leads to the following series equations

Z Vo, =0 (A),
Z {a,(f)pn + b,(ll)qn} " =0 (A),

n=—oo

for ¢ € (—OFEC OPEC) where we introduce

on :=Jn(k1 R)H,® (11 R) ,
jJ cos 6P¥
Pn =t
’r/OMTKIR

4n :=J. (k1 R)H, P (k1 R) .

n J,(kiR)H.? (k1 R)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
(4.26)

(4.27)

On the other hand, according to (2.9b), the tangential components of the total

magnetic field are continuous across the aperture (where the PEC strip is absent),

Qaper- Therefore, we have

lim (H+ HY) = lim HY,

p— Rt p—R~
lim (HY+ H}) = lim HY,
p— Rt p—R~

for ¢ € (FEC 1) U [—m, —0FEC), which result in:

Z {ag)rn + b,(ll)sn} " =0 (A),

i {aVt, + 0w, + 2,1 =0 (A).

In the above series equations, the following coefficients have been introduced:

: grw 2 H(2
e (1 & ) 0 J (k1 R)H,! 2>(51PL)M
Noko 2 KT (KoR)
H7(L2)(/€0R)

/ R !
Sn :Jn</€1R)Hn(2)(K/1R) - MTK;_;)J?/]('%]-R)H (2)(/€1R) H/(Q ( R)
n Ko

Y
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(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)



ty :ZET/QOJ;L(MR)H;L@)(MR) - ’ilJn(“lR)H;(z)(’%lR)

H? (koR)
2 gov 2 , H? (koR
+ TLZCOSZ—ZQHI (1 — ﬁ—g) Jn(KlR)Hn(z) (lilR)% s (434)
ko R K1 Hy, " (koR)
Noko cos B2V ')
ni=n—-r— | Jo(kiR)H R
Up =N R (k1 R)H,” (k1 R)
R1 4 1(2) H7(12)(I€0R)
_/JJT_JnOilR)Hn (KlR)T ) (435>
Ko Hn (/‘ioR)
H;L(Q) R
Zn =K1 cn(moR)% — ., (koR) (4.36)
Hn (/ioR)
From (B.14) and (B.16), we can see that for n = 1,2,..., if we have h, =
{0n, @n, Sn,tn}, then h, = h_,; whereas when h,, = {pp, rn, u,}, we have h,, = —h_,.

In addition, by using the Wronskian identity given in (B.17), {z,}, ., (which collects

all the information about the incident field) can be simplified to

24 in GV jntl —jnoY
o, = —2A0SmU; (2]) ¢ . (4.37)
7T/€0R Hn (/‘ioR)

Due to the symmetry of the intervals (—67FC 9YEC) and (—7, —0PEC) U (9VEC ),
the four series equations (4.23), (4.24), (4.30) and (4.31) remain valid when ¢ is

replaced by —¢. These equations defined over (—m,7) are thus equivalent to the

following four sets of DSE defined over (0, ) in terms of the trigonometric functions,

( oo
a(()l)o[) + Z WMo, cosng = 0 (A), ¢ € (0,075°),  (4.38a)
n=1
ao Yo + 20 + Z WOt + yPu, + nz(l)} cosng =0 (A), ¢ € ("%, xr),  (4.38b)
\
( o0
> [ 0Ppn + yPgn] sinng = 0 (A), ¢ € (0,05, (4.392)
¢ TLOZOI
S [#0r, +yPs,] sinng = 0 (A), ¢ € (675C, 1), (4.39D)
\ n=1
( [e’e)
b0 + Z [y Vp, + 2Pg,] cosng =0 (4), ¢ € (0,075F), (4.402)
30 + Z Ur, + :L‘ sn} cosng =0 (A), o€ (QPEC, ) (4.40b)
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Zy,(ll)on sinng =0 (A), ¢ € (0,075C), (4.41a)
n=1
Z [yfll)tn + 2P, + nsz)} sinng = 0 (A), ¢ € (0°5° 1), (4.41D)
n=1

where the following notations are used:

zl)=all) 4 a) 22 =pll) 4 o) (4.42a)

yr(zl) I:CLS) - a(j% ) y7(12) ::bgzl) - bgT)L ) (442b)

z ::M : 22 s ) , (4.42¢)
n n

for n = 1,2,3,... It can be easily seen that the new coefficients {xﬁf),y,(f)}

n=1
(1 = 0,1) belong to the same solution class as {a%l), b,(ql)} and thus, also satisfy
nez

the Fejér’s Tauberian condition (D.4).

For the normal incidence problem, {py, 7, u,},.; = 0, and the four sets of DSE
decouple. The formulation above reduces to the E-polarization formulation (or the
H-polarization formulation if the TE, incidence is considered) by merely enforcing
H, =0 (or E, = 0). In other words, the second and third sets (4.39) and (4.40)

are redundant for the TM, normal incidence problem, as solving these homogeneous
oo

DSE leads to the trivial solutions; i.e., {:nﬁf), yﬁlz) =0.

n=1
For the oblique incident problem, both sets of the DSE (4.38) and (4.39) involve

{xg),yg)} . As a result, these two sets of DSE are coupled, and need to be

solved Simul’:z;neously. Similarly, the remaining two sets of DSE (4.40) and (4.41) are

coupled, as they both involve {xg), y,(})}

4.4 Regularization process

Each of the four sets of DSE derived in Subsection 4.3.3 is regularized to an ISLAE
using MoR, by first introducing the asymptotically small parameters to extract the
singular parts of the series equations. As two pairs of coupled DSE — the first pair:
(4.38), (4.39) and the second pair: (4.40), (4.41) — are involved, each pair of the
coupled ISLAE can be written in the form of a 2-by-2 block matrix equation. Each of
the block matrix operators encountered will be shown to be a compact perturbation

of the identity operator in /.
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4.4.1 Introducing the asymptotically small parameters

The first step of the regularization process lies in the identification of suitable asymp-
totically small parameters, so that the singular part of each of the series equations
can be extracted. By using the asymptotic formulas given in Appendix B.2.1, we

deduce that, when n — +o0,

on——mle{HO(”i]jQ)} , (4.43a)
pn:%{wo(ifz)}, (4.43b)
L —

. 2 2 P2
J Ko k1R
_ 4 ) 41 , .
o mﬁR( +Mff%>{ +O( n? )} (4.43¢)

gnc K2 R?
tn = T l? {1 +0 ( 3 . (4.43f)
ncos 0 noro(1 + pr) K2 R?
n=— - 1+0 | —— . 4.4
“ k3 R? * n? (4.43¢)

In (4.43f), we have introduced the constant ¢ for brevity:

2 2
¢(=1+ erig — cos? OV (1 - @) . (4.44)
k1

2
K1

It is worth noting that, ¢ # 0, and ¢ > (1 + €,.) (k3/k?), for all values of OPv.
Considering above observation, asymptotically small parameters of magnitude
O (n™%) when n — o0 can be introduced. These parameters are denoted with a

tilde above their corresponding counterparts. For n =1,2,3, ..., we define

on:=1— (jmr1R) 0, , (4.45a)

. 2R2
M_) pn = 1— (jraR) on = G (4.45D)
. 2R2
J 7”;1 ) 0, (4.45¢)

<
<
<

cos 02" (k3 — K2

J_) (4.45¢)

o1



: 2
f=1— (”gzp” >tn, (4.45¢f)

kI R?
(14 p,) cos 02 nokon "
k1 HY (koR)
K0 H? (ko R)

K1 R
=14+ |0n— pr qn | - 4.45g
1+ py) ( )

The behaviors of these parameters for three different values of wavenumber (ko =
20, 50 and 100) are shown in Figure 4.1, where R = 1, (e, ) = (2.1,1) (PTFE),
and 62" = Z. The plots for the parameter {6, },-, are omitted, as 6, = pn, for all
n. The top sub-figures for each parameter are plotted on logarithmic scale for both
axes. By comparison with the function f(n) = n=? (or f(n) = n™?3 for {p,}.—,)
displayed as the green dot-dashed line, it is clear that all of the parameters are of
order at least O (n™?) for large n. For a closer examination of the decay rates of these
parameters, the bottom sub-figures are plotted on logarithmic scale for the vertical
axis only. Evidently, all the parameters decay rapidly once n > k1 R. Therefore, it is
only sensible to chose a truncation number Ny, that is somewhat greater than xR in
the final step of matrix truncation.

By substitution of these asymptotically small parameters into (4.38)—(4.41), the

four pairs of DSE can be rewritten with the singular parts isolated as:

(

ao 00 + Z m(l) )cosngp =0 (A), ¢ € (0,675, (4.46a)
) a(()l)fo + 2o + Z n [1’7(11) (1 — fn)
n=1
\ +y D (1 —,) s + 21] cosng = 0 (A), ¢ € (0°FC, 1), (4.46b)

S el (1 =p)7+yP (1—G.)] sinng =0(4), ¢ €(0,6™°),  (4.47a)

n=1

i x W1 —m)o+y?P(1—-3 )] sinng =0(A), @€ (0" ),  (4.47b)

\ n=1

b o + Zn (1= pa) 7+ 2P (1 = G,)] cosng = 0(A), ¢ € (0,8°5C),  (4.48a)

b5 + Z (1 —7p)v+a? (1 —35,)] cosng = 0(A),¢ €075 ), (4.48D)
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Figure 4.1: The magnitude of the asymptotically small parameters as n increases,
at different values of ko: ko = 20 (black dashed), ky = 50 (red solid), ky = 100
(blue dotted), f(n) =n"2 or f(n) =n=3 (green dot-dashed). [e, = 2.1,u, = 1,R =

1,60 = 1]
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>yl (1= 5,)sinng =0/ (A), 6 € (0.07%),  (4.49a)
n=1
Doyl (1=t) +2? (1 - @) ¢+ 2P sinng = 0 (4), ¢ € (075, m),  (4.49b)
n=1

where the following parameters have been introduced:

1o cos OV (1 + p, )k _ jcosPY (k? — K3) cos O™

. 9 T ) Ui=— 5 4.50a

JCKT okt Jno (K3 + prkg) (4:500)
3

~ : - . . IR R

00 :=jmk1R0g, Go:=jmK:R* qp S0 ::m 50 (4.50b)

. jmkoR? ko R o R

to ,:]7”20 to , 2o ::ﬁmg 2, 202 ::% 2L (4.50¢)

4.4.2 Conversion to ISLAE

Each of the four sets of DSE given in (4.46)—(4.49) can be regularized to a second
kind ISLAE following the steps described in Chapter 3. The four sets form two
independent pairs of interconnected DSE; i.e., the first pair: (4.46), (4.47) and the
second pair: (4.48), (4.49). In the following, each of these two pairs are reformulated
as a 2-by-2 block matrix equation, which is subsequently shown to be a second kind

Fredholm equation.

The first pair of coupled DSE (4.46) and (4.47) We start by considering the
first pair, (4.46) and (4.47), from which the unknowns aél) and {xg), yff)} are to

n=1
be determined. For the DSE given in (4.46), we make the following replacement in

(3.27): a + 89, b+ tg, c — 0, d > Z, mg x(()l), Ty > xg), Sp > Op, tn > tn,

en 0, fn yff) (1—ay,)s+ 27(11), o — aél), Ty > xg), and g — cos 0PFC = Yppc.

The notation ¥pgc = cos ¢ has been introduced for brevity. An equation for a(()l)

in terms of {xq(,l), yff)} is obtained from (3.27) as
n=1

O —ZoIn (=55¢) 1 + ¢prc
0 7?0 111 (—litgPEC) — 50 \/5 [E() ln (—I_w;EC) — 50}
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An ISLAE in terms of {xn TS )} can be derived from (3.28) as
n=1

\/E [337(71) (1 - fm) + %(3) (1 - am) q}

+ Z \/ﬁ [.237(11) (th o 6”) - yg) (1 - an) §:| Rm—l,n—l(wPEC) (452)
\/_(1 + pEC) 0o Z0 (0’11)(1#PEC) > .
m— ~(1) ~(1)
o —vmz, + nz, Rmf n— y
toIn (1 %PEC) ) m Z\/_ 1.n-1(¢pPEC)
form=1,2,3,..., where

to(1 + prc)? AT(,?’_ll) (¢Yprc) T(LO_? (YprC)

t()l (l_w%) —50 m n

A

Rmfl,nfl(wPEC) = va}b O)1 n— 1(¢PEC)

(4.53)

For the second set of DSE, (4.47a) defined over (0,6FE¢) is slower converging
than (4.47b) defined over (B¢ m). Thus, the DSE (4.47) has the same form as
that of the companion set given in (3.50). By making the following replacements in
(3.51): 8y = S, ty > Gy Gn o) (1 =7p)v, hy — o) (1=pn) T, Yn — yff), nd

o
Yo — Ypgc, we get another ISLAE involving {x% ), yflz)} .

n=1

vm [ W (1= 7n) v+ 92 (1 —3,)] (4.54)

+Zf{xu> o) 7= (1= 7) 0] + 5P (5 — )} QL)1 (prc) = 0,

form=1,2,3,...
Writing (4.52) and (4.54) in matrix operator form gives

F (§;> _ (Zol) , (4.55)

where the block matrix operators below have been introduced to facilitate following

discussion about the advantages of this final form of system:

=(Z0 0 (T -Hy)
7= (OI) - <"z}"('i'l"’,i{'1'j"gl'}>,£['l'§ """""""" G ) : (4.56)

................................................................................................... (4.57)
Here, Z denotes the identity operator, O, P, @, R, S, T and U denotes the diag-

onal operators formed from {6n, Dns Gy T, §n,fn,@n}zo In addition, the following

=1
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operators are introduced for brevity,

L =@ s (Ync) (4.58)
(1 + Yprc)? PO (prc) BV (Yprc)
(Hoal,, == - - , (4.59)
’ to In (%) — Op m n
for n,m = 1,2,... The column vectors x; and y, denote the scaled unknowns

o0

{\/ﬁazszl), \/ﬁyg)} K respectively, while the right hand vector z; denote the infinite

n=

sequence on the right side of (4.52)

V2(1 + ¢prc) 8o %o pﬁ’_ll) (¢YpEC)

toIn (l_ug’EC) — 0 m

— VmEQ) + Y VA Ry (Upec) - (4.60)
n=1

2], 7= —

Recalling the observations made in Subsection 3.2.5, all the diagonal matrices
formed from the asymptotically small parameters (i.e., O, P, Q, R, S, T and U) are
compact in the Hilbert space, ¢5. At the same time, from its definition in (4.59), Hs

is clearly symmetric, and satisfies the following because of (B.34):

Z Z ’[HQ]n,m

Hence, Hs is also a compact operator. On the other hand, the matrix operator Hi,

2
< 00. (4.61)

with entries in terms of the incomplete scalar product QS;:?R (YpEC), is & projection op-
erator having norm at most 1. It is symmetric, bounded, idempotent, and dependent
only on 6PFC,

From these properties of the sub-matrices, it can be readily deduced that the
block matrix operator C; is a compact operator. Although F; takes more compli-
cated form that those encountered in Chapter 3, and cannot be readily deduced as
a Fredholm operator, (4.55) can be shown to be similar to those matrix operator
equations discussed in Chapter 3 as follows.

From the idempotent properties of Hy; i.e., Hi(Z — H1) = (Z — H1) H1 = 0, and
H? = H,, the following bounded matrix operator can be easily checked to be the

inverse operator of JFi:

P (fﬂu—o% ________ E(=T) ) | (.62
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where the notation £ = (1 — gv)_l is introduced. It can be readily checked that & > 1
for €, i, > 1, and it is independent of w. Left multiplication of F; ' on both sides of
(4.55) leads to

[Z-Fr'al] <§;) =F (Z&) , (4.63)

which enjoys the same advantages as those discussed in Chapter 3, because F; 'C; is
a compact operator and (4.63) is second kind Fredholm. Suppose truncation number
Ny, is used to truncate each of the infinite systems (4.52) and (4.54). The 2N,-by-
2Ny, block matrix (F; — Cy) is solved numerically by MATLAB; i.e., by a standard
process of Gaussian elimination for the results obtained in the thesis. As (F; —Cy) is
a complex perturbation of the identity, and there are no modes for the range of axial
wavenumbers under consideration, iterative methods also provide an attractive alt]\(?r—

(1) (2)} "

native to solving this linear system. By increasing N, the solutions {mn , Un
n=1
computed with the truncated systems converge to the exact solution.

The second pair of coupled SE (4.48) and (4.49) Similarly, we now convert the
second pair, (4.49)—(4.48), to two coupled infinite systems. To regularize (4.48), we
make the following replacements to (3.39) and (3.37): a +— So, b+ Go, c+— 0, d — 0,
Spn B Sn, by = Gy €n yr(ll) (1 —=7n) v, fn— yle)

o — Yprc. We get

(1 —pp) T, To b(()l), Ty :)37(12), and

1 - ¢PEC

V2 [qoIn (F52¢) — 5]
. . P (Yprc)
XZ\/_{JJ ) +u ) [(1=Fp) v = (1= ) 7]} =,

b = — (4.64)

and the first ISLAE involving the unknowns {xﬁl ), yT(L )}OO

n=1
vm [13(2) (1= 3,) +y (1 —7p) 0] (4.65)
+ Z \/_{x —Gn) + YV (1= po) T — (1= 7) U]} gm—1,n—1(¢PEc) =0,
form =1,2,3,..., where

Sntm1(Wprc) =QN . (Yprc) + do (1 = veec)” Pl (emc) Pyt ?)WPEC)
m—1,n— m—1,n—1 q~01n(1+q/;2PEC)_§O m n

(4.66)
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The second set of DSE (4.49) has the same form as that in (3.40). By making

these replacements in (3.47): s, = Oy, tn = tn, gn — 0, hy = 7 (1 —1ay,)¢+ 27(12),

Yn > y,(@l), and 1y — Ypgc, we get another ISLAE involving {xg) , yg)} :

n=1
vm [yﬁrlb) (1—tm) + 2 (1 - a,,) N

+ Z vn {yfll) (fn - 6n) — x( ) (1 —ay,) g} Q —ln 1 (YpEC) (4.67)

= —/mz? +Z\/_Z lem 1(YpEC) -

form=1,2,...
In similar manner, we combine the two coupled ISLAE in (4.65), (4.67), and write

them in the following matrix operator form,

- (5) - (2)

(zoN (o 0 (T =Hy)+TH
fQ.—(OEI> + ( AT 0 ) (4.69)
S VR + (v —7)Hy

Coo= | +(Ha+Ha)(Q—8) i+ (Hy+Hy) (TP —vR) | . (4.70)

S(T-H)U (Z—-Hs)T

The following sub matrices are introduced

[Hs],, n =Q ) 1 (Yprc) (4.71)
Hi e o (11@¢PEC)2 i ) (Wpee) P ($ppc) 7 (4.72)

) Qan( 2PEC>_80 m n

for n,m =1,2,... The vectors x5 and y; denotes {\/ﬁ:pg), \/ﬁys)} , respectively,
n=1
and z, denotes the right side of (4.67):

25), = — VmZ? +Z\/_Z _1(YpEC) - (4.73)

Following the same arguments for the previous pair, it can be shown that (4.68)
is a Fredholm equation of the second kind, where the inverse operator of F5 has been

found to take the form

Bl:( §T+ (1) Hy ?vﬁ(’Hg—I)—THg_) @
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As with the ISLAE given in (4.63), this infinite system is solved numerically using

2 1)) Ner
i)

computed with the truncated systems converge to the exact solution, for increasing
Niy.

MATLARB, by a standard process of Gaussian elimination. The solutions {x

4.5 Extension to the TE, incident plane wave prob-
lem

In this section, the same CLR is considered, with the only distinction being the
oblique incident plane wave is TE,. Adapting the same series representations for the
secondary fields, the formulation and regularization process in solving for the TE,
incident problem are of great similarity as those for the TM, incident problem. As
a result, the detailed working for the problem is omitted here, with only the main
differences outlined. In the following, unless otherwise stated, the parameters are as
defined for the TM, case.

From Section 2.5, the field components for the TE, plane wave can be represented

as the following series

E™ =0, (4.75a)
. 1 — ,

HM = — cn(Kop)e’™ 4.75b

o 2 Gl (4.750)

e — Mo 5 ing 475
¢ Ko Z Cn(/‘%/))e ) ( . C)
~ ko cos 7Y & .

HY = ———* nen(Kop)e’™ 4.75d
? 770'%/) H_ZOO (o) ( )

B = L 3 ne, (kop)el™ (4.75¢)
P ”%Pn, 2 n\kop 5 .
: jkocos PV SN, i

H = ———F=— E ¢, (kop)e?™® . 4.75¢
o Noko Rl n( Op) ( )

Upon the enforcement of the continuity condition on the transverse-components
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of the total electric field on the entire contour of the CLR, it can be shown that

a® =W J, (5 RYH,® (k1 R) , (4.76)
 cos P [ k2 / HP (kR
b0 =127 (—2 - ) nang)Jn("ilR)Hn@)(ﬁlR)%
ﬂgl{oR Iil Hn (fioR)
, HY (voR) 1, HP (kR
12D T (k1 RYH,) (1 R) '(2‘>(K0 ) _ o Cn '<2)(K0 . (4.77)
K1 H,"(koR) ™M  Hp”(koR)
for all n € Z. The MBC on the contour of the CLR give
Z Vo, =0 (A), on {pgc, (4.78)
Z {ag)pn + bg)qn} " =0 (A), on {pgc, (4.79)
Z {a,(ll)rn +0Ws, + Un } " =0 (A), on Qaper, (4.80)
Z {agzl)tn + bg)un + wn} " =0 (A), on Qaper- (4.81)

The two new parameters introduced in the above series equations are defined as:

1, H? (koR)

Up i=— | C, (Ko R) —m—— — cn(koR) | , 4.82
o ( 0 )Hn(Q)(HoR) ( 0 ) ( )
nkycos % |, HT(LQ)(I{OR Mok cos OV

Wy =————— |, (ko R)— —cp(koR)| = ———————Z—nwv,, . 4.83

JroR (5oR) n(2)(/€0R) (FoF) JroR (4.83)

The series equations above are regularized following the same arguments and
steps as those in the TM, problem. As the same structure is considered, the matrix
operators in the final form of infinite systems obtained for the TE, problem are exactly
the same as those for the TM, problem. The difference lies in the right hand vectors,
which collect all the contribution from the incident wave. In matrix operator form,

the first and second infinite systems can be written as

-l (3) = () 48
el (§) = () (55
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where the right hand vectors are composed of

2], :=— vm' + Z VB Ryt o1 (Upec) (4.86a)

(2], = — Vmoy) + Z \/ﬁf}ﬁ;)é)gf)l,n—l(wPEC) : (4.86D)
n=1
73] = — V2(1 — Yprc) Go o Py ) (pec)
YT o () 5 m

— V/mith + Z VS, 1 (Ypse) | (4.86¢)

[24],, = — \/_w +Z\/_ m ln 1(YpEC) S (4.86d)

forn =1,2,... A few new notations have been adopted in the expressions above:

() j7m1R

g, U n ), n = {vo, (v +v-p) s (n —v-n)}, (4.87)

{ } KT+ prk %

2

(@9, ()} =T [t W~ W (4.88)

n 7 n C n Y n 7
wheren = 1,2, ... The rest of the parameters are as defined previously for the TM,, in-

cidence problem. The two series expressions similar to (4.51) and (4.90) for unknowns

x(()l) and x((f) are also obtained:

14+
(1) PEC
ay’ = = 4.89
O = o tn () — 3] (4.89)

- - : (O’P (YprCc)

x> v [al) (G = 6n) — 4P (1= 1) ¢ — bV = - :
n=1
i L

B0 _ T YpEC (4.90)

do In (1+¢pEc) — 3 o V2 [q~0 In (1+¢2pEc) _ §o]
(1 P (i) .

XZf{x ) F Yy (L= F) v — (1= fn) 7] + 85

4.6 Series representations of physical quantities

4.6.1 Energy

The series representation for the energy accumulated inside a unit length CLR, (W)

has been derived in Subsection 4.3.2. In order to represent W in terms of a(()l), b[()l),
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and {ZBn), yﬁf)} (i = 1,2), we substitute (4.42a)—(4.42b) into (4.9). As &_,, = ¥,
n=1
and I'_, = —I',, for n =1,2, ..., (4.9) can be simplified to

‘ ) D + Z%, (4.91)

where {®,,,T',} ~, are as defined in (4.14), and we introduce

' [EOETOSL’ 1+ [y }>+uou7~<\fc§)l2+\yf)\2ﬂ

+ 24T, Im( Dy 4 70,2 )) . (4.92)

W=mn (eoer

Qg ‘ +:u0:ur

4.6.2 Radiation pattern and RCS

Expressions for the components of the radiation pattern, R(¢), can be obtained by
substitution of the large argument approximations for HﬁQ)(x) and H,% (x) into the
series representations for EZ¢, E° and E°. Expressing the components in terms of
aé ), b(() ). and {xn),yﬁf)} B (i =1,2), we get

(R Ry Ry} ==

TR

N

{50 Jowsoremmsiaf . @)

where S; and S are used to denote the following series for brevity

(1)

_ag0p — ¢
00 ejng 1) (1) (1) (2)
E3 (0l — ) cosno + (50n — &) jsinng] |
; H (roR) . ) ( ) |
ko 1.(1) 0 in>
=2y qo "2
Sy(¢) i=—i L — 4 _— (4.94Db)
HO(Q)(/{OR) ; Hn(Q)(ﬁoR)
. o 2
x {{J—COS : (’””—g - )nony,(f) +ur@qnﬂfﬁf)} cos n¢
nokoll  \ K7 R
. o 2
+ |2 (21 ) now ()+ur—qny£) jsmng o .
Noko R K3

The parameters {c,0n,¢,} ., are as defined in (4.2a), (4.25) and (4.27), while
{07(11 2)}00 are introduced to denote cy? =c, tc_,, forn=1,2,...

Wltﬁglolt loss of generality, we take the amplitude of the incident plane wave Ay
to be 1, and the normalized RCS 6(¢) can be expressed as

50) = = [R(9)* =

4esc?orv

o L1 cos” 62%) 1SU o) + 13 1S2(0) P} . (4.95)
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4.6.3 Surface current density

Due to the oblique incidence, both of the ¢- and z-components of the surface current
density, J, are present on the surface of the PEC strip. From its definition (2.42), J
per unit length along the z-axis depends only on the angular variable ¢, and can be

expressed mathematically as

Js(¢) = —H(R,¢) + [H(R, ¢) + H(R, )] , (4.96a)
J.(¢) = Hy (R, ¢) — [HF (R, ¢) + H*(R, )] . (4.96b)

From the series representations given in Subsection 4.3.1, J, and J,; for the TM,

incidence problem can be expressed in terms of {xn), yﬁl)} (1=1,2) as
n=1

Jy =— b} Z {[rayV + 8,282 ] cosng + j [raz) + s,y{?] sinng},  (4.97a)

'k
J,=— 250 a4+ Z [t + yPu, + nzV] cosng
ToRoR1 1

The parameters {rn, Sy by U, 25 2)} are as defined in (4.32)—(4.36) and (4.42c).
n=1
Writing Jy and J, in terms of the asymptotically small parameters defined in
(4.45d)—(4.45g), we have:

2 2 °
Jy=— K1t kg {gobél) — Z [y (1= 7)) v+ 2P (1 = 5,)] cosng

JTKIR !
—jz a1 —7)v+y?P (1 - Sn)] smn¢} (4.98a)
J, = _ Sk aé "o + %o —l—Zn (M (1—1t,) + YD (1 —a,) ¢+ 2(1)} cOos N
kiK1 R? — " "
+JZ (1 =) s+ 4P (1 —1,) + 2] sin n¢} , (4.98b)

where the remaining scaled parameters are as defined in (4.50a)—(4.50c).

4.7 Improving the rate of convergence

From the series representations given in (4.98a) and (4.98b), we can see that the

general series terms for J, decreases at order O (n_l/ 2), while that for J, decreases
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at order O (n_3/ 2), as n — oo. In other words, correspondingly accurate calculation
of J, will require a larger Ny, than that for J,.

To accelerate the decay rate of the terms in the two series in the slower converg-
ing (4.98b), we make use of the block matrix equations given in (4.55) and (4.68).
Left multiplying (4.55) with the bounded inverse F; ' defined in (4.62), followed by

rearrangement of the equation, we get

(;) =F'G (;;) +F (ZOI> . (4.99)
(?i) =50 (?f) +5! (Z()2> : (4.100)

Recalling the definitions of C; and z; (i = 1,2) given in (4.57), (4.60), (4.70), and
(4.73), we can rewrite (4.99) and (4.100) in the following forms:

ET+(1—R+HL[O—ET — (1-9R]
b :{ FET+ (1 - &M Ha (T - O) }Xl

(T —H)U—S) —<[ET+ (1 - H| Ho2 (T —U)}y

+{Z+ (1 -Hi}z, (4.101a)
yg:{&;(R—T)+H1[T(P—O)—{U(R—T)]}Xl

+ [(§v = 7)H1 — EVZ]Hy (T — O)
+{§S+(1—5)U+H1[Q—§3—(1—S)U] }y2
1=+ 7)H = (1= I H2 (T - U)
+{(v—1)H1 — Evl} 2z, (4.101b)
(€S- QU+ H[Q— €S — (1 - U]

: _{ + T+ (1 —=EHs|Ha(Q—S) }X2

{fU(R—T)—f-Hg[TP—fU(R—T)] }
T+ (- O M0 (T —R) —7 (T —P)) [
+{(v—7)Hs — EvT} 2y, (4.101c¢)
y1={U =8) —Ha (U= 8) = (T —Hz)Ha(Q—8)}xz
ET+ (1 =R —H3[6T + (1 - §R]
{ +(I—%3)H4[(1—6)(I—R)+€§T(I—7’)]}Y1
+{Z+ (1 - Ha} 22, (4.101d)

or equivalently in series forms:
el =i (oD [+ (1= 7] + €2 (i — ) — €0} +
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= (60 — &l — (1~ €>7“n) 7 Ao
+ ; Vn e (5, — Un) 2 f‘z Qm 1,n— 1(YpEC)
+ (= 60) 2D — ¢ (1 — 1) y@ — 20] Tm,l,n,l} . (4.102a)

Vimy) =v/m {gual) (Fn = tn) + 452 (650 + (1= )i + E0Z0} +

- 7 (Pn — On) — &U (rn — 1, )) x7(11) (1,0)
+ ;\/ﬁ n ((jn B fgn B (1 B g)ﬂn) n _ f’l}ér(}) Qm 1,n— 1(¢PEC)
+ [ — 60) 2D — 6 (1= i1y) y@ — 20 Um_l,n_l} ., (4.102b)
Vma) =v/m xR (€3 + (1= )] + &yl (Fn — tn) + E0ZD}
- (~n - Sgn - (1 - f)ﬁn) $$12) A(0,1)
+ ; Vvn n (Tpn G )) ynl . 51}2(2) Qm—l,n—l(wPEC)
(qn - §n> 513'7(12) ~
|/ 4.102
B RS R ] R e
\/Eym \/_{597; )(um—gm)—f—yg) [ffm—i-(l—f) mD £z }
£ (B — ) ) (0,1)
+ ; \/ﬁ{ (ot (1= €)7) o) + €5 Q) n1(¥pEC)

] Wml’nl} . (4.102d)

+ (1= =) + &e7(1 = )

We have introduced the following notations to simplify the above series equations:

s V2(1 + Ypec)doZo " {§P01)(¢PEC)

" toIn (W—PEC) — 0p m

ZQm L1 (UpEC) w” , (4.103)
;&ffpzz%;z frotton
fo—r [ZQm 1k-1(YPEC) w” : (4.104)
P o<1_+wac>2 Py (Wesc) { 5%
| foln (F4522¢) — 6o n m
+(1-¢) [OO Qu kl(@prc)P’gg})(wPEc)” , (4.105)
P

67



~ fo(1 4+ vppc)? PV (Yprc) OO (ppc)
Un-1n-1:==—— - X § —fv————=
’ foln (F4pEC) — 5 n m
o p(g,l) G
+HEv— 1) [ Qni")i,kl(wpm)%m) , (4.106)
k=1
~ _ Go(1 —vprc)® PO (ppc) PO (prc)
mel,nfl = 1 ~ X 5—
Goln (Flre) — 507 m
5(1,0)
Py (Yerc)
[Z Qe (pme) == b (4.107)
-  Go(1 —vpre)? L0 (hprc) PO (prc)
Wm—l,n—l = 1+ - X
90 hl (—PEC) — So n m
P

[ZQ&S@ oy L)

k=1

} , (4.108)

By substitution of the equations in (4.102) into the series expression for .J, given
n (4.98b), we obtain a modified series expression for .J,, for which the general series
terms are of order (n™*/?), as n — 4oco. The modified series expression has the

following form:

Cko Wr . -
J=—— < t 4.109
Tokak1 R X\ to + %o ( )

[ {:c,(ﬁb) [(1 = 76) 0 + TSPm — tm) + YD (G — Tim) + Z,S}L)} A |
| A (= 0m) =D (1 =) — 20} By

30|+ (D G — ) + 5D (7B — ) + 72} G ,
B —l—g{xfi) (G — 8m) + D [v(l—fm)—T(l—ﬁm)]}ﬁm
|+ B
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where the following notations are introduced for brevity:

A —\/_Z Vieosng QY (rec) (4110)

B fo (1+ ¢prc)® P (prc) A
e () (4.111)
to hl ( ) — 00 \/m
[e'e) A(O,l)
(¢PEC A (1,0) P (Yere)

X Z v/ cos ng Tglzl @111 (Yprc) ;i ;

Crni=jV/m Yy Visinng Q52 (Yewo) (4.112)
n=1
Do do (1 — vprc)” PO (Yprc) i1l
me—J 1+1/1PEC z (4.113)
o In ( ) — S0 vm

HOLO
XZ\/ﬁsmmeQn L1 ¢PEC)%7

A

- xf 2 (1 + vprc) G020 | P01 (¥prc) 10) BV (prc)
T 0 n N ZQ

(1 wszC) n—1,1— 1(¢PEC) l

to In =1

(4.114)

The above transformation can also be applied to W and J4 by substitution of

(4.102) into (4.91) and (4.98a), respectively. Doing so, we can improve the conver-

gence rate of the series terms from O (n™%/%) to O (n=%/?) for J, and from O (n~2)
to O (n=?) for W.

4.8 Numerical investigations

In this section, the solutions for the unknowns {xﬁf ), yff)} (1 =0,1) are computed

by two separate numerical matrix inversions of (4.55) and (4_.68) for the TM, incidence
case. The values of the physical quantities (e.g., RCS and surface current density)
can be computed once the values of these unknowns coefficients are found.

The goal of the first part of this section is to numerically validate the formulation
in previous sections, and also the numerical codes developed. Internal as well as

external tests have been carried out as follows:

1. the MBC on the contour of the CLR are verified, by substitution of the com-
puted {xn ,yfl)} (¢ = 0,1) back into the series representations of the field
n=1

components,
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2. the numerical results for near and far-field patterns are compared with available

results from the literature.

The second part investigates the rates of convergence of the solution computed
by looking at the relative error, as N;, increases. It is shown that for Ny, > kiR,
the relative error decreases steadily as Vi, goes up. The condition numbers for the
matrices are also computed, and are shown to be bounded.

Finally, some numerical results of the effect of different polar incident angle (62%)

on the RCS and internal stored energy are reported.

4.8.1 Numerical validation

Internal tests:

The computed coefficients are substituted back into (4.3)—(4.6). The values of the
tangential components of the fields on the contour are calculated to verify the MBC
(2.9a) and (2.9b) numerically. In both Figure 4.2 and Figure 4.3, the characteristics
of the CLR were set to take values R = 1, ¢, = 2.1, u = 1, and 7F¢ = Z. The
incident TM, plane wave was taken to have ko = 20, 02" = 7, and 08" = .

The magnitudes of Y and EJ on the contour are displayed in Figure 4.2. Ev-
idently, both EY and E;r vanish on the PEC strip, Qpgc. In fact, although not
displayed in the figures, the tangential components of the sum of the incident and
scattered electric field, (E;nC + E;C) and (E(i;C + E;C), when plotted for the same

problem characteristic, produces exactly the same figures as in Figure 4.2. These

=T

observations confirm with both (2.6a) and (2.9a). The oscillations observed near
the sharp edges (when ¢ = £6YEC) in both sub-figures are examples of the Gibbs
phenomenon. We can see that the phenomenon is more profound in the bottom sub-
figure (E;f) than that in the upper sub-figure (Et"). This is because the general series
terms for EY given in (4.5c) converges at a slower rate O (nfl/ 2), when compared
with the rate of O (n™%?) for EI as given in (4.4). The convergence rate of E can
be improved, by following the same approach proposed in Subsection 4.6.3.

In Figure 4.3, the absolute values of the differences between the exterior and in-
terior tangential components of total magnetic fields along the contour of the CLR
are displayed. It is clear from the sub-figures that both H. and H, are continuous
across the aperture, Q6. We observe similar Gibbs phenomenon in both sub-figures.

It is worth noting that the magnitudes of the differences over QQpgc are the ¢- and

70



0.8

Real
| ==-Imaginary | 4

0.6

<

lllll
llllll

lllll

0.2

-0.2

-0.4

-0.6

¢ (in terms of x)

Real
-—-Imaginary| 4

0.4

02

-0.2

¢ (in terms of x)

— 1]

=2, ko =20, 02V = 7, and OB

1,6 =21, y, = 1, 6PEC

Figure 4.2: Numeric verification of (2.9a); i.e., EY" (top) and E} (bottom) vanishes
= z

on QpEc. [R

71



z-components of the induced surface current (in the top and bottom figures, respec-
tively) on the PEC strip.

FExternal tests:

Besides the excellent agreements of the numerical results for the internal tests
conducted, the numerical algorithm is also employed to compute for the induced
surface current and RCS for the normal incidence case (HSW = %), in order to compare
results externally. Unfortunately, external verification of the algorithm for the oblique
incidence case is not available, due to the lack of published results for the problem. To
the best of our knowledge, [94] is the only published literature dealing with the oblique
scattering problem of a slotted cylinder, using mode matching technique. However,
we also notice that the problem formulation in [94] has ignored the presence of mixed
polarizations, and neglected the non-vanishing axial-components of the secondary
(scattered or transmitted) magnetic field.

In Figure 4.4, the real and imaginary parts, as well as the magnitude of J, are
computed for an empty slit CLR (e, = p, = 1) of radius R = 1.0\, when illuminated
by a normally incident TM, plane wave. The incident wave is characterized by 0PV =
5, and %Y = 7. The series representation of J, in terms of {xﬁf), yg)}oo (1=0,1),
has been obtained in (4.98b). In Figure 4.4, the real (solid red line) and imaginary
(dashed black line) parts of J, are plotted against the angular variable ¢ in the left
sub-figure. In the right sub-figure, the absolute value of .J, is depicted. These sub-
figures are compared directly to the corresponding results given in Figure 2 (a) from
[97]. The curves match with those in Figure 2 (a) from [97]. Although the numerical
results are not included here, we have also checked that J,, as given in (4.98a),
vanishes under normal incidence. It is worth noting that Gibbs phenomenon is rather
pronounced in these plots, due to the slow convergence rate of the sum resulting from
the expansion coefficients of O (nil/ 2). As mentioned previously, these observed
Gibbs phenomenon can be suppressed by using the modified series expression for J,
given in (4.109), instead of the originally-derived expression given in (4.97b). In the
modified series expression (4.109), the general series term has a magnitude of order
O (n™%/%). Alternative approaches to suppress the Gibbs phenomenon include Fejér’s
method of summing Cesaro sums, e-algorithm extrapolation method, and the explicit
extraction of the square root singularities at the two edges of the strip at ¢ = +67FC.

Figure 4.5 provides another check of the algorithm under the special case — normal

incidence. The backscattering RCS produced by an empty CLR upon a normal
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incident plane wave excitation is displayed in Figure 4.5. The series representation of
the normalized RCS in terms of {xg), yff)} (¢ = 1,2) has been obtained in (4.95).
1

n=

Here, the following values were taken in the computation, ¢, =1, u, = 1, R = 1,

s

O'EC = 27, 9PV = Z and 68" = m. The figure is compared directly with the result

published on pg.419 in [85], and the curves are indistinguishable from each other.

normalized RCE

Figure 4.5: RCS induced when a normal incident plane wave excites an empty CLR.
e, =1, u- =1, R=1, GPEC:%W, PV = 7 and 00V = 7. |

4.8.2 Stability and convergence of the algorithm

Rate of convergence of solutions:

As both of the matrix equations are the second kind Fredholm equation, the
solutions computed from the truncated systems converge to the exact solutions as
Ny — +00. To investigate the accuracy of the computed solutions, the normalized
relative error e(Ny,) defined in (2.43) is studied. In Figure 4.6-4.8, e(Vy,) for each
unknown coefficients {x&”}w X (dotted black), {yﬁl)}w X (solid green), {:vq(?)}oo

n=1

(dashed red), {yg)} (dash-dotted blue) are plotted as functions of the truncation
n=1

number N;,. The figures are plotted on a logarithmic scale for the vertical axis. For all

three of these figures, the characteristics of the CLR were set to take values R = 1,

6 =21, p =1, and "¢ = Z. The incident TM, plane wave takes fixed values

5



oPY = 7, and 62" = Z. Three different values of ky (20, 100 and 200) are considered
in Figure 4.6-4.8.

| i i I | |
0 20 40 60 80 100 120 140 160 180 200
truncation number Ntr

Figure 4.6: The normalized relative error of each unknown coefficients when ko = 20.
[R=1,6 =21, p, =10 =Z " =T and 2% = I]

From Figure 4.6-4.8, we can see that the normalized relative error e(Vy,) for each
of the computed unknown coefficients is clearly steadily decreasing once the chosen
Ny, exceeds the parameter 1 R, which has value around 25 (126 or 253) when kq is 20
(100 or 200). This is greatly due to the fact that the magnitudes of the asymptotically
small parameters diminish at the order O ([’“TR] 2). As a result, we can see that N,
required for an aforesaid accuracy increases with the incident wavenumber kg, by

comparing the three plots.
Stability of the systems:

As the computation process of the unknown coefficients involves numerical inver-
sion of the matrices (F; — C;) and (F2 — Cz), another useful quantity to investigate is
the condition number of each of these two matrices. The scattering problem consid-
ered in these figures has the same parameter values as those in Figure 4.6-4.7; that
is, R=1,¢, =21, p=1, 9°F¢ = 2,02 =7 and 68" = . The reason why the solu-
tions can be obtained in any predetermined accuracy can be explained by the plots of

the condition numbers against Ny, given in Figure 4.9-4.11, for ky = 20, 50 and 100.
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normalized relative error

truncation number Ntr

Figure 4.7: The normalized relative error of each unknown coefficients when ky = 100.

— — _ PEC _ « W o__ T W o__ T
[R_LET—Q'LMT_LQ —5,95 —ZandQ;’ _5]

i I
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truncation number NU

Figure 4.8: The normalized relative error of each unknown coefficients when ky = 200.

[[R =16 =21 u =1, grEC = %, ‘ggw = % and HEW = %]
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We can see that the condition numbers — solid blue for (F; —C;), and dashed red
for (Fy —Cy) — tends to a constant value while the dimension of the systems, Ny,
increases and exceeds the value of k1 R. In other words, they are uniformly bounded,
as Vi, increases. These corresponding condition numbers to the matrix operators of
the problem tends to a constant value. That is just the reason why the solution can
be obtained in any predetermined accuracy. For condition number of magnitude 10°
to 107, as shown in Figure 4.6-4.7, we can see that about 7 decimal places are lost
by computer due to roundoff errors. An accuracy of 9 decimal places can still be
achieved with an average computer and 16 decimal places precision. This level of

accuracy is more than adequate for most numerical investigations in the field.

9 T T
: —matrix (F1 - C1) —

===matrix (F2 - C2)

1 | |
100 150 200 250
truncation number Ntr

Figure 4.9: The condition numbers of the matrices (F; —C;) and (F; — C3) when

ko=20. [R=1,¢ =21, p, =1, 0°PC = T 4p% = T and o~ = 1]

Besides the uniformly bounded condition number for the matrices, another inter-
esting feature of the systems is that the condition numbers peak when a resonance
frequency is approached. To demonstrate this, the backscattering RCS is plotted
against kgR in Figure 4.12, in order to locate the resonance frequency. The normal-
ized magnitude of the backscattering RCS in decibels (dB) is depicted; i.e.,

ov(dB) = 101logy, (7‘:—;) . (4.115)
The two data cursors outlined peak and trough frequencies where kyR = 9.019 and

9.816, respectively. A closer examination of the rate of convergence and condition
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Figure 4.10: The condition numbers of the matrices (F; — C;) and (Fy — Cy) when

ko=50. [R=1,¢ =21, p, =1, 075 = Z 0PV = Z and 2V = I]

14X 10 : ;
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===matrix (F2 - C2) B
0 ! 1 | |
0 50 100 150 200 250

truncation number Ntr

Figure 4.11: The condition numbers of the matrices (F; — C;) and (Fo — Cy) when

ko=100. [R=1, €6 =21, p, =1, "¢ = Z, 0PV = T and 02¥ = I]
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number of the problem at these two frequencies is carried out in Figure 4.13 and
Figure 4.14. The plots of the condition numbers (the bottom figures) reveals that
the matrices have larger condition numbers (about 15 times larger) at the resonance
frequency kgR = 9.019 than those at the higher frequency kyR = 9.816. However, the
plots of the normalized relative error (the top figures) suggest that 3-digit accuracy

may be achieved if N, =~ 100 for both of the frequencies.

1.1 T T T T T T T

0.8

(dB)

normalized

%,

Figure 4.12: The normalized backscattering RCS for 5 < kgR < 15. [R =1, ¢, = 2,

_ PEC _ w W o T W o__ T
,ur—lye —5795 —Zandemp _5]

4.8.3 Effect of the polar incident angle on the scattering be-
haviors

The frequency dependent, dB-scaled energy stored inside the CLR, W, is plotted in

the following figures, for a CLR with characteristics §7FC = %7?, € =21, u, =1, and

R = 1. The CLR is excited by a TM, plane wave at °" = 7, and varying values
of V. 'To investigate the effect of polar incident angle 6°% has on the scattering
behaviors of the CLR, the value of 6P is taken to be 7 (dashed red), § (dotted
black), or & (dot-dashed blue) in Figure 4.15. The effect of the oblique incident angle
6> on RCS (dB) of the same CLR is investigated. The comparison is depicted in

Figure 4.16.
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Figure 4.13: The normalized relative error and condition numbers of (F; —C;) and
(Fy — Cy) at the resonance frequency kgR = 9.019. [R=1,¢€, =2, y, = 1, ¥ =2

EX
pw _ pw _
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Figure 4.14: The relative error and condition number of (F; — C;) and (F2 — Cy) at

frequency kgR = 9.816. [R =1, ¢, =2, i, = 1, O7FC = 2, Y =7 and 00" = ]
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Figure 4.15: Energy stored inside the CLR when excited by a TM, plane wave at
different polar angle; i.e., 02" = 7 (dashed red), % (dotted black), or & (dot-dashed

blue). [R=1, 07%° =27, ¢, = 2.1, p, = 1, and 6B" = 7]

12 ! T T

Figure 4.16: Backscattered RCS induced when the CLR is excited by a TM, plane

wave at different polar angle; i.e., 2% = 7 (dashed red), % (solid green), 7 (dotted

black), or % (dot-dashed blue). [R =1, "¢ =2 ¢, =21, y, = 1, and 68" = 7]
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From both Figure 4.15 and Figure 4.16, we can see that as the polar angle 6°%

moves away from the 7 (being perpendicular to the cylinder axis), the resonance
frequencies are shifted to the right. It is as though a smaller CLR is excited when
6P decreases. From Figure 4.15, we see that the energy stored in the interior of CLR
slightly increases, as 02" decreases. Part of the incident plane wave propagates down
the z-axis, and remains in the interior of the CLR, when the incident wavelength
exceeds the cut-off for the CLR. In this case, the CLR acts like a waveguide®. On the
other hand, in addition to the stretching out of the RCS pattern as 6% decreases, we
also notice that the magnitude of the peaks and troughs are dampen in Figure 4.16.
This is because the obliquely-incident plane wave does not penetrate as deeply into
the interior of the CLR as the case for a normal incident plane wave. The smaller
OP% is, the more energy is lost to the surrounding due to refraction and transmission,

instead of being diffracted back in the direction of the incoming source.

4.9 Comments and conclusion

In this chapter, the MoR is extended to study the scattering characteristics of CLR
under an oblique plane wave excitation. This is the first rigorous treatment of this
subject necessitating a substantive and extended application of analytical regulariza-
tion approaches that have previously appeared in the literature. For oblique incidence
of either TM,, or TE, plane wave, the z-components of the electric and magnetic fields
are coupled together, and have to be treated simultaneously. Two pairs of coupled IS-
LAE are obtained for the unknown coefficients. Each pair of them can be formulated
as a 2-by-2 block matrix equation of the second kind Fredholm, and solved efficiently,
reliably by numerical matrix inversion.

As an internal check of the algorithm, the MBC is validated by substitution of
the computed coefficients back into the series representations of fields. To validate
the algorithm externally, the surface current density and RCS are computed. The
computed results are in good agreement with those which appear in previous studies
[97] and [85].

The computed solution is also tested for warranty of stability and convergence by
studying the normalized relative error e(Ny,) for different values of ky. We can see

that, by choosing Ny, ~ [k1 R + 100], a 3 decimal places accuracy can be guaranteed

3The propagating modes of a closed waveguide have been widely documented in the literature.
For the range of dimensions we consider here, several propagating modes are supported by a closed
waveguide of these dimensions. Comparing the open CLR problem to this standard closed waveguide,
we deduced that guided modes are supported for the dimension considered in the figures.
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for the computation of RCS. Series expressions of the internal stored energy, RCS and
surface current density are obtained in terms of the coefficients {xﬁf),y,(f)}oo (1 =
0,1). An approach to improve the convergence rate of the series are also p?gll)osed.
We see that, by using the reformulated series representation for .J,, a smaller valued
Ni; is required for a predetermined accuracy.

The effect of the oblique incident angle on the scattering behaviors of the CLR are
investigated, by studying the energy distribution and RCS. As the oblique incident
angle, where 0PV € (O, g), decreases in value, more energy is stored in the interior of
the CLR (as the wave propagates down the cylinder) and less is diffracted back. In
addition, the surface current possess both the z- and ¢- components, for an oblique
incident problem. As 6P" moves away from 7, the value of J, decreases, while that
of J, increases. Some parametric optimizations maybe introduced to achieve well-

suppressed side lobes and powerful backscattering (see next chapter).
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Chapter 5

RCS studies of dielectric
cylindrical lens reflectors

5.1 Introduction

Lens Reflectors have been used in microwave communications for many years. Most
investigations are concerned with the Spherical Lens Reflectors (SLR) [29, 31, 63,
70, 71, 83| in the form of a stepped-index Luneburg Lens (LL) with attached PEC
spherical cap. The stepped-index LL has been intensively used as a focusing device.
As an approximation to the ideal LL with continuously varying dielectric constant,
the stepped-index version reveals the same performance as expected of the ideal LL
at a frequency range limited by some “cut-oft” frequency strictly depending on the
number of concentric layers. It simply means that when using the stepped-index LL,
the widening of the frequency range for desired performance is only possible with an
increased number of layers. Such an approach is not efficient as manufacturing LL
with a larger number of layers is highly costly.

For this reason, some recent investigations, for example [83], have studied a ho-
mogeneous dielectric sphere as an alternative choice to the LL. Possessing a less pro-
nounced focusing at any selected frequency, this simple spherical lens is advantageous
when it is used as a wide-band frequency lens. It was shown in [83] that, in some cases
the RCS spectral characteristics of the reflector attached to a homogeneous sphere
are superior to those of based on the LL.

The objective of this chapter is two-fold. First, similar to [83], we study the
competitiveness of the reflector based on a constant-K lens (homogeneous dielectric
cylinder) with that based on a cylindrical LL. Secondly, we study the properties of

the backscattering when the incidence angle varies from that value corresponding to
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normal incidence to that describing the grazing incidence. This part of the investiga-
tion is of strong interest for 3D lens reflectors, because the dependence of RCS versus
incidence angle has not been studied in full, perhaps because the relevance of such
results for 3D SLR is of qualitative character. From a general physical approach, it is
clear that focusing provided by 2D dielectric lenses is much weaker than that realized
by 3D lenses. When implementing the ray-tracing techniques, a 2D lens produces fo-
cusing in the plane, whereas a 3D lens produces volumetric focusing. In other words,
in the second case the more rays collected at the focus represents a higher intensity
of electromagnetic energy density.

To some extent, the study in this chapter may be regarded as “2D version” of [83],
with only one but essential addition, which concerns the RCS studies with varying
incidence angle. The chapter is organized as follows. In Section 5.2, we describe, in
brief, the problem geometry. In Section 5.3, the solution to the scattering problem
employing the MoR is obtained. It analytically transforms the singular series equa-
tions of the first kind to an ISLAE of the second kind. In Section 5.4, we apply the
well-known solution for plane wave scattering by a homogeneous dielectric cylinder
to study the focusing effect at different values of permittivity €, and electrical size %
(: ’“;F—R) Here, D = 2R is the diameter of the cylindrical lens of radius R, while A and
ko = 27” are, respectively, the wavelength and wavenumber in a free space. The study
concentrates on the exact calculation of the focal spot location, which is to be further
used for proper placement of the reflecting PEC cylindrical strip. This provides the
optimal illumination by the focused electromagnetic flux, which leads to the strong
backscattering that makes the CLR a powerful reflector. Section 5.5 is related to the
comparison of effectiveness of the lenses based on the constant-K lens or LL. The
spectral dependence of the RCS versus electric size of structure is studied in a wide
frequency range extending up to the quasi-optical region (% ~ 200). In Section 5.6,
we examine the behavior of the RCS depending on the incident angle of the incoming
plane wave. In the conclusion, we summarize the basic results and discuss further

work.

5.2 Geometrical description of the problem

A multi-layered version of the homogeneous CLR studied in Chapter 4 is considered
in the formulation here. Figure 5.1 gives a description of the geometry of a general
infinitely-long, L-layered dielectric cylinder with a PEC strip conformally placed on

its surface. All the cylinders are assumed to be parallel to the z-direction. The
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Figure 5.1: A cross-sectional view of a generic multi-layered dielectric-loaded cylinder
with attached conformal PEC strip.

whole medium is divided by the L interfaces of the multi-layered cylinder (i.e., when
p=Ri,Ry,...,Ry) into (L + 1) regions. The numbering system used here is such
that region 0 denotes the scattering region external to the cylinder; while region L
denotes the innermost dielectric loaded layer. The outermost region 0 is taken to be
the free space with constitutive parameters (€g, 19). Each of the dielectric regions
is characterized by its relative permittivity and permeability (e;, i), i = 1,2,..., L.
The PEC strip, assumed to be infinitely thin, is attached to the multi-layered cylinder
at p = R,. We adopt the same notations as in Chapter 4 for the angles; i.e., §7EC
denotes the half-angular width subtended by the strip at the center, while 62" is the
incident angle the normal incident TM, plane wave makes with respect to the z-axis
at the center.

The LL is a dielectric lens with its permittivity varying with the radius of the

cylindrical lens. Its relative permittivity is given by the well-known formula

2
e(p)=2-— (Rﬁ) , for 0 < p < Ry, (5.1)
1
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P

Figure 5.2: Geometry of a infinitely long CLR with a carefully located conformal
PEC strip to achieve maximum backscattering.

where R, is the radius of the LL. A PEC strip is conformally attached to the surface
of the LL. In this construction, the CLLR focuses the incident plane wave to a point
at its surface, where the reflecting PEC strip is located. The focusing waves are
reflected backward in the opposite direction to the incident plane wave. From the
manufacturing point of view, the CLLR is approximated by a stepped-index dielectric-
loaded lens. This approximation to the ideal CLLR is a special case of the multi-
layered cylinder described in Figure 5.1.

In addition, with appropriate choice of parameters, this multi-layered cylinder can
be considered as CLR or Cylindrical Luneburg lens reflector (CLLR). The CLR is a
“two-layered” model of this general model, with region 0 and region 1 sharing the
same physical quantities; (i.e., they are both the free space), while region 2 represents
the homogeneous dielectric lens. We use (egé€,., iojt,) to denote the physical quantities
of this dielectric lens, and R to denote its radius. The PEC strip, which serves as a
reflector, is placed at p = R;. The location of the reflecting surface (i.e., the PEC
strip) is carefully selected to lie close to the spot where incoming plane wave is focused.
This is done by studying the energy distribution of the constant-K cylindrical lens
after the impingement of the incident plane wave. In other words, we have a concentric

layer of air surrounding the core dielectric cylinder, as shown in Figure 5.2.
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5.3 Problem formulation

As a normal incident TM, plane wave is considered (i.e., % = 7 and k. = 0), only

E., Hy and H, are non-vanishing in this problem. We adopt the following series

representation for the secondary FE, in each region i:

00 @) (1. ,
EW — Z [a(i)M + 09, (kip) H,P (ki R;)

& el (5.2)
HP (kiRi+1)

where ¢ = 0,1,..., L. In order for the scattered field in the unbounded region 0 to

satisfy the Sommerfeld radiation condition, we have {b%o)} = 0. On the other
ne

hand, for the boundedness of the transmitted field in the innermost region L, we

(L)

set { = 0. The series representations for qY s and H in region ¢ can be

obtained from (2.33) to be:

i "(2)
RTR [43;g3@ﬁ§:5-%wﬂﬂxmpﬂﬂ5NmRa i, 5.9
' ! ZOO ) M (kip) , |
HY — _ n ag)"—z + bSZ)Jn kip Hn(Q) kiR | e 54
’ nikip [ HP (kRiy) (Kip) (ki) (5.4)

where n; = /‘:g—i‘ is the characteristic impedance of region i (i =0,1,...,L).
As stated in (2.6a) and (2.7), the tangential total electric and magnetic fields are

continuous across the dielectric interface. That is, for all ¢ € (—m, 7):
EY (¢, R) = ED (¢, R;) | fori=1,2,...,L; (5.5)
(”(qs, R)=H (6, R) fori =2,3,...,L. (5.6)
Imposing these continuity conditions allows us to write all the unknown coefficients

{a,(f), b,(f)} for i =0,1,...,(L — 1) in terms of the unknown {b&” .
nez nez
Application of the continuity of E, on each of R; (for i =1,2,..., L) allows us to

write every one of {aﬁf )} in terms of the unknowns {b,(f)} :
neZ neZ

. L—1 H(2)<kR) ) .
S HY (kiR
Jj=i+1 Jil+1
j—1
N Z 0 H? (k;R;) JH HY (kx Ry 5
J=i+l H (k RJ+1> k=i+1 HTSQ)(k’kRkH)

fore=1,2,..., L —1; while for ¢ = 0, we have:

L—1 (2)
S A NATY BVLICT ) | i CLOR
j=1 Hn (k]R]Jrl)
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DRy Y HY (kRy)
+Zb o H(2 (kjRj41) ;}—Il HY (kyRys) 58

In the above, we have introduced {Q(f)} to simplify the expressions. For ¢ =
nez
1,2,...,(L—1),

¢ =7 (ki R)H® (ki Riy1) — Ju(kiRiyh)H'® (ki R;) . (5.9)

In addition, the application of the continuity of Hy across each of R; for i =
2,3,..., L (that is, the interface of the inner dielectric layers), allows us write {bff )}

nez
(for i = 1,2,...,L — 1) in terms of one single unknown sequence {b%L)}nGZ. Fir
i=1,2,...,(L—1), we have
b =bPGal Bl (5.10)
where the following notations are introduced for ¢ = 1,2,..., (L —1):
Gi :=%};’“ : (5.11a)
o) ::H;(Q)(kLRL) H1(12)(7€¢Rz+1) (5.11D)

H P (kiR) HP (ky_1Ry)’
(L-1) i T 1
] o ’ or 17 s
(i) .— n
= 0 () _ (1) g1 : (5.11c)
YD + (i (Q Uy, ) BYFY, otherwise,
( 77; 1J;L(kLRL)H(2)(kL—1RL)
L

n

Q) - J (kLRL)H (kL 1RL) fori=L— 1,
o0, = (5.11d)
L (ki i ) H (ki i)

Mi+1

—Jn(kig1 Ri+2)H7lz(2) (kita Ri+1)} ,  otherwise,

and the following for i = 1,2,..., (L — 2):

’ / L—2
A0 = | I Hy® (ki1 Ri) B H? (kiRis) 11 HP (k;R;) (5.11e¢)
! Wit HP (ki Riv)  HY (kiRiv) | 2y HY (kjRypr)
‘(1. R.
" ;:—H”(Q) (kifig1) (5.11f)
Hy (kiRivq)
Jo(ky R HP (kLRy), for i =L — 2,
() .—
vy = k 5.11
" Dp Bl H (s By) ., otherwise. (5.11g)

j= z+2 k R]+1)
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We are now left with the unknown {bgf)} to be solved by imposing the MBC
neL
on the outermost layer p = R;. The Meixner finite condition requires that the energy

contained in the innermost region L (where p < Rj) is bounded; i.e.,

1 [fe 2 2 )
Wzé/ / {€0€L|E£L)‘ + oL [)H;L)‘ _{_‘ngL)| }}d¢pdp<oo. (5.12)
0o Jox

Following similar steps as those in Subsection 4.3.2, (5.12) leads to the requirement
that the unknown {bgf)} satisfy the Fejér’s Tauberian condition (D.4).

The CLR, as depictec? e’% Figure 5.2, consists of a constant-K lens and (in gen-
eral case) a PEC cylindrical strip separated by an air gap. When the cylindri-
cal strip is located at some distance from the surface of the cylinder, this may
be treated as a “two-layer” model with a layer of air surrounding the dielectric
cylinder. The virtual air layer extends from the dielectric interface of the cylinder
p = Ry to p = Ry. The location of the cylindrical strip is described by coordinates
Qppc = {(p, P):p= Ry, || <OC —co <z < oo} When the cylindrical strip is
attached to the cylinder, we use the limiting case of our developed code which de-
scribes the single-layer model. When there is an air-gap (i.e., ¢, = 1 and p; = 1), the

(e 9]

elimination of all unknowns except {b,(f)} provides the following DSE:
1

n=

Z b%z)onejmzﬁ =0, = (_QPEC7 QPEC% (5.13)
S 0t a] =0, se(cn B UEC R, (514)

where {2,},; is as defined in (4.36), while the remaining coeflicients are:

On = (K Ro) H,?) (K Ro) + G, (i Ro) [Jn (Ko Ry) — Ju (ko R)]

X {?%(kﬁﬁﬁ@(kﬁﬂ — Jn(krR2)H,;(2)(k0R2)] : (5.15a)
H” (koR :
tn ::Cl% {@Jﬁ(krRz)Héz)(koRQ) - Jn(kTR2>Hn(2)(kOR2):|
HP (koRy) L
x { [Tk R HP) (ko Ba) — Ju (ko) H, (Ko Ry) |
R () B R — SRR EE (o)) b (5.150)
HP (koRy) ’ !
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This set of DSE can be directly converted to two independent ISLAE of the
second kind by using the results given in Chapter 3. Due to the normal incidence
of the plane wave, the F- and H-polarizations decouple, and the above DSE can be
regularized into two independent ISLAE, instead of four as in Chapter 4. The two
ISLAE resulting from regularizing these DSE are the basis of this study.

5.4 Focal studies of a dielectric cylindrical lens

In this section, we consider the homogeneous dielectric cylindrical lens excited by
the E-polarized plane wave. The energy density distribution, W, resulting from the
plane wave scattering is studied using the classical exact series solution. The energy
density distribution, W, is as defined in (2.37); i.e.,

1 2 2 2
W= 3 |foeL B + popr ‘H;L)‘ + popr, |HSP| } : (5.16)

When regarded as a focusing device, the homogeneous dielectric cylinder exhibits
huge aberrations which are more pronounced for electrically large cylinders (i.e., those
described by % > 1). The ray-tracing technique shows that paraxial rays are focused
at the focus point, F', outside the cylinder, and location of the relative focus distance,

f, is defined by an elementary formula (when 1 < ¢, < 4)

_oF_ Ve
f—OR—2(\/€_T_1), (5.17)

where O is the center of the cylinder. According to (5.17), the dielectric cylinder with

€, = 4 collects the paraxial rays at the point f = 1; i.e., conditional focal point lies
exactly at dielectric interface (F' = R).

Simple GO in the paraxial regime indicates that a flat or curved PEC placed
exactly at the paraxial focus of the dielectric lens will produce a collimated backscat-
tered wave from a collimated incident wave. If the PEC reflector, flat or curved, is
placed away from the lens focus, then the backscattered wave becomes decollimated.
In this chapter, we consider the reflector to be concentric with the dielectric lens,
instead of a flat screen, not only because such structure is easily adaptable to our
chosen solution method, the MoR, but also because one of the objectives for our
study, as stated in Section 5.1, is the 2D analogue study of the competitiveness of
spherical reflector [83] with varying incident angle.

However, the dielectric lens or the step-indexed cylindrical LL lens is not a perfect

lens, non-paraxial rays always suffer aberration, and the wavelength is not zero as for
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GO. The very meaning of the “focus point” at microwaves is very conditional, since,
in fact, each individual ray passing the dielectric cylinder crosses the optical axis at
different point inside some region called the “focal spot”. The characteristic size the
focal spot is comparable with the wavelength [83]. We restrict ourselves to calculation
of the value W along the optical axis for the variation of intensity along the z-axis.
The calculation of W gives us the necessary information for further insight into the
distribution of W near the focal spot. More importantly, this defines the location of
the maximum energy distribution, Wy.., across the focal spot for a fixed electrical
size %. The dB-scaled value of W (dB) is plotted against the relative distance £.

We examine a few constant-K lenses made of material with dielectric constant
from €, = 2.1 (Polytetrafluoroethylene PTFE) to ¢, = 3.5 (fused quartz). According
to (5.17), maximum intensity of the electromagnetic field, Wiy, occurs at the points
(£) o = 1.613 (when €, = 2.1) and 1.074 (when €, = 3.5). These may be called the
GO focal points.

However, at microwaves the electrical size of a constant-K lens is always finite.
When the electric size % takes values 20,50,100 and 200, the calculations reveal
significant discrepancies between locations of the GO focal points and the actual
values of the locations £ of the maximal intensity for each of four values % The
chain of local maxima observed as dicussed below is actually an interference pattern
observed along the axis on one side of the cusp between the caustics. For constant-K
lens with €, = 2.1, these values are £ = 1.361, 1.437, 1.480 and 1.517, respectively,

as shown in Figure 5.3 (a). Similarly, when ¢, = 2.4 as shown in Figure 5.3 (b), the
local maxima occur, respectively, at the points & = 1.222, 1.277, 1.318 and 1.340;
when €, = 3.0 as shown in Figure 5.3 (c), they correspond to the points & = 1.081,
1.097, 1.122 and 1.142; when ¢, = 3.5 as shown in Figure 5.3 (d), they correspond
to the points & = 1.001, 1.009, 1.026 and 1.038. Using (5.17), one can find that the
estimated GO focal points lies at the point where <1%)GO = 1.613, 1.410, 1.183 and
1.074 for €, = 2.1, 2.4, 3.0 and 3.5, respectively.

It is evident that the local maxima approaches the focus predicted by the GO
concept as the electrical size increases but aberration is visible. However, the funda-
mental effect is achieved by the dielectric structure. Nevertheless, the local maxima
locations are still far away from that predicted by the GO concept. It can be clearly
seen from Figure 5.4 and Figure 5.5 that, instead of a single focal point as predicted
by simplified GO concept, the actual distribution of the energy density forms a chain

D

of local maxima of nearly equal values at higher frequencies (5 = 100,200). We are
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Figure 5.3: Continued next page.
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Figure 5.3: Comparison of W across the optical axis of the constant-K lens, when
& = 2.1 (a), 2.4 (b), 3.0 (c) and 3.5 (d), while £ = 20 (dot-dashed green), 50 (dotted
blue), 100 (dashed red), or 200 (solid black).

97



going to calculate the optimal location of the PEC strip for backscattering in next
section, taking into account the discrepancies between ideal and actual structures.

Accurate knowledge of the distribution of W across the optical axis is of paramount
importance for optimal location of the PEC cylindrical strip, in order to maximize
the backscattering phenomenon. The optimal location is one of the necessary but
sufficient prerequisites for the radiation to be effectively reflected. The optimal choice
of the angular size of the reflecting strip is equally important. The simplest idea
consists in overlapping of the focused beam entirely with the PEC strip, so that at
least the Half Power Beam Width (HPBW) of the focused radiation would not be
larger than angular size of the strip. The calculations of the spatial distribution of W,
illustrated in Figure 5.4 and Figure 5.5, show that it is sufficient to have cylindrical
strip of the angular half-width "¢ no less than £ (or 5°), for maximal interception
of the energy in a wide range of constant-K lens with electrical size ranging from
D2 =5 up to £ = 200.

5.5 Calculation of backscattering RCS

The objective of this section is to analyze the RCS behavior of a properly designed
CLR in a wide frequency range. To obtain a dimensionless measurement for studies,
normalized backscattering RCS, ;, in dB-scale is plotted against the electric size %
All the computations of 6,(dB) for both the CLR and CLLR are based on solutions
given by the MoR.

The values of 6,(dB) against increasing electric size are studied in order to locate
the optimal location for the reflecting PEC strip. The results from the study of
paraxial energy density distribution, W, provide us with a good initial estimate of this
optimal location, where the maximum backscattering is achieved. The dependences
of RCS, 6,(dB), for a CLR with reflector located in the vicinity of the focus region
are computed. The computed average RCS over the range of % € (0,200) at each
reflector location (%) are compared with each other. The dependences of 7,(dB) at
three locations (}%) offering the three highest average RCS are displayed in Figure
5.6 (e, =2.1) and Figure 5.7 (¢, = 3.5), respectively. From these two figures, we
deduce that the optimal location of the reflector is & = 1.55 (¢, = 2.1) and & = 1.04
(e, = 3.5), as measured by maximal average RCS over this band.

It can seen from the figures that, when strip is located away from the optimal spot,
more oscillations appear in the spectral dependence of 6,(dB). This phenomenon can
be seen in Figure 5.7 when £ = 1.02 (the black line). The deep null indicates the
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Figure 5.4: Continued next page.
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(d) £ =200

Figure 5.4: Spatial distribution of W due to the presence of the constant-K lens with
e, = 2.1 of varying electrical size £ =5 (a), 20 (b), 100 (c), and 200 (d).

100



|
-1 05 o 0s 1 125 2 258

Figure 5.5: Continued next page.
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(d) £ =200

>

Figure 5.5: Spatial distribution of W due to the presence of the constant-K lens with
e, = 3.5 of varying electrical size £ =5 (a), 20 (b), 100 (c), and 200 (d).
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complex interference between the reflector and the dielectric lens. To better illustrate
this phenomenon, the dependences of ,(dB) for reflector located away from this
optimal location are displayed in Figure 5.8. For practical application over a relatively
wide band, the oscillation in RCS values should be as small as possible relative to the
average value across the band. By this reason, behavior as in Figure 5.8 is undesirable,
and it reinforces the reason for choosing the optimal location to be in the vicinity of
the locations specified in the last column of Table 5.1.

To obtain the maximum backscattering for a CLR, when ¢, = 2.1, 2.4, 3.0 and
3.5, the PEC cylindrical strip is chosen to be placed at a relative distance £ = 1.55,
1.35, 1.15 and 1.04, respectively. Table 5.1 provides the summary of the optimal
locations for the PEC strip based on the GO concept, the computed paraxial energy
intensity and the computed maximal backscattered RCS, for each of the CLR with
€ =2.1,2.4,3.0 and 3.5.

In addition, observing Figure 5.9, we conclude that the angular width of the
cylindrical PEC strip, #F€, does not have significant effect on the reflectivity of the
CLR. The comparative analysis of the spectral dependence for CLR in Figure 5.10
also shows that the performance of CLR with ¢, = 3.5 is marginally higher than those

with €, = 2.1, 2.4 and 3.0. However, it is worth noting that as ¢, increases, there
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D

€r ‘ (%)GO ‘ (zpz)max paraxial intensity ‘ (R)max RCS
2.111.163 1.361, 1.437, 1.480, 1.571 | 1.55
2.4 1 1.410 1.222, 1.277, 1.318, 1.340 | 1.35
3.0 | 1.183 1.081, 1.097, 1.122, 1.142 | 1.15
3.5 1.074 1.001, 1.009, 1.026, 1.038 | 1.04

Table 5.1: The optimal locations of the PEC strip according to the three different
approaches, for the CLR with ¢, = 2.1,2.4,3.0 and 3.5. The second column displays
the focus distance calculated according to the GO concept; the third column lists
the four local maximal according to the computed paraxial energy intensity; the last
column gives the location of the reflector that offers maximal average RCS over the

range 2 € (0, 200).

are more oscillations in the spectral dependence of G;,(dB). For this reason, the CLR
with dielectric material of €, = 2.1 is preferred over those with higher ¢,.

Figure 5.11 illustrates the spectral dependence of 6,(dB), when a plane wave
incident normally (02 = 7 = 90° and 2" = 7 = 180°) on a cylindrical reflector,
and the PEC strip is of total width { = 10° and © = 180°, respectively. They
compare the performance of a CLR with ¢, = 2.1 with those of a L-layered CLLR
(constructed using stepped-index cylindrical LL). We can see from these figures that,
for a minimal strip of angular size 10°, when L = 3, the CLR outperforms the CLLR
in the range % > 20; when L = 5, the CLR outperforms the CLLR in the range
L~ 60; when L = 7, the CLR outperforms the CLLR in the range £ > 115. We

) )
have even better performance from the CLR when the strip size is increased to 10°
to 180°. When 26°FC = 10°, the dependence of RCS against the electric size has
an oscillatory character up to N = 7. As the strip size increases, more oscillations
appear in the spectral dependence RCS for CLLR, whereas for CLR, the behavior is
still overall monotonic for both sizes (20PC = 10° and 180°). From our observations
based on TM, polarization, we draw the conclusion that the CLLR can be replaced
by the cheaper alternative of the CLR, which offers reasonably high and smoother

RCS against the electric size.

5.6 RCS of CLR and CLLR versus incident angle
i

From a general point of view, it is evident that the case of normal incidence causes

the most powerful reflection, as the incident plane wave illuminating the constant-
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Figure 5.9: Comparison of 7,(dB) against electric size of a CLR with PEC strip of
different angular widths: #"%¢ = Z = 5° (black), ¥ = 30° (blue) and ¥ = 60° (red).
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K lens or cylidinrical LL forms a focal spot right at the central part of the PEC
strip reflector. As has been shown in Section 5.4, the strip should extend over the
transverse size of a focal spot to provide strong reflection. We can observe from Figure
5.4 and Figure 5.5 that the characteristic transverse size of a focal spot is about 1.0\.
Therefore, the geometrical size of the PEC strip reflector should be, at least, no less
than this value. At the incidence angle 08" of value 7 = 90°, there is no significant
backscattering. This is because from the GO concept, the entire surface of a strip is
completely shadowed. Thus, the effect of strong backscattering can be observed only
in the range 0 < 8% < 7 = 90°.

A simple physical argument predicts the existence of a cut-off incidence angle,

0 . o, which defines the usable scanning range for the incident angle 6°%, where

0 < 6P < 6 . 4 so that a high value of RCS is practically unchanged across the
angular range. It is reasonable to suppose that 6’ , ¢ is that angle at which the right

or left boundary (depending on °%) of the focal spot lies exactly at the sharp edge
of the PEC strip reflector so that whole focal spot is covered by the strip. It is also
clear that the workable range 0 < P < ¢ . . strongly depends on the semi-width
of the reflecting strip #PF¢. We assume that diffraction effects are negligible. Thus,
to find the value 0’ , g, we choose at the strip surface the point at which the distance

to the edge equals the angular semi-width of the focal spot; i.e., 0.5A. Elementary

algebra leads to the simple formula for 6’ ., that is

i —gPEC _gipl (2%0) . (5.18)

According to (5.18), when "¢ = I = 15°, ky = 207 (Figure 5.12 (a)) and

1007 (Figure 5.12 (b)), we have 6 = 13.56° and 14.71°, respectively. It can

%

be seen these sub-figures that these results for 7 ,

g are in good agreement with
accurate numerical results. It should be noted that the CLR provides a more stable
dependence of RCS (62%) compared to the CLLR, even though the 5-,7- and 9-layered
CLLR exhibits a higher overall level of RCS when ky = 207. At higher frequency,
where kg = 1007, the use of the CLR is preferable as its performance is superior
to that of a 3-,5- or 7-layered CLLR. More strictly, our argument which led to an

%

! o 1S reasonable only for shallow and medium size PEC

approximate formula for 6
strip reflectors (9FFC < T = 45°), otherwise, shielding starts to occur as well as
multiple reflections.

For wider PEC strip reflectors, the situation is more complicated because in a

wider reflector, there are multiple reflections causing significant aberrations to the
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cut-off» as

shape of the focal spot. This results on narrowing the range to 0 < 2% < 0

shown in Figure 5.13. For example, it can be seen from Figure 5.13 (b) that, 0 . &

pPEC — ™ _—
2

before the scanning performance of the CLR is preferable compare with the CLLR.

lies far from the angular semi-width of the PEC strip, 90°. Again, as

5.7 Conclusion

Accurate numerical results are computed for the RCS of both the CLR and CLLR,
based on MoR, in a broad frequency band including not only the region of Rayleigh
scattering (A > R) and diffraction region (A = R), but also the quasi-optical region
(A < R). With the numerical results produced, we have demonstrated competitive-
ness of microwave reflectors based on simple cylindrical lenses against those based on
stepped-index Luneburg lenses. We also deduce from the results that CLR with lower
dielectric constant ¢, are preferable to those with higher €., as wavelength dependent
oscillations become too strong for higher dielectric contrasts. We also observe that for
higher frequencies, the scanning performance of a CLR is superior of that provided
by CLLR, in the sense that the dependence of RCS has relatively less oscillations,

and is of higher average value over the range of £ € (0,200).
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Chapter 6

Scattering from a finite array of
CLR under normal incidence

6.1 Introduction

As a natural extension to the scattering problems of CLR considered in Chapter 4 and
5, the scattering problem of an incident plane wave by multiple CLR is considered
in this chapter. A finite number M of parallel CLR (each with arbitrary size, PEC
strip width and dielectric loading) are assumed located in the vicinity of one another.
Consequently, the mutual interaction of the CLR cannot be ignored. Such an array
is very attractive in microwave and optic wave applications, as it can be used to
design for a wavelength- and polarization-selective components. It offers additional
degrees of freedom for controlling the scattered fields. When the CLR are identical
and equally spaced, this finite array of CLR forms a special example of gratings which
are widely used in spectrum analyzers, open mesh reflectors, etc.

The analysis of scattering by multiple closed cylinders (either dielectric or con-
ducting) has been studied over the years, using various techniques such as the inte-
gral equation formulation, the partial differential equation formulation, the T-matrix
approach, the lattice sums approach, the source model technique, and the Green’s
function diakoptics approach [18, 81, 44, 91, 46, 82]. However, in all of the above
literature, the surface of each of these cylinders is taken to be either purely dielectric
or purely PEC. To the best of our knowledge, the analysis of multi-body scattering
problem of slotted cylinders has not been done.

This chapter studies the feasibility of using of the MoR in the solving of the 2D
scattering problem by a finite array of CLR under a normal plane wave excitation.
The MoR has been widely used in the solution of scattering problems involving a

single structure, such as a punctured spheroidal shell, a toroidal shell with slits, and
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a slotted cylinder [84, 85]. The work is extended here to the investigation of the
scattering problem from an arbitrary finite number M of CLR, where the CLR are
of arbitrary radii, positions, dielectric loading and strip sizes.

The analysis starts in a similar approach as that of the single body problem.
The scattered and transmitted fields, from each of the M CLR, are represented by
series involving cylindrical harmonic functions in terms of the local coordinate system
(which origin is the center of the corresponding cylinder). The sum of the scattered
fields from all other CLR is then considered to be an incident wave on each of the
individual cylinder. Subsequently, MBC are enforced on the surface of each of the M
CLR, which leads to 2M sets of DSE involving the trigonometric functions. Each of
the 2M sets of DSE are regularized to produce an ISLAE involving every unknown
expansion coefficients. Therefore, the 2M infinite systems are interconnected, and

need to be solved simultaneously for the values of all the unknown coefficients.

6.2 Problem specification

Unh A
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Figure 6.1: Cross-sectional view of the finite array of CLR

A cross-sectional view of the multi-body scattering problem considered is shown in
Figure 6.1. Each of the CLR is as described in Chapter 4; that is, they are infinitely-
long and axially-symmetric, the conducting strip on each is assumed to be infinitely

thin and perfectly conducting. The CLR are assumed to be parallel to each other and
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to the z-axis of the global coordinate system (p, ¢, z). In addition, the PEC strips
are assumed to have the same alignment. No further assumption has been made on
the dimension, strip width, dielectric loading and location of each of the CLR.

We suppose the gth CLR is positioned with axial axis located at (ry, ¢g, 2z) of
the global polar coordinates (p,¢,z), for ¢ = 1,2,..., M. Radius of this CLR is
denoted as R,. We suppose the gth CLR is constructed with a constant-K lens of
relative permittivity and permeability (e, 115). An infinitely thin, PEC strip of half
angular size HEEC is placed on the surface of the gth cylinder as depicted in Figure
6.1. Without loss of generality, the surrounding homogeneous medium is taken to be
free space with permittivity and permeability (eq, 10)-

We suppose the array is excited by an E-polarized plane wave traveling in the
direction making an angle 6V with respect to the z-axis of the global coordinate
system, as illustrated in Figure 6.1. The scattering problem involving a H-polarized

plane wave excitation can be treated similarly.

6.3 Derivation of the sets of DSE

The complete scattering domain is divided into (M + 1) regions by the contours of
the M CLR. Let region 0 denotes the surrounding medium, and region g denotes the
interior of the gth CLR with p, < Ry, for ¢ = 1,2,..., M. Since the incident wave
propagation direction is normal to the cylinder axis (i.e., the z-axis), the problem is
2D and the induced secondary fields do not depend on z.

The analysis begins from expressing the scattered and transmitted fields by the
gth CLR in terms of the local coordinate system (pg, ¢y, 2), for g = 1,2,..., M. To
enforce the MBC on the gth CLR, the incident plane wave and the scattered fields by
all other CLR have to be first expressed in terms of the gth local coordinate system, in
order to take into account the interaction between the M cylinders. This is achieved

by making use of the addition theorem given in (B.26).

6.3.1 Series representations for the fields

Since all of the CLR are uniform in the z-direction, and the plane wave is incident
normally on the CLR, the axial components of the electric and magnetic fields are
independent. For the TM, incidence (H" = 0) considered, only the components .,
H, and H, are non-vanishing, from (2.33).

In order to enforce the MBC on the surface of the gth CLR, the expression of the

incident plane wave must be written in terms of the cylindrical harmonic functions
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with reference to the local coordinate system (p,, ¢4, z). This is done by application
of the addition theorem given in (B.26). The series representation of the plane wave

in terms of the gth local coordinate system can be obtained as

Eiﬂc(g) (pg; ¢g) — e*jkorg cos(pg—05") % e*jkopg cos(¢pg—0%" ) (61)
S () ulhopg e st it it (6.2)

The superscript (g) is in reference to the gth local coordinate system (p,, ¢, 2).
Suppose the series representations of the scattered and transmitted fields for the

gth cylinder, in terms of the local coordinate system (p,, ¢,) centered at (r,, p,), are

SC - H( (k p ) n
E (pga¢g) Z ’I(lg)ﬁkoRg) e %7 (6.3>
n=—00 0
In(
ET9 (pg, ¢y) = Z b= (kyp) 9) eI (6.4)

where k; = ko,/€spiy 1s the wave number of the dielectric material inside the gth
cylinder. Here, {aq(lg), bﬁ;")} ,for g = 1,2,..., M, are the unknown coefficients to
be determined. ne

Both the scattered field and the transmitted field associated with each of the
cylinders are based on its local coordinate system. However, to enforce the MBC on
the gth cylinder, the scattered fields of all the other cylinders need to be expressed
in terms of the gth coordinate system. The addition theorem in (B.26) is used to
transfer the series representation from one local coordinate system to another. The
transformation from the Ath local coordinate system (py, ¢p) to the gth local coordi-

nate system (p,, ¢,) of the Hankel function can be deduced from (B.26) as

HP (kpy) emor = Z I (kpg) HZ. (kdy e /=09 eims (6.5)

m=—0Q

Here, d, j, is the distance between the origins of the gth and A local coordinate system,

dgp = \/7’3 + 72 — 2ryry, cos(py — @n) whereas 6, , is the angle between the line joining

T}, COS Pp,—Tg COS Pg )

the origins of two systems and the positive z-axis, 6, = & cos™ ( i
9,

(where ‘- is taken when rj, sin ), < rysinp,).

Having established the series representations for the longitudinal components of
the electric (incident, scattered and transmitted) fields, the two non-zero transverse
components of the magnetic field follows from (2.33), with k, =k as k, = 0,
j o

%a—ngz (6.6)

j o
Hy=—-———F,and H, =
¢ knap an P
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All other components, F,, £, and H, for the incident and induced fields vanish for

normal TM, incidence.

6.3.2 Solution class

It is worth noting that the series representations given in (6.3) and (6.4) satisfy
the Sommerfeld radiation condition and the finiteness of electromagnetic field at the
origins of the local coordinate systems. Similar to the oblique scattering problem of
a single CLR considered in Chapter 4, the Meixner finite energy condition puts an
additional constraint on the unknown coefficients {a%q), b%g)} by considering the

neZ
electromagnetic energy per unit length of the gth CLR; that is,

1 ! ]k)()Z 2 R " tr(g) 2
W = 5 }6 } dz x {,UOUT |Ez (pgv ng)l
0 0 Jom

r 2 r 2
+€p€r H;Cs (9) (pga (bg) + €o€r |H,t) (9) (pga ¢g)| } d¢g pgdpg . (6-7)

Following the same integration process and arguments as that in Subsection 4.3.2, it

can shown that both {a%g), b%g)} satisfy the Fejér’s Tauberian condition given in
nez

(D.4); i.e.,

Z In| ’aflg)|2 < oo and Z | }b,(lg)f < 00. (6.8)

n=—oo n=—oo

6.3.3 Enforcing the MBC

The solution of the unknown coefficients {a%g),bslg)} (9 = 1,2,...,M) can be

obtained by applying the boundary conditions outling(eizin Subsection 2.2.1, on the
surface of each of the CLR (i.e., p, = Ry, for g =1,2,..., M). The boundary condi-
tion requires that the tangential components of the total electric field vanishes on the
PEC surface. In this TM, case, the electric field has only one non-zero component;
i.e., E,. On the other hand, the boundary condition also requires that the tangen-
tial components of the total magnetic field varies continuously across the dielectric
interface. As the axial-component of the magnetic field vanishes for E-polarization,

Hy = —%’%Ez is the only non-vanishing tangential component of the magnetic field.
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Therefore, the MBC on the surface of the gth CLR are given by

) . ]
lim |EP@ 4+ Ee?| = lim EYY =0, Vo] < 057C, (6.9)
pg—Ry L h—1 pg—Rg

| U ] 10
lim — |EM@ N el — lim — EY9) g, > 0FFC (6.10)
pg—RY Op i ; | PRy My dp J 7

In addition to the MBC, the continuity of the tangential total electric field also
requires that, for all p, = R, and ¢, € [—m, 7,

M
lim EP6 £y pr® = lim EXO) (6.11)
pg— Ry Py pg— Ry
It is worth noting that the solution for the unknown coefficients {a,(zg ), b )} related
nez

to the gth CLR, includes the effect of all interactions between the cylinders under
this formulation.

There are 2M sequences of unknowns {aslg), b%g)} (9 =1,2,..., M) to be de-
termined from imposing the MBC on the surface o?egach of the CLR. The num-
ber of unknowns can be reduced by enforcing the continuity condition given in
(6.11). By matching the fields across each of the surfaces, every one of the unknown
{b,(zg)} o (9 =1,2,..., M) can be expressed as a linear combination of {a%g)} o for
g=1,..., M:

b9 =al? + e+ > aW Al (6.12)
h#gm=—00
where ¢f) = eikorgcos(es—02") (_j\n I (ko R,)e~i"%" . Here, the summation D hry de-
notes the summation for h=1,...,9— 1,9+ 1,..., M.
The MBC on the gth CLR lead to the following DSE involving only the unknowns

{a%g)} (g=1,...,M):
nez

D a4+ D+ T al A | et =0 (A), Vg,| < 657C. (6.13)
n=—00 h#gm=0 J
00 00 T
> [a;”p;gwdfﬂwqng D aW AP e =0 (A), Vg > 6;°C. (6.14)
n=-—o0 h#gm=—00 J

Recall that the notation (A) implies that the series are Abel-summable to 0 over their
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corresponding intervals. The following notations are introduced for brevity:

: ky (o (kgRy)
d9) = ke 9) — 29 (9) Inirg77g) 6.15
" Ocn :ug Cn Jn<k9RQ) ’ ( a)

"(2 ’
(9) — H"( )(kORg) . &Jn(kgRg)

Dy : 6.15b
"5 (koRy) Mg Jn(kgRy) ( )

J (koRy) kg J.(kR,)

(9) _ n\"V0+lg g In\lvgllyg
W = g 29 9T g 9 6.15¢
CTo(koRy)  pig Jn(kyRy) ( )

anm(kod h)Jn(kOR ) i(m—

Alah) _ g 92 ed(m=n)g.n 6.15d
nam Hon (ko ) (6.15d)

for n,m € Z.
We have M sets of DSE given in (6.13) and (6.14), for g = 1,2,..., M. As each
of these sets of DSE involves all the unknowns {a%") } for g =1,2,..., M, these

nez
M sets are interconnected and need to be solved simultaneously.

6.4 Regularization process

Following the similar process presented in Chapter 3, the M DSE derived in (6.13) and
(6.14) are reformulated with trigonometric functions as the kernels, then regularized
to 2M connected ISLAE. The constant unknowns aég ) (9=1,2,..., M) are removed
from all the 2M ISLAE before matrix inversion is performed numerically to solve
for the unknown coefficients. This is achieved by a simple algebraic elimination
(equivalent to the application of Cramer’s rule). In the final step, one single 2M-by-
2M block matrix equation is obtained. The block matrix is shown to be a compact

perturbation of the identity operator in /5.

6.4.1 Introducing the asymptotically small parameters

Due to the symmetry of the intervals, we can reformulate the DSE given in (6.13)
and (6.14) defined over (—m,m) in terms of the trigonometric functions over (0, ).

We introduce the following:

29 =al9) 4 a9 | (6.16a)
Y9 =a® — a') | (6.16D)
@) :=c9) 4 9 (6.16¢)
d%‘]) d(g)
fo =t (6.16d)
n
g9 =cl9) — 9 (6.16¢)
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B . = A 6.16t
.t (6.160)
1 -
By =5 | AR A0l gl gle) T (6.16g)
1 -
Ol =3 | A + AU, — Al — Al ] (6.16h)
1 -
D = P\ Ry oy o (6.161)
1 _ -
B = | A — AGT, - AT+ AN (6.167)
forn,m=1,2,...
It is worth noting that p'¥ = p') and ¢ = ¢!, for all n = 1,2, ... By examining

the asymptotic behaviors of the Bessel function and the Hankel function, the following

asymptotically parameters are introduced:

R SLQ)
59 = 14 Jaba B (617
1+ g |n|
(9)
gy _ In
n|

2 p2
forn = 1,2,... Both of the above parameters have the order of O (k"fg

On the other hand, from its definition, we can see that f,Sg) = e,(qg)cjn, forn=1,2,...

Therefore, the gth set of DSE given in (6.9) and (6.10) can be reformulated as the

two sets of DSE below. The first set of DSE involving the cosine function is:

>,asn—>+oo.

o)+ + > af? AKY + ZZ [ B + y&’Cé?,;f’)] (6.19a)

h#g higm 1

+Z{ V2@ +> |al'B gh)+z Bg{';Z)ergf)Cffﬁ)]}coanﬁ:o,

h#g
for ¢4 € (0,055¢), and
G al” + Gudi? + Ga> all AT (6.19b)
h#g
Cg(](()g) - h) (g,h) h h) -
+ 2N B el + Z 9 129 (1— )
h#gm=1
_’_ngr(lg)z: h) 4 Z h)B(g h) 4 y(h)c(g h)) } cosng =0,
h#g m=1
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for ¢4 € (65, m), where

Rypyg

Cg‘:_l_’—ug'

(6.20)

The second set of DSE involving the sine function is:

2. { + 4 (6.21a)
n=1
—1—2 }sinngb:O,

h#g
> n {g A9 +y9 (1 - p0) (6.21b)

n=1
} sinng = 0.

6.4.2 Conversion to infinite system of linear algebraic equa-
tions

ag" D% + Z D+ y BLf))

for ¢, € (0,65*°), and

G [ D+ 3 (an Dt + u EGY)
h#g m=1

for ¢4 € (65, ).

It may be shown with the ideas in Chapter 3, that the gth set of series equations given
n (6.19) and (6.21) can be transformed to two ISLAE in terms of {x%g), yr(Lg)} by
n=1

the MoR. The ISLAE for xn ) has the form of

Vg (1 59) + 3 Va9 R TS,
n=1

g
)

=2, [pomcgg) <g>] 9 — O + 3V [ — 9] T
n=1

S a7 3N [Vaa® U 1+ ayPvien] (6.22)

h#g h#gn=1
The following are parameters introduced that can be explicitly calculated in terms of

the geometry and physical quantities of the problem.

hy = COS(@EEC) (6.23)
TO — GOD () cgp A+ P PV o
m,n m—1,n—1\%g Cgpo n(%)-l m n
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) = 0 -— (6.25)
ﬁ[(gpog hl( 2g> _1] "
Hr(zg M= 2(g [q(g) p(g)] Tng)A(goh) + Gy ~1(zg)B7(190h)
+3° [1-¢d] BEPTS), (6.26)
m=1
7h‘ ~
Ug,’:zl) =y [pég) - Q((Jg)} qug)B(()?n )~ gQr(g)Bg:Z)
~ h
=3 [1-¢a?| 1Bl (6.27)
k=1
Vi = ¢ [0 — ] s — iy
- h
=3 [1-qa?] T (6.28)
k=1
Bt = 1,/m [Aleh) 4 A9+ AU, + Al ] (6.29)
Ol = 1 /= [A) + A4, — AU, — Al | (6.30)
The ISLAE for {y,(lg)} is similar to that of {:L‘,(zg)} , and is omitted here for
n=1 n=1

reason of space. Together with the two ISLAE obtained, an expression for a(()g) is

derived, which has been isolated from the ISLAE for {x,(f’ )}OO and {y}bg )}Oo ,
n=1 n=1

al?) = —Zaéh)ag,h +0,. (6.31)
h#g

(@) , (9 }”

This expression is obtained by making use of the fact that {[En s Un belong to

n=1

(5, and the continuity at z = 1,. The two new notations a4 ) and ¥, introduced are

defined as

1 .9 =h,
Ugn'=9q %A(()%h) n iTr(Lg)Bgéh) g4h, (6.32)
n=1
U, =\, + i i [VnaE9M 4\ /nyM G (6.33)
h=1 n=1
where we have also introduced
1~ " In (%)
Y= , (6.34)

Cgp(()g) In <172wg> —1
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—¢ d(g) In (=% o
- )19 (1 w<> 2 1> —S VR [G 9 — ] 7 (6.35)
gpo n )= n=1

(9) ~(9)
Tn Pn , g = h7
F7(L97h) _ - ~ 6.36
{ 3B + o [1 - 6@ | 7OBYY g4 b, (030
O 79 - h’
(g:h) .
S I A R S

For the normal incidence problem involving only single cylinder, the ISLAE for
{xﬁﬂ)}w and {yﬁf)}m are disjoint. They can readily and separately be solved by
matrixﬁllversion. When 1there are M cylinders involved, the resulting 2M systems are
all connected to one another. Some manipulations are required before the systems
can be solved numerically by the truncation method. We remove all the unknowns

(g) (9 = 1,...,M) from each of the 2M systems, by analytically solving the 2M

expressions of the form of Eqn.(6.31) by Cramer’s rule or equivalent An explicit

expression for the a(() 9 that is independent of all the other ao (for h=1,...,i—=1i+
1,..., M) is obtained as
M
= E U, , (6.38)
h=1
where the coefficients @, (for g,h =1,2,..., M) can be computed from
ai1 cee A1p—1 a1 h+1 N WY
ag—11 --- Gg—1,h—1 Qg—1h+1 ... Qg_1.M
Ag+1,1 -+ Qg+1,h—1 Qg41ht1 -+ Qg1 M
apyi .- AMAp—1  AMA4+1 ---  AMM
b, = (6.39)
g?
a1 ... Q1M
apa - aApM M

Therefore, once the values for the unknowns {x%g)} and {yff’ )} (g=1,...,M)
n=1 n=1

are computed, all the unknowns a (for g=1,..., M) can be readily calculated.
These expressions for a(() in the form of Eqn.(6.38) are substituted back into
each of the 2M infinite systems. For the unknown {x%g )} , the following ISLAE is
n=1

obtained

= Vmal g) (g) ]+ ZZ \/_I(h gh) + V/ny h)J(g,h)} ’ (6.40)

h=1 n=1
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where the expressions for I},f ) s Im (g ") and K )n are defined as

( ~
pT(iq) mn Zq 1F(qg)R(g Q) g =h,

(9) m(g:h (@.h
rtom — ) Gas B + L BOVREY g # b (6.41)
m h
+Zk:1 [ CQQk :| (9) B(g )
h
4, [q(() — pb )] (g)B(g )

Zq 1G(qg)qu) g=h,
Jloh) — ngm m T Z LG S R .9 # h, (6.42)
i +Zk—1 [ ng g)i| T( 9) C(gvh)
\ +<g |:q[() pO :| (9 C(gh
h) _ Z HOPD, ), . (6.43)

PF£g

A similar ISLAE can be obtained for { © } . These ISLAE can now be written
as a single matrix equation in the operator form of (Z + H)x = b. By truncating the
infinite system of equations to Vi, the problem is solved by matrix inversion. Here,
7 is the (2N M x 2Ny, M) identity matrix, H is a compact 2M x 2M block matrix in
{5 where each of these block matrices is of size N, X N, b is a known vector, and x
is the vector consisting of the unknowns {x,(l 9 }OO and {y,(1 )}OO It is worth noting
that the infinite system (for Ny, — o0) is a Fredhlolm matrix gqlllatlon of the second

kind. By increasing N,, the accuracy of the computed solution can be improved.

6.5 Numerical results

In this section, sample numerical results are presented to prove the validity of the
developed formulation for the scattering problem involving multiple CLR. The un-
known coefficients computed are substituted into the series expressions for the near
field, RCS and surface current density. The properties of grating formed by an array
of identical CLR are studied based on the RCS analysis. The effect of the number of
CLR in the grating as well as the effect of the relative distance between each CLR

have on the RCS are investigated numerically.

6.5.1 Series representations of physical quantities

For the multiple scattering problem considered in this chapter, the RCS ¢(0) still has
the same definition as that in (2.40). However, the total scattered field by this array
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of CLR is the sum of all the scattered field produced by each individual CLR. On top
of that, each of this scattered field has been expressed in terms of its local coordinate
system. In order to obtain a series representation for this multiple scattering problem,

the far-field approximations

pg & p—1gc08(Ug — @), (6.44)
Pg =P, (6.45)

are employed, in addition to the use of the asymptotic expression of the Hankel

function.

6.5.2 Numerical validation

To check the adequacy and the accuracy of the proposed formulation and the numer-
ical algorithm, the scattering problem of five PEC cylinders as described in [18] is
solved. Five closed PEC cylinders (6)"¢ = 180°, for g = 1,2,...,5) of the same size
(R, =0.1\, for g =1,2,...,5) are considered. Suppose the center of the first cylinder
is located at the origin, the centers of the remaining four cylinders are located 0.5\
away; i.e., at the points (0.5X,0), (0.5X,90°), (0.5A,180°) and (0.5\, —90°) in rela-
tion to the global coordinate system (p, ¢). The cross-sectional view of the particular
problem considered is depicted in the top figure in Figure 6.2. The values of the
bistatic scattering cross section computed for the problem is plotted along the entire
contour, and the curve is compared directly with that in [18]. Good agreement is seen
with the results calculated using the hybrid exact-method of moments technique, the
iterative technique and the boundary value solution method.

As another method to check the validity of this developed formulation for slotted
PEC cylinders (when 6} ¢ # ), the computed values of the 2)/ unknown coefficients,

{xﬁf), yﬁf”} (g = 1,..., M), have been substituted back to the series representa-
1

n=
1

tions given in (6.3), (6.4) and (6.6) to check the validity of MBC. For this purpose,
the scattering of a TM, plane wave incident on a pair of arbitrary chosen CLR is
considered. The first CLR is assumed to have a radius of Ry = 2.5\, attached with
a PEC strip of half angular width #7%¢ = 90° and located with center at (0,0);
whereas the second CLR is assumed to take values Ry = 3.75), 6 ECQ =60°, r, =10
and Yo = 45°. Both cylinders are filled with dielectric material characterized by
(€1, 1) = (€2, t2) = (2,1). The computed real and imaginary values of the tangential
total electric field, E,, along the contour of the first CLR are depicted in Figure 6.3.
The exterior field (sum of the scattered fields by both CLR and the incident field) is
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depicted as the solid red line; while the interior field computed (the transmitted field
inside the first CLR) is depicted as the dashed black line. Evidently, the total electric
field is continuous across the surface and vanishes on the PEC strip. In Figure 6.4,
the computed real and imaginary values of the difference between Hy of the exterior
and interior total fields are plotted over the entire contour. As seen from the plot,
H, varies continuously across the dielectric surface. In conclusion, both of Figure
6.3 and Figure 6.4 confirm the MBC given in (6.9) and (6.10) on the surface of the
first CLR. The same check has been conducted on the surface of the second CLR and
excellent agreement is observed again. The figures are omitted to avoid repetition.
As another means of display for the same internal test conducted in the last
paragraph, the near field distribution of the scattering problem is illustrated in the

contour mesh given in Figure 6.5

6.5.3 Numerical investigation

After the problem formulation and the validation of the method, the solution can
now be computed numerically and applied to actual analysis. However, there are a
number of parameters to choose from. Due to the limit of space, it is not feasible
to present a full range of features of the structures. Let us show a representative
result. Figure 6.6 illustrates the near field distribution of a TM, plane wave incident
at 0P = 180° on a sawtooth-shaped PEC surface formed by joining CLR. Consider
such a surface constructed using three cylinders of the same size, where R, = 2.5,
€g=1and p, =1 (for g =1,2,3).

6.6 Conclusion

A rigorous and accurate method of solving for the problem of 2D scattering from a
finite array of CLR has been presented. As the CLR are open, the interior cavities
of the CLR are coupled through free space. The formulation is based on the MoR,
which has the advantage of a stable and convergent computed solution. The dielectric
constant, strip width, radius and location of each of the cylinders can be varied to
model a range of scattering problems, including a periodic array of fully- (or partially-)
shielded cylinders.

The solution method described in this chapter makes no assumption nor simpli-
cation of the interaction among the multiple CLR. As the number of CLR increases,
the computation cost increases significantly. One possible extension to the current

work is the combination of the Green’s function diakoptics approach [82] with our
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method developed here. In the Green’s function diakoptics approach, the configura-
tion is decomposed into computational bricks, and the fields incident on and scattered
from a computational brick are captured through the use of equivalence principles.
The near-field (intricate coupling) and far-field (simple coupling) are effectively de-
composed in the Green’s function diakoptics approach, and thus, the computational

burden is reduced.
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Figure 6.2: The bistatic scattering cross section of five closed PEC cylinders due
to a TM. plane wave incident at 2% = 180°. [Rig345 = 0.1X, 01555 = 180°,
€12345 = 1, 12345 = 1, 71 = 0 =11, 19345 = 0.5\, ¥5 = 0, ¥5 = 90°, ¥4 = 180°,
U5 = —90° and 6PV = 180°]
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Figure 6.3: Numeric verification of boundary condition (2.9a) on the surface of the
first CLR; i.e., E, vanishes on the PEC strip. [R; = 2.5\, Ry = 3.75\, €12 = 2,
pre = 1, OFEC = 900, OFEC = 600, 7, = 0, ro = 10X\, ¥; = 0, ¥ = 45° and
o> = 180°]
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Figure 6.4: Numeric verification of (2.9b) on the surface of the first CLR; i.e., H,
varies continuously across the dielectric surface. [R; = 2.5\, Ry = 3.75), €12 = 2,
pro =1, 0YEC = 900, OFFC = 600, r; = 0, ry = 10X, 91 = 0, ¥ = 45° and 6P¥ = 180°]
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Figure 6.5: The near field distribution of a TM plane wave incident on the. [R; =
25)\, R2 = 375)\, €12 = 2, Hi2 = 1, HfEC = 900, GQPEC = 600, r = 0, To = 10)\,
Y =0, ¥9 = 45° and 6P = 180°]
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Figure 6.6: The near field distribution of a TM plane wave incident on a sawtooth-
shaped surface. [R17273 = 25)\, €123 = 1, Hi123 = ]_, 191’273 = 9()0, T = O, T3 = 5/\,
Y1 =0, 99 = 90°, I3 = —90°, 6°% = 180°]
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Chapter 7

Scattering from and penetration
into a multi-conductor cylinder

7.1 Introduction

This chapter reports the development of a rigorous numerical algorithm for a braided
cylindrical shield, based upon the MoR. The model under study is a braided cylin-
drical shield constructed by periodically placing an arbitrary number of PEC strips
of the same width on a dielectric cylinder as depicted in Figure 7.1. Numerical code
is developed to provide a prediction of the amount that an obliquely incident plane
wave will penetrate through the apertures into the cavity.

The structure considered belongs to the class of nonplanar frequency selective
surface (FSS) geometries. Periodic grids of PEC strips are often employed as polar-
ization selective surfaces in applications such as improving the radiation characteris-
tics of waveguide and antennas. In general, the PEC strips (when properly located)
reflect the polarization parallel with the strips while transmitting the polarization
normal to them. They have also been used to realize hard surfaces, which reflection
coefficient is independent for geometrical optics ray fields. The hard surface can be
used to reduce the forward scattering from the support struts in reflector antennas
(which may be well modeled by a circular cylinder). The two main aspects concerning
a braided cylindrical shield are that 1) the strips provides shielding for an interior
cable against external disturbances, 2) the strips form a part of a transmission line
with a core conductor as the cable. We consider the former aspect in this chapter,
while the latter is considered in Chapter 8.

The scattering problem by such a braided cylindrical shield has been widely stud-
ied using various techniques. The literature on the problem is extensive, some ex-

amples of reported studies are given below. A resonant mode expansion has been
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Figure 7.1: Cross-sectional view of a periodic braided cylindrical shield.
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developed in [20] for the diffracted field by slit coupled cylindrical cavities with inte-
rior loading. The problem was studied in [16] using the characteristic mode theory
coupled with the MoM, for a cylinder with a limited number of strips. In [35],
the asymptotic strip boundary condition (ASBC), which approximates the boundary
conditions directly to simplify the analysis, has been applied to study this multi-
conductor problem, when the distance between each strip is small enough for the
approximation. Shumperts and Butler approached the penetration of both TM, and
TE, waves through multiple slots in conducting cylinders from the MoM perspec-
tive [67, 68]. The technique of using integral equations directly has also been used
extensively, many papers of the literature are listed in [92, 93]. In [22], a combined
boundary conditions method is used to calculate the field inside and around a circular
cavity with longitudinal slots. To the best of our knowledge, none of the reported
works deal with the oblique plane wave incidence problem.

Previous study under the MoR, as detailed in [84, 85], has considered the potential
problem of a toroidal shell with 2M azimuthal cuts. The formulation for the problem
with two symmetrically placed apertures involves reducing the series equations ob-
tained from the MBC to a set of symmetrical triple series equations. The triple series
equations are then transformed to two sets of DSE, each accounting for the odd and
even unknown coefficients respectively. The transformation is achieved by exploiting
the following symmetry property and identity of the Jacobi polynomials when § = a:

P (=) = (1) P)(z)
['(n+ 1)1“(27'1 +a+1 +j)széa,j—%) (222~ 1) .
F'2n+1+4+j)I'(n+a+1)

Pt () =
For the problem with 2™ apertures, the process is repeatedly applied to the series
equation and halving the interval at each step, until the interval is reduced that of
the unit cell.

In this chapter, the MoR is extended to treat a cylindrical structure. The period-
icity of the structure along the ¢-direction allows us to restrict the analysis to only
one unit cell; 4.e., the one limited by the cuts ¢ = —7; and ¢ = ;. The proposed for-
mulation makes use of the identity involving the exponential function, instead of the
above two formulas, to restrict the analysis to considering only the unit cell. Under
the proposed approach, the mathematical formulation is greatly reduced and we can
now consider the scattering problem of a structure loaded with an arbitrary number

M of strips. In subsequent sections, the formulation for the oblique TM, problem
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is presented and the series representations of the surface current and energy are ob-
tained. As discussed in Chapter 4, the matrix operators for the scattering problem
of a TE, plane wave are the same as those for an oblique TE, problem. Therefore,
we omit the detailed derivation for the TE, problem. The RCS, surface current and
energy coupled into the cavity due to an oblique plane wave excitation are computed.
The shielding effects of structure with different parameters are compared. The for-
mulation can be readily adapted to other insightful problems, like that consisting of
the same structure with a conducting core inserted or that involving a multi-layered

dielectric cylinder.

7.2 Geometrical description of the problem

The structure under study in this chapter is a generalization of the CLR investigated
in Chapter 4, with its cross section depicted in Figure 7.1. A finite number M of con-
formal strips are placed on the surface of the dielectric cylinder, which is characterized
by its relative permittivity and permeability (€., u,). The strips are infinitely-thin,
perfectly conducting, equally-spaced and each has angular width 20°F¢. The multi-
conductor cylinder is illuminated by an obliquely incident plane wave, transverse
magnetic (TM,) to the cylinder axis. The plane wave is characterized by the polar
angle °% and the azimuthal angle 6°V, as shown in Figure 2.2.

The multi-conductor cylinder has a periodicity of Py = 277, where its periodic unit

et
complement by e (that is, the sections not shielded by the PEC strips). Without

loss of generality, suppose the conducting strips are symmetrical with respect to the

cell is the interval ( ). We denote the location of the strips by Qpgc and its

horizontal plane (i.e., the z-axis). To facilitate the reduction of the analysis to only

one unit cell, each of Qpgc and Q,per is expressed as a union of 2M subintervals as

M-1

Qppc = U pEC U Opkc » (7.1a)
a=0
M-1

Quper = | OL0 VO, (7.1b)
a=0
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where the subintervals are defined as

= (aP¢, ozP¢ +6"F9) | (7.2a)

toac = (la — 0" o+ 1]Py) (7.2b)

O er = (aP - QPEC [a+3] Py) (7.2¢)

U = ([a+ 1] P, o+ 1]P; — 67F) (7.2d)

fora =0,1,...,(M — 1). We recall that Py = 37 is the periodicity of the structure.

7.3 Problem formulation

The first part of the formulation for this multi-conductor cylinder is exactly the
same as that of the single strip CLR problem reported in Chapter 4, with the only
difference being Qprc and {2y, now each made up of multiple disjoint intervals. We
adopt exactly the same notations and series representations as those for the CLR
problem; i.e., the field components of the obliquely incident TM, plane wave are
given in (4.1), while the longitudinal-components of the scattered field in region 0
and the transmitted field in region 1 are given in (4.3) and (4.4), respectively. The
transverse components of the secondary fields have expressions written in (4.5) and
(4.6).

Consequently, we obtain the same set of series equations as given in (4.23), (4.24),
(4.30) and (4.31) upon enforcing the MBC, except that for the current multi-conductor
cylinder, the first pair is defined on the multiple disjoint intervals of Qpgc defined
n (7.1a), while the second pair is defined on the multiple disjoint intervals of Qaper
defined in (7.1b). In addition, the electromagnetic energy contained per unit length
of the multi-conductor cylinder has the same series expression as given in (4.9) and
(4.10). Therefore, the unknown expansion coefficients encountered for the multi-
conductor cylinder problem belongs to the same solution class as those for the single
CLR problem considered in Chapter 4; i.e., they satisfy the the Fejér’s Tauberian
condition (D.4). To avoid repetition, we begin our analysis by looking at the series
equations obtained from the MBC.

The azimuthal periodicity of the multi-conductor cylinder suggests that the regu-
larization process can be reduced from the consideration of the series equations defined
over the entire contour to those defined over the single periodic unit cell ( VR 1\774)
The ordinary Floquet formulation often applied to (planar) periodic structure is not

directly applicable to this scattering problem, because the oblique plane wave (or
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any other incident waves usually considered) does not satisfy the azimuthal Floquet
condition, which requires all the field components to satisfy f(¢ + Py) = e/ f(¢),
for some constant C'. However, by exploiting the identity involving the exponential
function, the set of series equations defined over entire contour can be decoupled
into M independent sets, where each set is defined over the single periodic interval
(—ﬁ, %) Each of these M sets of series equations can subsequently be regularized
and transformed into a pair of 2-by-2 block matrix equations of the second kind. In
other words, we have decoupled the problem into 2M matrix equations to be solved
independently. Most of all, for a predetermined accuracy of the solution computed,
the truncation number N, required for each matrix equation is only one-Mth of that
for the single CLR problem in Chapter 4. That is, the computational cost of the
multi-conductor problem is independent of the number of the periodic PEC strips on
the cylinder. In fact, this multi-conductor problem may even be marginally easier,

since the matrix equations corresponding to different cells decouple.

7.3.1 Interval reduction due to periodicity

Similarly to Chapter 4, the four series equations are derived from the MBC on p = R.

On the surface of the strips, the total tangential electric field vanishes; i.e.,

lim (EY+ EY) = lim EY =0, (7.3)
p— Rt p— R~

: SC inc : tr
i (By + E}°) = lim EJ=0. (7.4)

Enforcing these boundary conditions, we obtain the following two series equations:

Z aWVo,el™ =0 (A), on Qpgc, (7.5)
Z {ag)pn + bg)Qn} 6jn¢ =0 (A) ’ on QPEC- (76)
On the other hand, for the interface not shielded by the PEC strips, we have
lim (H+ HP) = lim HY, (7.7)
p_>R+ p—>R7
lim (HY+ HP) = lim HY 7.8
pl)I]I{l-‘r ( @ + @ ) pl)rlr%l_ ¢ ( )
which result in:
S ol £ b} =0 (4), o1 Daper (7.9
S {2} =0 (A), onfe  (710)
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The coefficients appear in the above series equations are as defined in (4.25)—(4.27)
and (4.32)—(4.36); that is,

on :=Jn(k1R)H, P (k1 R) (7.11a)
jJ cos 6P¥ '2)

i =——"—=nJ,(k1R)H, R), 7.11b
P g (R (1 ) (7.111)
@n :=J" (k1 R)H P (k1 R) (7.11c)

o K2 , HY
L (1 =) (1 R)H P (11 ) ,(2)<““R) , (7.11d)
ko R K1 H,” (koR)
(2)
R0 2) Hn™ (ro )
su =L B) e H P o) g 8 (e
, H? (kR
tn i =€rkoJl (ki R)H, P (k1 R) — kyJo(ky RYH,® (k1 R) (2)( of)
n ("QOR)
cos? 2%k < /12) : H? (ko R)
+n?— 2 2 (1-2) J(kiR)H, P (k1 R)— | 7.11f
k3 R? K2 (k1 F) (=1 )Hn(z)(lioR) ( )
Noko cos O ')
Uy =N R Jn(k1R)H, " (k1 R)
— ﬂj' (K R)H/(Z)(I{ R)M (7.11g)
Moy PG 1 n 1 H;L(Q)(IioR) ) dlg
H;(Q) R
Zn =K1 Cn(KQR)% —d,(koR) (7.11h)
Hn (lioR)
We aim to reduce the set of series equations (7.5), (7.6), (7.9) and (7.10) defined
over the whole contour to the sets defined over the single periodic interval ( 1 A’})

This is achieved by exploiting the periodicity in ¢-direction, and the introduction of
new variable to shift each of the subintervals to one lying in the periodic unit cell.
We illustrate this manipulation by looking at the series equation (7.5) defined over
the subinterval O}, for some fixed a € {0,1,..., M —1}; i.e.,

Z Vo, e =0, ¢e (aPy, aPy + 675°) . (7.12)

By means of new angular variable, ¢!, = ¢ — aPy, (7.12) can be rewritten as
Z aWo, e/mPaeimls — ¢ e (0,67C). (7.13)
The series equation (7.13) holds for all values of « from 0 to (M — 1). On top of

that, the interval of (7.13) is independent of the values of a. Consequently, we can
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drop the subscript for ¢/,. In other words, there are M members of (7.13), each of
which taking a distinct value of a from {0,1,...,(M — 1)}. All these M members
are defined over the same interval (O, HPEC) and are interconnected as they all involve
the unknown {ag)} .

The next step ingglzves reformulating the M members of (7.13) to decouple them
into M independent series equations, as follows. We multiply the a-th member of
(7.13) by the factor em*s where m is some arbitrary real value, for each o =
0,1,...,(M —1). It is worth noting that this factor is non-zero and is independent of

the index n. By summing over all the a-th members of (7.13) fora = 0,1, ..., (M—1),

we obtain
[e'e) M-—1
Z aWo,, einéh Z elon=mPs — ¢ € (0,67EC). (7.14)
n=—00 a=0

Recall that P, = QM’T, the second summation is a geometric progression with ratio

eIm=mPs if the value (n — m) is not a multiple of M. Its sum is given by

M-1 M, if (n—m)=0(modM),
elaln—m)Ps _ { ( ) ( ) (7.15)

0, otherwise.

a=0

As a result, the M interconnected members of (7.13) are decoupled into M of

series equations in the form

Meja‘?y Z aSlnMooHrnM ejnM¢’ :()7 ¢/ € (0’ GPEC) ’ (716)
for a = 0,1,...,(M — 1). Each of these newly formulated series equations involves

only one of the non-overlapping subsequences of the original unknown, {afllje/[ +O‘}nez
fora=0,1,...,(M —1). They are therefore independent of one another. Effectively,
a discrete Fourier transform has been performed on (7.12). The factor Me’®® is
omitted from the following.

Similar deduction can be applied to the remaining series equations. Consequently,

the analysis is reduced to the consideration of M independent sets of series equations

defined over the unit cell (—ﬁ, %), which a-th member is the following set:
> a0l arOasnar "M =0 (A), (7.17a)
> {ailinMpamM + billanamM} MY = (A), (7.17b)
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for ¢/ € (—OYEC, PEC) | while

> {az(xllnMraMM + bginMSamM} "M =0 (A), (7.17¢)
L) (1) jnM¢ _
Z aa+tha+nM + ba+nMuOt+nM + ZagnM ¢ € =0 (A) s (717d)

n=—oo

for ¢ € (=%, —6""C) U (#"FC, ). These M sets of series equations are inde-

"M
pendent, as each set involves only the subsequences {agj\)/[ o bg& +a} , for index
nez

a=0,1,...,(M—=1).

These reformulated M sets of series equations can be alternatively derived by
representing the incident field as a sum of M fictitious fields: E™¢ = Zi/[:_ol elnc,
where the set {eglc}ii_ol are assumed to be mutually orthogonal on (—, ) and each
satisfying the condition € (p, ¢ + P,) = e’ (p, ) e*Fs. Therefore, each of these
fictitious fields e satisfy the Floquet periodicity condition. We write the secondary
fields induced by each e when the fictitious field is assumed to be present by itself
as €}, and h®. It has been shown in [8] that, € and h? also satisfy the Floquet
periodicity condition. As the secondary fields induced by the incident plane wave
E"¢ are simplify the sum of all €5 and hS, for a = 0,1,..., (M — 1), the scattering
problem with incident field E™ can be decomposed into M independent problems,
each with el as its incident source, for some o =0, 1,..., (M — 1).

By writing ¢ = M¢' in (7.17a)—(7.17d), and ¢y = MOTEC, these series equations

can be rewritten as

i aSJ)rnMOa+nM /" =0 (A), (7.18a)
i {aillnMpa+nM + bfflanaMM} e =0 (A), (7.18b)
for ¢ € (—¢o, ¢o), while
f: {a&llnMrn + b((le)rnMSaJrnM} " =0 (A), (7.18¢)
i {az(le)rtha+nM + b g tlasnnr + Za+nM} e’ =0 (A), (7.184)

for ¢ € (—m,—¢0) U (¢po, ), « =0,1,...,(M — 1). Therefore, each of these M sets,

which are now rewritten in a same form as the set encountered in Chapter 4, can

143



be converted to a second kind ISLAE, upon upon the introduction of appropriate
asymptotically small parameters. A single 4-by-4 block matrix equation is obtained,
as opposed to the pair of 2-by-2 block matrix equations derived in Chapter 4. This
is due to the fact that for h,, = {0n, Dn, Gns Tns Sns tn}y Rasnns 7 Ra—nnr, for non-trivial

values of .

7.3.2 Introducing the asymptotically small parameters

To convert the series equations to those involving the trigonometric functions and thus

halving the interval to (0, 7), we introduce the following notations for n = 1,2, ...

&173 —GSJ)rnM + agzllnM ’ y((xlrg _a(()zj-nM - a’t(xl)nM , (7.19a)

gr)b =boinnr T balnns y(()?rg _baJrnM - baan ) (7.19b)
o) 3:% (Oasnms + Oa—nnr) o) —% (Oasnd — Oa—ni1) (7.19¢)
i) %(pa+nM + Pa—nir) pi) ;(PamM Pa—nM) (7.19d)
K ;(qa-&-nM + Ganat) e %(qa—&-nM Gantr) (7.19¢)
i) %(TaJrnM F Tomnt) 5 () %(rMnM Fomit) | (7.19f)
3(a+) %(S(X-i-nM + Sa—nM) , S&;) %(SQJFHM Soa—nM) (7.19g)
t$) :—% (tasntt + tanat) | £ —% (fannt — tacnnr) | (7.19h)
ull) ;(ua+nM + Uanni) ul) ;(uMnM Uant) (7.191)
2 :Z% (Zatndt + Zannt) » 20 :% (Zasndt — Zant) - (7.19§)

Therefore, by exploiting the symmetry of the subintervals (—¢g, o) and (—7, —¢pg)U
(¢o, ), we can reformulate (7.18a)—(7.18d) as

Tog0a + Z znols) + ol cosng = 0(A), ¢ € (0.40),  (7-20a)
o+ Bt 2o+ S [ + )
n=1
\ raiul) +yiul,) + )] cosng = 0(A), ¢ € (9o, ), (7.20D)
4 o
S 006 + ylpl) + 2 @) + u2al] sinng = 0(A4), ¢ € (0,60),  (721a)
n=1
worl) + S + 2 )s) + ysi)] sinng = 0(A), ¢ € (¢o,7),  (7.21b)
\ n=1
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P + 1040 + Z [0S + ypls)

n=1
+:c£33qgn> +y§2qgn>] cosng =0 (A), ¢ € (0, ¢o), (7.22a)

So)ra + 'raO Sa + Z an om alrz gm)

( +x§3,3 &T) +yPs cosng =0 (A), ¢ € (¢o,m),  (7.22b)

> [a06l) +yllol sinng =0 (4), € (0,¢0),  (7.23a)

n=1

> [t + oyt + el + yQuly)

n=1

+n2)]sinng =0 (A), ¢ € (do,m).  (7.23b)

Due to the reflective property of the Bessel and Hankel functions, we can see
that for n = 1,2,..., if we have h, = {0, Gn, Sn,tn}, then ho_pnyr = hpar—o. On
the other hand, when h, = {p,, s, u,}, we can see that ho_pny = —huar—o. From
the asymptotic behaviors (when n — +00) of {04, Dn, Gn, T'n, Sns tns Un by given in

(4.43a)—(4.43g), we can deduce the magnitudes of the newly introduced parameters

{ofm), pgi), q&ﬁ), T&n), sgi), ((m)}oo , for large order n:
n=1
: 2 2
W __J ol 7.24
Oan k1R { * (M2n2 ’ (7.24a)
0, for a =0,
(=) — 2 P2
Oun = R 724b
O (]/\}12 2) , otherwise, ( )
n
0, for a =0,
() — w 2 P2
Pan’ = cost? kiR , (7.24c¢)
W {1 +0 <M2n2> } s otherw1se,
Mn cos 6P K2 R?
(-) _ 2D PRy Gt 7.24d
Pon' = Thofi1 k7 R2 { i (M2”2> } 7 ( )
i Mn K2 R?
+) — _J 1Lo|[ 2 7.24
Qom kI R2 { + (M2n2) } ’ (7.24e)
0, for a =0,
(=) — ; 2 2
don’ = ]Of /ﬁ?lR . (724f)
7T/<1R2 {1 +0 (M2n2) } , otherwise,
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0, for a« =0,

(+) — 2 P2
rH) = 7.24
o @) <]T412}7%1 2) , otherwise, (7.24g)
W 2 P2
(o) _ _ cos ov /@0 ] kiR 94l
Tom p—" 2 +0 ez ) (0 (7.24h)
- (2 2
e 0) 21 1 24i
MlR( i 1>{ +O<M”2)}’ (7241
0 for a = 0,
7.24j
M2 2 , otherwise, (7.24)
jCMn kIR?
1 — .24k
o R? +0 M?2n2 ’ (7.24k)
0, for a =0,
K2 R? (7.241)
1 .
WKORQ M2n2) , otherwise,
0, for a =0,
_acos 0ok (14 1) K2 R? _ (7.24m)
—-yes 140 ez ) otherwise,
oy nMcosfPmoko (1 + 1) K2 R?
= 1 — .24
! K R? o M?n2) ]’ (7.24n)

where (:=1+ 61:—§ — cos? 6P (1 — :—é), as defined in (4.44). Correspondingly, the
1 1
following asymptotically small parameters are introduced, where we use an accent

(7) to distinguish these asymptotically small parameters from their corresponding

coefficients:
ol =1 — jmriRoll), (7.25a)
0, for a = 0,

o) = (7.25b)

jrr1Ro,), otherwise,
1, for a =0,

5(H) — 2 P2

Por’ = R 7.25¢
1— % ) otherwise, ( )

a cos 67
2 P2
~(— ok RT
L) =1- W cos O°° o (7.25d)
2712
- JTRTR
i) =1- T (7.250)
1, for a =0,

(=) — 22 7.25f

Qo R (7.25f)
1— Wm—lqgm , otherwise,
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0, for a = 0,

) = ekt 7m1R2 ) otherwise, (7.25g)
1+ Ml—
R
) = L ), (7.25h)
cos 2" <1 - %)
1
TR R
) =1 - T, (7.251)
1+ Ml—
0, for a = 0,
) — TR R ;
Son = &1233 ) otherwise, (7.25)
14 M17
- R?
i =1 - ‘%t&ﬁ, (7.25k)
n
1, for a =0,
1) = ko R? 7.251
QAL t) | otherwise, ( )
Cov
1, for a =0,
() —
Uy, = 2R? 7.25m
+ i oW ult) | otherwise, ( )
Nokoc (1 4 p1) cos 0%
2
i) =1 Ut ) (7.25n)

epw Yoy -

+
noko (1 + 1) Mn cos 6

R2
e 2) asn — +00.

By substitution of them into the four sets of DSE given in (7.20)—(7.23), the sets have

a similar form to those given in Chapter 4.

Each of these newly introduced parameters has an order of O <

S&aa+2 (1= a5)) + 5868, cosng =0, 6 € (0,¢p), (7.26a)
20t 4 0 + Zo + Z O (1 -i%)
n=1
) (1-15) % Fal) (L= al)) 7
() (U =al)) o+ 2] cosng = 0, ¢ € (¢o,), (7.26D)
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- ~(— ~ «
> [al (1 =BG T+ (L= B 11

n=1
a2l (1= ) 7+ o (L= )| sinmo = 0, ¢ € (0, 60), (727a)
PN PO vy + 2G50+ ) (1= 30))]
n=1
L X sinng =0, ¢ € (¢o, ), (7.27b)
1 - «Q
(gz())pa + xa())Qa + Zn [$ 1 1 - pan)) M_TLT
+y5) (1 —15373) T+al) (1-45))
) (1= 45)) 77| cosno = 0. 6 € (0, 0), (7.289)

o0

)T + T osa+z [2GrS) +yl (L =75)) v

\ +2?) (1 — s((m)) + y@ Em)] cosng =0, ¢ € (¢o,m), (7.28b)
( oo
> [80l) + i) (1= a))] sinne =0, ¢ € (0,¢0), (7.29)
n=1
> [l (1= 7)) 7+ ol (1 =2 + 22 (1= )
@) (1= ) < + 25| sinng =0, 6 € (o, ). (7.20b)
\ Mn
In the above series equations, ¢, 7 and v are as defined in (4.50a); i.e.,
Mo cos 68 (1 + ) K _ _JcostEY _ (k2 — K2) cos 6P (7.308)
JCK? ’ Mot o (K% + prkg)
while 6u, Pas Gos Tas Sas tars Tas 2o and {z&jﬁ)} are defined as:
n=1
N ‘ _ k2 R? N TK2R?
O :=JTK1R 04 , D :—j ]\/1[ Da 5 (o = J ]\} Ja (7.30b)
SR 3R - ko R?
CRRE L LIS S (i LIS AP L L (7.30¢)
KT+ prKg kY + Rl (M
. R2 . R2 . R2
i .:”C’f_]\(} Uer s Z ;:‘% s ) ::JWCH—J& 2 (7.30d)

We can see that, each a-th set of these series equations in (7.26)—(7.29) involves
only the subsequences {xg%, y&’,{}m , for i = 1, 2. Therefore, each of these M sets are
independent for different values o?’zoz, and are solved separately by the MoR detailed
in Chapter 3.
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7.3.3 Regularization process and the ISLAE

For each fixed value of « = 0,1,...,(M — 1), we have the above four sets of DSE

to solve simultaneously for the unknowns {ng%, y((f)l} . Each of these four sets of

n=1
DSE are converted to a second kind ISLAE by the MoR. As all four of these DSE

involve the same unknowns {:1:87)1, y((f%} , the four ISLAE obtained separately are

interconnected, and can be written as ogg 14—by—4 block matrix equation of the second
kind.

We begin by considering the first pair of DSE given in (7.26). By making the
following replacement in (3.27): zp — 37,(118, Ty $((1172, a > gy, b = to, ¢ = 0,
d — ﬂa:rgo) 4+ Za, Sp > 0,(;2), t, — f&fl), €n > 6&;@&2, n > niMy&Q <1 —f&?) +

ygg <1 — ﬂ&?) <+ nngT)L <1 — u(+)> ¢+ 35 , and 1y — cos¢y = cos MOTEC the

(1 )

equation for the unknown z, is obtained as:

< (@), = 1—3
RON (o + 20) In (*5) N L+ %o (7.31)
a0 to ln(l wo)—éa \/_[t ln(1 wo)—éa}
XZ{ O () — o, ’)+y”[&n) M 1-1 >D
n

PO
D (- al)) ¢ — @0 (1 alh) ¢ — 2 } 1 (o)

an an M \/ﬁ

Similarly, from the other DSE involving cosine functions (7.28), we make the

following replacement in (3.39): zy +—> xfo), Ty x,(fg, a +— So, b= o, ¢ —

d — Pox &0), Sp > S&TL), by — é&ﬁ), en (1 — ﬁ(ﬂl)) ygm)v + 72l + ng)ygw?,

aO’

fn <1 —p“&:)) y&%r + 37 <1 —ﬁ&?) e 7 + i <1 — d&?) ygm, and g — cos ¢y =
cos MOTFC | the equation for the unknown a:((fo) is obtained as:

b In (12 1—
a:((fg ~ Paln (55 )a:(l) - Yo (7.32)

Ga ln(w“) — 50 " V2[Galn (H2) - 5]

O {0 =)+ (=) 0= (1= )7

A2) ] 2 560 o - )]} P,

+(l)

an

. «
7~ 5 (-

The two expressions above; i.e., (7.31) and (7.32), are related as they both involve

2. By substitution of (7.31) into (7.32), we can obtain an expression

for ZB( ) that is independent from :1:&8 With this expression, an expression for ZBSO)

the two of az's(;
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in terms of only {x,(;%,y&%} (for i@ = 1,2) can be derived subsequently by back
n=1

substitution. These two expressions are:

~(0,1)
W _ L (1 — %) {ga In (1 il ¢°> - ga} Fna(Y0) (7.33a)

8

o 2 5 -
( 1){ (1>+[(> %(1_]3&?)} wéln)}
i { (o) - 57 @I el + [0 =72 0 - (1) 7w}
e Jn ) ol + () - 567wt}

(2) T C M C S S C I _~<—>] (1)}
i { = (1= al) o)+ [35) = 17 (1= )| wl)

=208
50,1)
@ 1. (1=d\ [ (140 .7 Buii(to)
T —Qzaln( 5 )[paln( 5 Ta - (7.33b)
[e'e) ~ ) a .
#3 ( ) o) o+ [ — 5 )] wi)
wl {0 = 377 (=B e+ [0 =7 o = (=50 7] w2
@f__ ) ¢p@ (+) _ 5 (2)}
o) {—o- (1= i) o) + (3 - 55)
2 {= (105 @@ + [0 - = (1 - 5)] w2}
FHDD) |

In the above expressions, the parameters {véf,{, w&?@} (for i = 1, 2) are introduced
n=1

to simplify the expressions

w _l+oo [ (1460 ] B (@)
V) o= P Jo In 5 Sa — (7.34a)
5(0.1)
v == —lj;;o [ﬁa In (1 z%) - fa} —”\1/%%) , (7.34b)
(1,0)
wl) = 1\}‘25“ In (1 _2%) P"—\l/é%) : (7.34c)
20
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(1,0)
== 0 (152 o a2 ), (7340
0

where the constant o is defined as:
- 1— 1
0:= [taln( 2¢0) —504} X {cjaln( z%) —EQ}
1-— 1
—&aln< 2%) X [ﬁaln( 2%) —fa] : (7.35)

We have obtained series expressions for the two unknowns ! 3 in terms of {:vof%, ygf%}
n=1

(for i =1 2) Therefore, the values of xao can be calculated once the values of

{:Bg%,yg%} . (for i = 1,2) are known. We obtain the first infinite system in-

volving only these unknowns {xg%,y&%} (for i = 1,2) from the first pair of

DSE given in (7.26), by making the following replacement in (3.28): xg +— x&lo) :

Ty = T, @ By b oy ¢ 0, d 5 Gqzl) + Fa, S > 05K, te — 1o,

Cn > 6gan)yan; fn — _y(()m) (1 - t(()m)) +y£¢272 <1 - 'L(,( )) S+ ﬁx(grz <1 — u(()m)> §+Z(gm);

and 1)y — cos ¢y = cos MOYEC | as well as substitution of (7.33a) and (7.33b), which

leads to
(1) i) > 1) (1 =)
Vvmal) (1—11) + Mm\/ﬁyam (1—1)
gpVma, (L= 0) s+ vy, (1= i) s
+ Z Vi (0 { () — 0) Ty + [7S - 2 )] O}

A~

) { [0 - = (1- )] Toncis + (0= 78 0 = (1= 55)) 7] Ui |

o L (1= ) T+ ()~ 3) O

—|—y(2){ (1 al )) Ty 1n-1+t [ ) - Mn (1 - (j&;))} 07”*1’”*1})

s 1 (1 ] 2

toln (5522) — 6, 0 2

—fzé;+2fz+>Tm oy (7.36)

form=1,2,3,..., where

1 2 1 1 -
Tm 1,n—1 —QSLOM 1(1/}0) - l?aln((i;;ﬁ[;)— 6a {Eéaﬂa |:ﬁahl( Z¢O> —7:@:| +ta}
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: (7.37)

(7.38)

For the second ISLAE, we consider the DSE given in (7.29). By making the
following replacement in (3.28): vy, — y((wz , Sp > 0%), t, — E&?, gn > 6&71)95&1,2,
hy, — W:E&,% (1 — t&)) + nMy,S?,% (1 — u(+)> ¢ + 22 (1 — ﬁ&?) S+ 2((,”_1), and ¥y —
cos ¢y = cos MOTFC, we obtain for m =1,2,3, ...

@ 1 (1 _ i) 1) (1 _ §+)
Mm\/mwam (1 ty ) + Vmy,,, (1 Lo )

@) (1 _~() @ @) (1 _ ~(H)
+vmzy (1 Uy, ) ¢+ Mm\/myam (1 Uy, ) <

(0%

ORP _ =) W (7 — Y — 23 (1 = &)
+Z\F{ o [05) = 3 (1= B2 + ) (15 = o) = o) (1= i)
s (L= < QO ()
= —Vml) Y VREQN (@) (7.39)
n=1

From the DSE given in (7.28), we can obtain the third ISLAE by making the

following replacement in (3.37): xy +— xffg, Tn = 2D, a = Fa, b G, €

faxso), d ﬁaxffo), Sp > ng), ty — qN((JL), en (1 — 7’&?) y((m)v + réﬁ)xfxﬁ + s&n)yén),

Jn <1 - pﬁ?) YT + i (1 p&n)> TSAT + i (1 - fjé?f) yerl, and vy — cos gy =

cos MOPEC | as well as substitution of (7.33a) and (7.33b), which leads to
VmaD A+ myl) (1= 7)o+ vmal), (1-30) + vmy() 8

~ 2 - « ~
+ Z \/_ < an {( an OS;L)) Wm—l,n—l + [Tg{;) - m (]- - p(();))} Vm l,n—l}

i { [0 = 27 (=) | W + (1= F2) v = (L= 55) 7] Vit |

A

S (1= ) Wonras + (05— 33) Vi )

+z2) {
an n

+y(2) { (]- - ag{;)) ng—l,n—l + |:'§¢(3;‘L) - % (1 - (ng:z))] Vm—l,n—l})

H(1,0)
= é\/?(l - wO)éa In (1 _22/)0) (Cjafa - gaﬁa) m_l(d}O)
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+ 3 VnE W1 (7.40)
n=1

form=1,2,3,..., where

mel,nfl = (1 — ¢0)2 {laa In (1 - ¢0> (faqa - gaﬁa) - qa}

Goln (552) — 50 Lo 2
Pl (o) B (%) A
X m = n - Qm;l,nfl(wo) ) (7'41)
- ~ 1 5(0,1)
Wm—l,n—l Z:(T(XQa - Sap;) (1 - %)2 m,rln(l/}()) Pn{n(wo) . (742)

For the final ISLAE, we consider the DSE given in (7.27). By making the fol-

lowing replacement in (3.51): y, +— y((MZ, Sp > sﬁm), t, — q((,;rl), Jn > T&J,Z)yén) +

<1 - f&?) vr 350 25, by nMy((xlr? (1 — p&ﬁ)) T+ (1 - p&n)> T+Wx&273 <1 - d&?),
and 1y — cos ¢y = cos MOTEC, we obtain for m = 1,2,3, ...

vmag), (1= )wmam P ma s+ my) (1 5L0)
(1) N0y — (1 — 5 W) [+ _ ¥ (1 _ 5
+ Z \/_{ ) v (1 pom ) T:| + yan |:rom Mn (1 pom ) i|

o) [53:3 =2 (=) e (@) - 55 0N (@0)

= 0. (7.43)

7.3.4 Matrix operator form

In this subsection, we write the four interconnected ISLAE in matrix operator form,
for each a € {0,1,..., M — 1}. The resulting 4-by-4 block matrix operator can be

written as:

[I +¢I'—Ci+H CQ:| i;' = Z . (7.44)
Yo 0

e | FRE RS0 s 7450



| HsHa 00
A N (7o)
077070 s
TH _OW L RH _pH L 00 7O (T - RO)
+7 (T - 73(_))
To e U(I_R(_))T(+)_O(+) """" RE) _pH)
Co:= o (7.45¢)
+7(Z - Pl ))
oy Q(+)—S(+)—g(I—L{()) """ S o)
_g(I_u(,)) """ SH o) i U o) g+

To simplify the above, we introduce the following diagonal sub-matrices involving

the asymptotically small parameters:

O™ :=diag (o{})) . 0 :=diag (o)) , (7.46a)
(+)
1 - Man — . —
P ::%diag ( f > , P i=diag (»S,)) , (7.46b)
a 1— g5
Q) :=diag (¢}) , o) = diag - , (7.46¢)
R =diag (r{})) , R =diag (1)) , (7.46d)
S :=diag (s(})) , S i=diag (s(;)) , (7.46¢)
o 1—t5)
T :=diag ({})) , T ::Mdiag - : (7.46f)
(+)
1 - oan .
U :z%difig( n“ ) , U :=diag () . (7.46g)
The remaining symmetric and bounded sub-matrices are defined as:
[/Hl]n’m = Amfl,nfl ; [HQ]nm = Amfl,nfl ) (7.47a)
[H?’]n,m = i m—1n—1, [%4]n,m = Amfl,nfl 5 (747b)
N _AH1L0)
[H5]n,m '_mel,n71<¢0) ) [H6]n,m '_mel,nfl(qﬁo) ) (747C)

forn,m = 1,2, ... The column vectors x; and y; denote {\/ﬁxg ), \/ﬁy,(f) } , respec-
n=1

tively (for ¢ = 1,2). The right hand vector of (7.44) is made up of the column vectors

z1, Zo and z3, which denote the right side of (7.36), (7.40), and (7.39), respectively;

i.e.,

2], == —

V(1 + 0)5n {1 L ln(l—%) G )} e (o)
[e% 2 (0% «

o (50) — o | o
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—Vmz) + Y VnE T 1 (7.48a)
n=1

1 S T W & e 10
= VB = )t (50 ) G — ) 2L
+ Z \/EZ&TL)Wm—l,n—l ) (748b)
n=1
(25, = — vmz) + > VnERQNY 1 (g0). (7.48¢)
n=1

Following similar arguments as those given in Subsection 4.4.2, we can show that
(7.44) is a second kind Fredholm equation, and hence enjoys the same advantages
as those discussed in Chapter 3. The distinct feature of current problem, when
compared with that of the oblique scattering problem of CLR in Chapter 4 (where
only a single strip is included), is that in the final form of solution there are M infinite
systems to be solved separately. Each of these M systems is accountable for the
unknowns {x,(j%, yg%}oo X (1 =1,2), for a fixed value of a € {0,1,..., M — 1}. As the

asymptotically small parameters all have magnitude of order (%), as n — 400,

we can see that the truncation number N, required to achieve a desired accuracy for
{mg%,yg%}oo (1 = 1,2) is only one-Mth of that for the problem involving only a
single reﬂegt:i;g strip (M = 1). In other words, for a predetermined accuracy of the
computed solutions, the total number of series equations required (i.e., M x Ny,) is

independent of the number of PEC strips M.

7.4 Numerical results and discussion

7.4.1 Numerical validation

With the knowledge of the expansion coefficients {x&,{, yg’%}oo fort=1,2 and o =
0,1,...,(M — 1), the near field, surface current density and Tl%{:éS can be determined
and compared for the numerical checks of the algorithm.

Some internal checks have been conducted on the scattering problem by a multi-
conductor cylinder with three strips (M = 3). The tangential components of the
total electric field, E'* (recall that E, vanishes for normally incident TM, plane
wave), along the contour of the cylinder are plotted in the top figure in Figure 7.2.
Evidently, the z-components of the interior (solid red line) and exterior (dotted black
line) electric fields match perfectly over the entire surface of the cylinder, and vanish
on the PEC strips, which are located at the intervals (—30°,30°), (90°,150°) and
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(—150°,—90°). On the other hand, the bottom figure depicts the difference between
the ¢-components of the magnetic field across the structure’s contour. The boundary
condition on dielectric surface is confirmed here, as the difference is seen oscillating
around the value zero. The oscillation seen is a result of the Gibbs phenomenon, which
can be reduced by increasing the truncation number or by some series manipulation
to speed up the rate of convergence. As mentioned previously, there are various
different approaches applicable to suppress the Gibbs phenomenon: they include
Fejér’s method of summing Cesaro sums, e-algorithm extrapolation method, and by
extracting the square root singularities at the two edges of the strip at ¢ = +67FC,
explicitly. Alternatively, we can follow the approach described in Section 4.7 to obtain
a series expression with faster convergence rate than the original one. Here, truncation
number N, of 50 is used.

Several external tests have also been conducted. To examine the accuracy of the
solution over the boundary of CLR, the tangential components of the total electric
field F., are computed for a multi-conductor cylinder with two PEC strips, each of
angular width 80° (i.e., 0P5C = 40°). The absolute magnitude of E*' are computed
for the problem characterized by parameters R = 1, ¢, = 1, u, = 1, 67FC¢ = 40°,
M =2, kg = 27 and 0PV = 90°. It is worth noting that the total tangential electric
field vanishes at the two PEC strips as dictated by the boundary condition. The
curve is compared directly with Figure 2 in [28] which results were calculated using

MoM and boundary value method.

7.4.2 Numerical investigation

For the problem involving a multi-conductor scattered by plane wave, suppose each
of the ISLAE is truncated to Vi, equations. As a result, each of the 4-by-4 block
matrix equations has a dimension of 4 Ny,-by-4N;,. We can see that, for Ny, > k1 R/4,
the relative error of the unknown coefficients decreases as N, increases. Therefore,
it is only sensible to choose a truncation number of at least x;R/4, for a converging
solution. We can also see that this total number of equations, M x 4N, required for
a specific accuracy has about the same magnitude as that for the structure with only
one conducting strip (i.e., M = 1). However, a comparison of the condition number
for the ISLAE, when M = 1,2 and 4 in Figure 7.4 reveals that the system has a

higher condition number as M increases.
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Figure 7.2: MBC check for the scattering problem by a multi-conductor cylinder
with three strips when excited by a line source at the origin. [R =1, M =3, ¢, = 2,
pr =1, 0PEC = 30°, kg = 20, O = 0, ¢y = 0 and N, = 50]
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Figure 7.3: Comparison of the relative error of the ISLAE for differ-
ent M, as the total (truncated) number of equations M * N, increases.
[koR = 20,6, = 2, p, = 1,05C = 7 /6]
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Figure 7.4: Comparison of the condition number of the matrix operator for
different M, as the total (truncated) number of equations M x N, increases.
[koR = 20,6, = 2, p, = 1,0FC = 7 /6]
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7.5 Conclusion

The problem of a braided cylindrical shield with periodic apertures and dielectric
loading under the excitation of an oblique plane wave is considered. An algorithm
based upon the MoR is formulated, by making use of the periodicity of the structure
to reduce the formulation to one defined over the periodic unit cell. In the final step,
M non-interconnected systems of equations of the second kind are obtained, where
M is the number of strips. Each of these M ISLAE can be written as a 4-by-4 block
matrix equations and is subsequently solved numerically by truncation method. The
computed solution provides a rigorous analysis of the shielding effect of the braided
cylindrical shield.

The numerical analysis first deals with the verification of the algorithm. The tan-
gential components of the electric and magnetic fields on the surface of the scatterer
are computed to verify the satisfaction of the MBC. The solution computed is also
shown to be convergent and stable. To examine the effectiveness of the braided cylin-
drical shield, the transmitted field inside the structure is calculated as a function of

the number and width of the strips as well as the dielectric constant.
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Chapter 8

Hybrid mode analysis of a
multi-conductor microstrip line

8.1 Introduction

The shielding effect of a braided cylindrical shield exposed to an external excitation
has been investigated in previous chapter, Chapter 7. It is our goal in this chapter to
study the aspect of a braided cylindrical shield as a part of a transmission line (thus
forming a cylindrical multi-conductor microstrip line). The MBVP associated with a
double-layered, shielded transmission line, which inner interface consists an arbitrary
number M of PEC strips, is formulated in terms of a rigorous hybrid electromagnetic
mode (HEM) representation.

From substrate permittivity measurements to microwave filters, splitters, baluns,
transition adapters, and impedance transformers, the applications of multi-conductor
transmission line are vast. The investigations on multi-conductor transmission lines
have been a topic of interest for a few decades, and have used a variety of techniques
including the conformal mapping approach [26, 48, 60, 95], the MoM [3, 54, 72|, the
FDM [19, 13, 64], the iterative approach [10], the FEM [39, 38|, etc. Reported work
on this subject can be classified into two categories: quasi-TEM approximation and
hybrid-mode analyses. The quasi-TEM assumption provides acceptable approximate
results only in some circumstances, e.g., when the structure dimension is a lot smaller
than half a wavelength. For higher frequency bands (e.g., millimeter wave bands),
hybrid-mode analyses is needed to provide accurate prediction of the dispersion char-
acteristics. However, due to its complexity, there are a lot less reported hybrid-mode
analysis of this type of multi-conductor transmission line.

As opposed to many of the approaches mentioned above (which are purely nu-

merical), the analysis presented in this chapter is based on the MoR without any
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a priori simplifications. Following a similar formulation to that for the scattering
problem of a multi-conductor cylinder considered in Chapter 7, the spectral problem
of the multi-conductor transmission line problem can be equivalently reduced to the
problem of determination of the propagation constant k. from the M resulting matrix

equations by solving for the eigenvalues of the following characteristic equation
Aa (k)] (k) = 0, (8.1)

fora =0,1,...,(M —1). Here, x is the corresponding characteristic vector, and A,
is the a-th matrix operator derived from using the MoR on the ill-conditioned series
equations. It is worth noting that each matrix operator, A, for « =0,1,...,(M —1),
is a compact perturbation of the identity matrix operator. As has been discussed in
preceding chapters, due to this, the accuracy of the results computed is guaranteed
and the numerical algorithm is well-conditioned. The numerical analysis concentrates
on the finding of the cutoff frequency (the lowest frequency for which the unattenuated
propagation occurs) of such a line. Numerical results of frequency-dependent effective
dielectric constants are given for different number of strips, relative dimension of the
interior cylinder and dielectric constants of substrates. A shielded transmission line
is assumed in the problem formulation for simplicity, although the approach can be

extended to the open waveguide problem.

8.2 Geometrical description of the problem

The cross-section of the multi-conductor transmission line considered is shown in
Figure 8.1. The outer circle represents a cross-section of a PEC cylinder of radius
Ry, while the interior circle represents the contour of a multi-conductor cylinder of
radius R;. Both cylinders are assumed to be parallel to the z-axis and uniform in the
z direction. On the surface of the interior cylinder, a finite number M of conformal
PEC strips are placed. Similar to the assumptions made in Chapter 7, the strips are
assumed to be equally-spaced, infinitesimally-thin, and each has the same angular
width of 26PEC.

We denote the region between the outer and inner cylinders as region 1, while
the region inside the interior cylinder as region 2. Although it offers great advantage
of low dielectric loss, an air-filled version of the line is difficult to construct as the
inner cylinder (which consists multiple PEC strips) will then have to be suspended.
Therefore, unlike the scattering problem in previous chapter, where the outer region

is supposed to be free space, we do not assume that region 1 is air-filled here. The
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dielectric materials in region 1 and 2 are assumed to be lossless, isotropic and ho-
mogeneous. We denote the relative permittivity and permeability of region 1 and
2 as (€1, 1) and (eq, o), respectively. Due to the presence of different dielectrics,
the field distribution is a combination of TE and TM modes, which is referred to as
hybrid electromagnetic mode (HEM). The electric and magnetic field components are
denoted with superscript (1) inside the cladding (region 1), and with superscript (2)
inside the inner core (region 2). The superscripts (1) and (2) are used, instead of (0)

and (1) adopted in Chapter 7, to avoid confusion with free space parameters.

Figure 8.1: Cross-sectional view of a multi-conductor transmission line.

8.3 Problem formulation

Due to the periodicity of this multi-conductor transmission line, the Floquet formu-
lation can be applied directly to the series representations of the field components.
However, as there is great structural similarity between the line considered in this
chapter and the scatterer studied in Chapter 7, we have chosen to adopt the same ap-

proach as that in previous chapter for consistency; i.e., by making use of the identity
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for exponential functions. We have adopted the same notations and series representa-
tions as those employed in previous chapter, where possible, in our formulation here.
The series equations derived from the MBC, and the final matrix equations derived
from the application of the MoR are the homogeneous forms of those obtained in
the scattering problem in Chapter 7, with some of the asymptotically small parame-
ters redefined. To avoid repetition, the detailed derivation of the final block matrix
equation is omitted.

For this shielded transmission line, we denote the z-components of the fields in

each region as:

0 = |0y B (1) 2) jng
EN (po) =) |a} 1D (i) + e dn(k1p) H, 7 (R Ro) | €7 (8.2a)
n=—oo L n \RK1ivg ]
0 = [ HE (m1p) 2) | ino
Hz (p7 (;5) = Z bn m + dan(Hlp>Hn (K1R0> € s (82b)
n=—o0 n (RF1ltq ]
E® (p,¢) = Z al?) T (k1p) H,? (k1 Ro)e’™ | (8.2¢)
H (p,¢) =Y b T (k1p) H,P (k1 Ry)e™ (8.2d)

The unknowns {agf ), bgf ), Cns dn} (1 = 1,2) are evaluated by applying the boundary
neZ
conditions on the contours of both cylinders (where p = Ry or R;).
As the transmission line is shielded, the tangential components of the electric field

vanish on on the contour of the outer cylinder; i.e.,

lim EY (p, ¢) =0, ¢ € (—m,m), (8.3a)
p—Ry
lim B} (p,¢) =0, ¢ € (—m,m). (8.3b)
p— Ry

At the same time, the tangential components of the electric field are continuous

across the contour of the inner cylinder; i.e.,

lim B (p,¢) = lim B (p,) . ¢ € (—m,7), (8.4a)
p 1 p 1
lim, B (p.¢) = lim EY (p,0) . ¢ € (—m,m). (8.4b)
P 1 P 1

We can eliminate four out of six unknown coefficients by substituting the series

representations given in (8.2) into (8.3) and (8.4), then equating termwise; i.e.,
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{aS),bS), cn,dn} can be written in terms of {ag),bg)} . From these conti-
ne”L nez
nuity conditions, we derive the following relations:

(lg) Cgll (IilRQ) 72 (IilRl)H,(Q) IilRO /H IilR[)) s (85&)

bnl) dnl) n( ) 7(1 ("ilRl) (85b)
(2)

¢, = n J (KJQRI) . ) ( )H (HlRo) 7 (85(3)
19 (/‘ilRo)

(2) 2 ’(2)
nan ' B K1 2) H2k1 o H, " (koRy)
dp =|—=|1—- Jn (ko R b J (koRy)| ——=—, (8.5d
L%MmlRl ( Fv%) (RaBa) + 67, e ) 92 (8.5d)

where the denominators 19,(11) and 19,(12) are defined as

I =Ju(k1R) H (51 Ro) = Ju(k1 Ro) HP (k1 Ry) (8.6)
0P =J" (k1 Ry)H? (k1 Ro) — J'. (k1 Ro) H? (k1 Ry) . (8.7)

In the above equations, we have introduced the normalized propagation constant

= k. /ko'. The unknowns {an b

as Well by substitution of (8.5¢) and (8 5d) into (8.5a) and (8.5Db):

can be expressed in terms of {a,(f), bg) }
nez

n

afl) = = a® (k1 Ro) HP (k1 B) Ju (B ) H 2 () [ 041 (8.82)

) 2
b = — [M (1 _ ’f_;) Jn(KaRy) + bg)%%(@&)
Jnopa k1 Ry K3 Hakz

H (2)</€2R1)J/ (HlRo)H (HlRl)
0

(8.8D)

The above representations (8.5¢), (8.5d), (8.8a) and (8.8b) hold when both of the
denominators, 9V and 19,(12), are non-zero for all integer values of n. When either of
them vanishes for some n € Z, the representations above take slightly different forms,

and are considered in next section. It is worth noting that the conditions

—

9
9

2)

0, (8.9)
0 (8.10)

are, respectively, the characteristic equations for the TM, and TE, modes for the coax-
ial line which consists of a central conductor of radius R;, surrounded by grounded
one of radius Ry, and filled with dielectric material of relative parameters (e, p1) (see
the left figure in Figure 8.2).

IFor the scattering problem with an obliquely incident plane wave, 3, = cos 2%.
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Therefore, similar to the previous scattering problem, we have only the unknowns
{ag), bg)} left to be determined from the MBC given below:
nez

lim E® (p, ¢) =0, ¢ € Qprc, (8.11a)
p—Ry

hm7 E(E)Q) (p7 ¢) :Oa ¢ S QPEC7 (811b)
p— Ry

lim H (p,¢) = lim H® (p, ), € Qaper, (8.11c)
pHRT p—Ry

lim H (p,¢) = lim H (p,0) , ¢ € Quper, (8.11d)
p— R} p—R;

where Qppc and (2,pe are portions of the boundary €2 of the inner cylinder as defined
in (7.1a) and (7.1b).

The set of series equations derived from the MBC for this transmission line bears
great similarity to those obtained in Chapter 7 with [, replacing cos ®¥ and R,
replacing R. The main differences between the two problems lies in the definitions

of the parameters {ry,, Sp, tn, Un} and the absence of external excitation (which

nez’
is summarized in the parameter {z,}, ., previously). From (8.11a) and (8.11b), we

have
Z o, =0 (A), (8.12)
> {aPpn+bPq.} e =0 (A), (8.13)

n=—oo

for ¢ € Qpgc; while from (8.11c) and (8.11d), we have

> {aPr, s, e =0 (A), (8.14)
> {aPt, +bPu, b =0 (A), (8.15)

for ¢ € Quper. The coefficients {on, pn, qn},cz are as defined in (4.25)—(4.27); that is,
for all n € Z,

0n =Jn(kaR1)H, P (koRy) | (8.16)
jnﬂz (2
ni=—— J (ke R H ® (ko Ry) 8.17
p Toflaka Ry (2 1) n (2 1) ( )
Adn 2:J;L(H2R1)H;(2) (:‘ile), (818)
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whereas the coefficients {r,, s, t,, un}nGZ are redefined as

Jjnp. ki (1)
=" (11— Jn(ko R H R 8.19
770#1/1131( "@%) (2R H P (2 fi) 227 o1
/ K !
Sn ::Jn(ﬁzRﬂHn@)(@Rl) - 52 ﬁl Jrlb(@Rl)Hn@)(@Rl) ’Vr(bl) ] (8.20)
172
tn :=€ar J} (raRa) H\®) (5 Ry) — exia (ko Ry ) H,P) (ko Ry) 2
n262/{2 KJ% ,
1= 50 T (kRO H' @ (k0 Ry ) D) 8.21
+M11€1R2( ﬁ%) CaFa) o™ a B e o2
un:z_njﬁl-:—n;:l {anmﬂ;@mmn TR ()0 | (3.22)
21t

In the above, we have introduced the following for neater expressions

'(2)

’%(11) Jn(ﬁlRl)H (HlR ) J! (FLlRo) (FLlR ) ’ (823)

I (ki Ry Ho™ (k1 Ro) — J4 (k1 Ro) H (k1 Ry)
7(2) (HlRl)H (/ilR[)) J (HlRQ)H (/ilRl) (8 24)

" (IilRl) (IilRo) J (IilRo)H (Flel)
That is, to incorporate the effect of the external shield, we have replaced the ratios

(2) '(2)
1{"22 (51 7) H’z; (k1 R) (which occur in the unbounded scattering problem in Chapter
H,\? (51 R) Hy” (k1 R)

4 and Chapter 7) with %(11) and %(12), respectively, provided 19%1),19%2) # 0, for all
n € Z. The circumstances when at least one of 19%1), s vanishes, for some integer n,
are considered in the next section.

The series equations obtained from the MBC, as given in (8.12)—(8.15), are defined
over (ppc and (upe,. Following the same approach as that in Chapter 7, this set of

series equations can be reformulated as M independent sets defined over the periodic

s
MM

the second kind. Before giving the mathematical formulation to arrive at this final

unit cell ( ) which are subsequently regularized individually to an ISLAE of
matrix equation, we will first look the circumstances when [, permits propagating
(TM, or TE,) modes in this multi-conductor transmission line that are closely related
to those of a coaxial transmission line and those of a metallic waveguide. These
propagating modes are present when [, permits coexistence of the TM, (or TE,)
modes for the two closely related fundamental waveguides, at a particular wavelength
A. The eigenvalues of these modes are independent of the number and angular size
of the strips, which affects only the set of series equations given in (8.12)—(8.15). We
first outline the eigenvalues corresponding to these modes in next section, then the M
infinite systems of the second kind derived from (8.12)—(8.15) are numerically solved

for the additional eigenvalues of the problem.
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8.4 Relationship with the coaxial line and circular
metallic waveguide

We observe in this section, the connection between the eigenvalues for the consid-
ered inhomogeneous, multi-conductor transmission line to those of the closely related
(homogeneous) coaxial line and dielectric-filled metallic waveguide. The geometry
description of these two basic waveguides are given in Figure 8.2. The coaxial line,
depicted on the left hand side of Figure 8.2, is formed by two PEC cylinders of radii
Ry and R, (where Ry > R;), and is filled with the same material as that in region (1)
of the multi-conductor line; i.e., dielectric loading with relative parameters (e, p1).
The metallic waveguide, depicted on the right hand side of Figure 8.2, is a closed cir-
cular waveguide of radius Ry, the interior of which is loaded with the same material

as that in region (2) of the multi-conductor line; i.e., dielectric loading with (e, p2).

Figure 8.2: Geometry description of the corresponding coaxial line and homogeneous
metallic waveguide.

For fixed wavelength A and some specified problem parameters Ry 1, €12 and 2,
and when [, is such that one of the two separate circumstances below takes place,

the fields do not vanish in the multi-conductor line:

1. both 9%y and Jno (K2 Ry1) vanishes, for some integer ny,
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2. both ¥\2) and Jy,, (k2 RRy) vanishes, for some integer ng, when at least one of the

following holds:

(a) €1pn = €apta,
(b) B.=0,

(c) no =0,

(d) 0% =0,

3. det [A,(8.)] = 0, for at least one of a € {0,1,..., M — 1}, where A, is the
matrix operator derived by the MoR from the a-th member of the set of series
equations (8.12)—(8.15).

We examine next the existence of non-trivial solutions to the multi-conductor
transmission line problem, corresponding to each of the above mentioned cases. The
two cases, (1) and (2), are mutually exclusive as only one of J,, (k2 R1) and J), (k2f21)

can vanish at a time. It is also worth noting that the conditions

Ino (K2 R1)
‘]7,10 (HgRl)

are the characteristic equations of the TM, and TE, modes of the metallic waveguide

(8.25)
(8.26)

0,
0,

in Figure 8.2.
We begin by considering case (1). From (8.4a) and substituting of the series

representation, we arrive at the relationship

(1) H,” (r1Ro)

ey,
Hr(zz)(/ﬁRo)

=a{P Jo (ko Ry H,® (ks Ry) . (8.27)
For n = ny, as 0% = Jno(K2R1) = 0, the dependence of ¢, on a?) given in (8.5¢) no
longer holds, and the unknown c,, becomes a free variable as we now have one less
equation. It is worth noting that the set of permissible values of 3, for case (1) to
occur is the values of 3, that permit TM,,, modes for both the coaxial line and the
metallic waveguide. The coexistence can be planted or removed by careful selection
of the dielectric loadings. For example, for Ry = A\, R = 0.5\, ¢ = 2.1, e = 1,
t12 = 1, and ny = 0, the coexistence occurs at 3, = 0.2206.
When 92 and Jy, (k2R1) vanish, we can derive from (8.4b) that

n kz 1 1 ’
. (—2 — —2) alP) Ty (k2 Ry H{P (ko Ry) = 0. (8.28)

no
Ry \Kk{ K3
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When none of case (2a) to (2c) applies, the above equation leads to a't) = 0. We
recall that k? = k? — k? for i = 1,2, therefore when €11, = €sp12, the factor (%% — ;T%)
vanishes, and we have one less equation to solve for the unknowns. It is worth noting
that, case (2a) corresponds to the homogeneous multi-conductor transmission line, if
we consider non-magnetic material where yi; o = 1. In other words, the coexistence of
the TE,,, modes for the coaxial line and metallic waveguide also implies a propagating
mode in the homogeneous multi-conductor line. When €¢; = €5 is considered, the
condition 19%20) = 0 reduces to requiring J,,(k1Ro) = 0. Therefore, by varying the
relative size of the radii Ry and R;, the propagating mode corresponding to this
situation can be postponed or brought forward. On the other hand, in case (2b),
where 3., = 0, we are considering pure TE, modes for the multi-conductor line;
while in case (2c), where ng = 0, the lowest order TEq modes for the coaxial line and
metallic waveguide are considered. In all of cases (2a)—(2c), the unknown ¢,,, becomes
a free variable for the multi-conductor line problem. When no assumption is made
on the dielectric loadings and propagation constant (3., propagating modes exist for

the multi-conductor line when we also have 19,(110) = 0; i.e., the coexistence of the TM,

and TE, modes for the coaxial line. Under this case, we have a%) = 0 from both of
(8.4a) and (8.4b), when n = ng. Therefore, we have at least one less equation than
the number of unknowns coefficients (if det [A,(5.)] # 0, we have exactly one free
variable).

The existence of all the propagating modes corresponding to cases (1) and (2) are
independent of the MBC on p = R;. The most difficult modes to determine are of
course those of case (3). At the values of 3, such that none of the cases (1) and (2)
occurs, the series equations (8.12)—(8.15) can be transformed into M infinite systems

of equations of the following form:

[Aa(B:)]x(8.) =0, (8.29)

where o« = 0,1,...,(M — 1), x is the vector consisting the unknown coefficients ,
A, is the a-th matrix operator derived by using the approach detailed in Chapter 7
and the MoR. This matrix equation has non-trivial solutions only for those values of
(. that make the matrix determinant vanish. These values of 8, can be computed
by using a root-finding procedure such as Newton’s method. In our computation
regime, the values of §, that correspond to case (1) and (2) are predetermined, and
subsequently excluded in the root-finding calculation for det [A,(5.)] = 0. We will

derive in the next section the modifications to problem formulation that are required,
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when at least one of the denominators 197(110) and 195?0) vanishes but none of the cases in
(1) and (2) applies.

8.4.1 Modifications to the problem formulation

The series equations (8.12)—(8.15) and their parameter definitions given in (8.16)—
(8.24) are only valid if 1921), 9 # 0, for all n € Z. Modifications to these equations
when n = ng are required if ?9%3 = 0 (for © = 1,2), where ng is some integer. We

consider the following three cases separately:
1. both 19%10’2) = 0, and none of J,,(k2R1) and J}, (k2R;) vanishes;
2. 19%10) =0, and both 19,(120), Ino (K2 Ry1) # 0; or

3. 0% =0, 9% # 0 and none of the cases in (2a)—(2c) in previous subsection

applies.

In case (1), from (8.4b), we have a'Z) =0 as 9% =0, and Cno 1s an unknown yet
to be determined from the MBC. Similarly, from (8.4a), we have b,(fo) =0 as 19%) =0
and a%) = 0, while d,, is an unknown to be determined from the MBC. Therefore,
we replace a,(fo) and 5530’ in the unknown vector x of the final matrix equation by c,,
and d,,. The following amendments are made to the parameters of (8.12)-(8.15) to

incorporate the changes:

Ong = Pno = Qng = Tny = 0, (8.30)

while redefining the parameters below:

Snp = (K1 R1) H, P (k1 Ro) — T, (k1 Ro) HP (k1 Ry) (8.31)
HI(Q)(KZlRo) /
by = — €1hr—an 20T (kR HP (k1 Ro) — Jng (k1 Ro)H,P (k1 Ry) |,  (8.32
: mH%)(mRO)[ (51 RO)HE (k1 Ro) = Jug (s R H, D (1 Ry) |, (8.32)
No O MoK /
Uny = — % (o (1 B 2 (11 Ro) = T, (11 Ro) H2) (1 Ry )| (8.33)
1411

In case (2), similar to the argument given above, as 9% = 0, we derive from (8.4b)

that a%) = 0, and replace affo) in the unknown vector x by c,,. Consequently, from

(8.4b), we have

oy ks oy (RaRa) Haiy (1 o)

dp, =b
0TI Ky 19220)

(8.34)

The amendments to case (3) follow in exactly the same manner.
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8.5 Regularized systems

Following the same approach as in Chapter 7 and utilizing the identity for the expo-
nential function, these series equations can be equivalently reduced to M independent
sets of series equations defined over the unit cell (—%, %) Each of these series equa-
tions can subsequently be rewritten in terms of the trigonometric functions to halve
the interval of consideration, as outlined in Subsection 7.3.2. The details of these
steps are omitted to avoid repetition.

The definitions for the parameters {on, pp, ¢n},c; are exactly the same as those
in Chapter 4 and Chapter 7. Therefore, we only look at the asymptotic behaviors

of the parameters {r&fl),sgﬁ, Ej},u&?} (defined in (7.19)). As n — oo, these

n=1
parameters have the following magnitudes

0, fora=0
(+) — : 2 2 P2
Tcm - z R . 835
70 ( — ﬁ) @) <£) , otherwise, ( )

Mo n?

: 2 2 P2
P20 (Y fy o (R L (8.36)
To K3 n
2 2R2
st = (1 +Jp1“—;> {1+0 (’{221)}, (8.37)
K3 n

0, for a =0,
S = (j o Z‘i) o </@ifﬁ) otherwise, (8.38)
2
$) = gw—n: {1 +0 (Ki]ﬁ) } , (8.39)
0, for a« =0,
torl = ;Z—(;OO (Ki}ﬁ) , otherwise, (8.40)
0, for a =0,
el = a(l+ju) {1 +0 <%) } , otherwise, (8.41)
ul) = Mn (1 + ju) {1 +0 (“i]ﬁ) } : (8.42)
where
=g et g (1-2). (5.43)

From the above observations, we can introduce the following asymptotically small
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parameters:

0, for a« = 0,
P — TRo R
an' = &2212 ) otherwise, (8.44a)
51
14+7=—= oY
R
fg;) 14 T K2 12 7,((1;)7 (8.44b)
i (1-3)
TR IR
i =1— 1‘73:“—.2#2;5533, (8.44c)
Y=
0, for a =0,
(=) — TR R
San = %s(m, otherwise, (8.44d)
. K1
1 + J ﬂlﬁz
~ ] R?
F4) — IR 8.44
an CM an ) ( e)
1, for a =0,
£ ik, R2 8.44f
o 1— ‘77”;1 L1 5) otherwise, ( )
a
1, for a =0,
~(4) R2
o = 1+ o ulH) | otherwise, (8.44g)
Mok1cx (1 +]M—i) B
R2
i) =1+ e ul). (8.44h)

mr (14 j2) Mg,

For each fixed «, four sets of DSE involving {xq(f),y,,(f)} (¢ = 0,1) of the fol-
n=1
lowing form are derived upon the substitution of the introduced asymptotically small

parameters:

(

2400 + Z (21 (1= a5)) +yih6l)] cosng = 0(A), ¢ € (0,¢0), (8.45a)

o+ a0 + 2an+ 3 [mald) (1 ) + 462 (1 - 15,)

[0
M
a2 (1= ) e+ myf@ (1 =) | cosno = 0(4), 6

€ (¢o,m), (8.45b)
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[ L= B €+l (1= B) 7€
n=1 M
2 (1=5)) 77+ (1= ) sinno = 0(4), g€ (0,00),  (8.460)
S [5) (1 7)) 4 o
n=1
L +22)50) +y @2 (1 - 30)) ] sinng =0(A), ¢ € (¢o,7), (8.46b)

ggpa()"‘xao%o"‘z |: 1 _pan) €+nyan (1 _ﬁg;l))é
+m®@—m0ﬂﬁu—@m%kwwzomx¢e@%x (8.47a)

oy )rao + IEEXO Sa0 Z 873 afl) + y(l) (1 — fé;)) T

n=1
\ +a? (1 30)) +y 2500 cosng = 0 (A), ¢ € (¢o, ), (8.47b)
( o]
> [286l) + ) (168 ] sinng =0 (4), ¢ € (0,¢), (8.48a)

n=1

Nk

Mwuﬁm%+wguﬂu+m0@wwy
1

\ +5@ (1 - al) %g] sinng = 0 (A), ¢ € (o, ), (8.48Db)

n

where {04, Pa, §o } are as defined in (7.30b), while {fa, Ugys éa} are defined as in (7.30c)
and (7.30d) with the redefined ¢ value in (8.43). On the other hand, we redefine 7,

and S, as

. 3R
Ta 12577”?—?#112 Tas (8.49a)
Ky + 75
. 3R
CRPE L S (8.49D)

K3 +J Z_;’fl
Due to the great similarity, the ISLAE obtained after the regularization process
is the same as that in Chapter 7, and we omit the details to avoid repetition. The

ISLAE derived can be written in the following matrix operator form. The resulting

4-by-4 block matrix operator is the homogenous form of that in (7.44); i.e

[T+sT —C+HG) | L-| =o0. (8.50)
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The matrix operators Cy,Cs and H are as defined in (7.45), where the only difference

lying in the definitions of the asymptotically small parameters {fﬁ), 595), f&i), ﬂgﬁ) }

n=1

involved in C; and Cs.

8.6 Evaluation of the cutoff wavenumbers

The cutoftf wavenumbers x4 9 occur as arguments to the Bessel and Hankel functions.
As for a given wavelength (or frequency), the cutoff wavenumber is defined as x? =
k2 (e;p; — B2), for i = 1,2. The problem therefore reduces to finding the values of
B, at which at least one of the matrix operators A, for « = 0,1,..., (M — 1) is
singular. As each of the matrices A, for « =0,1,..., (M — 1) is non-symmetric and
complex-valued, the determinant of each is thus complex-valued.

The values of 3, corresponding to non-trivial solution of the systems are given
in Figure 8.3. In the figure, a multi-conductor transmission line of the following
characteristics is considered: M = 2, §PFC = £ Ry =1, By = 0.5, kg = 10,
€0 =1, uy =1, e = 2.1 and us = 1. The determinant of the two block matrices
are computed for increasing values of ., for a = 0,1. We have used the truncation
number of Ny, = 50 in our computation. When one of the determinant values vanishes,

a propagating mode is said to be present at that particular value of (..

determinant

Figure 8.3: The determinant values of the matrix operators for & = 0 (red) and 1
(blue), for the microstrip line with two conductors (M = 2) each of width .
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To find the cutoff wavenumber for this structure, we have also plotted the absolute
values of 19%1’2), Jn(koRy) and J) (ke Ry), forn = 0,1,...,2N;,. The minimum absolute
values of these functions are plotted against (3,, with step size of 0.0001 in .. From
Figure 8.4, we can see that the possible cutoff wavenumber 3, is less than 1. We
take a closer look at these functions in order to find the values of (5, such that
either of the pairs: “19%10) and Jy,,(kaR1)” or “195120) and .J; (k2R;)” vanish together
for the some ng = 0,1,...,2N;, We can see that, for n = 0,1,...,100, 95 vanishes
when 3, = 0.3942, 0.5627, 0.6662, 0.7319, 0.7689 and 0.7809; while .J,,(k2R;) may
be vanishing at 8. = 0.7863. These values are read from the top and bottom figures
in Figure 8.5, respectively. As none of these values coincide, we do not need to
proceed to checking that the eigenvalues actually correspond to the same order n
of both ¥ and Jn(koRy). On the other hand, 92 vanishes when B, = 0.2666,
0.4681, 0.6207, 0.6657, 0.708, 0.7544, 0.7734, 0.8557, 0.9184, 0.9634 and 0.9908; while
J! (k2 R1) may be vanishing around /3, = 0.4533 and 0.909. These values are read from
the top and bottom figures in Figure 8.6, respectively. After having a closer look at
the values of (3, in the intervals (0.4533,0.4681) and (0.9090,0.9184), we conclude
that, in these intervals, 19%) and J;, (k2R;) never vanish at the same time, for all of
no = 0,1, ... Therefore, the cutoff wavenumber of this line comes from the eigenvalue
of [Z+¢Z!—Cy + HCs.

8.7 Comments and conclusion

An accurate and mathematical rigorous analysis method for the multi-conductor
transmission line with periodic strip has been proposed in this chapter. The hy-
brid mode case has been considered. The solution computed with the use of the MoR
enjoys the benefits of guaranteed convergence, as well as numerical and theoretical
stability.

In this chapter, the analysis is carried out on the assumption that €,1 1,1 < €22,
and thus, the dominant mode has normalized propagation coefficient 5, = ’Z—g in the
interval (€141, €roptr2). We wish to extend the analysis of the roots of the charac-
teristic equation for §, from the interval (0, €.1/,1) to the interval (0, €,90,2) in the

future.
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0,1,..., MNi.. When both functions vanish at the same time, (3, is a possible prop-
agating mode corresponding to case (1).
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Chapter 9

Conclusions

The research work documented in this thesis extends the MoR presented in [84] to the
analysis of a wider selection of open, dielectric cylindrical structures. The modeling for
the interaction of electromagnetic fields with these structures has been driven by their
myriad of practical applications in fields ranging from radar, antenna design, telecom-
munications, and other imaging technologies. Accurate and reliable predictions of the
interaction is fundamental in the assessment of behaviors and compatibility of these
electrical devices and equipment.

Due to the discontinuities of the boundary condition on the contour of the cylin-
drical structures considered, the Maxwell’s equations are essentially a MBVP. A wide
selection of numerical methods have been presented over the last few decades to solve
these problems. Many of them enjoy the advantages of being applicable to wide classes
of general structures, and easy to implement. However, it is often hard to ascertain
the accuracy and convergence of the computed solution of these numerical methods,
especially in the vicinity of the sharp edges. The advantage of employing the semi-
analytical MoR is to transform the Maxwell’s equations to a well-conditioned system,
so that when numerical matrix inversion is applied, the instability of the computed
solution can be eliminated. The approach based upon the MoR is also uniformly
valid for a wide frequency range, including at or near the resonant frequency. Any
preassigned accuracy level can be achieved, by taking sufficiently large truncation
number of the infinite system, before numerical inversion of the matrix. The solu-
tions hence computed give reliable benchmark results for a wider class of problems
with increased complexity where the analysis based on MoR becomes impossible, and
purely numerical approaches must be employed.

The study of an axially-slotted PEC cylinder excited by a normal plane wave based
on the MoR, together with various problems involving open spherical and spheroidal

structures, was originally reported in [85]. For the first problem considered in this
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thesis, this semi-analytical method is extended to its 3D counterpart when the CLR
is illuminated by an oblique incident plane wave (bot TM, and TE, cases). Under
the oblique incidence, both E- and H- polarizations are mixed, and when solved
simultaneously using the MoR, two decoupled 2-by-2 block matrix equations of the
second kind Fredholm are obtained. Chapter 4 contains the first rigorous treatment of
this problem imposing the analytical regularization approaches that have previously
appeared in the literature. Extensive numerical validation of the formulation and
codes have been carried out using both internal and external tests. The computed
solution is also tested for warranty of stability and convergence numerically. We
also propose an approach to accelerate the series convergence of physical quantities,
with details given for the case of J, particularly. It is observed that, by choosing
Ny &~ [k1 R + 100], a 3 decimal places accuracy can be guaranteed for the computation
of RCS. As the oblique incident angle, where 02" € (O, %), decreases in value, more
energy is stored in the interior of the CLR (as the wave propagates down the cylinder)
and less is diffracted back. In addition, the surface current possess both the z- and ¢-
components, for an oblique incident problem. As 0P moves away from 7, the value
of J, decreases, while that of J, increases.

In Chapter 5, we can see that by properly selecting the location and size of the
reflecting strip, as well as the dielectric constant of a CLR, enhancement and control
of the RCS can be achieved. The desirability of the CLR (a cylindrical reflector based
on a Constant K-lens) is compared with that of a CLLR (a cylindrical reflector based
on a stepped-index Luneburg lens) through the studies of their spectral dependence
of the RCS at a wide frequency range, and also their scanning properties at varying
incident angle of the incoming plane wave. The focal spot locations of the Constant
K-lens (with €, = 2.1, 2.4, 3.0 and 3.5) are calculated by examining the energy
density distribution, resulting from the plane wave scattering. These locations are
then used for proper placement of the PEC strip of the CLR, in order to achieve
optimal illumination by the focused electromagnetic flux. We observe that the CLR
constructed with Constant K-lens of lower dielectric constant €, offers a more stable
and reasonably high spectral dependence of the RCS, compared to those constructed
with higher dielectric constant material. In addition, the scanning properties of the
CLR outperforms those of the CLLR of up to 7 layers, especially at higher frequencies.
We conclude that the CLR provides a cheaper and superior alternative to the CLLR
(of up to 7 layers), as it offers smoother and stronger spectral dependence of the

backscattering RCS, as well as better scanning performance.
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In Chapter 6, a finite number M of parallel CLR (each with arbitrary size, PEC
strip width and dielectric loading) are assumed located in the vicinity of one another.
The scattering problem of a plane wave diffracted by these CLR is studied using
the MoR. Due to the close proximity of the reflectors, the mutual interaction among
them are not to be omitted in the formulation. We take the sum of the incident plane
wave and all the scattered fields from other CLR to be the incident wave on each
of the individual cylinder. MBC on each of the surface of the M CLR are imposed
separately, and the resulted 2M sets of DSE are solved simultaneously using the MoR.

The MoR has also been generalized to solve the scattering problem when an
arbitrary number M of conformal PEC strips are placed on a cylindrical lens. The
method was originally applied to solve the potential problem involving a toroidal
conductor with 2™ cuts, by first formulating the problem as a triple series equations,
then exploiting the symmetry property of the Jacobi polynomials, and connecting
the Jacobi polynomials with the ultraspherical polynomials in [84]. The process is
repeatedly applied, halving the interval at each step, until the interval for which the
series equations are defined over is reduced down to that of the periodic unit cell.
The new proposed approach is less tedious in the formulation, and is applicable for a
scattering problem as well as when odd number of strips are considered. Enclosing this
multi-conductor cylinder gives us a grounded transmission line, which is considered in
the last chapter. The hybrid electromagnetic mode (HEM) of such a multi-conductor
transmission line is solved by the MoR, and the cutoff frequency is computed. We can
see that there is a strong connection between the eigenvalues for the multi-conductor

transmission line to those for a closed coaxial line and a metallic waveguide.
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Appendix A

Vectors

A.1 Vector identities

a-(bxc)=b-(cxa)=c-(axb), (A1)
ax(bxc)=(a-c)b—(a-b)c, (A.2)
V-(axb)=b-(Vxa)—a-(Vxb), (A.3)
Vx(Vxa)=V(V-a)—(V-V)a. (A.4)

A.2 Relationships among unit vectors

Denote the unit vectors encountered in the Cartesian coordinates by (i, i,,1i,) and
those in the polar cylindrical coordinates by (i,,is,1i,). Suppose ¢ is the angle i, at
a fixed point makes with the positive x—axis. The relationships among these unit

vectors are

i, =cos¢i, —singiy, (A.ba)

i, =sin¢i, + cospi,, (A.5b)
and

i, = cos @i, + sin @i, , (A.6a)

iy = — sin @i, + cos ¢iy, . (A.6Db)
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Appendix B

Special functions

The formulas and identities of the special functions used in the problem formulations
are listed in this section. More extended and thorough treatments of these special

functions, including those not used in this thesis, can be found in [1, 45, 52, 87].

B.1 Gamma functions

The Gamma function, I'(z), is defined as

[(x):= /000 t"etdt . (B.1)

From this integral definition, we can see that I'(z) is an analytic function of z,

VRe(x) > 0. When z is an non-negative integer n,
['(n)=(n—1)!. (B.2)

The following are some useful properties of I'(x) that have been established:

[(x+1) =2(z), (B.3)

[(x)[(1 — ) = szrm) , (B.4)

[(x) ~ 2%6‘“”3”, as z — 00 (B.5)

/0 11— f)iidr — ?(ZE(;) (B.6)
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B.2 Bessel functions

The Bessel function of the first kind J,(x) (also called the Bessel function) and the
second kind Y, (z) (also called the Neumann function) are the commonly employed

solutions to the Bessel’s equation of order v

d’y  dy
172@—1—17@—1— (z»—1*)y=0. (B.7)

For non-integer v, J,(z) and Y, (z) are defined respectively as

> —1)m T\ 2m+v
To(@) ‘:mzzo m!F(En +)y +1) <§) ’ (B2
¥, (i) = 242 CO;(I?&)_ Tlz) (B.9)

For integer-valued v = n, the functions take the following forms, where W(m) =
1+1/24+1/3+...41/m and v = 0.577215. .. is the Euler’s constant

() ::i m'(_i (g)mﬂl , (B.10)

m=0 (m +n)!
o= () -1 ()
- % 3 [W(m) + ¥(n +m)] % (g)mm : (B.11)

Alternative solutions to the Bessel’s equation (B.7) are the Hankel functions of
the first kind H,Sl)(:z:) and the second kinds Hl(,z)(x),

HD () :=J,(x) + Y, (2), (B.12)
HP (z):=J,(x) — j
Any two of the four functions, J,(x), Y, (z), HY(z) and HS? (), form a pair of
linearly-independent solutions to (B.7).
B.2.1 Some useful properties

Let B, (z) represent generically J,,(x), Y, (x), H,Sl)(x), Y (x), or a linear combination
of them.

Recurrence relations:

B_y(z) = (=1)"By(x) (B.14)



ZB,(w) = Bya(a) + By(a). (B.15)
LB() = §Boa(w) ~ B ()] (B.16)

Wronskian identity:

Ty (@) H,P () = T, () HP (2) = == (B.17)
T
Large argument approxzimations (x > n)
2 2n+1
Jn(x) =y — — ) B.18
(x) —cos (x 1 7r) ( )
2 2n+1
Y, (x) =/ —si — , B.19
(x) —_sin (x 1 7T> ( )
HO (2) oy | 2o 2527) (B.20)
T
2 . 2n+1
H® () moy ]~ gmi(a—22m) B.21
D) =y —e , (B:21)

With time-dependence e/“!, physical interpretation of the above asymptotic ex-

pressions when x is real is that both J, and Y,, represent standing waves, vy rep-

@ represents outgoing waves. When x is complex,

resents incoming waves, while Hy,
both J, and Y, represent localized standing waves, while H ) and H represent at-
tenuated traveling waves. For purely imaginary x, all four of the functions represents
evanescent waves.

Large order approximations (n > x):

Tnl@) ~ na'j_;" [1 - 4<nﬁ 0 m +317;(n oy 7O (z_iﬂ (B-22)
)~ 2 {1 _x2at xd (16)} (B.23)

(n—1)27 dn(n+1) 32n(n+1)(n+2)

HO(2) ~ j(n;xi)!zn [1 + 4(n”"'i 5+ _”f( —5 0 (2—2)] (B.24)

)
2o Jni2n (n —2)a? (n —4)x* 28
H,| )(x) T pgntl [1 * dn(n —1) + 32n(n —1)(n — 2) +0 (_>] (B.25)

Addition theorem:

w)el? = Z By im () Jp(0)e™, ve™ | < |u]. (B.26)

m=—0Q

where the relationship of the parameters are depicted in Figure B.1.
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Figure B.1: The addition theorem of the Bessel function.

Generating function expansion:

el = N T ()™ (B.27)

n=—oo

B.3 Jacobi polynomials

The Jacobi polynomials, Péa’ﬂ ) (x), are solutions to the following Jacobi differential
equation
d? d

(1—902)d—ag—k[ﬁ—a—(a+5+2)x]%—i—n(n—ka—l—ﬁ—kl)y:o. (B.28)
They form a complete orthogonal system in the interval [—1,1] with respect to the
weighting function w, s(x) = (1 — 2)*(1 +z)?, for o, > —1 and n =0,1,2,...

1
(PL#), Ped) .= / a5 (2) PO (2) PO (2)de = B §(n —m),  (B.29)

m
1
h he i h(aﬁ) :
where the inner square norm, hy, ", is

h(a’ﬁ) L 2a+ﬁ+1 F(n + o+ 1)F(n —+ B + 1)
" U 2mda+f+1l nlntat+p+1)

(B.30)

B.3.1 Normalized Jacobi polynomials

The Jacobi polynomial is normalized with respect to (B.29) when n = m. The

normalized Jacobi polynomials, ples )(x), is defined as

n

1
P, (2) = [n@?] 72 PleB)(z) | (B.31)
It has the property of orthonormality, as

1
(P(O"B)7 r(naﬁ)> :/ We,5(2) PP (1) PP (2)dx = Gy - (B.32)

n m
-1
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B.3.2 Some useful properties

Symmetry relation:
P (—2) = (1) PP(2). (8.33)

Large order approximation:

z 1 -2 1 3
Péa’ﬁ) (COS¢)=COS{[TL+ 2(044-54‘ 1)}¢ 4[ 051—1- ]} —|—O(n5>. (B.34)
VTn (Sin %gb)a+§ (cos %¢)ﬁ+§
Relations with trigonometric functions:
] 11
s = T ) P s, (B.35)
2
vanl o (-3-3)
cosng = —— P, (cos ) . (B.35D)
I'(n+3)
Integral relations for n € [0,1):
—a 1 a+n—1 pla+n—1,—n+1)
P () :(1 —z) *T(n+1+a) / (1= ) AT ' (t)dt (B.36a)
" 't—mln+a+n) J, (t — ) ’

iy (L+2) PO+ 14 6) 7 (L+pfrtple o)
= P(L=n)l(n+ 5 +n) /_1 (= — 1) dt. (B.36b)

Differential relations:

—2n(1 — 2)*(1 + 2)? PP (z) = % [(1 — )" (1 + x)ﬁﬂpgi{lﬁ“)(x)] (B.37)

for n > 1.

L0 B0 @] =~ rat D 5 (- 2) B() (B.38)

fora>—-1,6>0.

% [(1 + )"t Pga—1ﬁ+1>(a:)] =V(n+a)n+p+1)(1+x) P ()  (B.39)

fora > 0,6 > —1.

Recurrence relation:

~

PP (@) = (bn + way) P (@) — e, B (2), (B.40)

n—1
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with the two lowest degree polynomials as the initializations:

Péa,ﬂ)(x) _ [h ozﬁ)}_% (B.41a)
Pl(@) = 4o =B+ (a+B+2) B (). (B41b)

The coefficients are given by

(a,3)
n = \ Z?a,ﬁ) % = ngziﬂz;znlzf?j 5@ :_r f) +2) ; (B.42a)
n+1
_ h%a,ﬁ) (Qn +a+ [+ 1)(Oz2 _ 52)
bn_\hfﬁf) 2+ )nta+B+1)2nta+ )’ (B.42b)
_ hfqoif) (n+&)(n—|—6>(2n+a+ﬁ+2)
Cn_\ i “ADmtatBt)2ntatp) (B.42c)

B.4 Incomplete scalar products

The incomplete scalar product of two normalized Jacobi polynomials for a, 8 > —1,

x € [-1,1] and n,m =0,1,2,..., is denoted as

A 1 A A

Q) () = / (1= (1 + 1) BD) (1) Pleod) (1) . (B.43)
Hence, it is clear that Q' (1) = 0.

B.4.1 Some useful properties

QA (z) =Q\2P(x), B.44

QB (&) =6 — (—1)" QLN (—z) , (B.45)

QP (@) =3 Q% (1)Q () (B.46)
k=0

When a > —1, 5 > 0,

(L= (A 42)° sarrg) ) plad)(,
\/(n+a+1)(n+5)Pn D)

Qs () =
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(m+a+1)(m+5) A(at1,6-1) (. a
+\/(n+a+1)<n+ﬁ)Q”’” o B

When a > 0, 8 > —1,

s () = (L@ D) sy b,
Q. () NCED R e () P ()
(m+a)m+B+1) Aw_1501
" \/ (n+a)(n+pB+1) Q@) (A7)

(B.47a) and (B.47b) are deduced from the integral relations involving Jacobi polyno-
mials given in (B.36a) and (B.36b) (with n = 0).

B.4.2 Computation of the incomplete scalar product

When n # m, Q5 (x) may be calculated in terms of ple (x) using the following

expressions

(1—2)* (14 2)°
m+a+Dn+p)—(m+a+1)(m+p)

x [V a+ 1)(n+ AP () P (2)

— VI +at1)(m+ LA (@) Pt V()] | (B.48a)

Q@) =

when a > —1, § > 0 and

Q(aﬂ)@) - (1 — x)a(l + af:)ﬁ—i—l
AT i B+ D(n+a) — (m+ B+ 1)(m+ )

% [Vin+ B+ D+ a) P54 () P ()

— VI BN+ a) PO (@) Ple ()] (B.48b)

when a > 0, g > —1.

The above expressions are derived from the differential relations involving the Jacobi
polynomials given in (B.38) and (B.39) by using integration by parts.

When n = m, Qﬁf ) (x) can be calculated using the following recurrence relation

0 (2) =2 Q@) (2) + (bn—bnﬂ

Ap+1

077 A(a,
)@

Ap+t1
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Ap A o «,
D@ — Q@) (B.49)

+ Cn+1
with the initialization
1
YD) (1) = [ped] / (1— (1 4 1)%dt . (B.50)

The above recurrence relation for the case when n = m is derived from (B.40)

directly, for the order n and m:

PP (2) = (by + za,) PP (2) — e, P (2), (B.51a)
P (2) = (b + 2a3) B (2) — e PLD(2) . (B.51b)

The term containing z is eliminated by first multiplying (B.51a) by an PP )( )
and (B.51b) by iy PSP )( ), then subtracting the two. The recurrence relation for
an(a:) can be readily derived by multiplying by the (1 —2)%(1+ 2)? and integrating

over (z,1). The recurrence relation (B.49) has m set to be n + 1.
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Appendix C

Abel’s integral transformation

C.1 Abel’s integral equations

The generalized Abel’s integral equation of the following form is considered

G
fla) = [ e (1)

where 0 < A < 1, f is a known function, x is some fixed value in (a,b), and w is the

unknown function to be determined. The companion form of (C.1) is given by
" u(g)
flz) = / ——d¢£. C.2

C.2 Derivation of the inversion formula

The solution to (C.1) can be obtained by considering the following integral [25, 58]

/x (Ldz (C.3)

r—z) AT

The unknown function u(§) is assumed to be continuous on (a,b) (hence, bounded).
The conditions for this continuity will become clear once the inversion is described.

By substitution of (C.1) into (C.3) and interchanging the order of integration of
the resulted Dirichlet formula [89], it can be derived that

/j%dz:/ju(f) /f (Z_g)A(i_Z)l_Adzdé. (C.4)

Using the change of variable t = (z—z)/(x—¢) and noting that z—¢ = (1—t)(z—¢),

the inner integral reduces to a constant for fixed \ as

’ 1 y— R A T
/E(z—f)A(x—z)lAd /Ot (1 —¢t)""dt () (C.5)
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This reduction makes use of (B.6) with p = XA and ¢ = 1 — X as well as (B.4) with
T = A

As a result, the original integral in (C.3) is reduced to

AC), B s z )
/a (x — Z)l_’\dz ~ sin(7w) /a (€)de.. (C.6)

The final step in the derivation of the solution involves differentiating of both sides
of (C.6) with respect to . The solution to (C.1) is thus,

Csindr d ¢ f(a)
R A

which is often referred to as the inversion formula to (C.1).

dz, (C.7)

The inversion formula to (C.2) can be derived in similar manner to be

sin Ar d b f(x)

u(é) = -

C.3 Conditions for uniqueness and continuity of
solution

The solution given in (C.7) is unique and continuous (including at the point a, where

it equals zero) if the following conditions are satisfied [25, 69]
1. f is continuous in (a,b),
2. f(a) =0,
3. derivative of f is finite almost everywhere in (a,b).

Similar conditions are required for the uniqueness and continuity of solution given

in (C.8), with the second condition replaced by

(2) f(b) =0.
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Appendix D

Methods of summation

This chapter summarizes two of the alternative methods of summation of a series:
the Abel- and Cesaro-summation methods. For more details of the summability of

divergent series, please refer to [23, 40].

D.1 Abel-summation

An alternative method to calculate the sum of a series >~ | a,, which may be diver-

gent, is by computing the Abel summation defined as lim, ;- Y ", a,r".

D.1.1 Definitions of Abel-summability

A series Y 7 a, is said to be Abel-summable’ to the limit L and is written as

Y a,=L (4), (D.1)
n=1
if lim, - Y~ a,r" = L exists, as r — 1.
An Abel-summable series > 7 | a, () is uniformly Abel-summable on [a, b] to L(z)

if for all € > 0, there exists some § > 0, such that

o0

Z an(x)r" — L(z)

n=1

<€, (D.2)

for (1—0) <r <1andallx € |a,b].

Tt is worth noting that, by using Poisson’s integral formula, the Fourier series of a continuous
function f of period 27 can be shown to be Abel-summable.
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D.1.2 Conditions for (ordinary) convergence

Although the convergence of the series implies Abel-summability, for r lying within
any Stoltz angle (as stated in Abel’s theorem), the converse is not always true. Tauber
proved the theorem stating that: an Abel-summable series y °  a, is convergent if

and only if the following is satisfied as n — oo,

2 n e
ay + 2a9 + + na :Sn_so+31—|— +s 1_)07 (D.3)
n n

where sy := 27]:[:0 a,. The conditions necessary and sufficient for the step from Abel-
summability to convergence are called the Tauberian conditions.

Fejér shows that the area condition below implies (D.3),

e}

Zn!anP < 00. (D.4)

n=1

Therefore, (D.4) is often referred as the Fejér’s Tauberian condition for the Abel-

summable series > >~ | a,. In fact, for p > 1, the following condition
an’1|an|p < 00, (D.5)
n=1

has been shown to be a Tauberian condition from Hoélder’s inequality. More relaxed

conditions are validated, when the Littlewood’s theorem in 1911 states that:

Z a, is Abel-summable & |na,| <C = Z a, converges; (D.6)

n=1 n=1
while the Hardy-Littlewood’s theorem in 1914 states that:
Z a, 1s Abel-summable & na, > -C = Z a, converges. (D.7)

n=1 n=1

D.2 Cesaro-summation

For a series >~ | a,, convergent or not, its Cesaro-summation of order 1 — written

as (C,1) — is an arithmetic mean of the partial sums of the original series. It is
defined as
k
1 S1+ S+ -+ Sk 1
— == N D.8
Ck 2 2 ; § (D.8)
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k

1
= S (k—n+1a,. (D.9)

n=1

where s, is the nth partial sum of the original series; i.e., s,:=> " _ a,. It is worth
noting that, for a convergent series, where Y >~ | a,, = L, the Cesaro-summation yields

. 3 o
the same sum; i.e., limy_, ¢ = L.
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