
 

 

 

〈𝒮, 𝒟, ℬ〉

𝑛

𝐱

ℱℐ

ℱℐ



 

 

 

                                                           
  



 

 

 

〈𝒮, 𝒟, ℬ〉

〈𝒮, 𝒟, ℬ〉

ℱℐ

𝑛 𝐱

𝐲 = 𝑓(𝐱,𝐰, 𝐛)

𝑛 𝐱 ∈ ℱ

ℱℐ = [𝐫1, … , 𝐫𝑛] ∈ ℝ
𝑛 𝑛 𝐱 = [𝐱1, … , 𝐱𝑛] ∈ ℝ

𝑛

𝐲 ∈ 𝒜

𝐱

𝐲



 

 

 

𝐱

323

ℱℐ ∈ ℝ323 〈𝒮, 𝒟, ℬ〉

〈𝒮, 𝒟, ℬ〉

323

ℱℐ ∈ ℝ323

𝐲 ∈ 𝒜

𝐹 𝑆 𝑈

ℱℐ 〈𝒮, 𝒟, ℬ〉



 

 

 

𝐹

𝑈

𝑆 𝐹

𝑈

𝑆

𝑺 𝑼 𝑭

𝑈

ℱℐ

𝑺 𝑼 𝑭

𝐹



 

 

 

𝑛

𝜌𝐱𝑖

𝐱𝑖

𝐲

𝑑𝜌𝐱𝑖
𝑑𝑐𝑜𝑣𝐱𝑖,𝐲 𝑑𝜎𝐱𝑖

𝑑𝜎𝐲

𝜌𝐱𝑖 = |
𝑐𝑜𝑣𝐱𝑖,𝐲

𝜎𝐱𝑖𝜎𝐲
|            𝑑𝜌𝐱𝑖 = |

𝑑𝑐𝑜𝑣𝐱𝑖,𝐲

𝑑𝜎𝐱𝑖𝑑𝜎𝐲
|

 〈𝒮, 𝒟, ℬ〉



 

 

 

𝑀𝐼𝐱𝑖,𝐲 𝐱𝑖, 𝐲

𝐻(𝐱𝑖)

𝑃(𝐱𝑖)

𝐱𝑖 𝑎 ∈ 𝐱𝑖

𝑀𝐼𝐱𝑖,𝐲 𝐱𝑖 ,

𝐲

𝐻(𝐱𝑖)

𝐻(𝐱𝑖|𝐲)

𝑀𝐼𝐱𝑖,𝐲 = 𝐻(𝐱𝑖) − 𝐻(𝐱𝑖|𝐲) = −∑𝑃(𝐱𝑖 , 𝐲) ln (
𝑃(𝐱𝑖 , 𝐲)

𝑃(𝐱𝑖)𝑃(𝐲)
)             𝐻(𝐴) = −∑ 𝑃(𝑎) ln(𝑃(𝑎))

𝒂∈𝑨
 

 〈𝒮, 𝒟, ℬ〉



 

 

 

𝑀𝐼𝐱𝑖,𝐲



 

 

 

𝑤𝑖,𝑗 𝐱𝑖 𝐲

𝑊𝐱𝑖

𝑊𝐱𝑖 =
1

𝐶
∑ |𝑤𝑖,𝑗|

𝑗
       𝑤ℎ𝑒𝑟𝑒 𝐶 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑦𝑛𝑎𝑝𝑡𝑖𝑐 𝑤𝑒𝑖𝑔ℎ𝑡𝑠

 〈𝒮, 𝒟, ℬ〉

𝑊𝐱𝑖



 

 

 

𝐱𝑖

𝐱𝑖

𝐱𝑖

 〈𝒮, 𝒟, ℬ〉

𝐱𝑖

𝐱𝑃𝑖 𝐱



 

 

 

∆ℒ ℒ(𝐱, 𝐲) ℒ𝑃(𝐱𝑃 , 𝐲)

ℱℐ

∆ℒ

∆ℒ

∆ℒ

𝐱



 

 

 

∆ℒ 𝐱

𝑔:ℝ𝑛 𝐺

𝑔 ∈ 𝐺

𝑓:ℝ

𝑓

𝑔

𝛿(𝑥) 𝑔

𝑓

𝑧 𝑥 𝜗𝑧 𝜑(𝑔)

𝛿(𝑥) = arg min
𝑔∈𝐺

𝐶(𝑓, 𝑔, 𝜗𝑧) +𝜑(𝑔)

ℱℐ

𝑔 𝐱𝑖

𝑛

𝑓



 

 

 

𝑚

 𝑔 𝑚

𝑚

𝑚

〈𝒮,𝒟, ℬ〉

𝑓



 

 

 

𝐲 𝐱𝑖

𝑖



 

 

 

∂𝐲𝑐 ∂𝐱𝑖⁄

∂𝐲𝑐 ∂𝐱𝑖⁄

𝐲𝑐 𝐱𝑖

𝐱𝑖 𝑖 𝐫𝑖

𝐫𝑖 = |
∂𝐲𝑐
∂𝐱𝑖

| 𝐱𝑖

𝐱𝑖



 

 

 

𝐿 𝐲̂ 𝐫 𝐱

𝐫𝑐
𝐿 = 𝐲̂𝑐 𝑐 ∈ 𝐶 𝐶

𝐲̂ 𝑖 ∈ 𝐼 𝑙 𝐫𝑖
𝑙

𝑗 ∈ 𝐽 𝐫𝑗
𝑙+1

𝐳𝑖,𝑗
𝑙+1 = 𝐰𝑖,𝑗

𝑙 𝐱𝑖
𝑙 + 𝐛𝑖

𝑙 𝜀 𝜀

𝐫𝑖
𝑙 =∑

𝐳𝑖,𝑗
𝑙+1𝐫𝑗

𝑙+1

∑ 𝐳𝑖,𝑗
𝑙+1

𝑖∈𝐼 + 𝜀 ∑ 𝐳𝑖,𝑗
𝑙+1

𝑖∈𝐼𝑗
             𝑤ℎ𝑒𝑟𝑒 ∑ 𝐫𝑖

𝑙

𝑖∈𝐼
=∑ 𝐫𝑗

𝑙+1

𝑗∈𝐽
    (𝐶𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦)

𝐱 𝐫0



 

 

 

𝐲 𝐫

𝐱

𝐫𝑖
𝑙 𝑖 𝐱𝑖

𝑙

𝐱𝑗
𝑙+1

𝑐𝑗 ≥ 0 𝑗

𝐫𝑗
𝑙+1 = 𝑐𝑗𝐱𝑗

𝑙+1

𝑗 𝑖

𝑗 𝑐𝑗𝐱𝑗
𝑙+1

𝐫𝑖(𝑗,𝑙+1)
𝑙 𝑖 𝑙

𝑗 𝑙 + 1

𝐱̃𝑖(𝑗,𝑙+1)

𝐫𝑖(𝑗,𝑙+1)
𝑙 = 𝑐𝑗

∂𝐫𝑗
𝑙+1

∂𝐱𝑖
𝑙 |

𝐱̃𝑖(𝑗,𝑙+1)

(𝐱𝑖
𝑙 − 𝐱̃𝑖(𝑗,𝑙+1))

𝑖

𝑗 ∑ 𝐱𝑖
𝑙𝐰𝑖𝑗

𝑙 + 𝐛𝑖
𝑙

𝑖 = 0

𝑖 𝑗

𝑗 𝑖 𝐫𝑖(𝑗,𝑙+1)
𝑙

𝑖 ∈ 𝐼 𝐼 𝑙

𝐫𝑖(𝑗,𝑙+1)
𝑙 =∑

(𝐰𝑖𝑗
𝑙 )

2

∑ (𝐰𝑖𝑗
𝑙 )

2
𝑖∈𝐼

𝐫𝑗
𝑙+1

𝑗



 

 

 

𝐫0

𝐰

𝐫

𝐲 = 𝑓(𝐱,𝐰, 𝐛)

𝐱𝑙 𝐱

𝑙 𝐱𝑙 𝑛 ℝ𝑛

𝐱𝑗
𝑙+1

𝐱𝑗
0,𝑙+1

𝑗 ∆𝐱𝑗
𝑙+1 = 𝐱𝑗

𝑙+1 − 𝐱𝑗
0,𝑙+1

𝐫
∆𝐱𝑖

𝑙∆𝐱𝑗
𝑙+1

𝑙 𝑖 𝐱𝑖
𝑙 ∈ ℝ𝑛 𝑗 𝑙 + 1 

𝑖 𝑙

∆𝐱𝑗
𝑙+1

∆𝐱𝑖
𝑙



 

 

 

𝑛 𝑙

𝑗

∑ 𝐫
∆𝐱𝑖

𝑙∆𝐱𝑗
𝑙+1

𝑛

𝑖=1
= ∆𝐱𝑗

𝑙+1

𝐦
∆𝐱𝑖

𝑙∆𝐱𝑗
𝑙+1 𝑗 𝑖 𝐫

∆𝐱𝑖
𝑙∆𝐱𝑗

𝑙+1

∆𝐱𝑖
𝑙

𝑎 𝑐 𝑎

𝑏

𝑚∆𝑥𝑎∆𝑥𝑐 𝑏′

𝐦
∆𝐱𝑖

𝑙∆𝐱𝑗
𝑙+1 =

𝐫
∆𝐱𝑖

𝑙∆𝐱𝑗
𝑙+1

∆𝐱𝑖
𝑙          𝑚∆𝑥𝑎∆𝑥𝑐 =∑𝑚∆𝑥𝑎∆𝑥𝑏𝑚∆𝑥𝑏∆𝑥𝑐

𝑏′

∆𝐱𝑗
+,𝑙+1 ∆𝐱𝑗

−,𝑙+1

∆𝐱𝑗
𝑙+1

𝐳𝑗
𝑙+1 =

∑ [(𝐰𝑖𝑗
𝑙+1𝐱𝑖

𝑙) + 𝐛𝑗
𝑙+1]𝑖 𝐱𝑗

𝑙+1 = 𝜙(𝐳𝑗
𝑙+1)

𝐦
∆𝐱𝑖

𝑙∆𝐱𝑗
𝑙+1

𝐱𝑗
𝑙+1 → 𝐳𝑗

𝑙+1 𝐳𝑗
𝑙+1 → 𝐱𝑖

𝑙 𝐦
∆𝐱𝑖

+/−,𝑙
∆𝐳𝑗

+/−,𝑙+1

𝐦
∆𝐳𝑗

+/−,𝑙+1
∆𝐱𝑗

+/−,𝑙+1 +/−

𝐦
∆𝐱𝑖

+,𝑙∆𝐳𝑗
+,𝑙+1 = 𝐦∆𝐱𝑖

−,𝑙∆𝐳𝑗
+,𝑙+1 = 𝟏{𝐰𝑖𝑗

𝑙+1∆𝐱𝑖
𝑙 > 0}𝐰𝑖𝑗

𝑙+1      (𝑙𝑖𝑛𝑒𝑎𝑟 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛𝑠)

𝐦
∆𝐳𝑗

+,𝑙+1∆𝐱𝑗
+,𝑙+1 =

∆𝐱𝑗
+,𝑙+1

∆𝐳𝑗
+,𝑙+1

            𝐦
∆𝐳𝑗

−,𝑙+1∆𝐱𝑗
−,𝑙+1 =

∆𝐱𝑗
−,𝑙+1

∆𝐳𝑗
−,𝑙+1

      (𝑛𝑜𝑛 − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛𝑠)

𝐦
∆𝐱𝑖

𝑙∆𝐱𝑗
𝑙+1 = 𝐦∆𝐱𝑖

𝑙∆𝐳𝑗
𝑙+1𝐦∆𝐳𝑖

𝑙+1∆𝐱𝑗
𝑙+1      (𝑐ℎ𝑎𝑖𝑛𝑖𝑛𝑔 𝑙𝑖𝑛𝑒𝑎𝑟 𝑎𝑛𝑑 𝑛𝑜𝑛 − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟𝑠)

∆𝐱𝑗
+/−,

∆𝐳𝑗
+/−

∆𝐳𝑗
−/+



 

 

 

𝐦
∆𝐱𝑖

𝑙∆𝐱𝑗
𝑙+1 𝐫

∆𝐱𝑖
𝑙∆𝐱𝑗

𝑙+1 𝑗 𝐱𝑗
𝑙+1

𝑖 𝐱𝑖
𝑙

𝐫
∆𝑥𝑖

𝑙∆𝑥𝑗
𝑙+1 = 𝐦∆𝑥𝑖

𝑙∆𝑥𝑗
𝑙+1∆𝐱𝑖

𝑙

𝐱

𝐳𝐿

𝐱𝑖 𝐲𝑐 𝐫∆𝐱𝑖∆𝐲𝑐
𝑐 ∈ 𝐶

𝐫∆𝐱𝑖∆𝐲𝑐 = 𝐦∆𝐱𝑖∆𝐲𝑐∆𝐱𝑖            𝐫∆𝐱𝑖∆𝐲𝑐
′ = 𝐫∆𝐱𝑖∆𝐲𝑐 −

1

𝐶
∑ 𝐫∆𝐱𝑖∆𝐲𝑘

𝐶

𝑘=1

ℱℐ

𝑛 〈𝒮, 𝒟, ℬ〉

∂𝐲𝑐 ∂𝐱𝑖⁄ 𝐲𝑐 𝐱𝑖

𝐱𝑖
′

𝐫𝑖



 

 

 

𝛼 ∈ (0,1)

𝐱𝑖 𝐱𝑖
′

𝐲

𝐲 = 𝑓(𝐱,𝐰, 𝐛)

𝐲𝒄 → [0,1] 𝑐 ∈ 𝐶

𝑓 𝑛 𝐱 ∈ ℝ𝑛

𝒓𝐱𝑖
𝑐 𝐱𝑖 𝑐

𝐱𝑖
′ 𝑎

𝜕𝑓(𝐱𝑖
′ + 𝑎(𝐱𝑖 − 𝐱𝑖

′)) 𝑎

𝐱𝑖
′

𝑎(𝐱𝑖 − 𝐱𝑖
′)

𝐫𝐱𝑖
𝑐 𝑖

                𝒓𝐱𝑖
𝑐 = (𝐱𝑖 − 𝐱𝑖

′)∫
𝜕𝑓(𝐱′ + 𝑎(𝐱 − 𝐱′))

𝜕𝐱𝑖
𝑑𝑎

1

𝑎=0

𝐱𝑖

𝛼

𝐲𝑐(𝐱) 𝐲𝑐(𝐱′)

𝑚

                𝐫𝐱𝑖
𝑐,𝐴𝑝𝑝𝑟𝑜𝑥

= (𝐱𝑖 − 𝐱𝑖
′) (

1

𝑚
)∑

𝜕𝑓 (𝐱𝑖
′ + (

𝑗
𝑚)

(𝐱𝑖 − 𝐱𝑖
′))

𝜕𝐱𝑖

𝑚

𝑗=1



 

 

 

ℱℐ𝑖 𝑖 𝐱𝑖 𝑐 𝐲𝑐

〈𝒮, 𝒟, ℬ〉

〈𝒮, 𝒟, ℬ〉

𝒩(0,1)

𝑖 ℱℐ𝑖



 

 

 

𝐱𝑖

𝐱𝑖 − 𝐱𝑖
′



 

 

 

∂𝐲𝑐 ∂𝐱𝑖⁄

𝐾𝐿(𝑃|𝑄) = ∫𝑝(𝑥) 𝑙𝑛 (
𝑝(𝑥)

𝑞(𝑥)
) 𝑑𝑥 𝑃, 𝑄)

𝑃 𝑄

𝐾𝐿 𝐾𝐿

∂𝐲𝑐 ∂𝐱𝑖⁄

ℱℐ𝑖

𝐾𝐿(𝐷𝐿|𝐼𝐺) 𝐾𝐿(𝐺𝐼|𝐿𝑅𝑃)



 

 

 

𝐾𝐿(𝑃|𝑄) 𝑃,𝑄)

𝑃 𝑄

ℱℐ𝑖𝑎
𝐱𝑖 𝑐𝑎

𝑖 ∈ 𝑛 𝑛 𝐱 𝑐𝑏

ℱℐ𝑖𝑏

ℱℐ𝑖𝑑𝑖𝑓 = ℱℐ𝑖𝑎 −

ℱℐ𝑖𝑏



 

 

 

ℱℐ𝑖𝑑𝑖𝑓

〈𝒮, 𝒟, ℬ〉

〈𝒮, 𝒟, ℬ〉



 

 

 

𝑛 𝑅𝑛
𝑀 = ∑ ℱℐ𝑖

𝑀
𝑖∈𝑛 𝑀

𝐴𝑛 = 𝐲𝑐 −

𝐲𝑐[𝐱𝑖∈𝑛 = 0]

𝑛

𝑛

𝑛

𝑛 𝑛

𝐴

𝑛

𝑀 𝑛

𝜌𝑛
𝑀 = 𝑐𝑜𝑟𝑟(𝑅𝑛

𝑀, 𝐴𝑛)       

𝑤ℎ𝑒𝑟𝑒 𝑅𝑀 =∑ ℱℐ𝑖
𝑀

𝑖∈𝑛
     𝑎𝑛𝑑 𝐴𝑛 = 𝐲𝑐 − 𝐲𝑐[𝐱𝑖∈𝑛 = 0]

𝑛 𝑀

𝑛

〈𝒮, 𝒟, ℬ〉 𝑛

𝑛

𝑛

𝑛

𝑛

𝑛

𝑛

𝑛 𝑅𝑀 𝐴𝑛

𝑅𝑀

𝑛

𝑛



 

 

 

𝑛

𝑛

𝑛 𝑛

𝑛 𝑛 

𝑛

∂𝐲𝑐 ∂𝐱𝑖⁄

𝐲𝑐

𝐱𝑖 − 𝐱𝑖
′



 

 

 

〈𝒮, 𝒟, ℬ〉

ℱℐ =

[𝐫1, … , 𝐫𝑛] ∈ ℝ
𝑛 𝑛 𝐱 = [𝐱1, … , 𝐱𝑛] ∈ ℝ

𝑛

〈𝒮, 𝒟, ℬ〉

 𝐲 = 𝑓(𝐱,𝐰, 𝐛)

ℱℐ𝑖

ℬ 𝒮 𝒟

𝐱

𝐲 ∈ 𝒜

〈𝒮,𝒟, ℬ〉

〈𝒮, 𝒟, ℬ〉

〈𝒮, 𝒟, ℬ〉

𝒩(0,1)

ℱℐ



 

 

 

〈𝒮, 𝒟, ℬ〉

ℱℐ

ℱℐ

𝑛 𝐱𝑛 𝑘

𝑘 ≤ 𝑛 𝐊 = {𝐾1, … , 𝐾𝑘}

𝛍𝑗

𝑛

 ‖𝐱 − 𝛍𝑗‖
2



 

 

 

arg min
𝐊

∑ ∑ ‖𝐱 − 𝛍𝑗‖
2

𝐱∈𝐊𝑗

𝑘

𝑗=1
= arg min

𝐊
∑ |𝐊𝑗|𝑉𝑎𝑟(𝐊𝑗)

𝑘

𝑗=1

𝑘

𝐊

𝐰

𝑛 1 √𝑛⁄

𝐊 𝐰𝑗

𝑠

arg min
𝐊

∑ ∑ ‖𝐱− 𝛍𝑗‖
2

𝐱∈𝐊𝑗

𝑘

𝑗=1
  (1)

arg max
𝐰

∑ 𝐰𝑗∑ ‖𝐱𝑖𝑗 − 𝛍𝑗‖
2𝑠

𝑖=1
−∑ ∑ ‖𝐱− 𝛍𝑗𝑘‖

2

𝐱∈𝐊𝑗

𝑘

𝑚=1

𝑛

𝑗=1
  (2)

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐰𝑗 ≥ 0, ‖𝐰‖
2 ≤ 1, ‖𝐰‖ ≤ 𝑠     ∀𝑗

𝐊

𝐰𝑗 𝐱𝑖𝑗



 

 

 

𝐷(𝐱𝑖 , 𝐩𝑗) 𝑖𝑡ℎ 𝑛 𝐱𝑖

𝐩𝑗 𝑗 ∈ 𝐊 ‖𝐱 − 𝛍𝑗‖
2

‖𝐱‖ = 1 𝐮𝑖𝑗
𝑚

𝑗

𝐰𝑖

𝑚

arg min
𝐩

∑ 𝐰𝑖𝐮𝑖𝑗
𝑚𝐷(𝐱𝑖, 𝐩𝑗)

𝑖∈𝑛,𝑗∈𝐊
         

𝑤ℎ𝑒𝑟𝑒   𝐷(𝑥, 𝑝) = 1 − cos(𝑥, 𝑝)        𝐮𝑖𝑘 = {
1     𝑖𝑓 𝑝𝑟𝑜𝑡𝑦𝑝𝑒 𝑐𝑙𝑎𝑠𝑠 𝑒𝑞𝑢𝑎𝑙𝑠 𝑗
0     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                              

𝑘 𝐩𝑗

𝑘

𝑘

𝑘 𝑘



 

 

 

𝑚

〈𝒮,𝒟, ℬ〉 𝑚

ℱℐ ∈ ℝ𝑛 𝑛

𝑚 𝑥 𝑛 𝑚 𝑛

ℱℐ

ℱℐ

ℱℐ

ℱℐ

ℱℐ

𝐱 𝑆 〈𝒮, 𝒟, ℬ〉

ℱℐ

ℱℐ

𝐷𝑖(𝑝𝑖, 𝑝𝑗) 𝑝𝑖 ∈ ℱℐ

ℱℐ 𝑝𝑗

𝑀𝑖(𝑞𝑖, 𝑞𝑗) 𝑞𝑖 ∈ 𝓎

𝓎 𝑞𝑗 ∈ ℱℐ

𝐻

∑ 𝑀𝑖(𝑞𝑖, 𝑞𝑗)
𝑛
𝑖=1

ℱℐ ∑  𝐷𝑖(𝑝𝑖, 𝑝𝑗)
𝑛
𝑖=1

𝐻 =
∑ 𝑀𝑖(𝑞𝑖, 𝑞𝑗)
𝑛
𝑖=1

∑ 𝑀𝑖(𝑞𝑖, 𝑞𝑗)
𝑛
𝑖=1 + ∑  𝐷𝑖(𝑝𝑖, 𝑝𝑗)

𝑛
𝑖=1

ℱℐ 𝐻

ℱℐ 

𝐻 = 1

ℱℐ

ℱℐ 𝑆



 

 

 

ℱℐ

〈𝒮, 𝒟, ℬ〉

ℱℐ

〈𝒮, 𝒟, ℬ〉

ℱℐ

𝑛



 

 

 

𝑘

ℱℐ 𝑘

ℱℐ

〈𝒮, 𝒟, ℬ〉 𝑘

𝑘

𝑘 𝐺𝑎𝑝(𝑘)

𝐺𝑎𝑝(𝑘) ≥ 𝐺𝑎𝑝(𝑘 + 1) −

𝑠𝑘+1 𝑠𝑘+1

𝑘 log(𝑊𝑘)

𝐵

𝐺𝑎𝑝(𝑘) =
1

𝐵
∑ 𝐸∗[log(𝑊𝑘𝑗)]

𝐵

𝑗=1
− log(𝑊𝑘)

ℱℐ 𝐵 = 100

𝑠𝑘+1

𝑘 𝑘



 

 

 

𝑘

ℱℐ 𝑘

2𝑝 ln(𝑛)𝑝 𝑝

𝑛

𝐱 𝜃

ℱℐ

𝑘

𝑘

𝑘

ℱℐ

𝑘

𝐴𝐼𝐶 = 2𝑝 − 2 ln(𝐿̂)          𝐵𝐼𝐶 = ln(𝑛) 𝑝 − 2 ln(𝐿̂)        𝐿̂ = 𝑃(𝐱|𝜃)



 

 

 

〈𝒮, 𝒟, ℬ〉

ℱℐ

𝐷(𝑥, 𝑝) = 1 − cos(𝑥, 𝑝)

𝑥 𝑝



 

 

 

ℱℐ

ℱℐ

𝐺

𝐷



 

 

 

𝐸

𝑊𝐵

𝐹

𝑛

𝑖 𝑠𝑖

𝑏𝑖 𝑖

𝑖 𝑎𝑖

𝑠𝑖 =
𝑏𝑖 − 𝑎𝑖

max{𝑎𝑖, 𝑏𝑖}
          𝑠 =

1

𝑚
∑ 𝑠𝑖

𝑚

𝑖=1
          𝑤ℎ𝑒𝑟𝑒 𝑚 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑎𝑡𝑎 𝑝𝑜𝑖𝑛𝑡𝑠

𝑠

𝑠𝑖 𝑘



 

 

 

ℱℐ

〈𝒮, 𝒟, ℬ〉

〈𝒮, 𝒟, ℬ〉 ℱℐ

ℱℐ

𝓕𝓘

ℱℐ 〈𝒮, 𝒟, ℬ〉

〈𝒮, 𝒟, ℬ〉

ℱℐ



 

 

 

𝓕𝓘

ℱℐ

ℱℐ

ℱℐ



 

 

 

ℱℐ

𝓕𝓘



 

 

 

ℱℐ

〈𝒮, 𝒟, ℬ〉



 

 

 

𝑛 ℱℐ

ℱℐ

𝑝

𝑛

ℱℐ

𝑝 𝑛

𝑝



 

 

 

ℱℐ

ℱℐ

ℱℐ

ℱℐ



 

 

 

ℱℐ



 

 

 

𝓕𝓘



 

 

 

〈𝒮, 𝒟, ℬ〉 ℱℐ



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 

                                                           
 



 

 

 



 

 

 



 

 

 



 

 

 

𝑡

𝑅𝑡 𝑡

𝑇 𝑆𝐷(𝑅)√𝑇

𝑉𝑂𝐿𝑡
𝑅 𝑡 𝑅𝑖

𝑅 = log (
𝑀𝑃𝑡

𝑀𝑃𝑡−1
)

𝑉𝑂𝐿𝑡
𝐻𝐿 𝑅𝑖

𝐻𝐿 = log (
𝑀𝑃𝑡

𝐻

𝑀𝑃𝑡
𝐿)



 

 

 



 

 

 

𝑠𝑡
𝐴𝐵𝑁 𝑠 ∈ 𝑆

𝑉𝑂𝐿𝑡
𝐴𝐵𝑁

𝑡 𝑉𝑂𝐿𝑖,𝑡 𝑉𝑂𝐿̅̅ ̅̅ ̅̅
𝑖

𝜎𝑖 𝑖

𝑁𝑝

𝑠𝑖,𝑡 𝑠̅𝑖 𝑖

𝑡

𝑉𝑂𝐿𝑖,𝑡
𝐴𝐵𝑁 =

𝑉𝑂𝐿𝑖,𝑡 − 𝑉𝑂𝐿̅̅ ̅̅ ̅̅
𝑖

𝑉𝑂𝐿̅̅ ̅̅ ̅̅
𝑖

∗
1

𝜎𝑖

𝑠𝑝
𝐴𝐵𝑁 =∑  

1

𝑁𝑝
(
𝑠𝑖,𝑡 − 𝑠̅𝑖
𝑠̅𝑖

)
𝑉𝑂𝐿𝑖,𝑡

𝐴𝐵𝑁∩𝑝

                                                           



 

 

 

𝑠𝑝
𝐴𝐵𝑁 𝑝

𝑉𝑂𝐿𝑗
𝐴𝐵𝑁 ∩ 𝑝



 

 

 

𝑠

𝑉𝑂𝐿𝑖,𝑡−1 𝑖 𝑡 𝑁𝐿𝑖,𝑡
𝑠

t

𝑡

𝐷𝑠 𝐷𝐻𝐿

𝑖 𝛿

𝑁𝐿𝑖,𝑡
𝑠 = 𝛼0 + 𝑉𝑂𝐿𝑖,𝑡−1 + 𝐷

𝑠 + 𝐷𝐻𝑉 + 𝐷𝑠 ∗ 𝑉𝑂𝐿𝑖,𝑡−1 + 𝐷
𝑠 ∗ 𝑉𝑂𝐿𝑖,𝑡−1 ∗ 𝐷

𝐻𝑉 + 𝛿 + 𝜖𝑖,𝑡

𝑉𝑂𝐿𝑖,𝑡−1

𝐷𝑠 ∗ 𝑉𝑂𝐿𝑖,𝑡−1.

𝐷𝑠 ∗ 𝑉𝑂𝐿𝑖,𝑡−1 ∗ 𝐷
𝐻𝑉



 

 

 

𝑽𝑶𝑳𝒕−𝟏

𝑫𝒔

𝑫𝒔 ∗ 𝑽𝑶𝑳𝒊,𝒕−𝟏

𝑫𝒔 ∗ 𝑽𝑶𝑳𝒊,𝒕−𝟏
∗ 𝑫𝑯𝑽

𝜹𝑴𝑽

𝜹𝑽𝑭𝑻𝑺𝑬

𝜹𝑰𝑷

𝜶𝟎

𝑁𝐿𝑖,𝑡
𝑠 𝑠 𝑖 𝑡

𝑁𝐿𝑖,𝑡
𝑠 = 𝛼0 +∑ 𝐷𝑖5

𝑖=1 + 𝑉𝑂𝐿𝑖,𝑡−1 +

𝐷𝑠 + 𝐷𝑠 ∗ 𝑉𝑂𝐿𝑖,𝑡−1 + 𝐷
𝑠 ∗ 𝑉𝑂𝐿𝑖,𝑡−1 ∗ 𝐷

𝐻𝑉 + 𝛿 + 𝜖𝑖,𝑡 𝑁𝐿𝑖,𝑡
𝑠

𝑉𝑂𝐿𝑖,𝑡−1 𝐷𝑠 𝐷𝐻𝐿

𝛿

𝛿𝑉𝐹𝑇𝑆𝐸

𝛿𝑀𝑉 𝛿𝐼𝑃

𝑥

𝑦

𝑥

𝑦 𝑥 𝑦

𝑥 𝑦

𝑁𝐿𝑖,𝑡
𝑠

𝑉𝑂𝐿𝑖,𝑡 𝑖 𝑡



 

 

 

𝑛

𝑉𝑂𝐿𝑖,𝑡 = 𝛼0 +∑𝛼1𝑖𝑗𝑁𝐿𝑖,𝑡−𝑗
𝑠

n

𝑗=1

+∑𝛼2𝑖𝑗𝑉𝑂𝐿𝑖,𝑡−𝑗

n

𝑗=1

+ 𝜀𝑖,𝑡

𝑁𝐿𝑖,𝑡
𝑠 = 𝛽0 +∑𝛽1𝑖𝑗𝑉𝑂𝐿𝑖,𝑡−j

n

𝑗=1

+∑𝛽2𝑖𝑗𝑁𝐿𝑖,𝑡−𝑗
𝑠

n

𝑗=1

+ 𝜇𝑖,𝑡

𝜀𝑖,𝑡 𝜇𝑖,𝑡

𝑛 = 5

𝐻0A: 𝛼0 = 𝛼1 = 𝛼2 = 0;

𝐻0B: 𝛽0 = 𝛽1 = 𝛽2 = 0;

𝐻0A

𝐻0B 𝑠𝑖,𝑡

𝑉𝑂𝐿𝑖,𝑡

𝑍̃

𝑊̅ 𝑊

𝑥̅ 𝑥0 𝑣𝑎𝑟(𝑥̅)

𝑊 ~ 𝜒𝑘
2

𝑍̃

𝐻0𝐴

𝐻0𝐵

𝐻0𝐵



 

 

 

𝐻0𝐴

𝑽𝑶𝑳𝒕 𝑵𝑳𝒊
𝒔 𝑯𝟎𝐀

𝑵𝑳𝒊
𝒔 𝑽𝑶𝑳𝒕 𝑯𝟎𝐁)

 𝑉𝑂𝐿𝑖 𝑁𝐿𝑖
𝑠



 

 

 

                                                           



 

 

 

𝑘𝑡ℎ

𝑡

𝑠

𝑠 ∈ 𝑆



 

 

 

𝑘 𝑅𝑡

𝑂𝑡 𝑘

𝑠, 𝑂𝑡
𝑠

𝑅𝑡 =∑ 𝛼𝑖
𝑠𝑅𝑡−𝑖

𝑘

𝑖=1
+∑ ∑ 𝛽𝑖

𝑠𝑂𝑡−𝑖
𝑠

𝑠∈𝑆

𝑘

𝑖=1
+ 𝜀0𝑡              𝑂𝑡

𝑠 =∑ 𝛿𝑖
𝑠𝑅𝑡−𝑖

𝑘

𝑖=1
+∑ ∑ 𝜗𝑖

𝑠𝑂𝑡−𝑖
𝑠

𝑠∈𝑆

𝑘

𝑖=1
+ 𝜀𝑠𝑡

𝑡 𝑅𝑡

𝜀𝑖𝑡

𝐸(𝛆𝑡𝛆𝑡
′) = Ω Ω

𝑠 ∈ 𝑆

𝑅𝑡
𝑠 𝑂𝑡

𝐴𝑀

Ω

[
𝑅𝑡
𝑠

⋮
𝑂𝑡
𝑆
] = [

𝑅𝑅(𝐿) ⋯ 𝑆𝑅(𝐿)
⋮ ⋱ ⋮

𝑅𝑆(𝐿) ⋯ 𝑆𝑆(𝐿)
] [

𝜀0𝑡
⋮
𝜀𝑆𝑡
]

 𝛆𝑡𝛆𝑡
′ = 𝑰

𝜀𝑡

𝑠𝑅(𝐿) 𝑇

𝑠𝑅(𝐿) = ∑ 𝑠𝑖
𝑅𝐿𝑖𝑇

𝑖=0

𝑠

𝜓



 

 

 

𝑠



 

 

 

𝑀𝑃𝑡

𝑀𝑃𝑡
∗ 𝜚𝑡

𝜅𝑡 lim
ℎ→∞

𝐸(𝜅𝑡+ℎ) = 0

𝑀𝑃𝑡 = 𝑀𝑃𝑡
∗ + 𝜅𝑡

𝑀𝑃𝑡
∗ = 𝑀𝑃𝑡−1

∗ + 𝜚𝑡    𝜚𝑡~𝑖𝑖𝑑(0, 𝜎𝜚
2)     𝑤ℎ𝑒𝑟𝑒 𝐸(𝜚𝑡) = 0, 𝐸(𝜚𝑡

2) = 𝜎𝜚
2 𝑎𝑛𝑑 𝐸(𝜚𝑖𝜚𝑗) = 0    𝑖 ≠ 𝑗

𝑅𝑡 = 𝑀𝑃𝑡 −𝑀𝑃𝑡−1 =

∆𝑃𝑡
∗ + ∆𝜅𝑡 ∆𝑃𝑡

∗

𝜎𝜚
2

∆𝜅𝑡 𝜎𝜅
2

𝜎𝜚
2

(∑ 𝑅𝑖
𝑅∞

𝑖=0 )𝜎𝜀0
2

(∑ 𝑠𝑖
𝑅∞

𝑖=0 )𝜎𝜀𝑠
2 𝑠 ∈ 𝑆

∆𝑃𝑡
∗

𝜎𝜚
2 𝑆

∆𝑃𝑡
∗ = (∑𝑅𝑖

𝑅

∞

𝑖=0

)𝜀0𝑡 +∑ (∑𝑠𝑖
𝑅

∞

𝑖=0

)𝜀𝑠𝑡
𝑠∈𝑆

          𝜎𝜚
2 = (∑𝑅𝑖

𝑅

∞

𝑖=0

)

2

𝜎𝜀0
2 +∑ (∑𝑠𝑖

𝑅

∞

𝑖=0

)

2

𝜎𝜀𝑠
2

𝑠∈𝑆

𝜎𝜚
2



 

 

 

(∑ 𝑅𝑖
𝑅50

𝑖=1 )
2
𝜎𝜀0
2

𝜎𝜚
2 ,

(∑ 𝐴𝑀𝑖
𝑅50

𝑖=1 )
2
𝜎𝜀1
2

𝜎𝜚
2 ,

(∑ 𝐸𝑋𝑖
𝑅50

𝑖=1 )
2
𝜎𝜀2
2

𝜎𝜚
2 ,

(∑ 𝑀𝑆𝑖
𝑅50

𝑖=1 )
2
𝜎𝜀3
2

𝜎𝜚
2 ,

(∑ 𝑀𝑂𝑖
𝑅50

𝑖=1 )
2
𝜎𝜀4
2

𝜎𝜚
2 ,

(∑ 𝑇𝐸𝑖
𝑅50

𝑖=1 )
2
𝜎𝜀5
2

𝜎𝜚
2

𝜎𝜅
2

𝜅𝑡

𝜀

𝜀

𝛼𝑖
𝑠 𝑠 ∈ 𝑆 𝛽𝑖

𝑠

𝜅𝑡

𝛼𝑖
𝑠 𝛽𝑖

𝑠

𝜅𝑡 =∑ 𝛼𝑖
𝑠𝜀0𝑡

∞

𝑖=0
+∑ ∑ 𝛽𝑖

𝑠𝜀𝑠𝑡
𝑠∈𝑆

∞

𝑖

𝛼𝑖
𝑠 = (∑𝑅𝑖

𝑅

∞

𝑖=0

)         𝛽𝑖
𝑠 = (∑𝑠𝑖

𝑅

∞

𝑖=0

)

𝜎𝜚
2

𝜎𝜚

𝜎𝜅
2 = {∑∑ ((𝛼𝑖

𝑠)2 + (𝛽𝑖
𝑠)2)

𝑠∈𝑆

∞

𝑖=0

}

(∑ (𝛼𝑖
𝑠)250

𝑖=0 )

𝑠  (∑ (𝛽𝑖
𝑠)250

𝑖=0 )



 

 

 

𝑀𝑃𝑡

𝑀𝑃𝑡
∗ 𝜅𝑡 𝜎𝜚

2 𝜎𝜅
2

𝜎𝜚
2



 

 

 

𝑀𝑃𝑡 = 𝑀𝑃𝑡
∗ + 𝜅𝑡

 𝑀𝑃𝑡
∗ 𝜅𝑡.

𝑀𝑃𝑡
∗ = 𝑀𝑃𝑡−1

∗ +

𝜀𝑡 𝜀𝑡~𝑖𝑖𝑑(0, 𝜎𝜀
2) 𝜀𝑡

𝑂𝑖,𝑡
𝑠̃ 𝑠

𝑘 𝑡

𝑂𝑖,𝑡
𝑠 𝑘

𝜀𝑖,𝑡
𝑠 𝑖 𝑠

𝜀𝑖,𝑡
𝑠 = 𝛼𝑖

𝑠𝑂𝑖,𝑡
𝑠̃ + 𝜇𝑖,𝑡

𝑠

𝑂𝑖,𝑡
𝑠̃ 𝑂𝑖,𝑡

𝑠 𝑠

𝑖

𝜇𝑡



 

 

 

𝜅𝑡

𝑠 𝑂𝑖,𝑡
𝑠

𝜅𝑖,𝑡
𝑠 = 𝜑𝑠𝜅𝑡−1

𝑠 + 𝛽𝑖
𝑠𝑂𝑖,𝑡

𝑠 +𝜔𝑖,𝑡
𝑠

𝜇𝑖,𝑡
𝑠 𝜔𝑖,𝑡

𝑠

𝐶𝑜𝑣(𝜇𝑖,𝑡
𝑠 , 𝜔𝑖,𝑡

𝑠 ) = 0

𝑂̃𝑖,𝑡
𝑀𝑂

𝛽𝑠

𝜑𝒔

𝛼𝑖
𝑠 𝛽𝑖

𝑠

𝜑𝑠



 

 

 

𝜶𝒔 𝝈(𝑶𝒊,𝒕
𝒔̃ )

𝟐 𝝋𝒔 𝜷𝒔 𝝈(𝑶𝒊,𝒕
𝒔 )

𝟐

〈𝒮, 𝒟, ℬ〉

〈𝒮, 𝒟, ℬ〉

𝑛



 

 

 

〈𝒮, 𝒟, ℬ〉 ℱℐ

〈𝒮, 𝒟, ℬ〉

ℱℐ



 

 

 



 

 

 



 

 

 

𝑡 𝐱𝑡

𝐲𝑡

𝑥



 

 

 



 

 

 

𝑥



 

 

 



 

 

 

𝑗 𝑗 ∈ {0,… , 𝑠 − 1}

𝑠 ∈ {1,… , 𝐾} ∆ 𝑖 𝑂𝑖(. )

𝜋𝑖(𝑗)

𝑗∆ 𝛿𝑖𝑇(𝑗)

𝑗 𝑇(𝑗)

𝛿𝑖 max
𝑗∈{0,…𝑠−1}

𝜋𝑖(𝑗) ≡

𝑗∆ − 𝛿𝑖𝑇(𝑗)

𝑗

𝑗

𝑖 𝑗𝑖
𝑅

𝜋𝑖(𝑗)

𝑖 𝛿𝑖

𝜇 𝑗𝑖
𝑅 = 𝑐𝑒𝑖𝑙𝑖𝑛𝑔[𝛿𝑖 𝜇∆⁄ ]

𝑗𝑖
𝑅

𝑆 𝑗𝑖
𝑅 < 𝑆

𝑗𝑖
𝑅 > 𝑆



 

 

 



 

 

 

𝑡 𝐴𝑡 = ∑ 𝑋𝑖
𝑡
𝑖=1

𝑋𝑖 {±1} 𝑝 =

ℙ(𝑋1 = 1) 𝑝 ∈ [0,1] 𝑝

𝑞 𝑝 <
1

2

𝐴𝑡 , 𝑋𝑡

𝑡 𝐴 = {𝐴𝑐𝑡𝑁 , 𝐴𝑐𝑡𝐿 , 𝐴𝑐𝑡𝑀}

𝑡 = 1 𝑐𝑜𝑠𝑡𝑁 , 𝑐𝑜𝑠𝑡𝐿 , 𝑐𝑜𝑠𝑡𝑀

𝑐𝑜𝑠𝑡𝐿 𝑐𝑜𝑠𝑡𝑁 𝑝  𝑐𝑜𝑠𝑡𝑀

𝑇 𝑉𝑡(𝑋𝑡, 𝑎
𝑡)

𝑡 𝑎𝑡 𝑎𝑡
∗

𝑎𝑡 𝑉𝑡(𝑋𝑡, 𝑎
𝑡∗) ≤

𝑉𝑡(𝑋𝑡, 𝑎
𝑡)



 

 

 

𝑛

𝑋



 

 

 

𝐴

𝛿ℤ × ℕ2

𝑃𝑡
𝐵 𝑉𝑡

𝐵 𝑃𝑡
𝐴  𝑉𝑡

𝐴

𝑡 𝛿

𝑓 𝜆

𝜇 + 𝜃

𝑓

𝑡

𝑡



 

 

 

𝑛



 

 

 

𝑥



 

 

 

𝐡

𝐡

𝑡



 

 

 

𝑡

𝐲 = 𝑓(𝐱) 𝐱 = {𝐱1, … , 𝐱𝑇}

𝐲 = {𝐲1, … , 𝐲𝑡}

𝐡

𝑡  𝐡𝑡



 

 

 



 

 

 

𝑡 𝐡𝑡 𝛿

𝐱 = {𝐱1, … , 𝐱𝑇}

𝛿

𝐡𝑡

𝑓 𝐡𝑡−1 𝛿

𝐱𝑡

𝐡𝑡 = 𝑓(𝐡𝑡−1; 𝐱𝑡) = 𝑓(𝑓(𝐡𝑡−2; 𝐱𝑡−1); 𝐱𝑡)

𝑡 → 𝑇

𝐡

𝐱

𝑡 𝑡 + 1



 

 

 

𝑡 𝐱𝑡 𝐲̂𝑡

𝐡𝑡

𝐡𝑡−1

𝐱𝑡 𝐡𝑡−1

𝛅 𝑙 ∈ 𝐿

𝐱𝑡

𝐿 𝐲̂𝑡

𝐲̂𝑡 𝐲𝑡

ℒ



 

 

 

𝐿

𝐱𝑡 → 𝐲̂𝑡

𝐡𝑡−1 → 𝐡𝑡

𝐲̂𝑡

𝐱𝑡 → 𝐲̂𝑡

𝐡𝑡−1 → 𝐡𝑡

𝜙

𝜑

𝜙𝑇𝑎𝑛𝐻(𝑧) 𝜙𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝑧)

𝜙𝑅𝑒𝐿𝑈(𝑧) 𝜙𝐸𝐿𝑈(𝑧)

𝜑



 

 

 

𝑛 𝑡

𝐱𝑡 = (𝑥1, … , 𝑥𝑛) (𝐱1, … , 𝐱𝑡 , … , 𝐱𝑇)

𝑙 ∈ 𝐿 𝑗

𝐡𝑙
𝑡 = (ℎ𝑙,1

𝑡 , … , ℎ𝑙,𝑗
𝑡 )

𝑗

𝐡𝑙
𝑡−1

𝐡0

𝑡 𝐲̂𝑡

(𝐲1, … , 𝐲𝑡, … , 𝐲𝑇) ℒ

𝑙 = 1 𝐱𝑡

𝐡1
𝑡 𝜙1

𝐳1
𝑡 𝐱𝑡

𝐰1

𝐡1
𝑡−1

𝐮1 𝐛1

𝑙 𝐡𝑙
𝑡 𝜙𝑙 𝐳𝑙

𝑡

𝐰𝑙𝐡𝑙−1
𝑡 𝐮𝑙𝐡𝑙

𝑡−1

𝐛𝑙 𝑡 𝐿

𝐲̂𝑡 𝜑 𝐳𝐿
𝑡

𝐡𝐿−1
𝑡

𝐰𝐿 𝐛𝐿

𝑡

𝛿 = (𝐰, 𝐮, 𝐛)

𝐳1
𝑡 ← 𝐰1𝐱

𝑡 + 𝐮1𝐡1
𝑡−1 + 𝐛1             𝐡1

𝑡 ← 𝜙1(𝐳1
𝑡)          (𝐼𝑛𝑝𝑢𝑡 𝐿𝑎𝑦𝑒𝑟)

𝐳𝑙
𝑡 ← 𝐰𝑙𝐡𝑙−1

𝑡 + 𝐮𝑙𝐡𝑙
𝑡−1 + 𝐛𝑙              𝐡𝑙

𝑡 ← 𝜙𝑙(𝐳𝑙
𝑡)          (𝐻𝑖𝑑𝑑𝑒𝑛 𝐿𝑎𝑦𝑒𝑟)

𝐲̂𝑡 ← 𝐰𝐿𝐡𝐿−1
𝑡 + 𝐛𝐿                              𝐲̂

𝑡 ← 𝜑(𝐳𝐿
𝑡)          (𝑂𝑢𝑡𝑝𝑢𝑡 𝐿𝑎𝑦𝑒𝑟)



 

 

 

𝑙 𝐡𝑙
𝑡 ← 𝜙𝑙(𝐳𝑙

𝑡)

𝐡𝑙−1
𝑡 𝐡𝑙

𝑡−1

𝐰𝑙 𝐮𝑙 𝐛𝑙

𝑡

𝐡

𝐮

𝑡

𝑡



 

 

 

𝐡𝑡−1 𝐡𝑡

𝑡

𝐦

𝐦𝑙
𝑡 𝑙 𝑡

𝐡𝑡−1

𝐦



 

 

 

∂ℎ𝑡 ∂ℎ𝑡−1𝑇𝑅⁄ = 1

𝐡𝑡

∂ℎ𝑡 ∂ℎ𝑡−1⁄ = 𝐟𝑡 𝐟𝑡

𝐿

𝑡 𝐱𝑡 𝐡1
𝑡−1

𝐦1
𝑡−1 𝑙 = 1

𝐡 𝐦

𝐡

𝑡 𝐦

𝐝𝑙
𝑡 𝐢𝑙

𝑡

𝐟𝑙
𝑡 𝐨𝑙

𝑡 𝐦𝑙
𝑡

𝐰𝑙,𝑢𝑛𝑖𝑡 , 𝐯𝑙,𝑢𝑛𝑖𝑡, 𝐮𝑙,𝑢𝑛𝑖𝑡

𝑙 𝑢𝑛𝑖𝑡

𝑙 = 1

𝑙 ∈ 𝐿

𝑡



 

 

 

𝐝1
𝑡

𝑡 𝐱𝑡 𝐡1
𝑡−1 𝐰1,𝑚 𝐮1,𝑚

𝐛1,𝑚 𝜙𝑇𝑎𝑛𝐻

𝐝1
𝑡 = 𝜙𝑇𝑎𝑛𝐻(𝐰1,𝑚𝐱

𝑡 + 𝐮1,𝑚𝐡1
𝑡−1 + 𝐛1,𝑚)

𝐢1
𝑡 𝐦1

𝑡−1

𝐱𝑡

𝐡1
𝑡−1 𝐰1,𝑖

𝐮1,𝑖

𝐯1,𝑖

𝜙𝑆𝑖𝑔𝑚𝑜𝑖𝑑

𝐢1
𝑡 = 𝜙𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝐰1,𝑖𝐱

𝑡 + 𝐮1,𝑖𝐡1
𝑡−1 + 𝐯1,𝑖𝐦1

𝑡−1 + 𝐛1,𝑖)

𝐟1
𝑡

𝐦1
𝑡−1 𝐯1,𝑓

𝐱𝑡

𝐰1,𝑓 𝐡1
𝑡−1 𝐮1,𝑓 𝐛1,𝑓

𝜙𝑆𝑖𝑔𝑚𝑜𝑖𝑑

𝐟1
𝑡 = 𝜙𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝐰1,𝑓𝐱

𝑡 + 𝐮1,𝑓𝐡1
𝑡−1 + 𝐯1,𝑓𝐦1

𝑡−1 + 𝐛1,𝑓)

𝐝1
𝑡 𝐢1

𝑡 𝐟1
𝑡

𝑡 𝐦1
𝑡−1 → 𝐦1

𝑡

𝐦1
𝑡 𝐟1

𝑡𝐦1
𝑡−1

𝐢1
𝑡𝐝1

𝑡

𝑡 + 1

𝐦1
𝑡 ← 𝐟1

𝑡𝐦1
𝑡−1 + 𝐢1

𝑡𝐝1
𝑡

𝐨1
𝑡

𝐡1
𝑡

𝑡 + 1

𝐱𝑡 𝐡1
𝑡−1 𝐦1

𝑡



 

 

 

𝐰1,𝑜 𝐮1,𝑜 𝐯1,𝑜 𝐛1,𝑜

𝜙𝑆𝑖𝑔𝑚𝑜𝑖𝑑 𝐨1
𝑡

𝐡1
𝑡−1 → 𝐡1

𝑡

𝐨1
𝑡 = 𝜙𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝐰1,𝑜𝐱

𝑡 + 𝐮1,𝑜𝐡1
𝑡−1 + 𝐯1,𝑜𝐦1

𝑡 + 𝐛1,𝑜)

𝐡1
𝑡 = 𝐨1

𝑡𝜙𝑇𝑎𝑛𝐻(𝐦1
𝑡)

𝐡1
𝑡

𝐲̂𝑡

𝐲̂𝑡 = 𝜑(𝐡𝐿
𝑡 )

𝑙.

𝑙 𝐡𝑙
𝑡 = 𝐨𝑙

𝑡𝜙𝑇𝑎𝑛𝐻(𝐦𝑙
𝑡)

𝜙𝑆 𝜙𝑇

𝐦𝑙
𝑡−1

𝐦𝑙
𝑡 ← 𝐟𝑙

𝑡𝐦𝑙
𝑡−1 + 𝐢𝑙

𝑡𝐝𝑙
𝑡 𝐛𝑙

(𝐰, 𝐮, 𝐯, 𝐛)



 

 

 

𝐡

𝐱𝑡

𝐡𝑡

𝑙 ∈ 𝐿

𝐚𝑡 𝐫𝑡

𝐡𝑡

𝑡 𝐲̂𝑡 𝐱𝑡

𝑡 + 1

𝑙 = 1

𝑙 ∈ 𝐿



 

 

 

𝑡 𝐱𝑡

𝐡𝑙
𝑡−1 𝐡𝑙

𝑡−1 → 𝐡𝑙
𝑡

𝐡𝑙
𝑡−1

𝐡̃𝑙
𝑡 𝐫𝑙

𝑡

𝐚𝑙
𝑡

𝑙 𝑡 𝐫𝑙
𝑡

𝐡𝑙
𝑡−1

𝐱

𝐡𝑙
𝑡−𝑖;  𝑖 > 0 𝐫1

𝑡

𝐰1,𝑟𝐱
𝑡

𝐮1,𝑟𝐡1
𝑡−1

𝐛1,𝑟
𝑡

𝐰 𝐮

𝑡

𝐫1
𝑡 = 𝜙𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝐰1,𝑟𝐱

𝑡 + 𝐮1,𝑟𝐡1
𝑡−1 + 𝐛1,𝑟

𝑡 )

𝐡′1
𝑡

𝑡

𝐡′1
𝑡
= 𝐫1

𝑡𝐡1
𝑡−1

𝐡1
𝑡

𝐡̃1
𝑡

𝐡′1
𝑡

𝐡̃1
𝑡

𝐰1,ℎ𝐱
𝑡 𝐮1,ℎ𝐡

′
1
𝑡

𝐛1,ℎ

𝐡̃1
𝑡 = 𝜙𝑇𝑎𝑛ℎ(𝐰1,ℎ𝐱

𝑡 + 𝐮1,ℎ𝐡
′
1
𝑡
+ 𝐛1,ℎ)

𝐡̃1
𝑡 𝐡1

𝑡−1

𝐚1
𝑡

𝐡 𝐚1
𝑡



 

 

 

𝐰1,𝑎𝐱
𝑡

𝐮1,𝑎𝐡1
𝑡−1 𝐛1,𝑎

𝑡

𝐚1
𝑡 = 𝜙𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝐰1,𝑎𝐱

𝑡 + 𝐮1,𝑎𝐡1
𝑡−1 + 𝐛1,𝑎

𝑡 )

𝐡1
𝑡

𝐡1
𝑡−1 𝐡̃1

𝑡

𝐚1
𝑡

𝐡1
𝑡 = (1 − 𝐚1

𝑡)𝐡1
𝑡−1 + 𝐚1

𝑡 𝐡̃1
𝑡

𝐲̂𝑡

𝐡 𝑡 + 1

𝐲̂𝑡 𝜑

𝐲̂𝑡 = 𝜑(𝐨𝐿
𝑡 )

𝑙.

𝑙 𝐡1
𝑡 = (1 − 𝐚1

𝑡)𝐡1
𝑡−1 + 𝐚1

𝑡 𝐡̃1
𝑡

𝜙𝑆 𝜙𝑇

𝐛𝑙



 

 

 

𝑡

𝐡

𝐲𝑡 = 𝑓(𝐱𝑡 , 𝛝)

𝛝

ℒ 𝐲̂𝑡

𝐲𝑡 𝑐 ∈ 𝐶

ℒ

𝑡 𝐲𝑡

𝐲̂𝑡

𝑡 + ∆𝑡

∇𝛅ℒ = [
∂ℒ

∂𝛝1
…

∂ℒ

∂𝛝n
]



 

 

 

𝛅

𝑡 + 1 𝑡.

𝑉𝑖
𝑚

𝑀𝑖
𝑚

𝑉̂𝑖
𝑚 𝑀̂𝑖

𝑚

𝛽1, 𝛽2 ∈ [0,1)

(𝛽1)
𝑚 (𝛽1)

𝑚

𝛽1

𝛽2

ℒ



 

 

 

𝐰,𝐮, 𝐯

𝑡 ∈ 𝑡′

ℒ

𝜗 𝐰

𝐮 𝐯 𝐛

δ𝐡𝑡 =
∂ℒ

∂𝐡𝑡

δ𝐱t 𝑙 ∈ 𝐿

𝑡 ∈ 𝑡′

∂ℒ

∂ϑ



 

 

 

δ𝐡𝑡 =
∂ℒ

∂𝐡𝑡

𝑙 ∈ 𝐿 𝑡 ∈ 𝑡′

δ𝐡𝑙+1
𝑡 = 𝐮𝑙,𝑚δ𝐝𝑙

𝑡+1 + 𝐮𝑙,𝑖δ𝐢𝑙
𝑡+1 + 𝐮𝑙,𝑓δ𝐟𝑙

𝑡+1 + 𝐮𝑙,𝑜δ𝐨𝑙
𝑡+1 + 𝛉𝑡 𝛉𝑡 δ 𝑙 + 1

δ𝐨𝑙
𝑡 = ∂𝐡𝑙

𝑡 ∙ tanh(𝐦𝑙
𝑡) ∙ 𝐨𝑡  

δ𝐦𝑙
𝑡 = δ𝐡𝑙+1

𝑡 ∙ 𝐨𝑡 ∙ (1 − tanh2(𝐦𝑡)) + 𝐯𝑙,𝑖δ𝐢𝑙
𝑡+1 + 𝐯𝑙,𝑓δ𝐟𝑙

𝑡+1 + 𝐯𝑙,𝑜δ𝐨𝑙
𝑡 + (δ𝐦𝑡+1 ∙ 𝐟𝑡+1)

δ𝐝𝑡 = δ𝐦𝑡 ∙ 𝐢𝑡 ∙ (1 − tanh2(𝐝𝑡))

δ𝐢𝑡 = δ𝐦𝑡 ∙ 𝐝𝑡 ∙ 𝐢𝑡 ∙ (1 − 𝐢𝑡)

δ𝐟𝑡 = δ𝐦𝑡 ∙ 𝐦𝑡−1 ∙ 𝐟𝑡 ∙ (1 − 𝐟𝑡)

δ𝐡𝑙
𝑡 = 𝐰𝑙,𝑚δ𝐝𝑙

𝑡 +𝐰𝑙,𝑖δ𝐢𝑙
𝑡 +𝐰𝑙,𝑓δ𝐟𝑙

𝑡 +𝐰𝑙,𝑜δ𝐨𝑙
𝑡    𝐡𝑙

𝑡 𝐱t

𝑙 ∈ 𝐿 𝐠 ∈ {𝐝, 𝐢, 𝐟, 𝐡} 𝑡 ∈ 𝑡′

δ𝐛𝑙,𝑔 = ∑ δ𝐠𝑙
𝑡

𝑡∈𝑡′

δ𝐰𝑙,𝑔 = ∑ 〈δ𝐠𝑙
𝑡, δ𝐡𝑙

𝑡〉𝑡∈𝑡′ 𝐡𝑙
𝑡 𝐱t

δ𝐮𝑙,𝑔 = ∑ 〈δ𝐠𝑙
𝑡+1, δ𝐡𝑙+1

𝑡 〉𝑡∈𝑡′ 𝐡𝑙+1
𝑡 𝐲̂t

δ𝐯𝑙,𝑖 = ∑ 𝐦𝑡 ∙ δ𝐢𝑡+1𝑡∈𝑡′

δ𝐯𝑙,𝑓 = ∑ 𝐦𝑡 ∙ δ𝐟𝑡+1𝑡∈𝑡′

δ𝐯𝑙,𝑜 = ∑ 𝐦𝑡 ∙ δ𝐨𝑡𝑡∈𝑡′

𝑙 ∈ 𝐿 𝛝 = [𝐛,𝐰, 𝐮, 𝐯] 𝑖

𝐌0 ← 0,𝐕0 ← 0,𝑚 ← 0

𝛝𝑚

𝐌𝑚 ← 𝛽1𝐌
𝑚−1 + (1 − 𝛽1)δ𝛝𝑖

𝑚

𝐕𝑚 ← 𝛽2𝐕
𝑚−1 + (1 − 𝛽2)(δ𝛝𝑖

𝑚)2

𝐌̂𝑚 ←
𝐌𝑚

1−(𝛽1)
𝑚 

𝐕̂𝑚 ←
𝐕𝑚

1−(𝛽2)
𝑚

𝛝𝑖
𝑚+1 ← 𝛝𝑖

𝑚 − (
𝛼

√𝐕̂𝑚+𝜖
∙ 𝐌̂𝑚)

𝛝𝑚+1



 

 

 

𝑛 𝑙 𝑖

𝐡𝑙,𝑖
𝑡 𝐱𝑡 𝑡

𝑙

𝐡𝑙,𝑖
𝑡

𝜇𝑙
𝑡

𝜎𝑙
𝑡 𝜙𝑙

𝛾 𝛽

𝐡𝑙,𝑖
𝑡 ← 𝜙𝑙 (

𝛾(𝐡𝑙,𝑖
𝑡 − 𝜇𝑙

𝑡)

𝜎𝑙
𝑡 + 𝛽)          

𝜇𝑙
𝑡 =

1

𝑛
∑ 𝐡𝑙,𝑖

𝑡
𝑛

𝑖=1
          𝜎𝑙

𝑡 = √
1

𝑛
∑ (𝐡𝑙,𝑖

𝑡 − 𝜇𝑙
𝑡)
2𝑛

𝑖=1

𝑝



 

 

 

𝑎

𝜆 > 1

𝜆

𝛼

𝜙𝑆𝐸𝐿𝑈(𝑧) = 𝜆 {
𝑧       𝑖𝑓 𝑧 > 0         

𝛼(𝑒𝑧 − 1)    𝑖𝑓 𝑧 ≤ 0     
     𝜆 > 1      𝐶 = 1.6733,   𝜆 = 1.0507



 

 

 

𝒮

𝒜(𝑠𝑡 𝑠𝑡 ∈ 𝒮

𝑎𝑡 ∈ 𝒜(𝑠𝑡 𝑡 ∈ 𝑇

𝑠𝑡 𝑠𝑡+1 𝑎𝑡

𝒫𝑎 𝑟𝑡+1 ∈ ℛ ℛ



 

 

 

𝛾

ℳ = (𝒮,𝒜,𝒫𝑎, ℛ, 𝛾)

𝜋(𝑎𝑡|𝑠𝑡) ℳ

𝜋

𝑡

𝑘

𝑟𝑖 𝛾 𝐺𝑡 = ∑ 𝛾𝑘𝑟𝑡+𝑘+1
𝑇
𝑘=0

𝛾 ∈ [0,1] |𝑟𝑘| < ∞ ∶  𝑘 > 𝑡

𝑠𝑡 𝑎𝑡

𝜋 𝑟𝑡+1

𝛾𝑄𝜋(𝑠𝑡+1, 𝑎𝑡+1)

𝑠 ∈ 𝒮 𝜋

𝑄𝜋(𝑠𝑡, 𝑎𝑡) = 𝔼 [∑𝛾𝑘𝑟(𝑠𝑡+𝑘 , 𝑎𝑡+𝑘)

𝑇

𝑘=0

|𝜋] = 𝔼[𝑟𝑡+1 + 𝛾𝑄𝜋(𝑠𝑡+1, 𝑎𝑡+1)|𝜋]

𝜋∗ ℳ

𝑠

𝒫(𝑠𝑡+1|𝑠𝑡, 𝑎𝑡) 𝑄𝜋∗(𝑠, 𝑎)

𝑄𝜋∗(𝑠𝑡, 𝑎𝑡) = 𝑟(𝑠𝑡, 𝑎𝑡) + 𝛾𝔼𝒫(𝑠𝑡+1|𝑠𝑡, 𝑎𝑡) [ max
𝑎𝑡+1∈𝒜(𝑠𝑡+1)

{𝑄𝜋∗(𝑠𝑡+1, 𝑎𝑡+1)}]

ℳ



 

 

 

𝜋∗

ℛ  𝒫

𝜖

𝜋𝑘

𝜋



 

 

 

𝑄𝜋𝑘
〈𝑠𝑡, 𝑎𝑡 , 𝑠𝑡+1, 𝑟𝑡+1〉 𝛼

𝑄𝜋𝑘(𝑠𝑡, 𝑎𝑡) 𝜖 𝑎𝑡+1

𝑄𝑡(𝑠𝑡+1, 𝑎𝑡+1)

𝑄𝜋𝑘(𝑠𝑡, 𝑎𝑡) ← 𝑄𝜋𝑘(𝑠𝑡, 𝑎𝑡) + 𝛼 (𝑟𝑡+1 + 𝛾 [ max
𝑎𝑡+1∈𝒜(𝑠𝑡+1)

𝑄𝑡(𝑠𝑡+1, 𝑎𝑡+1)]  − 𝑄𝜋𝑘(𝑠𝑡, 𝑎𝑡))

𝜋𝑘

𝜖

𝜖

𝑄𝜋𝑘(𝑆𝑡, 𝐴𝑡)

𝜖 𝑚 𝒜(𝑠𝑡)

𝑠𝑡 1 − 𝜖

𝑄𝜋𝑘
𝒜(𝑠𝑡)

𝜖 ←
1

𝑘

𝜖

𝜋𝑘

𝜖

𝜋𝑘+1 𝑠𝑡

𝜋𝑘+1(𝑠𝑡) ← 𝜖 − 𝐺𝐿𝐼𝐸 (𝑄𝜋𝑘(𝑠𝑡, 𝑎𝑡))       𝑤ℎ𝑒𝑟𝑒 𝑎𝑡 = {
arg max
𝑎𝑡∈𝒜(𝑠𝑡)

𝑄𝜋𝑘(𝑠𝑡, 𝑎𝑡)    𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 1 − 𝜖𝑘     

𝑟𝑎𝑛𝑑𝑜𝑚 𝑎𝑡 ∈ 𝒜          𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝜖𝑘             
  𝜖 ←

1

𝑘

𝑄𝜋∗

𝜖



 

 

 

𝑄𝜋(𝑠, 𝑎)

𝜋  𝑄̂𝜋(𝑠, 𝑎,𝐰) ≈ 𝑄𝜋(𝑠, 𝑎)

𝑄𝜋 𝑠

𝑎 𝜋 𝐰

𝑄̂𝜋(𝑠, 𝑎,𝐰) ≈ 𝑄𝜋∗(𝑠, 𝑎)

ℒ(𝐰)

𝑄𝜋(𝑠, 𝑎)

𝑄̂𝜋(𝑠, 𝑎,𝐰)

ℒ(𝐰) = 𝔼𝜋 [(𝑟𝑡+1 + 𝛾 [ max
𝑎𝑡+1∈𝒜(𝑠𝑡+1)

𝑄𝑡(𝑠𝑡+1, 𝑎𝑡+1)] − 𝑄̂𝜋(𝑆, 𝐴, 𝐰))

2

]

𝐰∗

ℒ(𝐰∗) ≤ ℒ(𝐰)               ∀𝐰



 

 

 

                                                           



 

 

 

 

 

 𝑡 𝑡 + 𝑛

𝐱 𝑡



 

 

 



 

 

 



 

 

 



 

 

 

𝛼

𝑎 𝛽1

𝛽2



 

 

 

𝜙



 

 

 

𝛼

𝜆



 

 

 

𝐛

𝐛

𝑝

𝑝



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 

𝜙′(𝐳)

𝛼



 

 

 

𝑉̂𝑖
𝑚

𝑀̂𝑖
𝑚

𝛼 = 0.1

𝛼 = 0.1, 𝛾 = 0.8

𝛼 = 2, 𝛾 = 0.99

𝛼, 𝛽1, 𝛽2 = 0.1,0.9,0.95

𝛼, 𝛽1, 𝛽2 = 0.1,0.9,0.95

𝛼, 𝛽1, 𝛽2 = 0.1,0.9,0.95



 

 

 

𝑛

2𝑛



 

 

 

𝑒−3 𝜖 𝛽

𝛾

𝑝

𝛼 𝛽1 𝛽2

𝐲𝑡 = 𝑓(𝐱𝑡 , 𝐮, 𝐯,𝐰) ℒ𝐶𝐸(𝐮, 𝐯,𝐰)



 

 

 

𝑔

𝛝 =

{𝐰, 𝐮, 𝐯} 𝐲 = 𝑓(𝛝, 𝐱)

𝐲 𝐱



 

 

 



 

 

 

𝑐 𝐲 = 𝑐

𝛽



 

 

 

𝑃𝑟𝑒𝑣𝑒𝑙𝑎𝑛𝑐𝑒 =
𝐶𝑜𝑢𝑛𝑡 𝐶𝑙𝑎𝑠𝑠

𝑇𝑜𝑡𝑎𝑙 𝑆𝑎𝑚𝑝𝑙𝑒𝑠
 𝐵𝑎𝑙𝑎𝑛𝑐𝑒𝑑 𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 =

𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦+𝑆𝑝𝑒𝑐𝑖𝑓𝑖𝑐𝑖𝑡𝑦

2
, 𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 =

𝑇𝑃

𝑃
, 𝑆𝑝𝑒𝑐𝑖𝑓𝑖𝑐𝑖𝑡𝑦 =

𝑇𝑁

𝑁
, 𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 =

𝑇𝑃

(𝑇𝑃+𝐹𝑃)
, 

𝐹1 − 𝑆𝑐𝑜𝑟𝑒 =
(1+𝛽2)∗𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛∗𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦

(𝛽2∗𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛)+𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦
 𝑤ℎ𝑒𝑟𝑒 𝛽 = 1

𝐱



 

 

 

𝑃𝑟𝑒𝑣𝑒𝑙𝑎𝑛𝑐𝑒 =
𝐶𝑜𝑢𝑛𝑡 𝐶𝑙𝑎𝑠𝑠

𝑇𝑜𝑡𝑎𝑙 𝑆𝑎𝑚𝑝𝑙𝑒𝑠
 𝐵𝑎𝑙𝑎𝑛𝑐𝑒𝑑 𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 =

𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦+𝑆𝑝𝑒𝑐𝑖𝑓𝑖𝑐𝑖𝑡𝑦

2
, 𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 =

𝑇𝑃

𝑃
, 

𝑆𝑝𝑒𝑐𝑖𝑓𝑖𝑐𝑖𝑡𝑦 =
𝑇𝑁

𝑁
, 𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 =

𝑇𝑃

(𝑇𝑃+𝐹𝑃)
, 𝐹1 − 𝑆𝑐𝑜𝑟𝑒 =

(1+𝛽2)∗𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛∗𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦

(𝛽2∗𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛)+𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦
  𝑤ℎ𝑒𝑟𝑒 𝛽 = 1

𝑡 + 20 𝑡



 

 

 



 

 

 



 

 

 



 

 

 

𝑥



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 

𝑃𝑡 𝑉𝑡 𝑂𝑡 𝑡

𝑥 𝐵 𝑆

𝐵𝐵𝑃𝑡 𝐵𝐴𝑃𝑡

𝐴𝑃𝑡 = 𝛿(𝑃𝑡) + (1 − 𝛿)(𝑃𝑡−1) 𝛿 =
2

𝑘+1

𝑸𝑶𝑩𝒕
𝒙

𝑸𝑶𝑨𝒕
𝒙

𝑘

𝐶𝑄𝑂𝐵𝑡
𝑥 − 𝑇𝑄𝑂𝐵𝑡

𝑥(𝑘)

𝑇𝑄𝑂𝐵𝑡
𝑥(𝑘)

       
𝐶𝑄𝑂𝐴𝑡

𝑥 − 𝑇𝑄𝑂𝐴𝑡
𝑥(𝑘)

𝑇𝑄𝑂𝐴𝑡
𝑥(𝑘)

𝐶𝑄𝑂𝐵𝑡
𝑥 = 𝐵𝐵𝑃𝑡

𝑚 − 𝐵𝐵𝑃𝑡
𝑥   𝐶𝑄𝑂𝐴𝑡

𝑥 = 𝐵𝐴𝑃𝑡
𝑥 − 𝐵𝐴𝑃𝑡

𝑚

𝑇𝑄𝑂𝐵𝑡
𝑥(𝑘) =

∑ 𝐶𝑄𝑂𝐵𝑡−𝑖
𝑥𝑘

𝑖=1

𝑘
   𝑇𝑄𝑂𝐴𝑡

𝑥 =
∑ 𝐶𝑄𝑂𝐴𝑡−𝑖

𝑥𝑘
𝑖=1

𝑘

𝑸𝑶𝑽𝑩𝒕
𝒙

𝑸𝑶𝑽𝑨𝒕
𝒙

𝑘

𝜎

[𝐶𝑄𝑂𝐵𝑡
𝑥 + 𝑧𝜎(𝑘)] − 𝑇𝑄𝑂𝐵𝑡

𝑥

𝑇𝑄𝑂𝐵𝑡
𝑥(𝑘)

    
[𝐶𝑄𝑂𝐴𝑡

𝑥 + 𝑧𝜎(𝑘)] − 𝑇𝑄𝑂𝐴𝑡
𝑥

𝑇𝑄𝑂𝐴𝑡
𝑥(𝑘)

𝑘 = 1000

𝑧 = 3

𝑸𝑶𝑨𝑩𝒕
𝒙

𝑸𝑶𝑨𝑨𝒕
𝒙

𝑘

𝑎

[𝐶𝑄𝑂𝐵𝑡
𝑥 + 𝑧𝑎(𝑘)] − 𝑇𝑄𝑂𝐵𝑡

𝑥(𝑘)

𝑇𝑄𝑂𝐵𝑡
𝑥(𝑘)

  
[𝐶𝑄𝑂𝐴𝑡

𝑥 + 𝑧𝑎(𝑘)] − 𝑇𝑄𝑂𝐴𝑡
𝑥(𝑘)

𝑇𝑄𝑂𝐴𝑡
𝑥(𝑘)

𝑘 = 500

𝑧 = 1%

𝑰𝑵𝑽𝑵𝒕
𝒙

𝑉𝑖
𝑥,𝐵

𝑉𝑖
𝑥,𝑆

𝑥

∑ (𝑉𝑖
𝑥,𝐵 − 𝑉𝑖

𝑥,𝑆)𝑡
𝑖=0

∑ (𝑉𝑖
𝑥,𝐵 + 𝑉𝑖

𝑥,𝑆)𝑡
𝑖=0

𝑰𝑵𝑽𝑹𝒕
𝒙 𝐼𝑁𝑉𝑁𝑡

𝑥 − 𝐼𝑁𝑉𝑇𝑡
𝑥

𝐼𝑁𝑉𝑇𝑡
𝑥

𝐼𝑁𝑉𝑇𝑡
𝑥 =

∑ (𝑉𝑖
𝑥,𝐵 − 𝑉𝑖

𝑥,𝑆)𝑇
𝑖=0

∑ (𝑉𝑖
𝑥,𝐵 + 𝑉𝑖

𝑥,𝑆)𝑇
𝑖=0

𝑬𝑺𝑷𝑻𝒕
𝒙

𝑬𝑺𝑨𝑻𝒕
𝒙

𝑥 𝑃𝑡−𝑖
𝑥

𝑀𝑃𝑡−𝑖
𝑥 𝑇 𝐸𝑆𝑃𝑇𝑡

𝑥

𝐸𝑆𝐴𝑇𝑡
𝑥

∑
|𝑃𝑇−𝑖

𝑥 −𝑀𝑃𝑇−𝑖
𝑥 |

𝑀𝑃𝑇−𝑖
𝑥 𝑉𝑇−𝑖

𝑥𝑇
𝑖=0

∑ 𝑉𝑇−𝑖
𝑥𝑇

𝑖=0

    

−∑
|𝑃𝑇−𝑖

𝑥 −𝑀𝑃𝑇−𝑖
𝑥 |

𝑀𝑃𝑇−𝑖
𝑥 𝑉𝑇−𝑖

𝑥𝑇
𝑖=0

∑ 𝑉𝑇−𝑖
𝑥𝑇

𝑖=0

𝑪𝑷𝑨𝑺𝒕
𝒙

𝑪𝑨𝑮𝑮𝒕
𝒙

𝑥

𝐸𝑆𝑃𝑇𝑡
𝑥(𝑘) + 𝑅𝐸𝐵𝑡            𝐸𝑆𝐴𝑇𝑡

𝑥(𝑘) + 𝐸𝐶𝑡

𝑅𝐸𝐵𝑡
𝑥

𝐸𝐶𝑡
𝑥



 

 

 

𝑷𝑰𝑵𝑻𝒕(𝜶, 𝝁, 𝜽, 𝒌)

𝑷𝑰𝑵𝑴𝒕(𝜶, 𝝁, 𝜽, 𝒌) 𝑘

𝑎𝑡
𝜇 𝜃

𝛼𝑡
𝑇𝜇𝑇

𝛼𝑡
𝑇𝜇𝑇 + 𝜃𝐵

𝑇 + 𝜃𝑆
𝑇         

𝛼𝑡
𝑂𝜇𝑂

𝛼𝑡
𝑂𝜇𝑂 + 𝜃𝐵

𝑂 + 𝜃𝑆
𝑂

𝑎𝑡, 𝛽 ∈ [0,1]         𝜇, 𝜃 ∈ [0,∞)
2

𝑘 = 10, 50, 100

𝑽𝑷𝑰𝑵𝒕
𝑻𝑹(𝒗, 𝒋, 𝒌)

𝑽𝑷𝑰𝑵𝒕
𝑩𝑽𝑪(𝒗, 𝒋, 𝒌)

𝑽𝑷𝑰𝑵𝒕
𝑻𝑰(𝒗, 𝒋, 𝒌)

𝑉𝑖,𝑙

𝑅

𝑘 𝑗

𝑣

1

𝑘
∑ 𝑂𝐹𝐼𝑙

𝑘

𝑙=1
(𝑣, 𝑗)

𝑂𝐹𝐼𝑙(𝑣, 𝑗) =
1

𝑣
∑ |𝑉𝑖,𝑙

𝑆,𝑅 − 𝑉𝑖,𝑙
𝐵,𝑅|

𝑗

𝑖=1

𝑘 = 10, 20, 50

𝑅 = 𝑇𝑅, 𝐵𝑉𝐶, 𝑇𝐼

𝑶𝑨𝑹𝑨𝒕(𝒌)

𝑶𝑨𝑹𝑷𝒕(𝒌)

𝑶𝑨𝑹𝑪𝒕(𝒌)

𝑂𝑡
𝐴𝑔𝑔

𝑂𝑡
𝑃𝑎𝑠𝑠

𝑂𝑡
𝐶𝑎𝑛 𝑘

𝑂𝑇
𝐴𝑣𝑒,𝑘

∑ |𝑂𝑡−𝑖
𝐴𝑔𝑔

|𝑘−1
𝑖=0

𝑂𝑇
𝐴𝑣𝑒,𝑘        

∑ |𝑂𝑡−𝑖
𝑃𝑎𝑠𝑠|𝑘−1

𝑖=0

𝑂𝑇
𝐴𝑣𝑒,𝑘        

∑ |𝑂𝑡−𝑖
𝐶𝑎𝑛|𝑇

𝑖=0

𝑂𝑇
𝐴𝑣𝑒,𝑘

𝑘 = 10, 100, 1000, 10000 1, 5

𝑶𝑨𝑹𝑨𝒕
𝒙

𝑶𝑨𝑹𝑷𝒕
𝒙

𝑶𝑨𝑹𝑪𝒕
𝒙

𝑥

𝑥

𝑂𝑡
𝑥,𝐴𝑔𝑔

𝑂𝑡
𝑥,𝑃𝑎𝑠𝑠

𝑂𝑡
𝑥,𝐶𝑎𝑛

𝑂𝑇
𝐴𝑙𝑙

∑ |𝑂𝑇−𝑖
𝑥,𝐴𝑔𝑔

|𝑇
𝑖=0

𝑂𝑇
𝐴𝑙𝑙      

∑ |𝑂𝑇−𝑖
𝑥,𝑃𝑎𝑠𝑠|𝑇

𝑖=0

𝑂𝑇
𝐴𝑙𝑙      

∑ |𝑂𝑇−𝑖
𝑥,𝐶𝑎𝑛|𝑇

𝑖=0

𝑂𝑇
𝐴𝑙𝑙

𝑷𝑶𝑽𝑰𝒕
𝒙

𝑥 𝑃𝑂𝑉𝑇𝑡
𝑥

𝑃𝑂𝑉𝑋𝑡
𝑥

𝑃𝑂𝑉𝑇𝑡
𝑥 − 𝑃𝑂𝑉𝑋𝑡

𝑥

𝑃𝑂𝑉𝑇𝑡
𝑥 =

∑ 𝑉𝑡−𝑘
𝑥𝑡

𝑘=1

∑ 𝑉𝑡−𝑘
𝑡
𝑘=1

   𝑃𝑂𝑉𝑋𝑡
𝑥 =

∑ 𝑉𝑇−𝑖
𝑥𝑇

𝑖=0

∑ 𝑉𝑇−𝑖
𝑇
𝑖=0

𝑻𝑾𝑨𝑷𝑴𝑰𝒕(𝒌)

𝑡

𝑘

𝑇𝑊𝐴𝑃𝑀𝑡 − 𝑃𝑡
𝑃𝑡

𝑇𝑊𝐴𝑃𝑀𝑡(𝑘) =
1

4𝑡
∑ 𝑘(𝑃𝑡−𝑘

𝑂 + 𝑃𝑡−𝑘
𝐻 + 𝑃𝑡−𝑘

𝐿 + 𝑃𝑡−𝑘
𝐶 )

𝑡

𝑘=1

𝑻𝑾𝑨𝑷𝑻𝑰𝒕
𝒙(𝒌)

𝑥 𝑘

𝑇𝑊𝐴𝑃𝑇𝑡
𝑥 − 𝑇𝑊𝐴𝑃𝑀𝑡

𝑇𝑊𝐴𝑃𝑀𝑡

𝑇𝑊𝐴𝑃𝑇𝑡
𝑥(𝑘) =

1

𝑡
∑ 𝑘(𝑃𝑡−𝑘

𝑥 )
𝑡

𝑘=1

𝑽𝑾𝑨𝑷𝑴𝑰𝒕(𝒌)

𝑡

𝑘

𝑉𝑊𝐴𝑃𝑀𝑡(𝑘) − 𝑃𝑡
𝑃𝑡

𝑉𝑊𝐴𝑃𝑀𝑡(𝑘) =
∑ 𝑃𝑡−𝑘𝑉𝑡−𝑘
𝑡
𝑘=1

∑ 𝑉𝑡−𝑘
𝑡
𝑘=1

𝑽𝑾𝑨𝑷𝑻𝑰𝒕
𝒙,𝑰(𝒌)

𝑥

𝑘

𝑉𝑊𝐴𝑃𝑇𝑡
𝑥,𝐼 − 𝑉𝑊𝐴𝑃𝑀𝑡(𝑘)

𝑉𝑊𝐴𝑃𝑀𝑡(𝑘)

𝑉𝑊𝐴𝑃𝑇𝑡
𝑥(𝑘) =

∑ 𝑃𝑡−𝑘
𝑥 𝑉𝑡−𝑘

𝑥𝑡
𝑘=1

∑ 𝑉𝑡−𝑘
𝑥𝑡

𝑘=1

         𝐼 = 𝐵𝑢𝑦 / 𝑆𝑒𝑙𝑙

𝑽𝑾𝑨𝑷𝑻𝑫𝒕
𝒙

𝑉𝑊𝐴𝑃𝑇𝑡
𝑥,𝑆𝑒𝑙𝑙 − 𝑉𝑊𝐴𝑃𝑇𝑡

𝑥,𝐵𝑢𝑦

𝑽𝑾𝑨𝑷𝑻𝑾𝒕
𝒙

(𝑉𝑊𝐴𝑃𝑇𝑡
𝑥,𝑆𝑒𝑙𝑙𝑉𝑡

𝑥,𝑆𝑒𝑙𝑙) − (𝑉𝑊𝐴𝑃𝑇𝑡
𝑥,𝐵𝑢𝑦

𝑉𝑡
𝑥,𝐵𝑢𝑦

)

(𝑉𝑡
𝑥,𝑆𝑒𝑙𝑙 + 𝑉𝑡

𝑥,𝐵𝑢𝑦
)



 

 

 

𝑷𝑰𝑷𝑨𝒕(𝒌)

𝑷𝑰𝑷𝑨𝑿𝒕
𝒙(𝒌)

𝒙

𝛾 𝑃𝐼𝑃𝐴𝑡

𝛼 𝛿

𝑃𝐼𝑃𝐴𝑡 = 𝛾𝜎𝑇𝑠𝑔𝑛(𝑋) |
𝑋

𝑉𝑇
|
𝛼

(
𝜙

𝑉
)
𝛿

+ 𝜂        𝑅𝑒𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛

𝑃𝐼𝑃𝐴𝑋𝑡
𝑥 = 𝛾𝑥𝜎𝑇𝑠𝑔𝑛(𝑋) |

𝑋

𝑉𝑇
|
𝛼

(
𝜙

𝑉
)
𝛿

+ 𝜂        𝑅𝑒𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛

𝑃𝐼𝑃𝐴𝑡(𝑘) =
𝑃𝑡+𝑘 − 𝑃𝑡

𝑃𝑡
         𝑂𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒

𝑘 = 10, 20, 30

𝑃𝐼𝑃𝐴𝑡 𝛾

𝑃𝐼𝑃𝐴𝑋𝑡
𝑥 𝛾𝑥

𝑥

𝑷𝑰𝑹𝑨𝒕(𝒌)

𝑷𝑰𝑹𝑨𝑿𝒕
𝒙(𝒌)

𝒙

𝜓

𝑃𝐼𝑅𝐴𝑡

𝛽

𝑃𝐼𝑅𝐴𝑡 =
𝑃𝐼𝑃𝐴𝑡
2

+ 𝜓𝜎𝑇𝑠𝑔𝑛(𝑋) |
𝑋

𝑉𝑇
|
𝛽

+ 𝜂    𝑅𝑒𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛

𝑃𝐼𝑅𝐴𝑋𝑡
𝑥 =

𝑃𝐼𝑃𝐴𝑡
𝑥

2
+ 𝜓𝑥𝜎𝑇𝑠𝑔𝑛(𝑋) |

𝑋

𝑉𝑇
|
𝛽

+ 𝜂    𝑅𝑒𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛

𝑃𝐼𝑅𝐴𝑡(𝑘) =
𝑃̅ − 𝑃𝑡
𝑃𝑡

        𝑂𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒

𝑘 = 10, 20, 30

𝑃𝐼𝑅𝐴𝑡 𝛾

𝑃𝐼𝑅𝐴𝑋𝑡
𝑥 𝜓𝑥

𝑥

𝑷𝑰𝑻𝑨𝒕(𝒌)

𝑷𝑰𝑻𝑨𝑿𝒕
𝒙(𝒌)

𝒙

𝑃𝐼𝑇𝐴𝑡 = 𝑃𝐼𝑅𝐴𝑡 − 𝑃𝐼𝑃𝐴𝑡

𝑃𝐼𝑇𝐴𝑋𝑡
𝑥 = 𝑃𝐼𝑅𝐴𝑋𝑡

𝑥 − 𝑃𝐼𝑃𝐴𝑋𝑡
𝑥

𝑘 = 10, 20, 30

𝑷𝑰𝑮𝑨𝒕(𝒌) 𝛾 𝑓𝑟𝑜𝑚 𝑃𝐼𝑃𝐴𝑡 𝑟𝑒𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛

𝑘 = 10

𝑷𝑰𝑷𝑹𝑹𝒕(𝒋, 𝒌, 𝒍)

𝑘

𝑗  

𝑃𝑘 −𝑀𝑃0 = 𝜗𝑘 + 𝑃𝐼𝑇𝑅𝑘∑ 𝑅𝐸𝑆𝑅𝑖𝑂𝐼𝑖
𝑘

𝑖=0
+ 𝑃𝐼𝑃𝑅𝑘∑ 𝑞𝑖

𝑘

𝑖=0
+ 𝜀𝑘

𝑙𝑡ℎ

𝑞𝑘 𝑘𝑡ℎ

𝑂𝐼𝑘 = 𝛼𝑘 +∑ 𝛽𝑖𝑂𝐼𝑖
𝑚

𝑖=0
+ 𝑞𝑘

𝑗 = 40

𝑘 = 10

𝑙 = 5

𝑷𝑰𝑻𝑹𝑹𝒕(𝒋, 𝒌, 𝒍)

𝑹𝑬𝑺𝑹𝑹𝒕(𝒋, 𝒌, 𝒍)

𝑷𝑰𝑰𝑲𝑩𝑹𝒕
𝝅(𝒌)

𝑷𝑰𝑰𝑲𝑨𝑹𝒕
𝝅(𝒌)

𝒢𝜋𝑘,𝜋𝑡

𝜋𝑡
𝜋𝑘

𝑘

𝑅𝑡 = ∆𝑃𝜋𝑡
𝑅𝜖𝑡 +∫ 𝒢𝜋𝑘,𝜋𝑡(𝑡 − 𝑘) 𝜖𝑡

𝑡

𝑘=1

+ 𝜂𝑡

∆𝑃𝜋𝑡
𝑅 = ⟨∆𝑃𝑡|𝜋𝑡 = 𝜋⟩

𝒢(𝑘) = 𝐺(𝑘 + 1) − 𝐺(𝑘)

𝜖𝑡 = {
1   𝑓𝑜𝑟 𝑏𝑢𝑦𝑠
−1    𝑓𝑜𝑟 𝑠𝑒𝑙𝑙𝑠

𝜋

𝑘 = 10 1

𝑹𝑬𝑺𝑫𝑹𝒕(𝒋, 𝒌)

𝑹𝑬𝑺𝑸𝑹𝒕(𝒋, 𝒌) 𝑗

𝑄𝑆 𝑀𝐷

∆𝐿𝑘
𝑄𝑆/𝑀𝐷

𝑗 𝑘

𝜌

∆𝐿𝑘
𝑄𝑆/𝑀𝐷

= 𝛼𝑘 + 𝜌𝐿𝑘−1
𝑄𝑆/𝑀𝐷

+∑ 𝛽𝑖∆𝐿𝑘−𝑖
𝑄𝑆/𝑀𝐷

𝑗

𝑖=1
+ 𝜀𝑡

𝜌 = 𝑅𝐸𝑆𝐷𝑅𝑡 𝑎𝑛𝑑 𝑅𝐸𝑆𝑄𝑅𝑡

𝑗 = 5

𝑘 = 1, 5



 

 

 

𝑰𝑹𝑭𝑺𝒕
𝓛,𝓐(𝒌, 𝒏)

𝑰𝑹𝑭𝑫𝒕
𝓛,𝓐(𝒌, 𝒏)

𝑅̂(𝑛, 𝛿)

𝛿ℒ,𝒜 𝑛

𝑘𝑡ℎ

𝐿𝑡
𝑆/𝐷

𝐿𝑡
𝑆/𝐷

= 𝑀𝑡 +∑ 𝐴𝑖𝜇𝑡−𝑖
𝑡−1

𝑖=1

𝑅̂(𝑛, 𝛿ℒ,𝒜) = 𝐴̂𝑛𝛿ℒ,𝒜

𝐿𝑇+ℎ|𝑇,ℒ,𝒜 = 𝐴1𝐿𝑇+ℎ−1|𝑇,ℒ,𝒜 +⋯+𝐴𝑘𝐿𝑇+ℎ−𝑘|𝑇,ℒ,𝒜

𝐿𝑡
𝑆 𝑡

𝜇𝑡−𝑖

ℒ 𝐿𝑆, 𝐿𝐷 𝒜 ∈ 𝐵𝐵𝑃0,𝐵𝐵𝑃1,𝐵𝐴𝑃0,𝐵𝐴𝑃1

𝛿ℒ,𝒜

𝑘 = 5 𝑙𝑎𝑔𝑠 𝑜𝑓 100 𝑚𝑠

𝑛 = 100 𝑙𝑎𝑔𝑠 𝑜𝑓 100 𝑚𝑠

𝑪𝑳𝑪𝑽𝒕
𝒙

𝑪𝑳𝑪𝑵𝒕
𝒙 𝑃𝑖

𝐸

𝑃𝑖−1

𝐶𝐿𝐶𝑉𝑡 =∑ 𝐼𝐿𝐶𝑉𝑖
𝑡

𝑖=1
     𝐶𝐿𝐶𝑁𝑡 =∑ 𝐼𝐿𝐶𝑁𝑖

𝑡

𝑖=1

𝐼𝐿𝐶𝑉𝑖 = {
𝑉𝑖
𝐸(𝑃𝑖

𝐸 − 𝑃𝑖−1)   𝑖𝑓 𝑏𝑢𝑦𝑖𝑛𝑔

𝑉𝑖
𝐸(𝑃𝑖−1 − 𝑃𝑖

𝐸)   𝑖𝑓 𝑠𝑒𝑙𝑙𝑖𝑛𝑔

𝐼𝐿𝐶𝑁𝑖 = {
(𝑃𝑖

𝐸 − 𝑃𝑖−1)   𝑖𝑓 𝑏𝑢𝑦𝑖𝑛𝑔

(𝑃𝑖−1 − 𝑃𝑖
𝐸)   𝑖𝑓 𝑠𝑒𝑙𝑙𝑖𝑛𝑔

𝑪𝑳𝑷𝑽𝒕
𝒙

𝑪𝑳𝑷𝑵𝒕
𝒙

𝐶𝐿𝑃𝑉𝑡 =∑ 𝐼𝐿𝑃𝑉𝑖
𝑡

𝑖=1
      𝐶𝐿𝑃𝑁𝑡 =∑ 𝐼𝐿𝑃𝑁𝑖

𝑡

𝑖=1

𝐼𝐿𝑃𝑉𝑖 = {
max(0, 𝑉𝑖

𝐸(𝑃𝑖
𝐸 − 𝑃𝑖

𝐴𝑃))  𝑖𝑓 𝑏𝑢𝑦𝑖𝑛𝑔

max(0, 𝑉𝑖
𝐸(𝑃𝑖

𝐵𝑃 − 𝑃𝑖
𝐸))  𝑖𝑓 𝑠𝑒𝑙𝑙𝑖𝑛𝑔

𝐼𝐿𝑃𝑁𝑖 = {
max(0, (𝑃𝑖

𝐸 − 𝑃𝑖
𝐴𝑃))  𝑖𝑓 𝑏𝑢𝑦𝑖𝑛𝑔

max(0, (𝑃𝑖
𝐵𝑃 − 𝑃𝑖

𝐸))  𝑖𝑓 𝑠𝑒𝑙𝑙𝑖𝑛𝑔

𝑪𝑺𝑪𝑽𝒕
𝒙

𝑪𝑺𝑪𝑵𝒕
𝒙 𝑖

𝐶𝑆𝐶𝑉𝑡 =∑ 𝐼𝑆𝐶𝑉𝑖
𝑡

𝑖=1
       𝐶𝑆𝐶𝑁𝑡 =∑ 𝐼𝑆𝐶𝑁𝑖

𝑡

𝑖=1

𝐼𝑆𝐶𝑉𝑖 = min(𝐼𝐿𝐶𝑉𝑖 − 𝐼𝐿𝑃𝑉𝑖 , 0)

𝐼𝑆𝐶𝑁𝑖 = min(𝐼𝐿𝐶𝑁𝑖 − 𝐼𝐿𝑃𝑁𝑖, 0)

𝑻𝑪𝑽𝒕
𝒙

𝑻𝑪𝑵𝒕
𝒙

𝐼𝑆𝑉𝑡 =
∑ 𝑉𝑖(𝑃𝑖 − 𝑃

𝐴)𝑡
𝑖=1

∑ 𝑉𝑖
𝑡
𝑖=1

= 𝐶𝐿𝐶𝑉𝑡
𝑋 + 𝑇𝐶𝑉

𝐼𝑆𝑁𝑡 =
∑ (𝑃𝑖 − 𝑃

𝐴)𝑡
𝑖=1

∑ 𝑉𝑖
𝑡
𝑖=1

= 𝐶𝐿𝐶𝑁𝑡
𝑋 + 𝑇𝐶𝑁

𝑸𝑺𝑻𝑹𝒕
𝒙

𝒙

𝐵𝐴𝑃𝑡
𝑥

𝐵𝐵𝑃𝑡
𝑥 𝛿

(𝐵𝐴𝑃𝑡
𝑥 −𝐵𝐵𝑃𝑡

𝑥)

𝛿

𝑴𝑫𝑻𝑹𝒕
𝒙

𝑥

𝑉𝑡
𝑥,𝐵𝐵𝑃 𝑉𝑡

𝑥,𝐵𝐴𝑃

𝑉𝑡
𝑥,𝐵𝐵𝑃 + 𝑉𝑡

𝑥,𝐵𝐴𝑃

𝑶𝑭𝑺𝒕(𝒌)

𝑶𝑭𝑽𝒕(𝒌)

𝑘

1

𝑘
∑ 𝑆𝑡−𝑖

𝑘−1

𝑖=0
            

∑ 𝑆𝑡−𝑖𝑉𝑡−𝑖
𝑘−1
𝑖=0

∑ 𝑡 − 𝑖𝑘−1
𝑖=0

𝑘 = 1, 5, 10, 50, 100

𝑶𝑭𝑽𝑬𝒕(𝒂)

𝑎

2(𝑂𝐹𝑉𝑡) + (𝑎 − 1)(𝑂𝐹𝑉𝐸𝑡−1)

𝑎 + 1

𝑎 = 7 (𝑞𝑢𝑎𝑟𝑡𝑒𝑟), 3 (𝑡ℎ𝑖𝑟𝑑), 1 (ℎ𝑎𝑙𝑓)

𝑴𝑫𝒕(𝒋, 𝒌)

𝑗 𝑘

1

𝑘
∑ 𝑉𝑡−𝑖

𝑗
𝑘−1

𝑖=0

𝑗 = 1, 2, 5 𝑘 = 0, 1 𝑚𝑠, 1 𝑠𝑒𝑐



 

 

 

𝑴𝑫𝑬𝒕(𝒂)

𝑎

2(𝑀𝐷𝑡) + (𝑎 − 1)(𝑀𝐷𝐸𝑡−1)

𝑎 + 1

𝑎 = 7 (𝑞𝑢𝑎𝑟𝑡𝑒𝑟), 3 (𝑡ℎ𝑖𝑟𝑑), 1 (ℎ𝑎𝑙𝑓)

𝑳𝑶𝑰𝒕(𝒋, 𝒌)

𝑘

𝑗

1

𝑘
∑ (𝑀𝐷𝑡−𝑖

𝐵,𝑗
−𝑀𝐷𝑡−𝑖

𝑆,𝑗
)

𝑘−1

𝑖=0

𝑗 = 1, 2, 5 𝑘 = 0, 10, 100 1 5 1

𝑳𝑶𝑰𝑬𝒕(𝒂)

𝑎

2(𝐿𝑂𝐼𝑡) + (𝑎 − 1)(𝐿𝑂𝐼𝐸𝑡−1)

𝑎 + 1

𝑎 = 7 (𝑞𝑢𝑎𝑟𝑡𝑒𝑟), 3 (𝑡ℎ𝑖𝑟𝑑), 1 (ℎ𝑎𝑙𝑓)

𝑨𝑮𝑮𝑪𝒕(𝒌)

𝑨𝑮𝑮𝑽𝒕(𝒌)
𝑘

∑ |𝑆𝑡−𝑖|
𝑘−1
𝑖=0

∑ |𝑂𝑡−𝑖 − 𝑆𝑡−𝑖|
𝑘−1
𝑖=0

      
∑ |𝑆𝑡−𝑖𝑉𝑡−𝑖|
𝑘−1
𝑖=0

∑ |(𝑂𝑡−𝑖 − 𝑆𝑡−𝑖)𝑉𝑡−𝑖|
𝑘−1
𝑖=0

𝑘 = 100, 1000, 10000

𝑸𝑺𝒕(𝒌)

𝑘

1

𝑘
∑ 𝑃𝑡−𝑖

𝐵𝐴 − 𝑃𝑡−𝑖
𝐵𝐵

𝑘−1

𝑖=0

𝑘 = 0, 1, 5, 10, 50, 1000 1 5 1

𝑸𝑺𝑬𝒕(𝒂)

𝑎

2(𝑄𝑆𝑡) + (𝑎 − 1)(𝑄𝑆𝐸𝑡−1)

𝑎 + 1

𝑎 = 7 (𝑞𝑢𝑎𝑟𝑡𝑒𝑟), 3 (𝑡ℎ𝑖𝑟𝑑), 1 (ℎ𝑎𝑙𝑓)

𝑬𝑺𝒕(𝒌)

𝑃𝑡−𝑖
𝑀𝑃𝑡−𝑖 𝑘

2∑
|𝑃𝑡−𝑖 −𝑀𝑃𝑡−𝑖|

𝑀𝑃𝑡−𝑖
𝑉𝑡−𝑖

𝑘−1
𝑖=0

∑ 𝑉𝑡−𝑖
𝑘−1
𝑖=0

𝑘 = 1, 5, 10, 50, 100, 1000

𝑽𝑶𝑳𝑹𝒕(𝒋, 𝒌) 𝑗

𝑘

√
∑ 𝑅𝑡−𝑖(𝑗)

2𝑘
𝑖=0

𝑘
           

  𝑅𝑡(𝑗) = ln(
𝑃𝑡
𝑃𝑡−𝑗

)

𝑗, 𝑘 = (1,10), (1, 100), (5, 1000), (5, 10000)

𝑽𝑶𝑳𝑯𝑳𝒕(𝒋, 𝒌) 𝑗

𝑃𝑖
𝑚𝑎𝑥

𝑃𝑖
𝑚𝑖𝑛

√4 𝑙𝑛2.

𝑘

√
∑ 𝑅𝑡−𝑖(𝑗)

2𝑘
𝑖=0

4 𝑘 𝑙𝑛2
           

 𝑅𝑡(𝑗) = ln(
𝑃𝑗
𝑚𝑎𝑥

𝑃𝑗
𝑚𝑖𝑛)

𝑗, 𝑘 = (1,10), (1, 100), (5, 1000), (5, 10000)

𝑽𝑶𝑳𝑹𝑺𝒕(𝒌)

𝑃𝑖
𝑚𝑎𝑥 𝑃𝑖

𝑚𝑖𝑛

𝑃𝑖
𝑐𝑙𝑜𝑠𝑒

𝑃𝑖
𝑜𝑝𝑒𝑛

𝑘.

√
∑ (ln(

𝑃𝑖
𝑚𝑎𝑥

𝑃𝑖
𝑚𝑖𝑛))(ln(

𝑃𝑖
𝑚𝑎𝑥

𝑃𝑖
𝑜𝑝𝑒𝑛)) + (ln(

𝑃𝑖
𝑚𝑖𝑛

𝑃𝑖
𝑐𝑙𝑜𝑠𝑒))(ln(

𝑃𝑖
𝑚𝑖𝑛

𝑃𝑖
𝑜𝑝𝑒𝑛))

𝑘
𝑖=0

𝑘

𝑘 = 10, 50, 100, 1000

𝑽𝑶𝑳𝑸𝑺𝒕(𝒌)

𝑘

𝑄𝑆𝑡∈𝑘
𝑚𝑎𝑥 −𝑄𝑆𝑡∈𝑘

𝑚𝑖𝑛

𝑘 = 5, 20, 50

𝑴𝑶𝒕(𝒌) 𝑘 𝑃𝑡 − 𝑃𝑡−𝑘

𝑘 = 2, 5, 10

𝑴𝑶𝑩𝒕(𝒌)

𝑴𝑶𝑨𝒕(𝒌) 𝑘

𝑃𝑡
𝐵𝐵𝑃 − 𝑃𝑡−𝑘

𝐵𝐵𝑃      𝑃𝑡
𝐵𝐴𝑃 − 𝑃𝑡−𝑘

𝐵𝐴𝑃

𝑘 = 5, 10,100, 1000



 

 

 

𝑨𝑪𝒕(𝒌)

𝑘

𝑀𝑂𝑡 −𝑀𝑂𝑡−𝑘

𝑘 = 5

𝑨𝑪𝑩𝒕(𝒌)

𝑨𝑪𝑨𝒕(𝒌) 𝑘

𝑀𝑂𝐵𝑡 −𝑀𝑂𝐵𝑡−𝑘       𝑀𝑂𝐴𝑡 −𝑀𝑂𝐴𝑡−𝑘

𝑘 = 10

𝑽𝒕(𝒌)

𝑘

1

𝑘
∑ |𝑉𝑡−𝑖|

𝑘

𝑖=1

𝑘 = 5, 10, 50, 100, 1000

𝑳𝑨𝑶𝑩𝒕

𝑳𝑨𝑶𝑨𝒕

{
1     if max(𝐵𝐵𝑃𝑡

𝑦) > min(𝐵𝐵𝑃𝑡
𝑦) |𝑂𝐸𝑁𝑇𝐸𝑅,𝐵𝐵𝑃

0    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

{
1     if max(𝐵𝐴𝑃𝑡

𝑦) > min (𝐵𝐴𝑃𝑡
𝑦
)|𝑂𝐸𝑁𝑇𝐸𝑅,𝐵𝐴𝑃

0    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐵𝐵𝑃𝑡
𝑦

𝑦

𝐵𝐴𝑃𝑡
𝑦

𝑦

𝑩𝑶𝑳𝑼𝒕(𝒋, 𝒂)

𝑩𝑶𝑳𝑳𝒕(𝒋, 𝒂)

{
(𝑃𝑡 − [𝐴𝑃𝑡(𝑎) + 𝑗𝜎])/𝜏      𝑖𝑓 𝑃𝑡 > [𝐴𝑃𝑡(𝑎) + 𝑗𝜎]

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

{
([𝐴𝑃𝑡(𝑎) + 𝑗𝑠] − 𝑃𝑡)/𝜏        𝑖𝑓 𝑃𝑡 < [𝐴𝑃𝑡(𝑎) + 𝑗𝑠]

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑗 = 2, 𝑘 = 5, 10, 50

𝑴𝑨𝑪𝑫𝒕(𝒋, 𝒌)

𝑘

𝑗

[𝐴𝑃𝑡(𝑘) − 𝐴𝑃𝑡(𝑗)]

𝐴𝑃𝑡(𝑗)
          𝑘 > 𝑗

𝑗, 𝑘 = (5, 10), (10, 20), (15, 30)

𝑴𝑨𝑪𝑫𝑩𝒕(𝒋, 𝒌)

𝑴𝑨𝑪𝑫𝑨𝒕(𝒋, 𝒌) 𝑗

𝑘

[𝐴𝑃𝑡
𝐵𝐵𝑃(𝑘) − 𝐴𝑃𝑡

𝐵𝐵𝑃(𝑗)]

𝐴𝑃𝑡
𝐵𝐵𝑃(𝑗)

     
[𝐴𝑃𝑡

𝐵𝐴𝑃(𝑘) − 𝐴𝑃𝑡
𝐵𝐴𝑃(𝑗)]

𝐴𝑃𝑡
𝐵𝐴𝑃(𝑗)

  𝑘 > 𝑗

𝑗, 𝑘 = (10, 20), (50, 100), (100, 200)

𝑹𝑺𝑰𝒕(𝒌)
100 −

𝐴𝑃𝑡(𝑘, 𝑃
𝑈)

𝐴𝑃𝑡(𝑘, 𝑃
𝐷)

𝑘 = 5, 10, 15

𝑹𝑺𝑰𝑩𝒕(𝒌)

𝑹𝑺𝑰𝑨𝒕(𝒌)
100 −

𝐴𝑃𝑡
𝐵𝐵𝑃(𝑘, 𝑃𝑈,𝐵𝐵𝑃)

𝐴𝑃𝑡
𝐵𝐵𝑃(𝑘, 𝑃𝐷,𝐵𝐵𝑃)

      100 −
𝐴𝑃𝑡

𝐵𝐴𝑃(𝑘, 𝑃𝑈,𝐵𝐴𝑃)

𝐴𝑃𝑡
𝐵𝐴𝑃(𝑘, 𝑃𝐷,𝐵𝐴𝑃)

𝑘 = 10, 50, 100, 500

𝑺𝑶𝒕(𝒌)

𝑘

𝑃𝑡 −min (𝑃𝑡
𝑘)

max(𝑃𝑡
𝑘) − min (𝑃𝑡

𝑘)

𝑘 = 5, 10, 15

𝑺𝑺𝑶𝒕(𝒋, 𝒌) 𝑗 1

𝑗
∑ 𝑆𝑂𝑡−𝑖(𝑘)

𝑗

𝑖=1

𝑗 = 5,    𝑘 = 5, 10, 15

𝑺𝑶𝑪𝒕(𝒋, 𝒌) 𝑆𝑂𝑡(𝑘) − 𝑆𝑆𝑂𝑡(𝑗, 𝑘)

𝑗 = 5,   𝑘 = 5, 10, 15

𝑽𝑶𝑳𝑪𝒕(𝒋, 𝒌)

𝐻𝐿𝐴𝑡 𝑗 𝐻𝐿𝐴𝑡 𝐻𝐿𝐴𝑡

𝑘

(
𝐻𝐿𝐴𝑡(𝑎, 𝑘)

𝐻𝐿𝐴𝑡−𝑗(𝑎, 𝑗, 𝑘)
− 1) ∗ 100

𝐻𝐿𝐴𝑡(𝑎, 𝑗, 𝑘) =
2(𝑃𝑡∈𝑘

𝑚𝑎𝑥 − 𝑃𝑡∈𝑘
𝑚𝑖𝑛) + (𝑎 − 1)(𝐻𝐿𝐴𝑡−1)

𝑎 + 1

𝑗, 𝑘 = (5, 100), (5, 1000), (10, 100), (10, 1000), (50, 1000)



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 


