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Summary

The thesis studies the theory of Mackey functors as an application of enriched
category theory and highlights the notions of lax braiding and lax centre for
monoidal categories and more generally for promonoidal categories.

The notion of Mackey functor was first defined by Dress [Drl] and Green
[Gr] in the early 1970’s as a tool for studying representations of finite groups.
The first contribution of this thesis is the study of Mackey functors on a com-
pact closed category 7. We define the Mackey functors on a compact closed
category .7 and investigate the properties of the category Mky of Mackey func-
tors on .7. The category Mky is a monoidal category and the monoids are
Green functors. The category of finite-dimensional Mackey functors Mky,, is
a star-autonomous category. The category Rep(G) of representations of a finite
group G is a full sub-category of Mkyy,,.

The second contribution of this thesis is the study of lax braiding and lax
centre for monoidal categories and more generally for promonoidal categories.
The centre of a monoidal category was introduced in [JS1]. The centre of a
monoidal category is a braided monoidal category. Lax centres become lax
braided monoidal categories. Generally the centre is a full subcategory of the
lax centre. However in some cases the two coincide. We study the cases where
the lax centre and centre becomes equal. One reason for being interested in the
lax centre of a monoidal category is that, if an object of the monoidal category
is equipped with the structure of monoid in the lax centre, then tensoring with
the object defines a monoidal endofunctor on the monoidal category.

The third contribution of this thesis is the study of functors between cate-
gories of permutation representations. Functors which preserve finite coprod-
uct and pullback between the category G-setg, of finite G-sets to the category
H-setg, of finite H-sets (where G and H are finite groups) give a Mackey func-
tor from G-setg, to H-setg, for each Mackey functor on H.
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Chapter 0

Introduction

Groups are used to mathematically understand symmetry in nature and in math-
ematics itself. Classically, groups were studied either directly or via their rep-
resentations. In the last 40 years, groups have also been studied using Mackey

functors, a concept which arose out of a formalization of representation theory.

Mackey functors were first introduced by J. A. Green [Gr] and A. Dress [Dr1],
[Dr2] in the early 1970’s as a tool for studying representations of finite groups
and their subgroups. The axioms for Mackey functors follow on from earlier
ideas of Lam on Frobenius functors [Lal] which are described in [CR]. Another
structure which appeared early on is Bredon’s notion of a coefficient system
[Br]. There are (at least) three equivalent definitions of Mackey functor for a

finite group G.

The most elementary (in a sense used by some group theorists) definition
is due to Green [Gr]. The most complicated axiom in this definition is based
on the Mackey Decomposition Theorem (see [Ja, p.300] for example) in rep-
resentation theory and this is presumably why Mackey’s name is attached to
the concept. We shall now provide the categorical explanation of this Theorem

which is used to characterize when induced characters are irreducible.

The Theorem provides a formula for the restriction, to a subgroup, of a
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group representation induced from a possibly different subgroup. Restriction
is composition with a functor (the inclusion of the subgroup in the group) and
inducing is an adjoint process amounting therefore to Kan extension.
Consider a functor i : H— G between small categories H and G, and let
./ denote a cocomplete category. We write [H,.#] for the category of func-
tors from H to .# and natural transformations between them. A functor Res; :
(G, #]—[H,.#] is defined by composition on the right with the functor i.
This functor Res; has a left adjoint Lan; : [H, #]1— |G, .# for which there are

two (closely related) formulas:
beH
Lam W)@ = [ Glih),c1.i)

and

Lan;(W)(c) = colim(i | ¢ — H "% )

where S.M is the coproduct of S copies of M in .# (for any set S) and i | c is the
comma category; see [Ma] for example.

For any functor j : K— G, the comma category i | j is universal with re-
spect to its being equipped with functors p:i | j—=Hand g:i | j— K, and a

natural transformation

ilj K
p‘ N j
H G.

The following observation is the basis of the 2-categorical notion of “point-

wise left extension” defined in [St2, pp.127-128].

Proposition 0.0.1. The natural transformation A induces a canonical natural
isomorphism

Resjo Lan; = Lang o Resy,.
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The following result is an easy exercise in the defining adjoint property of

left Kan extension.

Proposition 0.0.2. Suppose D is a small category which is the disjoint union of
subcategories Dy, a € A, with inclusion functors my : D, — D. For any functor
r:D—=K, there is a canonical natural isomorphism
Lan, = ) Lanyem, o Resy,,.
aeh

A groupoid is a category in which each morphism is invertible. For each
object d of a groupoid D, we obtain a group D(d) = D(d, d) whose elements are
morphisms u: d — d in D and whose multiplication is composition. We regard
groups as one-object groupoids. Let A be a set of representative objects in D
for all the isomorphism classes of objects in D. Then there is an equivalence of
categories

Y D(d)=D;
deA

that is, every groupoid is equivalent to a disjoint union of groups.

Now suppose H and K are subgroups of a group G. To apply the above con-
siderations, let i : H— G and j : K— G be the inclusions. The comma cate-
gory i | j is actually a groupoid: the objects are elements g € G, the morphisms
(h, k) : g— g’ are elements of H x K such that kg = g’h, and composition is
(W', kYo (h,k) = (W' h, k'k). Another name for i | j might be K\ G // H since the

set of isomorphism classes of objects is isomorphic to the set
K\G/H={KgH | g€ G}

of double cosets KgH = {kgh | k € K,h € H}. For each object g of i | j, the

projection functor p: i | j — H induces a group isomorphism

Gl j)g=HNKE
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where K8 = g7 Hg, and the projection functor g : i | j — K induces a group
isomorphism

(il E@=EHNK
where § H = gHg~!'. Thus we can identify (i | j)(g) with both a subgroup HNK$

of H and a subgroup § HNK of K. Define py, q4,7 ¢ by the commutative diagram

§HNK HnNnKé&

< (il g <

PN

K H.
Let [K'\ G/ H] < G represent all double cosets in the form KgH, where g €
[K'\ G/ H], without repetition. Therefore we have an equivalence of categories
YooGlp=ilj.
g€[K\G/H]
Corollary 0.0.3.

ResjoLan;= ) Langgo Resp,.
gelK\G/H]

Proof. Take r = g and A = [K\ G/H] in Proposition 0.0.2 and substitute the

resultant formula in Proposition 0.0.1. O

To apply this to the theory of linear representations of groups, we put .#Z =
Mod; for a commutative ring k. Then Lan; and Res; are denoted by Indfl and
Resg, and we have the

Mackey Decomposition Theorem. For subgroups H and K of a group G,

there is a canonical natural isomorphism

ResgoIndf;= Y Indgpy. o Resy oResp e
g€[K\G/H]
We now state Green’s definition. A Mackey functor M for a group G over the

commutative ring k consists of
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* afunction assigning to each subgroup H < G a k-module M (H),
e for all subgroups K < H < G, module morphisms

tf : M(K)— M(H), and r{ : M(H) — M(K),

e for all subgroups H < G and g € G, a module isomorphism

cg,1 s M(H) — M (¢ H),

subject to the following axioms:

1. if L<K<HthentdtX =t and rfrlf =rf,

2. ifH<G, g,8<€Gandhe Hthen
ng.ngCglyH:ngglyH and Ch,Hle(H);
3. f K< H<G and geGthen
contd =6l and ¢, xrid =,
gHK — ek Lg K 8Kk —Tex tg H»
4. if H< Land K < L < Gthen

LI _ K H
TRt = ). lepnkCeHAKE Hnke-
gelK\L/H]

The morphism t{g is called transfer, trace, or induction. The morphism r{g is
called restriction. The isomorphism cg 4 is called a conjugation map. With this
terminology, the relation between axiom (4) and the Mackey Decomposition
Theorem should be striking, however, we shall explain it further below.

A morphism 0 : M — N of Mackey functors is a family of k-module mor-
phisms 0 : M(H) — N(H), H < G, satisfying the obvious commutativity con-

ditions with the morphisms ¢, r and c.
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We shall eventually see that a Mackey functor is actually a functor between
two categories. In the first instance, we shall see that it is actually a pair of
functors agreeing on objects.

For any group G, there is a category 4 of connected G-sets. It is the full
subcategory of the category [G, Set] = G-Set of left G-sets consisting of those
which are transitive (and non-empty). Every transitive G-set X is isomorphic to
the set G/ H of cosets of some subgroup H < G with the obvious action. Using

this, we see that there is an equivalence
L (G)=C;, H+—=G/H,

where .7 (G) is a category defined by Green [Gr] whose objects are subgroups
of G. A morphism g: H—K in . (G) is an element g € G such that H¢ <
K; composition g, o g7 is product g; g2 in G in reverse order. Each g: H—K
determines a G-set morphism G/H — G/K taking xH to xgK.

Each Mackey functor M on G over k determines two functors
M*: (G)°? —=Mod; and M, :.(G)—=Mod;

with M*(H) = M, (H) = M(H). For each g: H— K in . (G), we define M*(g)
and M. (g) by the commutative diagrams below.

K 8K

ng tH
M(K) M(HS8) M(H) M(EK)
M,
Cg.K M*(g) Ce.H8 CH,g-1 (® Cg-1.8K
M@EK) ——— M(H) M(H8) ——— M(K)
Ty tHg

We shall provide an example of a Mackey functor where the Mackey axiom
comes from the Decomposition Theorem.
Each G-set X determines a groupoid el(X) whose objects are the elements

x € X and whose morphisms g : x — y are elements g € G such that gx = y.
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In the case of a transitive G-set G/ H where H < G, there is an equivalence of
groupoids

H=ellG/H), (h:a—a)—=(h:H—H).

It follows that we have an equivalence of categories
lel(G/ H),Mody] = [H,Mod]

where the right-hand side is the category of k-linear representations of the
group H.

Let Catg denote the 2-category whose objects are additive categories with
finite direct sums, whose morphisms are additive functors, and whose 2-cells
are natural isomorphisms. Let Gpd denote the 2-category of small groupoids.

We have two 2-functors
Rep” : Gpd°®? —Catg, and Rep, : Gpd— Catg,
defined on objects D € Gpd by
Rep” (D) = Rep, (D) = [D,Mody].
For f: D—E in Gpd, we define
Rep”(f) =Resy and Rep,(f) = Lany.

There is also a 2-functor K, : Catg — AbGp, where AbGp = Mody is the cate-
gory of abelian groups, which assigns to each additive category <7 with finite
direct sums, the abelian group K,.«7 obtained from the free abelian group on

the set of isomorphism classes [A] of objects A of .7 by imposing the relations
[Ae® B] = [Al +[B];

this is called the Grothendieck group of <7 .
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An example of a Mackey functor M on G over Z is obtained by taking M* to

be the composite functor

p

Z(G)P—~Gpd® P Catg,—*~AbGp

and taking M., to be the composite functor

Z(G)—~Gpd P Caty— - AbGp

so that M(H) = K,[H,Mod]. Mackey Decomposition gives the Mackey axiom
(4).

Suppose G is finite. We obtain a sub-example of this last example by replac-
ing Modj by the category mody. of finitely generated projective k-modules. If k
is a field of characteristic zero then K,[H,mody] is isomorphic to the group of
characters of k-linear representations of H.

We now resume our general discussion. A Green functor A for G over k is
a Mackey functor A for G over k equipped with a k-algebra structure on each

k-module A(H) (associative with unit), for H < G, subject to the axiom:s:

1. the k-module morphisms ¢, r}g and cg g for A preserve the algebra mul-

tiplication and unit, and
2. f K< H<G, ae A(H),and b € A(K) then
a.tdb) = tfr¥(@.b) and t(b).a=tdb.ri(a).
Axiom (2) is called the Frobenius condition since it resembles the following
structural version of Frobenius Reciprocity (see [Ja, Theorem 5.17(3), p.292] for
example).

Frobenius Reciprocity. If V is a k-linear representation of a group G and W

is a k-linear representation of a subgroup H < G then

V ® Ind%(W) = Ind% (Res%,(V) ® W).
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A categorical explanation of this reciprocity is as follows.

Proposition 0.0.4. Suppose .# is a cocomplete monoidal category whose tensor
product preserves colimits in each variable. Suppose i : H— G is a functor be-
tween small categories. For functorsV :G—.# and W : H— # , the left Kan

extension of the functor

VoW :GxHLYe wx tt—2 >

along 1g xi:Gx H—G x G is naturally isomorphic to

Vx Lan; (W)
_

V®Lan;(W):Gx G Mx M —2— .

Proof.

c,a

Lam i (V@ W)(c1, ¢3) = f C(GxG) (6 i(@), (c1,2)).V(c) ® W(a)
= f " Gle e V(€ © (Gli@), ¢2). W (@)

= f Gl o)V e f " Gli@), ). W@

= V(c1) ® Lan;(W)(cp)

= (V® Lan;(W))(cy, ¢2).

O

Proposition 0.0.5. Let H be a subgroup of a group G, let i : H— G be the in-
clusion, and let A : G—G x G be the diagonal. Then the comma groupoid

(1g x i) | A is connected and there is an equivalence
H=(gx1i)]A.

Proof. Objects of (15 x i) | A are elements (g1, g2) € Gx G. Amorphism (g, h, x) :
(81,82) — (g1, &) is an element of Gx H x G such that g g = xg1 and g1 = xg»;
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so, for any object (g1, g2), we have the morphism (gl_lgg, 1,82):(1,1) —(g1,82)
proving the comma groupoid connected. The equivalence follows from the

group isomorphism
H=((1gx1)|A)@1,1), h<+=(hhh).
O

Proposition 0.0.6. Suppose .# is as in Proposition 0.0.4 and H is a subgroup
of a group G with inclusion i : H— G. The categories [H, #] and |G, #] are
equipped with the pointwise tensor products. ForV € [G,.#] and W € [H, /],

there is a canonical isomorphism
V ® Lan;(W) = Lan;(Res; (V) ® W).
Proof. Contemplate the diagram

H

(i.lH)k
1

Gx H GxG

_—
vew V@®Lan;(W)
M

in the light of Propositions 0.0.1, 0.0.4 and 0.0.5. O

G

)

GX

If A is a monoidal additive category with direct sums, K,.%/ becomes a ring
via
[Al[B] = [A® B].
It follows that the example of the Mackey functor M with M(H) = K,[H,Mod]
is actually a Green functor.
Notice that the functor el :.¥(G) — Gpd is the restriction of the coproduct
preserving functor el : [G,Set] — Gpd. This motivates the second definition of

Mackey functor (see [Dr1] and [Di]).
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We centre attention on the case of a finite group G. We write setg;, for the
category of finite sets and G-setg, = [G, sety;,] for the category of finite G-sets.
Every finite G-set is a coproduct (disjoint union) of transitive G-sets. With a
little more work we see that G-setg, is the completion of 6 under finite co-
products. Therefore, the functors M* and M, above extend (uniquely up to

isomorphism) to functors
M* : (G-setf,)°® —Mod; and M, : G-sets, — Mod

which respectively preserve finite products and finite coproducts. So here is the
second equivalent definition.

A Mackey functor M for G over k consists of a pair of functors
M : (G-sets,)°® —Mody, M. : G-sets, —Mod

which agree M*(X) = M, (X) = M(X) on objects X of G-sety;, subject to the

following axioms:

1. for every pullback diagram

p—°% .y
Y B
X Z

in G-setg,, the equation
M* (B)M.(a) = M. (6)M*(y)
holds,

2. forinclusionsi: X —X+Y and j: Y — X + Y into the coproduct X+ Y
of X and Y in G-setg,, the diagram
M* (i) M*(j)

M(X+Y) M(Y)
M., (i) M. (j)

M(X)




12 Introduction

is a direct sum situation in Mody.

The axiom (1) is now called the Mackey condition as it is a more categorically
pleasing expression of the previous axiom (4). A morphism 0 : M— N of

Mackey functors is a family of k-module morphisms
Ox:M(X)—N(X), XeG-sets,

which is natural as both M* — N* and M, — N... A Green functor A for G over

k is a Mackey functor for G over k equipped with k-bilinear morphisms
AX)x A(Y)—A(XxY), (abr—ab

which are natural in X and Y € G-setg,, and are associative and unital in an
obvious way.

A third equivalent definition of Mackey functor appears in [TW] and in-
volves first creating the Mackey algebra . (G) for the finite group G. The study
of Mackey functors becomes the representation theory of this algebra. The
Mackey algebra ui(G) of G over k is the associative k-algebra defined by the
generators t}? , r}? and cg p for subgroups K < H of G and g € G, satisfying the

following relations:
1. if L < K < H are subgroups of G, then t}jtf = t{l and rfr}? = rf, and if

g,h € Hand H is a subgroup of G, then ¢ scg, 5 = Chg 1 »

2. if ge Gand K < H are subgroups of G, then cg 1yt = t;fcg  and cg g1l =
4
rgIIéICg’H,

3. if he H and H is a subgroup of G, then tg = rg = Cg,H)

4. if K < H = L are subgroups of G, then

H,H _ K L
TRt = ). IxmsrCoKenLTKenL
gelK\H/L]
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where [K'\ H/L] is a set of representatives of the double cosets modulo K

and Lin H,

5. all products of generators, different from those appearing in the previous

four relations are zero,

6. the sum of the elements tg over all subgroups H of G is equal to the iden-

tity element of i (G).

A Mackey functor M for G over k is a px(G)-module and a morphism of
Mackey functors is a morphism of p;(G)-modules.

The study of Mackey functors on compact Lie groups is described by Lewis
[Le]. Many of the fundamental results on Mackey functors for a finite group are
extended to Mackey functors for a compact Lie group. Mackey functors have
been studied on finite groups for a long time. The study of Mackey functors
for an infinite group has appeared recently: references are in [Lii2] and [MN].
There is also a new concept called globally-defined Mackey functors. They ap-
peared more recently and were studied in [We]. The main difference is that
the globally-defined Mackey functors are defined on all finite groups, where
the original Mackey functors are defined on subgroups of a particular group. A
second main difference is that the original Mackey functors only possess the in-
clusion and conjugation operations but the globally-defined Mackey functors
possess operations for all group homomorphisms.

Some examples of Mackey functors for finite groups are representations
rings, Burnside rings ([Sel],[Di]), group cohomology ([Fe]), equivariant coho-
mology, equivariant topological K-theory ([Se2]), algebraic K-theory of group
rings ([Liil]), any stable equivariant (co-)homology theories ((LMM]), and higher
algebraic K-theory ([Ku]).

One application of Mackey functors to number theory has been to provide
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relations between A- and p-invariants in Iwasawa theory and between Mordell-
Weil groups, Shafarevich-Tate groups, Selmer groups and zeta functions of el-

liptic curves (see [BB]).

This thesis consists of four papers. The first develops the main goal and
theory of the thesis: put simply, it develops and extends the theory of Mackey
functors as an application of enriched category theory. The other papers arose
from specific issues that came up in the preparation of the first paper, particu-
larly, they concern techniques for constructing new Mackey and Green functors
from given ones. We saw that, in order for the Dress construction to produce a
Green functor from a given one, we needed a monoid in the lax centre of some
monoidal category. This led us to a general study of lax braidings and lax centre
for monoidal categories and more generally for promonoidal categories. The
second and third papers are the outcome; they have application beyond the
particular needs of the first paper. The final paper is a categorical treatment
of a theorem of Bouc [Bo2] concerning which functors compose with Mackey
functors to yield Mackey functors; again this result may be useful in other ap-

plications.

The first paper entitled Mackey functors on compact closed categories, coau-
thored with Professor Ross Street, was submitted to the Journal of Homotopy
and Related Structures (JHRS) to a special volume in memory of Saunders Mac
Lane. The second paper entitled Lax braidings and the lax centre, coauthored
with Dr. Brain Day and Professor Ross Street, will appear in Contemporary
Mathematics. The third paper entitled On centres and lax centres for promonoidal
categories, coauthored with Dr. Brain Day and Professor Ross Street, was sub-
mitted to “Charles Ehresmann 100 ans”, the 100th birthday anniversary confer-
ence of Charles Ehresmann which was held at the Universite de Picardie Jules

Verne in Amiens between October 7 to 9, 2005. The abstract will appear in
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Cahiers de Topologie et Géométrie Différentielle Catégoriques, Volume XLVI-3.
The fourth paper entitled Pullback and finite coproduct preserving functors be-
tween categories of permutation representations consists of the paper [PS2] as
modified in the light of [PS3]. The papers [PS2] and [PS3] are appearing in the
journal of Theory and Applications of Categories, Volume 16, Number 28, pp.
771-784, (2006) and Volume 18, Number 5, pp. 151-156, (2007) respectively.

Chapter 1 consists of the first paper entitled “Mackey functors on compact
closed categories”. This paper develops the theory of Mackey functors as an ap-
plication of enriched category theory. Mackey functors on a compact (= rigid=
autonomous) closed category .7 are defined and the properties of the category
Mky of Mackey functors on .7 are investigated. The category Mky is a symmet-

ric monoidal closed abelian category.

We now explain the main constructions and theorems of the sections of this
chapter. In Section 1.1 we give an introduction to this paper. In Section 1.2 we
define the compact closed category Spn(&’) of spans in a finitely complete cat-
egory & . The objects of Spn(&) are the objects of & and morphisms U — V are
the isomorphisms classes of spans from U to V in the bicategory of spans in &.
The category Spn(&) is a monoidal category using the cartesian product in & as
the tensor product in Spn(&’). Section 1.3 describes the direct sums in Spn(&).
Here we take & to be a lextensive category. References for this notion are [Sc1],
[CIW], and [CL]. The coproduct U + V in & is the direct sum of U and V in
Spn(&). The addition of two spans is also defined in Spn(&’). This makes the
category Spn(&’) into a monoidal commutative-monoid-enriched category. In
Section 1.4 we define the Mackey functors on a lextensive category & using the
approach described by Dress [Drl] in the G-set case. A Mackey functor M from
& to the category Mody of k-modules consists of two functors M, : & —Mody,

and M* : £°P —Modj which coincide on objects and satisfy a couple of con-
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ditions. A morphism 6 : M — N of Mackey functors M and N is a family of
morphisms 8y : M(U) — N(U) for each U € & which give two natural transfor-
mations 6, : M, — N, and 8" : M* — N*. We denote the category of Mackey
functors from & to Modj. by Mky(&',Mody) or simply Mky when & and k are
understood.

Proposition [1.4.1]. (Lindner [Lil]) The category Mky(&',Mod}) of Mackey
functors, from a lextensive category & to the category Mody. of k-modules, is
equivalent to [Spn(&),Mody] ., the category of coproduct-preserving functors.

Tensor product of Mackey functors is defined in Section 1.5. Here we work
on a general compact closed category .7 with finite products in place of Spn(&).
This implies that .7 has direct sums (see [Ho]) and .7 is enriched in the monoidal
category 7" of commutative monoids. A Mackey functor on .7 is an additive
functor M : 7 —Modj. The tensor product of Mackey functors M and N is
defined by:

(M= N)(Z)= fYM(Z® Y*)®r N(Y)

using Day’s convolution structure ([Dal]). The Burnside functor J is defined on
objects as the free k-module on .7 (I, U) where I is the unit of .7 and U is an
object of .7. It is a Mackey functor and becomes the unit for the tensor product
of Mackey functors. The category Mky becomes a symmetric monoidal closed
category. The closed structure is described in Section 1.6. For Mackey functors

M and N, the Hom Mackey functor is given by:
Hom(M, N)(V) = Mky(M(V* ® -), N).

There is also another expression for this Hom Mackey functor, which is given
by:
Hom(M, N)(V) = Mky(M, N(V ® -)).

Green functors are introduced in Section 1.7. A Green functor Aon 7 is a
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Mackey functor with a monoidal structure
p:AU) @ A(V)—AU®YV)

and a morphism

n:k— A).

Green functors precisely become the monoids in the monoidal category Mky.
In Section 1.8 we describe the Dress construction of Green functors. The Dress
construction ([Bo5], [Bo6]) is a process to obtain a new Mackey functor My
from a known Mackey functor M, where My (U) = M(U® Y) for fixed Y € 7.

We define the Dress construction
D:.7 e Mky— Mky

by D(Y, M) = My. In Proposition 1.8.1 we show that the Dress construction D
is a strong monoidal ¥ -functor. We study the centres and the lax centres of
the monoidal category &/G¢ (Where & /G is the category of crossed G-sets) to
obtain the Dress construction for Green functors. The detailed study of centres
and lax centres for monoidal categories are in Chapters 2 and 3. We use the
following Theorem to induce the Dress construction on Green functors.

Theorem [1.8.4]. ([Bo2], [Bo3]) IfY is a monoid in &G, and A is a Green
functor for & over k then Ay is a Green functor for & over k, where Ay (X) =
AX xY).

Finite dimensional Mackey functors are introduced in Section 1.9. Here we
assume the compact closed category is .7 = Spn(&’), where & = G-sety, is the
category of finite G-sets for a finite group G. Also we assume k is a field and
replace Mod;. by Vect, the category of vector spaces. A Mackey functor M :
7 —Vect is called finite dimensional when each M(X) is a finite-dimensional

vector space. We denote the category of finite dimensional Mackey functors by
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Mkyg,, which is a full subcategory of Mky. We show that the tensor product of

finite-dimensional Mackey functors is finite dimensional (Proposition 1.9.1).

Theorem [1.9.2]. The monoidal category MKy, of finite-dimensional Mackey

functors on T is x -autonomous.

In Section 1.10 we study the cohomological Mackey functors and the re-
lation between the ordinary k-linear representations of a finite group G and
Mackey functors on G. Let Rep;.(G) denote the finite-dimensional k-linear rep-
resentations of G. The relation between Rep,.(G) and Mky(G) is shown in the
following Proposition:

Proposition[1.10.1]. The functor ks : Rep . (G) —MKky(G) is fully faithful.

In Theorem 1.10.4 we also show that the adjoint functor Mky(G) i, — Rep(G)
is strong monoidal. In Section 1.11 we give examples for the compact closed
category .7 from a Hopfalgebra H (or quantum group). The category Comod (%)
becomes an example of .7. The objects of the category Comod(%) (see [DMS])
are comonoids C in #Z (where Z is the category of left H-modules) and mor-
phisms are isomorphisms classes of comodules S : C—+D from C to D. The
category Comod (%) is compact closed and a commutative-monoid enriched

category. We also show that Z°P (= %) is another example for .7.

Section 1.12 reviews the modules of enriched category theory. Section 1.13
studies the modules over Green functors. A module M over a Green functor A
or A-module means A acts on M via the convolution *. We denote the cate-
gory of left A-modules for a Green functor A by Mod(A). The objects are A-
modules and morphisms are A-module morphisms 6 : M — N. The category
Mod(A) is the category of Eilenberg-Moore algebras for the monad 7' = A * —
on [¢,Mody], where % is a small ¥ -category. In Section 1.14 we study the
Morita theory of Green functors. We define the monoidal bicategory Mod(%#)

for #' = Mky. The objects are monoids A in % and morphisms are modules
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M : A—+=B (that is, algebras for the monad A * — * B on Mky) with a two sided
action A * M * B— M. Composition of morphisms is defined by a coequal-
izer. Green functors A and B are defined to be Morita equivalent when they
are equivalent in Mod (). In Proposition 1.14.1 we show that if A and B are
equivalent in Mod(%#) then Mod(A) =~ Mod(B) as categories. The Cauchy com-
pletion 2 A of A is the # -category which consists of the modules M : J—+A
with right adjoints N : A—=J, where J is the unit of /. In the following Theo-
rem we obtain an explicit description of the objects of the Cauchy completion
of a monoid A in the monoidal category #" = MKky.

Theorem/[1.14.3]. The Cauchy completion 2 A of the monoid A in Mky con-

sists of all the retracts of modules of the form

k
DAY x-)
i=1
forsomeY; e Spn(&),i=1,...,k.

Chapter 2 consists of the paper entitled “Lax braidings and the lax centre".
This highlights the notions of lax braiding and lax centre for monoidal cate-
gories and more generally for promonoidal categories. Braidings for monoidal
categories were introduced in [JS2] and its forerunners. The centre Z.Z" of a
monoidal category 2 was introduced in [JS1] in the process of proving that
the free tortile monoidal category has another universal property. The centre
of a monoidal category is a braided monoidal category. The centre is gener-
ally a full subcategory of the lax centre, but sometimes the two coincide. We
examine the cases where these two become equal.

We explain the main constructions and theorems of the sections of this
chapter. An introduction is given at the beginning. In Section 2.1 we study
the lax braidings for promonoidal categories. Let ¥" be a complete cocomplete
symmetric closed monoidal category and % be a ¥ -enriched category in the

sense of [Ke]. The category % is called promonoidal when there are two 7 -
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functors P: 6P @6 °P® ¢ — ¥ and J: ¢ — 7 (called a promagmal structure
on %) satisfying the associative, and left and right unit constraints. Symmetries
for promonoidal categories were defined by Day [Dal] and braidings by Joyal
and Street [JS2]. A lax braiding for a promonoidal category % is a #"-natural
family of morphisms P(A, B; C) — P(B, A; C) which satisfies some commuta-
tive diagrams. A braiding is a lax braiding with each P(A, B;C)— P (B, A;C)
invertible. We reprove a result of Yetter [Ye] in Proposition 2.1.3 that if ¢ is a
right autonomous (meaning that each object has a right dual) monoidal cate-
gory then any lax braiding on % is necessarily a braiding.

In Section 2.2 we define the lax centre and centre of a promonoidal cate-
gory €. The objects of the lax centre Z;% of a promonoidal category % are
pairs (A, @) where A is an object of ¥ and «a is a # -natural family of morphisms
axy : P(AX;Y)—P(X, A;Y) satisfying a couple of commutative diagrams.
The Hom object Z;¢ ((A, @), (B, B)) is defined to be the equalizer in ¥ of the

two composed paths around the following square.

€ (A,B) P Ly[P(B,X; Y),P(A X;Y)]

d o

f [P(X,B;Y),P(X,A;Y)] f [P(B,X;Y),P(X,A;Y)]
X, Y X, Y

(6,1]

The lax centre Z;% of the promonoidal category % is often promonoidal. The
¥V -functor Z;¢ — ¢ which take (A, @) to A is a strong promonoidal functor. If
% is monoidal then the category Z;% is also a monoidal category and Z;¢ — %
is strong monoidal. The centre Z% of ¢ is the full sub-7 -category of Z;%
consisting the objects (A, @) where each ax,y : P(A, X;Y)—P(X, A;Y) is in-
vertible. Clearly Z% is a braided monoidal category.

The lax centre of a monoidal category is studied in Section 2.3. The lax cen-

tre Z;% of a monoidal 7 -category % has objects pairs (A, u) where A is an ob-
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ject of ¢’ and u is a ¥ -natural family of morphisms up : A® B— B ® A which
satisfy the following two commutative diagrams.

B

— ¢ . BeC®A

Aol el I®A
A

B®A®C

u
A®B®C

When 7 = Set and % is monoidal, the lax centre of 4 was used by P. Schauen-
burg [Sc1] under the name of “weak centre". One reason for being interested in
the lax centre is the following result.

Theorem[2.3.7]. Suppose an object F of a monoidal ¥ -category % is equipped
with the structure of monoid in the lax centre Z;.% of %. Then —® F : % — %
is equipped with the structure of monoidal ¥ -functor.

In the following two Corollaries we show two cases in which the lax centre
becomes equal to the centre. Corollary 2.3.5 shows that, for any Hopf algebra
H, the lax centre of the monoidal category ComodH of left H-comodules is
equal to its centre. Corollary 2.3.6 shows that, for any finite dimensional Hopf
algebra H, the lax centre of the monoidal category Mod H of left H-modules is
equal to its centre. In Section 2.4 we study the lax centre and centre of cartesian
monoidal categories where 7" = Set. The objects of the lax centre Z;% are pairs
(A, ) where A is in € and ¢ is a family of functions ¢x : € (A, X) — € (X, X)

such that the following diagram commutes for all f: X —Y in %.

bx

%A X) C(X,X)
%f)
€1 f) ¢ (X,Y)
%(f:y)
F(AY) C(Y,Y)
by

A morphism g : (A,¢) — (A, ¢") in Z;% is a morphism g: A— A’ in ¢ such
that ¢px(vg) = ¢, (v) for all v: A'— X. The core Cy of the category 2~ with
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finite products in the sense of Freyd [Fr2] is precisely a terminal object in Z; 2 .

If the core exists, the lax centre can be written as
ZiIX =X 1Cqy.

In Theorem 2.4.2 we show that for any small category ¢ equipped with the
promonoidal structure whose convolution gives the cartesian monoidal struc-

ture on [, Set], there is an equivalence and an isomorphism of categories:
[Z,%,Setl ——[%, Set]/ Cls sety ——Z1[€, Set].

In Theorem 2.4.5 we show that, if " is a groupoid with a promonoidal struc-
ture, then the lax centre of % is equal to the centre of 4. We also show that if
the convolution of the promonoidal structure of ¢ gives a cartesian monoidal
structure on [%,Set] then the lax centre of [¢,Set] is equal to its centre. In the
following Theorem we show another case where the lax centre coincides with
the centre of the cartesian monoidal category [%, Set].

Theorem [2.4.4]. If € is a category in which every endomorphism is invert-
ible then the lax centre Z;[¢,Set] of the cartesian monoidal category [€¢,Set] is
equal to the centre Z [¢,Set].

In Section 2.5 we develop the theory of central cohypomonads for a monoidal
¥ -category 2 . The lax centre Z; 2 is the ¥ -category of coalgebras for a co-
hypomonad. A cohypomonad on 2 is a monoidal functor G : A°? —[Z", 2]
where A is the category with objects the finite ordinals (n) = {1,2,...,n}. The
morphisms of A are order-preserving functions. A coalgebra for G is an object
A of 2 together with a coaction morphism satisfying some commutative dia-
grams.

Proposition [2.5.1]. Let 2" be a complete closed monoidal ¥ -category with

a small dense sub-V -category. The structure just defined on G : AP — (2", 2]
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makes it a normal cohypomonad for which 2 C is equivalent to the lax centre of
Z.

Chapter 3 consists of the paper entitled “On centres and lax centres for
promonoidal categories". This reviews the notions of lax braiding and lax cen-
tre for monoidal and promonoidal categories and generalizes them to the 7 -
enriched context. To a large extent, this is a conference paper summarizing
some results of the last Chapter and of [DS4]. We examine when the centre of
[¥¢, 7] with the convolution monoidal structure (in the sense of [Dal]) is again
a functor category [Z, V].

We explain the main constructions and theorems of the sections of this
chapter. Section 3.1 is the introduction of this paper. Section 3.2 reviews some
definitions. A ¥ -multicategory is a ¥ -category ¢ equipped with a sequence of

¥ -functors

P,:6P®..8 P06 —7V,
——

n
where we write J for Py: ¢ — V¥, Py for € (—,~) : €°°® ¢ — ¥ which is ahom
¥ -functor, and we write P for P,. Also there are substitution operations which
are 7/ -natural families of morphisms satisfying the associative and unit condi-
tions. For 7 = Set, this is a multicategory in the sense of [La4]. A promonoidal
¥V -category [Dal] is a ¥ -multicategory % for which the substitution opera-
tions are invertible. A monoidal ¥ -category is a promonoidal ¥ -category ¢

for which P and J are representable. That is, there are ¥ -natural isomorphisms
P(A B;C)=¢(AXB,0), JC=¥(U,Q).

We define lax braiding and braiding for a promonoidal ¥ -category % .

In Section 3.3 we define the lax centre and centre of a monoidal ¥ -category

¢ . The lax centre Z;%¢ of a monoidal ¥ -category % has objects (A, u) where A
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is an object of 4" and u is a /' -natural family of morphisms
ug: AXB—BKXKA

such that the following two diagrams commute:

(AIEB)&C (BXAXC
AX(BX Q) BX(AX Q)
MBX’C‘ 1Xuc
(BXC)X A) = BX(CX A)
AU ——>UKA
A.
The monoidal structure on Z;% is defined on objects by
(A, uX(B,v) =(AX B, w)
where w¢: (AX B) X C— CX (AKX B) is the composite
AR(BX C) —>AK (CX B) (AKC)XB— (C&A)&B

conjugated by canonical isomorphisms. The lax centre Z;% is a lax-braided
monoidal ¥ -category. The lax braiding on Z;% is defined to be the family of
morphisms

caw, B, : (AXB, w)— (BX A, )

lifting up : AKB—BX A to Z;¢. The centre Z¢ of ¢ is the full monoidal
sub-7 -category of Z;%¢ consisting of the objects (A, u) with each up invertible.
Clearly Z % is abraided monoidal 7 -category. We generalize the constructions

of the lax centre and the centre to promonoidal ¥ -categories % .
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In Section 3.4 we study the lax centre of cartesian monoidal categories % .
We identify the objects of Z;% with pairs (A,8) where A is an object of 4" and
Ox : Ax X — X is a family of morphisms.

Theorem [3.4.1]. Let ¢ denote a small category with promonoidal structure

such that the convolution structure on [¢,Set] is cartesian product.

1. The adjunction ¥ 4 ¥ defines an equivalence of lax-braided monoidal

categories

Z[¥,Set] = [Z,€,Set]

which restricts to a braided monoidal equivalence

Z[€,Set] = [ZC,Set].
2. Ifevery endomorphism in the category € is invertible then Z,¢ = Z€ .

3. If% is a groupoid then
(where ZZ is the additive group of the integers as a one-object groupoid).

In Section 3.5 we study the autonomous case. Here we consider % to be a
closed monoidal ¥ -category with tensor product X and unit U.

Theorem [3.5.2]. (V' = Vect;) Suppose ¢ is a promonoidal k-linear category
with finite-dimensional homs. Let % = [¢,V'] have the convolution monoidal
structure. Then

ZF = F=2IFM=~ 1€,V

where 6y is the Kleisli category for the promonad M on 6 .
In Section 3.6 we study monoids in the lax centre of a monoidal ¥ -category
%. A monoid (A, u) in the lax centre Z;% determines a canonical enrichment
of the 7 -functor
-XA:¢€—%F
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to a monoidal functor:

1X¥uy X1 1IX1Xp

XKAXYX A XNYXAKXK A

XKYKXA

U—1~ AZ UK A.

Chapter 4 consists of the paper [PS2] as modified in the light of [PS3]. This
studies the finite coproduct and pullback preserving functors between cate-
gories of permutation representations of finite groups and gives a categorical
explanation of the work of Serge Bouc [Bol]. A permutation representation of
a finite group G or a finite left G-set is a finite set X together with a function
(called action) G x X — X, (g,x)—gx such that 1x = x and g;(g2x) = (g182)x
for g1,82 € G and x € X. We write G-setg, for the category of finite left G-sets
(that is, of permutation representations of G) with left G-morphisms where a
left G-morphism f: X —Y is a function satisfying f(gx) = gf(x). Let M be a
Mackey functor on a finite group H. Then M : Spn(H-setg;,,) — Mody is a co-
product preserving functor. If F : G-setg, — H-setg, is a pullback and finite

coproduct preserving functor (where G is finite) then we get a functor
M oSpn(F) : Spn(G-sets;,) — Mody

which is a Mackey functor on G.

Bouc [Bo2] studied the pullback and finite coproduct preserving functors
F : G-set, — H-setp, interms of (G°P x H)-sets A (where G°P) is G with op-
posite multiplication). The category (G°? x H)-set of such A is equivalent to
the category of finite colimit preserving functors L : G-setg, — H-setg,. In this
chapter we explained these two constructions.

Let Abe a (G°P x H)-set. For all (K°P x G)-sets B, where K, G, H are all finite
groups, Bouc ([Bol]) defines the (K°P x H)-set

AogB=(AANgB)IG.
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Here AAg Bisa (K° x G x H)-set given by
ANgB=1{(a,b)e Ax B| g€ G,ag = a= there exists k € K with gb = bk}.

This paper provides a categorical explanation for the following Theorem of
Bouc.
Theorem [4.1.1]. ([Bo5]) Suppose K, G and H are finite groups.
(i) If Aisa finite (G°P x H)-set then the functor

Aog —: G-setp,, — H-setg,

preserves finite coproducts and pullbacks.
(ii) Ewvery functor F : G-sets, — H-setg, which preserves finite coproducts and
pullbacks is isomorphic to one of the form Aog —.
(iii) The functor F in (ii) preserves terminal objects if and only if A is transitive
(connected) as a right G-setg,.

(iv) IfAisasin (i) and B is a finite (K°P x G)-set then the composite functor
BOK_ AOG—
K-sets, —— G-set;, ——— H-sety,

is isomorphic to (Aog B) ok —.

We explain the main constructions and theorems of the sections of this
chapter. Section 4.1 is the introduction of this paper. In Section 4.2 we provide
a direct proof of the well-known representability theorem for the case where
“small” means “finite”.

Theorem [4.2.1]. (Special representability theorem) Suppose </ is a category
with the following properties:

(i) each homset <7 (A, B) is finite;
(i) finite limits exist;

(iii) thereis a cogenerator Q;
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(iv) o is finitely well powered.
Then every finite limit preserving functor T : o/ — setgy, is representable.

In Section 4.3 we study a category .« with finite coproducts. An object C
of o7 is called connected when the functor <7 (C, —) : o — Set preserves finite
coproducts. We write Conn(%) for the category of connected objects of .7 and
Cop(«7, Z") for the category of finite coproduct preserving functors from .27 to
Z . For any small category &, we write Fam(%°P) for the free finite coproduct
completion of €°P. The objects are families (C;);e; where C; are objects of ¢
and [ is finite. A morphism (¢, f) : (C;);e; — (Dj) jej consists of a function ¢ :
I—Jand afamily f = (f;);e; of morphisms f; : D¢(;) — C; in 6. In Proposition

4.3.3 we show that the following is an equivalence of categories
Fam(Conn(/)°?) = CopPb(<7, sety,)

where the category .« has finite coproducts and the properties of Theorem
4.2.1 and CopPb(<7, A) is the category of finite coproduct and pullback pre-
serving functors from .27 to Z. In Section 4.4 we study the application to per-
mutation representations. Let N : ¥ — G-sety, denote the inclusion functor

and define the functor

N: G-sets, — [‘Kgp, sety]

by NX = G-setf;,,(N—, X). In Proposition 4.4.4 we show that the functor N in-

duces an equivalence of categories
G-setg;, ~ Fam(%5).

In Section 4.5 we study a factorization for G-morphisms. We use these mor-
phisms of a factorization system on G-set to describe the finite coproduct com-

pletion Fam(%gp ) of the dual of the category of connected G-sets. For any G-set
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X, theset X/G={C < X:Cisan orbit ofX} is a connected sub-G-set of X. A G-
morphism [ : X — Y is said to be slash inverted when the direct image function
f1G: X/G—Y/G of f is abijection. A G-morphism f: X —Y is said to be or-
bit injective when orb(x;) = orb(x,) and f(x;) = f(x2) imply x; = x,. In Proposi-
tion 5.2 we prove that the slash inverted and orbit injective G-morphisms form
a factorization system (in the sense of [FK]) on the category of G-sets.

In Section 4.6 we introduce a new category %8 of G-sets. The objects of
9B are all the finite G-sets and morphisms are the isomorphisms classes of
the span (u,S,v) : X—Y in which u: S— X is slash inverted and v: S—Y
is orbit injective. In Proposition 4.6.1 we prove that the subcategory % of
Spn(G-setg),) is closed under finite coproducts. We obtain a finite coproduct
preserving functor X : Fam(6,.") — %g.

Theorem [4.6.3]. The functor X : Fam(‘ggp) —> 9% is an equivalence of cat-
egories.

In Corollary 4.6.4 we obtain the following equivalence of categories:
%c = CopPb(G-setg,, setp,).

Then we obtain the following corollary:

Corollary [4.6.6]. There is an equivalence
PBcor = CopPb(G-setgy,, sets,), A= Aog—.

In Section 4.7 we construct a bicategory Bouc of finite groups. We define the
category Bouc(G, H) as the pullback of the inclusion of %ger in Spn(G°P-setg;,)
along the forgetful functor Spn(G°P x H-setg,,) — Spn(G°P-setg,,). Thatis, Bouc(G, H)
is the subcategory of Spn(G°P x H-setg,) consisting of all the objects yet, as
morphisms, only the isomorphism classes of spans (u, S, v) in G°P x H-setg,, for

which u is slash inverted and v is orbit injective as G-morphisms.
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Theorem [4.7.1]. There is an equivalence of categories
Bouc(G, H) = CopPb(G-setg,, H-setp,), Ar— Aog—.

In Section 4.8 we study the applications to Mackey functors. If the functor
F: G-setg;,, — H-sety, preserves pullbacks then this induces a functor Spn(F) :
Spn(G-sets;,) — Spn(H-setg,) (since composition of spans only involves pull-
backs). If F also preserves finite coproducts then Spn(F) preserves direct sums.

Then we can obtain an exact functor
F: Mkyﬁn(H) — Mkyﬁn(G)

defined by F(N) = NoSpn(F) forall N € Mky;,(H), where Mky ;, is the category

of finite-dimensional Mackey functors. The functor F has a left adjoint
Mky;,,(F) : Mky,(G) —Mkyj,, (H).

Let AbCat; denote the 2-category of abelian k-linear categories, k-linear func-
tors with right exact right adjoints, and natural transformations. In Corollary

4.8.1 we obtain a homomorphism of bicategories
Mky;, : Bouc—AbCat

given by (A: G— H)+— (Mky;,, (Ao —) : Mkyj,,(G) —Mkyg,, (H)).

This concludes the thesis.





