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Abstract

The thesis aims at the development of mathematical tools for analysis and construction
of near optimal solutions of optimal control problems with long run average optimality
criteria (LRAOC). It consists of three parts. In Part I, we establish that near optimal
controls of these problems can be constructed on the basis of solutions of semi-infinite
dimensional linear programming (SILP) problems and their duals. The latter are shown
to be approximations of the Hamilton-Jacobi-Bellman inequality corresponding to the
LRAOC problem. In Part II, we extend the consideration of Part I to singularly per-
turbed LRAOC problems. Our approach to these problems is based on amalgamation
of averaging and linear programming based techniques. We show that an asymptoti-
cally near optimal solution of the singularly perturbed problem can be constructed on
the basis of an optimal solution of the averaged LRAOC problem and we show that
the optimal solution of the latter can be found with the help of linear programming
based techniques. Some of the results obtained in Parts I and II are stated in the form
of algorithms, the convergence of which is discussed and which are illustrated with
numerical examples. In Part III, we study families of SILP problems depending on
a small parameter. The family of SILP problems is regularly (singularly) perturbed
if its optimal value is continuous (discontinuous) at the zero value of the parameter.
We introduce a regularity condition such that if it is fulfilled, then the family of SILP
problems is regularly perturbed and if it is not fulfilled, then the family is likely to
be singularly perturbed. We establish relationships between the regularity condition
for SILP problems and regularity conditions used in dealing with perturbed LRAOC

problems.
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Introduction

The thesis aims at the development of mathematical tools for analysis and construction

of near optimal solutions of long run average optimal control (LRAOC) problems.

Such problems have attracted interest of many leading researchers (see, e.g., [2],
[4], [6], [10], [22], [31], [32], [33], [40], [43], [76], [78], [79], [80], [83], [90], [94], [98] and
references therein). The interest to this class of optimal control problems is motivated
not only by important applications (in chemical and electrical engineering, optimization
of manufacturing systems, environmental modelling, etc.) but also by the fact that

finding an optimal control in a general nonlinear case still presents a difficult task.

Our approach to the LRAOC problems is based on the idea of “linearizing” the
nonlinear optimal control problem by reformulating it as optimization problem on the
space of occupational measures generated by the control-state trajectories (see Section
1.1). The main advantage of the occupational measures approach is that it trans-
lates nonlinear optimal control problems into associated infinite dimensional linear
programming (IDLP) problems. It is based on the fact that the occupational measures
generated by admissible controls and the corresponding solutions of a nonlinear system
satisfy certain linear equations representing the system’s dynamics in a relaxed integral
form. Note that fundamental results that justify the use of IDLP formulations in vari-
ous problems of optimal control of stochastic systems have been obtained in [24], [50],
[77], [99]. Important steps in the development of IDLP formulations in deterministic
optimal control problems considered on a finite time interval have been made in [66],
[67], [73], [95], [104]. A linear programming/occupational measures approach to deter-
ministic LRAOC problems was considered in [58], where it has been established that
these problems are asymptotically equivalent to IDLP problems similar to those arising
in stochastic control. Also, in [58], it has been shown that these IDLP problems can
be approximated by standard finite dimensional linear programming problems (finite
dimensional approximations of IDLP problems arising in stochastic control problems

and in deterministic problems on finite intervals of time have been studied in [72], [87],

X



X INTRODUCTION

and in [95], respectively; finite dimensional approximations of IDLP problems arising
in certain problems of calculus of variations have been considered in [43]), the solution

of which can be used for construction of the optimal controls.
The thesis consist of three parts.

In Part I (after reviewing some results about relationships between the LRAOC
problem and the corresponding IDLP problem), we show that necessary and sufficient
optimality conditions for the LRAOC problem can be stated in terms of a solution
of the HJB inequality, the latter is shown to be equivalent to the problem dual with
respect to the IDLP problem. Being a max-min type variational problem on the space of
continuously differentiable functions, this dual problem is approximated by max-min
problems on finite dimensional subspaces of the space of continuously differentiable
functions, which are dual to the semi-infinite dimensional linear programming (SILP)
problems approximating the IDLP problem. We give conditions under which solutions
of these duals exist and can be used for construction of near optimal solutions of the
LRAOC problem. We establish the convergence of an linear programming (LP) based
algorithm for finding optimal solutions of the SILP problems and their duals, and we
demonstrate a construction of a near optimal control based on such solutions with a

numerical example. The obtained results were published in [60].

In Part II, we develop tools for analysis and construction of near optimal solutions
of singularly perturbed LRAOC problems. Our approach to these problems is based
on amalgamation of averaging and linear programming based techniques. We show
that an asymptotically near optimal solution of the singularly perturbed problem can
be constructed on the basis of an optimal solution of the averaged LRAOC problem
and we show that the optimal solution of the latter can be found with the help of
linear programming based techniques. Key concepts introduced and dealt with, in this
part, are those of optimal and near optimal average control generating (ACG) families.
Sufficient and necessary conditions for an ACG family to be optimal are established
and an algorithm for finding near optimal ACG families is described and justified. The
construction of an asymptotically near optimal control is illustrated with a numerical
example.

Note that problems of optimal controls of singularly perturbed systems appear in
a variety of applications and have received a great deal of attention in the literature
(see, e.g., [3], [11], [13], [18], [22], [27], [36], [38], [39], [40], [42], [45], [47], [54], [57],
168], [73], [74], [77], [81], [87], [89], [92], [93], [101], [102], [104] and references therein).
In a number of works (see, e.g., [7], [8], [13], [51], [52], [53], [55]) it has been noted

that equating of the singular perturbation parameter to zero may not lead to a right
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approximation of the optimal solution in the general nonlinear case. Various averaging
type approaches allowing one to deal with such cases were proposed in [2], [3], [7],
8], 9], [11], [12], [27], [28], [29], [40], [41], [45], [46], [51], [52], [55], [56], [57], [67],
[68], [92], [93], [102] (see also references therein). However, despite of the fact that the
literature devoted to the topic is very reach, until recently, no algorithms for finding
near optimal solutions (in case equating of the singular perturbation parameter to zero
does not lead to the right approximation) have been discussed in the literature. In fact,
to the best of our knowledge, first such results were obtained in two recent papers, in
[64] (for optimal problem with time discounting) and in [61] (for LRAOC problems),
with results of [61] constituting the basis for consideration of Part II.

In Part ITI, we study families of SILP problems depending on a small parameter.
The family of SILP problems is regularly (singularly) perturbed if its optimal value is
continuous (discontinuous) at the zero value of the parameter. We introduce a regu-
larity condition such that if it is fulfilled, then the family of SILP problems is regularly
perturbed and if it is not fulfilled, then the family is likely to be singularly perturbed.
We establish relationships between the regularity condition for SILP problems and
regularity conditions used in dealing with perturbed LRAOC problems.

x1
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Infinite-dimensional linear programming
problem related to long run average optimal

control problem

In this chapter, we introduce notations and results that are used further in the text.
The chapter consists of three sections. In Section 1.1, we consider various statements
of long run average optimal control (LRAOC) problems. In Section 1.2, we establish
relationships between the LRAOC problem and a certain infinite-dimensional linear
programming (IDLP) problem. In Section 1.3, we describe duality results for the
IDLP problem.

1.1 LRAOC problem statements. Occupational mea-
sures formulations of the LRAOC problem.

We will be considering the control system written in the form

y'(t) = flut),y(t), =0, (1.1.1)



Chapter 1 LRAOC problem statements

where the function f(u,y) : UxIR™ — IR™ is continuous in (u, y) and satisfies Lipschitz
condition in y; and u(-) : [0, S] = U or u(-) : [0, +00) — U (depending on whether the
system is considered on the finite time interval [0,.S] or on the infinite time interval
[0, +00)) are controls that are assumed to be Lebesgue measurable functions and taking

values in a given compact metric space U.

Definition 1.1.1 A pair (u(-),y(:)) will be called admissible on the interval [0,S] if
the equation (1.1.1) is satisfied for almost all t € [0, S] and if the following inclusions

are valid:
u(t)yeU, yt)eY Vt>0, (1.1.2)

where Y is a given compact subset of IR™. The pair will be called admissible on [0, 00)

if it is admissible on any interval [0,S], S > 0.

Note that, the first inclusion in (1.1.2) being valid for almost all ¢ and the second for
all t € [0, 5] (the second inclusion is interpreted as the state constraint).

In what follows, it will be assumed that the system (1.1.1) is viable in Y (that is, for
any initial condition in Y, there exists a control that keeps the solution of the system
in Y; see [16]).

The optimal control problem that we will be dealing with is defined as follows

def + 4
(u(ll’lf. h&gf 5 / ))dt=V (1.1.3)
where q(u,y) : U x R™ — IR! is a given continuous function and inf is sought over
all admissible pairs of the system (1.1.1). This problem will be referred to as long run
average optimal control (LRAOC) problem. Note that, the initial condition is not fixed
in (1.1.1) and it is, in fact, a part of the optimization problem.

Also, we will be dealing with the optimal control problem considered on the finite

time interval
mf 3 / (t)dt = V*(9), (1.1.4)
where inf is sought over all admissible pairs on the interval [0, S].

Remark 1.1.2 Note that, the assumption that the controls take values in the compact
set U can be replaced by a weaker assumption that the optimal and near optimal controls

belong to this set.

Proposition 1.1.3 The following inequality is satisfied

liminf V*(S) < V™. (1.1.5)
S—o0



Chapter 1 LRAOC problem statements

Proof. For any S > 0 and for any admissible pair (u(t),y(t))

S/ ))dt > V*(S). (1.1.6)
Hence,
1 /S
liminf—/ q(u(t),y(t))dt > liminf V*(S). (1.1.7)
S—oo S 0 S—o0

The last inequality implies that
V* > liminf V*(9), (1.1.8)
S—00

which proves (1.1.5). O

Along with the problems defined above, we will be referring to the infinite time

horizon optimal control problem

1 s def
inf lim — U dt=V; , 1.1.9
Lt i / a(u(t), y(t)) (1.1.9)

where inf is sought over all admissible pairs on the interval [0, 00) such that the limit
in the above expression exists. If this inf is sought over the periodic admissible pairs

only, that is, over the admissible pairs such that
(u(t),y()) = (u(t+T),yt+T))  Vt=0 (1.1.10)

for some 7" > 0, then (1.1.9) is written as

" mf - 515205/ )dt.

Thus, it becomes equivalent to a so-called periodic optimization problem (see, e.g., [33])

]_ T def
inf = u A=y 1.1.11
Lt o / a(u(t), y(£)dt =V, (1.1.11)

where inf is over the length T' of the time interval and over the admissible pairs defined
on [0, 7], which satisfies the periodicity condition y(0) = y(T').
A very special family of admissible pairs on [0,00) is that consisting of constant

valued controls and corresponding steady state solutions of (1.1.1):

(u(®),y(1)) = (u.y) € M= {(u,y) | (u,y) €U XY,  flu,y) =0} (1.1.12)

5



Chapter 1 Occupational measures formulation

If inf is sought over admissible pairs from this family then the problem (1.1.9) is
reduced to

inf  q(u,y) =V

, 1.1.13
oot o ( )

which is called a steady state optimization problem.
It is easy to see that the optimal values of the above introduced problems satisfy

the inequalities

V<V <V <V (1.1.14)
Note that, in the general case,
Voer < Vi (1.1.15)

(see, e.g., [52], [65], [69] and [71]). Allowing this to be the case, we will be assuming
that
Vi=VI or V=V (1.1.16)

per:*

For the sake of our consideration let us reformulate the problems in terms of occu-
pational measures.

The occupational measure generated by an admissible control and the corresponding
solution of the system (1.1.1) (that is, it is generated by an admissible pair (u(t), y(t))
of the system (1.1.1)) on interval [0, S] is the probability measure defined by the “pro-
portions” of time spent by this admissible pair in different subsets of the control-state
space. More precisely, let P(U xY') stands for the space of probability measures defined
on the Borel subsets of U x Y.

Definition 1.1.4 A probability measure v>“0¥() € P(U x Y) is called the occupa-
tional measure generated by the admissible pair (u(t),y(t)) on the interval [0, S] if, for
any Borel set B C U x Y,

S
SO E) 2 [, y(o)i (1.1.17)
0

where 15(+) is the indicator function of the set B: 1g(u,y) = 1 Y(u,y) € B and
Ip(u,y) =0 V(u,y) ¢ B.

Definition 1.1.5 The occupational measure generated by the admissible pair on the
interval [0,00) is the probability measure y“OWO) € P(U x Y) defined as the limit

(assumed to exist)

SOV @hm§/13 (£))dt. (1.1.18)

S—o00



Chapter 1 Occupational measures formulation

Note that the occupational measure generated by a steady state admissible pair
(u(t),y(t)) = (u,y) € M (as in (1.1.12)) is just the Dirac measure at (u,y).

Note also, that the Definition 1.1.4 is equivalent to the statement that, for any
continuous function h(-) defined on the control-state space, the time average of the
integral of the function h(-) along an admissible pair is equal to the integral of A(-)
over the occupational measures generated by this admissible pair. Namely, (1.1.17) is

equivalent to that

S
/ B, )y SOV (du, dy) = / hu(t), y(t))dt (1.1.19)
UxY S 0

for any continuous h(u,y): U x R™ — IR'.

Similarly, the Definition 1.1.5 is equivalent to the statement that

1 /S

/ B, )7 OO (du, dy) = lim — / h(u(t), y(t))dt (1.1.20)
UxY s—00 S Jy

for any continuous h(-) € C(U x Y'). Note that, from (1.1.20) it follows, in particular,

that there exist the limit

lim (S @O % (w0

S—o0

Let us denote by I'(S) C P(U x Y) the set of all occupational measures generated
by the admissible pairs (u(-),y()) on the interval [0, S]. That is,

0($) 2 (JHEe0un} ¢ pu x v), (1.1.21)
u(-)

where y(5:®()¥0)) is the occupational measure generated by (u(-),y(-)) on the interval

[0,S] and the union is over all controls.

Using this notation and the definition of the occupational measures as in (1.1.19),
one can rewrite problem (1.1.4) in terms of minimization over measures from the set
['(S) as follows

inf /U a(wy)(du.dy) = V(5). (1.1.22)

vel'(9)

Note that, in what follows, the convergence properties of V*(S) (as S tends to infinity)
are established on the basis of the corresponding convergence properties of I'(S) which

are defined at the end of this section.
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The periodic optimization problem (1.1.11) also can be rewritten in terms of occu-

pational measures. Namely, based on (1.1.19),

inf / g, y)y(du, dy) = V2, (1.1.23)
UxY

’YEFper

where '), defines the set of all occupational measures generated by the periodic ad-

missible pairs (u(-), y(-))per (that is, (1.1.10) is satisfied with some positive 7T').

Note that, due to linearity of the objective function in (1.1.22),

y€ecol'(S)

min /U y q(u, y)y(du, dy) = V*(9), (1.1.24)

where co stands for the closed convex hull of the set I'(.S). Similarly, due to linearity
of the objective function in (1.1.23),

win [ gty (dudy) = Vi, (1.1.25)
UxY

yecol'per

Let us conclude this section with some comments and notation. Given a compact
metric space X, B(X) will stand for the o-algebra of its Borel subsets and P(X) will
denote the set of probability measures defined on B(X). The set P(X) will always be
treated as a compact metric space with a metric p, which is consistent with its weak*
topology (see, e.g., [23] or [91]). That is, a sequence v* € P(X), k = 1,2, ..., converges
to v € P(X) in this metric if and only if

lim [ c(z)y*(dz) = /Xc(:c)fy(dx), (1.1.26)

k—o00 X

for any continuous c(-) : X — IR'. There are many ways of how such a metric p can
be defined. We will use the following definition: V4/,7"” € P(X),

PV E S g | [ ) = [ @ @

where hy(+), [ =1,2,...,is a sequence of Lipschitz continuous functions which is dense

in the unit ball of C'(X) (the space of continuous functions on X).

Using this metric p, one can define the “distance” p(v,I) between v € P(X) and
I' C P(X), and the Hausdorff metric py(I'1,T'3) between I'y € P(X) and T'y C P(X),

8



Chapter 1 Infinite dimensional linear programming problem

as follows:

p(1,T)= inf p(v,7),  pu(T1,Ta) = max{sup p(v,Ts), sup p(v,T1)}.  (1.1.28)

v'er v€ly ~v€Dy

Note that, although, by some abuse of terminology, we refer to pg (-, ) as to a metric on
the set of subsets of P(X), it is, in fact, a semi-metric on this set (since py(I'y,I'2) =0
is equivalent to I'y = I'y if and only if I'; and I'y are closed).

The following lemma is implied by the definitions above.

Lemma 1.1.6 Let I' be a subset of P(X) then:

(i) if lim sup p(v,T) =0, then, for any continuous h(z) : X — R*,

liminf inf /Xh(:):)v(dx)zinf/Xh(a?)v(dx);

S—o0 4eD(S) ver

(ii) if lim pu(I(S),T) =0, then

lim inf /X h(z)y(dz) = inf /X h(z)y(d).

S—00 4€D(S) ver

Proof. The proof is obvious. [
It can be verified (see e.g. Lemma [12.4 in [51], p.205) that, with the definition of
the metric p as in (1.1.27),

pu(col'y,col's) < py(T'y,T9) , (1.1.29)

where co stands for the closed convex hull of the corresponding set.

1.2 Infinite dimensional linear programming prob-

lem.

Let us define the set W C P(U x Y') by the equation

Wy e P xY): / (Vo)) Fluwy)r(du,dy) =0 ¥oe '}, (121)

UxY
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where C'! is the space of continuously differentiable functions ¢(y) : R™ — R*, Vé(y)

is a vector column of partial derivatives (the gradient) of ¢(y) ,

oy

Vo) = | i (1.2.2)

¢
OYm

Proposition 1.2.1 The set W is conver and compact.

Proof. Note that in order to show that W is compact it is enough to establish
that it is closed, since W C P(U x Y) and P(U x Y') is compact. Consider a sequence
7% € W such that

Jim =7,

where # is a boundary point. Note that, since v* € W,
| (Vo) ) =0 ve=12 (1.23)
UxY
Therefore,

i [ (Vo) oy (du, dy) = / (Vo))" f(u, y)7(du,dy) = 0. (1.2.4)

k—oo Juxy UxY

Hence, ¥ € W and thus the set W is closed.
In order to show that the set W is convex one can observe that for any v/,7” € W

and any « € [0, 1],

UxY

/U (Vo) o = (1= a)ylidu. dy) = / (V)T f () (du, dy)+

(1-a) / (Vo))" ) dudy) =0,

O
Note that the set W can be empty. It is easy to see, for example, that W is empty

if there exists a continuously differentiable function ¢(-) € C! such that

max (Vo(y)? flu,y) < 0. (1.2.5)

(u,y)eUXY

The set W is not empty if the set of steady state or periodic admissible pairs is not

empty since the occupational measure generated by each such pair is contained in V.

10



Chapter 1 Infinite dimensional linear programming problem

In fact, let (u(-),y(:)) be a periodic admissible pair (that is, (1.1.10) is satisfied with
some positive T') and let 7)) he the occupational measure generated by this pair
on the interval [0, 7. Then, by (1.1.19),

| 96" sy Or O ) = 5 [ (Tt e, vio)d

Proposition 1.2.2 If the set W is empty, then there exists Sy > 0 such that T'(S) is
empty for S > Sy. If T'(S) is not empty for all S > 0 large enough, then W is not
empty and

lim sup p(y, W) =0. (1.2.6)

S—o0 ’YEF(S)

Proof. To prove the validity of (1.2.6), let us define k(S) by the equation

K(S)= sup p(v, W) (1.2.7)
vel'(9)

and show that k(S) tends to zero as S tends to infinity. Assume it is not the case.
Then, there exists a positive number § and the sequence S* — oo, 4% € I'(S*), such
that

p(* W) >6  Vk=1,2,...

Without loss of generality, one may assume that there exists

lim ¥ =~y e P(U xY)

k—o00

(since P(U x Y') is compact). From the continuity of the metric it follows that

p(y, W) > 4. (1.2.8)

By the definition of the convergence in P(U x Y') (see (1.1.26)),

im [ (V)T y)7 (du, dy) = / (Vo) f(wy)y(dundy)  (1.2.9)

k=oo Juxy Uxy

11



Chapter 1 Infinite dimensional linear programming problem

for any ¢ € C'. Also, from the fact that v* € I'(S*) it follows that there exists an
admissible pair (u*(t),y"(t)) defined on the interval [0, S*] such that

Sk
| o sy dndy) = [ (o) Tt 0. O) (1200
UxY 0
The second integral is apparently equal to

$(y*(5*)) — 8(5*(0))
Sk

and tends to zero as S* tends to infinity (since y*(t) € YVt € [0,5%] and Y is a
compact set). This and (1.2.9) imply that

[ o) ot dy =0 e = ew

The latter contradicts (1.2.8) and, hence, k(S) defined in (1.2.7) tends to zero as S
tends to infinity. This proves (1.2.6).

From consideration above it follows that, if there exists a sequence of S* tending
to infinity such that I'(S*¥) # ), then the set W is not empty. Hence, if the latter is
empty, then I'(S) = () for all S large enough. [J

In what follows, we will assume that W is not empty.

Let us consider the problem

inf / q(u, y)y(du, dy) = G*, (1.2.11)
1EW Juxy

where ¢(-) is the same as in (1.1.22) (and the same as in (1.1.3)-(1.1.4)).
Note that, since both the objective function in (1.2.11) and the constraints in W are

linear in ~y, problem (1.2.11) is that of infinite-dimensional linear programming (IDLP)

(see, e.g., [5]).

Corollary 1.2.3 The lower limit of the optimal values of (1.1.4) satisfies the inequality

lims oV (5) = ling o inf [ alw9)2(dug) 2 6" (1.212)
YeL(S) Juxy

Proof. The proof follows from Lemma 1.1.6 (i), Proposition 1.2.2, and the validity
of the representation (1.1.22). O

Corollary 1.2.4 (criteria of optimality)

12



Chapter 1 Infinite dimensional linear programming problem

(1) If an admissible pair (u(-),y(:)) : [0,00) = U X Y is such that

nmgéqwmmmwzw,

S—o0

then this pair is a solution of the problem (1.1.9) and Vi = G*;

(i1) If a periodic (with a period T') admissible pair (u(-),y(+)) is such that

7| atwo.vwni =

then this pair is a solution of the problems (1.1.9) and (1.1.11), and also VX =
Voer = G5

(iii) If a steady state admissible pair (u(t),y(t)) = (u,y) € M (as defined in (1.1.12))
18 such that

q(u,y) = G,

then this pair is a solution of the problems (1.1.9), (1.1.11) and (1.1.13), and
also VI = Vp*er =V =G

Proof. The proof follows from inequalities (1.1.14) and Corollary 1.2.3. O

It has been shown in [62] (see also [48], [57], [58]) that, if W is not empty and some

other mild conditions are satisfied, then the following relationships are valid:

lim py(col(S), W) =0 (1.2.13)
S—o00
N Jim V*(8) = 6", (1.2.14)

Note that no assumptions, except of non-emptiness of W, for the validity of these
relationships are needed if one allows the use of the relaxed controls (see Theorem
3.1 and 3.3 in [48] or Remark 4.5 in [62]). Note also that the relationships similar to
(1.2.13) and (1.2.14) have been established for various optimal control formulations
(for problems considered on finite and infinite time horizons and in both deterministic
and stochastic settings) in [24], [43], [50], [73], [77], [81], [95], [98] (see also references
therein).

From Proposition 1.2.2 and the equality (1.2.14) it follows that if the solution v* of
the problem (1.2.11) is unique, then, for any v° € I'(S) such that

13



Chapter 1 The problem dual to the IDLP problem

lim q(u, y)7° (du, dy) = G*,

S—o00 UxY

lim p(7%,7*) = 0. (1.2.15)

S—o00

Note also that the solution «* of problem (1.2.11) can be unique only if it is an extreme
point of W (since (1.2.11) is an LP problem) and that, using (1.2.13), one can show
(although not shown here) that, for any extreme point + of W, there exists v° € I'(.9)
such that gggo p(v%,7) = 0.

Let v* be a solution of problem (1.2.11) which is an extreme point of W and let
7% € T'(9) satisfy (1.2.15). Assume that there exists an admissible pair (v (-), 37" (+)) :
[0,00) — U x Y that generates v on any interval [0, S] (see Definition 1.1.5). Then,
for any continuous h(u,y): U x Y — R,

S
lim % /0 B (), 47 (8))dt = /U )y (dudy (1.2.16)

S—o00

and, in particular, for h(u,y) = q(u,y),

lim % /0 g (1), 57" (£))dt = /U gy dy) = G (1.2.17)

S—o0

Thus, by Corollary 1.2.4(i), this pair will be a solution of problem (1.1.9). Also,
by Corollary 1.2.4(ii), (iii), this pair will be a solution of the periodic optimization
problem (1.1.11) (and the steady state problem (1.1.13)) if it proves to be periodic
(and, respectively, steady state).

Note that, in what follows it will be assumed everywhere that T'(S) # 0 (this
implying that W # 0 and that V*(S) is well defined; see (1.1.22)) and also that
(1.2.13) and (1.2.14) are valid.

1.3 The problem dual to the IDLP problem and

duality relationships.

Define the problem dual to IDLP problem (1.2.11) by the equation

def

sup d=D", (1.3.1)
(dn(-))eD

14



Chapter 1 Duality relationship

with the feasible set D C R' x C' defined as

DE{(n(): d= min {glw.y)+ (Vo) fwy) n()ec'}.  (132)

(u,y)€UXY

The way how the problem (1.3.1) can be constructed as a “standard” LP dual is
discussed in Appendix A.
Note that, if W # (), then, for any v € W, from the fact that the pair (d,7(-))

satisfies the inequality

d < qu,y) + (V)" flu,y)  V(u,y) €U XY,

it follows that
d< / q(u, y)y(du, dy).
UxY

Hence, the optimal values of (1.2.11) and its dual (1.3.1) satisfy the inequality
D* < G*. (1.3.3)

The following statements establish more elaborate connections between problems
(1.2.11) and (1.3.1). Namely, from the theorem stated below follows that the inequality
(1.3.3) turns into the equality (that is, there is no duality gap) if and only if W is not
empty.

Theorem 1.3.1 (i) The optimal value of the dual problem (1.5.1) is bounded (that
is, D* < 00) if and only if the set W is not empty;

(ii) If the optimal value of the dual problem (1.3.1) is bounded, then

D* =G (1.3.4)

(iii) The optimal value D* of the dual problem is unbounded (that is, D* = o0) if and
only if there exists a function 7(-) € C* such that

max (Va(y)' f(u,y) <O0. (1.3.5)

(u,y)eUXY

Proof. The proof of the theorem was given in Section 9 of [48] and for completeness
it is recalled in Appendix B. [J

Note that duality results similar to Theorem 1.3.1 (ii) have been obtained in [24]
and [50] in a stochastic setting without state constraints (Y = [R™) and in [104] in

15
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the deterministic setting with state constraints (for IDLP problems related to optimal

control problems considered on a finite time interval).

Remark 1.3.2 From the statements (i) and (ii) of the theorem stated above it follows
that the set W and, hence, the set I'(S) are not empty (see Proposition 1.2.2) if and
only if a function n(-) € C satisfying (1.3.5) does not exist. Note that, if such a
function n(-) exists, then the fact that T'(S) are empty for S > Sy (for some Sy > 0)
follow from the fact that this n(-) can be used as a Liapunov function decreasing along

the trajectories of the system (1.1.1) and “forcing” them to leave Y in a finite time.

Note that problem (1.3.1) is equivalent to

sup  min {q(u,y) + (Vn(y)" f(u,y)} = D*. (1.3.6)
n(-)eCt (u,y)eUXY

Defining Hamiltonian H(p,y) by the equation

def

H(p,y) = min{q(u,y) + P f(u,y)} (1.3.7)

one can rewrite the equality (1.3.6) (or, equivalently, (1.3.1)) as follows

sup min H(Vn(y),y) = D*. (1.3.8)

n(-)ect vEY

Definition 1.3.3 Assume that D* < co. A functionn*(-) € C' will be called a solution
of the dual problem (1.3.1) if

D* = min {q(u,y)+ (Vo' (y)" f(u,y)}. (1.3.9)

(u,y)eUXY
Note that, by rewriting equation (1.3.9) in the form

D =minH(Vy'(y)y) = D <H(Vylyy) WeY., (1310

yey

one can come to the conclusion that a solution n*(-) of dual problem (1.3.1) is a smooth
viscosity subsolution of the corresponding Hamilton-Jacobi-Bellman equation (see [20)]

and [49] for relevant definitions and developments).

16
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1.4 Additional comments for Chapter 1

The consideration of Sections 1.1 and 1.2 is based on results obtained in [58] and [57].

The consideration of Section 1.3 is based on results of [48].

17
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Additional comments for Chapter 1
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Necessary and sufficient conditions of
optimality. Maxi-min problem and its

approximation

In this chapter, we show that sufficient and necessary conditions of optimality in long
run average optimal control (LRAOC) problems can be stated in terms of a solu-
tion of the corresponding Hamilton-Jacobi-Bellman (HJB) inequality, the latter being
equivalent to the problem dual to the infinite dimensional linear programming (IDLP)
problem considered in Section 1.2. The latter is a max-min type variational problem
considered on the space of continuously differentiable functions. We approximate it
with the max-min problems on a finite dimensional subspaces of the space of continu-
ously differentiable functions.

The chapter is organised as follows. In Section 2.1, we define the HJB inequality
and show that it can be used to formulate necessary and sufficient conditions of opti-
mality for the LRAOC problem. In Section 2.2, we establish that the HJB inequality
is equivalent to the variational max-min problem and consider approximation of this
problem by max-min problems on finite dimensional subspaces of the space of continu-

ously differentiable functions. We give conditions under which solutions of these exist

19



Chapter 2 Necessary and sufficient conditions of optimality

and can be used for construction of near optimal solutions of the LRAOC problem.
Semi-infinite dimensional linear programming (SILP) problems and their relationships

with the approximating max-min problems are discussed in Section 2.3.

2.1 Necessary and sufficient conditions of optimal-

ity based on the HJB inequality.

In this section, we give sufficient and necessary conditions for an admissible pair

(u(+),y(+)) to be optimal and for the equality
Ve =G (2.1.1)
to be valid. Note that the equality (2.1.1) implies that

lim V*(S) = G". (2.1.2)
S—o0
Under the assumption that (2.1.1) is satisfied, the Hamilton-Jacobi-Bellman (HJB)
equation for the LRAOC problem is written in the form (see, e.g., Section VII.1.1 in
[20])
H(Vn(y).y) = G~ (2.1.3)

where H (p,y) is the Hamiltonian defined in (1.3.7). The equation (2.1.3) is equivalent

to the following two inequalities
H(Vn(y),y) < G, H(Vn(y),y) > G". (2.1.4)

As follows from the result below, for a characterization of an optimal control problem
(1.1.3), it is sufficient to consider functions that satisfy only the second inequality in
(2.1.4), and we will say that a function n(-) € C' is a solution of the HJB inequality
on Y if

H(Vn(y),y) > G*, VYyeY. (2.1.5)

Note that the concept of a solution of the HJB inequality on Y introduced above is
essentially the same as that of a smooth viscosity subsolution of the HJB equation
(2.1.3) considered on the interior of Y (see, e.g., [20]).

The following result gives sufficient condition for an admissible pair (u(-),y(-)) to

be optimal and for the equality (2.1.1) to be valid.
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Chapter 2 Necessary and sufficient conditions of optimality

Proposition 2.1.1 Assume that a solution n(-) € C' of the HJB inequality (2.1.5)
exists. Then an admissible pair (u(-),y(-)) is optimal in (1.1.8) and the equality (2.1.1)
s valid if

u(t) = argminyer{q(u, y(t)) + (Vo(y®))) f(u,y()}  ae t€[0,00)  (2.1.6)

and
H(Vn(y(t)),y(t) =G*, Vte|0,o00). (2.1.7)

Proof. Note that from (2.1.6) and (2.1.7) it follows that for almost all ¢ € [0, c0)

q(u(t), y(t)) + (Vnly(t)" f(ult), y(t)) = G*. (2.1.8)

Since,

S—o00 S S—o00

g S
lim l/0 (Va(y ()" f(u(t), y(t))dt = lim %/0 @

1 (2.1.9)
= lim =(n(y(5)) —n(y(0)) = 0.
From (2.1.8) it follows that
S
Jim % /0 o(ul(t), y(t))dt = G (2.1.10)

The latter implies that (u(-),y(-)) is optimal and that the equality (2.1.1) is valid. O

Let us introduce the following assumption.
Assumption 2.1.2 The following conditions are satisfied:

(i) the optimal solution of the problem (1.1.3) (that is, an admissible pair (u*(-),
y*(+)) that delivers minimum in (1.1.8)) exists and generates the occupational

measure v*. That is, for any continuous h(u,y),

lim % /0 B (1), y*(£))dt = /U () (. dy): (2.1.11)

S—o0

(i) for almost allt € [0,00) and for any r > 0, the v*- measure of the set

def

B, (w(t),y" () ={(w,y) : [lu = w O + |ly = y" @) < r} (2.1.12)
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Chapter 2 Necessary and sufficient conditions of optimality

1s not zero. That is,
V(B (u'(t), y" (1)) > 0. (2.1.13)

The following proposition gives sufficient conditions for the validity of Assumption
2.1.2.

Proposition 2.1.3 The Assumptions 2.1.2 is satisfied if the pair (u*(t),y*(t)) is T-

periodic (T is some positive number) and if u*(-) is piecewise continuous on [0,T].

Proof. Let t be a continuity point of u*(t). Note that, due to the assumed period-
icity of the pair (u*(-),y*(+)), Assumption 2.1.2 (i) is satisfied. That is,

- /0 h(u*(t), y*(t))dt = /U » h(u, y)y*(du, dy)

7 (B (1), 57 (1)) = %meas{s €10,7): (w'(s),5"(5)) € Bl (1,5 (1)} (2.1.14)

Since t is a continuity point of *(+) and since y*(+) is continuous, there exists o > 0
such that (u*(t'),y*(t')) € B.(u*(t),y*(t)) Vt' € [t —a,t+ «a]. Hence, the right-hand-
side in (2.1.14) is greater that QTO‘ This proves the required statement as the number

of discontinuity points of u*(-) is finite (due to the assumed piecewise continuity). [

Proposition 2.1.4 Let (u*(t),y*(t)) be an optimal admissible pair such that Assump-
tion 2.1.2 is satisfied and let the equality (2.1.1) be valid then (2.1.6) and (2.1.7) are
satisfied.

Proof. Since (u*(-),y*(-)) that delivers minimum in (1.1.3) exists and since this

pair generates the occupational measure v*, (see (2.1.11))

S
Jim / A (1), 5 () = / )y (dudy) = G (2.1.15)

Note also that from (2.1.13) and from the fact that (u*(¢),y*(t)) € U x Y it follows
that for any r > 0

(B (1), () (YU x V) > 0. (2.1.16)
Since v* € W,
/U Y(Vn(y))Tf(u,y)v*(du, dy) = 0. (2.1.17)
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Chapter 2 Necessary and sufficient conditions of optimality

Hence, by (2.1.15)

[ latws) + (Vo) ) = 671y (dusdy) = . (2.1.18)

Define the set,

def

BE{(y) €UXY : qluy)+ (Vi) fu,y) - G* >0}, (2.1.19)
Note that from (1.3.7) and (2.1.5) it follows that

q(uy) + (Vo))" f(u,y) > G*, V(u,y) €U xY. (2.1.20)
Hence, from (2.1.18) it follows that
v*(B) = 0. (2.1.21)

Let us show that
meas{t : (u*(t),y*(t)) € B} =0. (2.1.22)

Assume it is not true. That is, meas{t : (u*(t),y*(t)) € B} > 0. Then there exists ¢
such that

(u*(£),y"(1)) € B (2.1.23)

and such that
7 (B @,y @) YU xY)) >0 ¥r>o. (2.124)

From the definition of the set B (see (2.1.19)) it follows that for » > 0 small enough

B, (u'(t),y" (1) (U xY) C B. (2.1.25)

Hence,
(B) = 7 (Bo(w (05" 0) (U x ¥)) >0, (2.1.26)
That contradicts (2.1.21) and hence proves (2.1.22). That is, due to (2.1.20)

a(w*(8), 5" (1) + (Vnly"()))" f(u™(t), 5" (1)) = G, (2.1.27)

for almost all ¢ > 0. This implies (2.1.6) and (2.1.7). O

Remark 2.1.5 Note that the difference of Propositions 2.1.1 and 2.1.4 from similar
results of optimal control theory is that a solution of the HJB inequality (rather than
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that of the HJB equation) is used in the right-hand-side of (2.1.6), with the relationship
(2.1.7) indicating that the HJB inequality takes the form of the equality on the optimal
trajectory. Note also that, due to (2.1.5), the equality (2.1.7) is equivalent to the

nclusion

y(t) € argmingey{H(Vn(y),y)}, Vte[0,S5]. (2.1.28)

The validity of the following statement is implied by Proposition 2.1.1 and Propo-
sition 2.1.4.

Corollary 2.1.6 Assume that a solutionn(-) € C* of the HIB inequality (2.1.5) exists.
Then a T-periodic admissible pair (u(t), y(t)) = (u(t+7T), y(t+71")) is optimal in (1.1.11)
and the equality

G er = G (2.1.29)

is valid if and only if the relationships (2.1.6) and (2.1.7) are satisfied.

2.2 Maxi-min problem equivalent to the HJB in-

equality and its approximation.

Consider the following max-min type problem

sup min H(Vn(y),y), (2.2.1)

n(-)ect ¥EY

where sup is taken over all continuously differentiable functions. Note that, the problem
(2.2.1) is dual with respect to the IDLP problem (1.2.11) (see (1.3.8)).

Proposition 2.2.1 If the optimal value of the problem (2.2.1) is bounded, then it is
equal to the optimal value of the IDLP problem (1.2.11). That is,

sup min H(Vn(y),y) = G*. (2.2.2)

n(-)ect ¥EY

Proof. The equality (2.2.2) follows from the Theorem 1.3.1. Note that from this
theorem also follows that supmin in (2.2.1) is bounded if and only if W # (). O

Definition 2.2.2 A function n(-) € C' is called a solution of the problem (2.2.1) if

min H(Vn(y),y) = G*. (2.2.3)

yey
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Proposition 2.2.3 If n(-) € C' is a solution of the HJIB inequality (2.1.5), then this
n(+) is also a solution of the problem (2.2.1). Conversely, if n(-) € C* is a solution of
the problem (2.2.1), then it also solves the HJB inequality (2.1.5).

Proof. Let n(-) € C! be a solution of the HIB inequality (2.1.5). By (2.2.1) and
(2.2.2), the inequality Iréi}lgH(Vn(y),y) > G* can not be valid. Hence, n(-) solves
y

(2.2.1). The converse statement is obvious too. [

Note that a solution of the max-min problem (2.2.1), defined as a C' function
satisfying (1.3.10), may not exist, and one can consider the possibility of defining the
solution as a nondifferentiable function, which satisfies (1.3.10) in the viscosity sense
(see, e.g., [20] p.399 ). We, however, do not follow this path. Instead, we introduce
(following [48]) a way of constructing C'' functions that solve max-min problem (2.2.1)

approximately.

Let {qbl() ceCl, i=1,2, } be a sequence of functions having continuous partial
derivatives of the first and second orders such that any n(-) € C' and its gradient
Vn(-) can be simultaneously approximated by a linear combination of functions from
{gbi(-), i=1,2, } and their corresponding gradients. That is, for any n(-) € C! and

any 0 > 0, there exists real numbers 1, ..., By such that

max { [1(y) Zm )|+ 110 (y) Zﬁzwz I}<o 24

where || - || is a norm in JR™. An example of such an approximating sequence is
the sequence of monomials y}',...,y’m, where y; (j = 1,2,...,m) stands for the jth
component of y and iy, ...,4, = 0,1,... (see e.g.[84]). Note that it will always be
assumed that Vo;(y), i =1,2,..,N (with N =1,2,...), are linearly independent on
any open set (). More specifically, it is assumed that, for any NV, the equality

N

> uVoily) =0, YyeQ (2:2.5)

i=1
is valid if and only if v; =0, i =1,...,N.

Define the finite dimensional space 1y C C! by the equation

Oy« {77(-) e Cli(y) = ZM@(@/), A=(\) € JRN} (2.2.6)
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and consider the max-min problem

sup min H(Vn(y),y) «f DN, (2.2.7)
n(eQy vEY

which will be referred to as the N-approzimating mazx-min problem. Note that, due to
the definition of the Hamiltonian (1.3.7), from (2.2.7) it follows that

sup  min {q(u,y)+ (Vn(y)" f(u,y)} = DV. (2.2.8)
n(-)EQN (u,y)eUXY

Proposition 2.2.4 DV converges to G*, that is,

lim DY = G*. (2.2.9)

N—oo

Proof. It is obvious that, for any N > 1,
D'<D?*<..<DN <G (2.2.10)

Hence, A}im DV exists, and it is less than or equal to G*. The fact that it is equal to
— 00

G* follows from the fact that, for any function 7(-) € C! and for any § > 0, there exist

N large enough and 7s(-) € Qy such that

max{ |n(y) —n1s(y)l+ | Valy) — Vis(y) [} < 0. (2:2.11)

O

Definition 2.2.5 A functionn(-) € C* will be called a solution of the N -approzimating
max-min problem (2.2.7) if

min{H(Vi(y),y)} = DY, (2.2.12)

The existence of a solution of the N-approximating max-min problem (2.2.7) is

guaranteed by the following assumption about controllability properties of the system
(1.1.1).

Assumption 2.2.6 There exists a set Y° CY such that any two points in Y° can be
connected by an admissible trajectory of the system (1.1.1)(that is, for any y',y" € Y°,
there ezists an admissible pair (u(-),y(-)) defined on some interval [0,S] such that

y(0) = v and y(S) = y") and such that the closure of Y° has a nonempty interior.
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That 1s,
int(clY?) # ().

Definition 2.2.7 We shall say that the system (1.1.1) is locally approximately con-
trollable on Y if Assumption 2.2.6 is satisfied.

Proposition 2.2.8 Let the system (1.1.1) be locally approzimately controllable on Y.
Then, for every N = 1,2, ..., there exists AN = (AN) such that

N
def
() =D A eily) (2.2.13)
i=1
is a solution of the N-approximating max-min problem (2.2.7).
Proof. The proof follows from the following two lemmas. [J

Lemma 2.2.9 Assume that, for

N
n(y) =Y viti(y), (2.2.14)
=1
the inequality
(V)" flu,y) >0, Y(uy) €U xY (2.2.15)

is valid only if v; =0, Yi=1,...,N. Then a solution (2.2.13) of the N-approzimating

maz-min problem (2.2.7) exists.

Proof. For any k = 1,2, ..., let v* = (vF) € RN be such that the function

HOEDIEO] (2:2.16)
satisfies the inequality
Vy eY. (2.2.17)
Hence,
q(u,y) + (Vi ()" flu,y) 2 DY — -, V(u,y) €U x Y. (2.2.18)
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Chapter 2 Maxi-min problem and its approximation

Let us show that the sequence v*, k =1,2, ..., is bounded. That is, there exists a > 0
such that
| vF <, E=1,2,... (2.2.19)

Assume that the sequence v*, k = 1,2,..., is not bounded. Then there exists a

subsequence v*, [ = 1,2, ... such that

o= 1. (2.2.20)

. kl — . )
fm [l = oo, lim e = 0,

Dividing (2.2.18) by || v* || and passing to the limit along the subsequence {k;}, one
can show that
(Vi(y)" flu,y) >0, V(u,y) €U XY, (2.2.21)

where
J N
i) 2> vieny).
=1

Hence, by the assumption of the lemma, © = (¥;) = 0, which is in contradiction with
(2.2.20). Thus, the validity of (2.2.19) is established.
Due to (2.2.19), there exists a subsequence v*, [ = 1,2..., such that there exists a
limit
lim v* © o7, (2.2.22)

l—00

Passing to the limit in (2.2.18) along this subsequence, one obtains
q(u,y) + (V' ()" f(u,y) > DY, V(u,y) € U x Y, (2-2.23)

where
() < T, vieily).
From (2.2.23) it follows that
H(Vi*(y),y) = DY, VyeY.

That is, n*(y) is an optimal solution of the N-approximating max-min problem (2.2.7).
[

Lemma 2.2.10 If the system (1.1.1) is locally approzimately controllable on Y, then
the inequality (2.2.15) is valid only if v; = 0.
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Chapter 2 Semi-infinite dimensional LP problem

Proof. Assume that

ny) = D_vii(y) (2.2.24)

and the inequality (2.2.15) is valid. For arbitrary y/,y” € Y, there exists an admissible
pair (u(-),y()) such that y(0) =y’ and y(S) = y”. From (2.2.15) it follows that

S
o)~ olu') = | (VowO)) Fup@)it =0 = o) = o).
0
Since 3/, y" are arbitrary points in Yy, the above inequality allows one to conclude that
o(y) = const Wy €Y = o(y) = const Yy € clY?,

the latter implying that Vn(y) = 0 Vy € int(clY) and, consequently leading to the
fact that v; =0, i = 1, ..., N (due to the linear independence of Vo;(y), 1 =1,2,..., N
(see (2.2.5)) ). O

Remark 2.2.11 Note that from Proposition 2.2.4 it follows that solutions of the N -
approximating problems (the existence of which is established by Proposition 2.2.8)
solve the maz-min problem (2.2.1) approximately in the sense that, for any § > 0,
there exists Ny such that, for any N > Ns,

H(Vi™(y),y) > G =5 Wyey, (2.2.25)

where n™ () is a solution of the N-approzimating maz-min problem (2.2.7).

2.3 Semi-infinite dimensional LP problem and du-

ality relationships.

Let {¢i(-)},i = 1,2,...} be the sequence of functions introduced in Section 2.2. Observe
that due to approximating property (see (2.2.4)) of this sequence of functions the set

W can be presented in the form of a countable system of equations. That is,

W = {7 eEPUXY): / (Voisy)' f(u,y)y(du,dy) =0, i=1,2, } (2.3.1)

UxY
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Chapter 2 Semi-infinite dimensional LP problem

Define the set Wy as follows

Wy “ {7 ePUXY): / (Vi ()T f(u,y))y(du, dy) = 0. i =1, N}
o (2.3.2)
Note that
WiyD..DOWnDW. (2.3.3)

Consequently, from the fact that W is assumed to be non-empty, it follows that the
sets Wy, N = 1,2,... are not empty. Also (as can be easily seen), the sets Wy are
compact in the weak* topology. Hence, the set of optimal solutions of (2.3.4) is not
empty for any N =1,2,... .

Let us consider the semi-infinite dimensional linear programming (SILP) problem

YeEWN

min / q(u, y)y(du, dy) “ran. (2.3.4)
UxYy

Note that (2.3.3) implies
G* > GV, (2.3.5)

Proposition 2.3.1 If W is not empty, then the following relationships are valid:

N—oo
&mGN:@. (2.3.7)

Proof. By Lemma 1.1.6 (ii) the validity of (2.3.7) follows from the validity of
(2.3.6). That is, we have to show the validity of (2.3.6).
Since W C Wy, to prove that (2.3.6) is valid, it is enough to show that

lim sup p(y, W) =0. (2.3.8)

N—oo VEWN

Assume it is not true. Then there exist a positive number §, a subsequence of posi-
tive integers N/ — oo, and a sequence of probability measures vV € Wy such that
p(vV', W) > 6. Due to the compactness of P(U x Y), one may assume (without loss
of generality) that there exists 7 € P(U x Y') such that

dim oY) =0 = p(3. W) > d. (2.3.9)

From the fact that vV € Wy, it follows that, for any integer i and N’ > 1,
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Chapter 2 Duality relationships

/U (V) )y (dndy) =0 = / (Vo) )il dy) = .

Since the latter is valid for any ¢ = 1,2,..., one can conclude that ¥ € W, which
contradicts (2.3.9). This proves (2.3.6). O

Corollary 2.3.2 If vV is a solution of the problem (2.3.4) and ]Vl’iinoo p(YN', ~) =0 for
some subsequence of integers N' tending to infinity, then ~ is a solution of (1.2.11). If
the optimal solution ~v* of the problem (1.2.11) is unique, then, for any optimal solution
VN of the problem (2.3.4) there exists the limit

lim Y =" (2.3.10)

N—oo
Note that every extreme point of the optimal solutions set of (2.3.4) is an extreme
point of Wy and that the latter is presented as a convex combination of (no more than
N + 1) Dirac measures (see, e.g., Theorem A.5 in [95]). That is, if ¥V is an extreme

point of Wy, which is an optimal solution of (2.3.4), then there exist

Kn
W',y ) eUxY, 3V >0, =12 Ky<N+1 > =1 (2.3.11)
=1

such that

KN
=D Sy (2:312)
=1

where 6(,v ,v) is the Dirac measure concentrated at (ud, y).
The SILP problem (2.3.4) is related to the N-approximating max-min problem
(2.2.7) through the following duality type relationships. Note that these results are

similar to the results in Theorem 1.3.1.

Theorem 2.3.3 (i) The optimal value of the N-approximating maz-min problem
(2.2.7) is bounded (that is, DY < c0) if and only if the set Wy is not empty;

(i1) If the optimal value of the N -approximating maz-min problem (2.2.7) is bounded,
then
GN = DV, (2.3.13)

(i11) The optimal value of the N -approzimating maz-min problem (2.2.7) is unbounded

(that is, DV = oo ) if and only if there exists v = (vy,vo, ..., vN) such that

(u,y)€UXY

max (Vi(y)"f(w,y) <0, mly) = D vien(y). (2.3.14)
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Proof. The proof of the theorem follows the same steps as those used in the proof
of Theorem 1.3.1 (see Appendix B). O

Proposition 2.3.4 If v"is an optimal solution of (2.3.4) that allows a representation
(2.3.12) and if nN (y) = ZlNzl MV i(y) is an optimal solution of (2.2.7), then the con-
centration points (ul',yi") of the Dirac measures in the expansion (2.5.12) satisfy the

following relationships:

y' = argmin{H (V™ (y). )}, (2.3.15)
' = argmin{q(u,y") + (V0" (") fluy)}, 1=1,.. Ky. (2.3.16)

Proof. Due to (2.3.13) and due to the fact that n™¥(y) is an optimal solution of
(2.2.7) (see (2.2.12)),

G =min{H(Vn"(y),y)} = min {q(u,y) + (V" (y)" flu.y)}.  (23.17)

yey (u,y)eUxY

Also, for any v € Wy,

fU><Y q(u,y)y(du, dy) = foy + (VN ()" f (u, y)]y(du, dy).

Consequently, for v = vV,

V= fUXY q(u’ y) du dy foY (V’f] ( ))Tf(uvyﬂny(duv dy)

Hence, by (2.3.12),

Z% (g’ y) + (VN )T F (@Y, ) (2.3.18)

Since (uf¥,y) € U x Y, from (2.3.17) and (2.3.18) it follows that, if v > 0, then

q(w, y) + (VN ()T f (W] yY) = min {q(u,y) + (Vo™ (y)" flu, )}

(u,y)eUXY

That is,

(u',y)=arg min {q(u,y) + (Vo™ (y))" fu,y)}.

(u,y)€UXY

The latter is equivalent to (2.3.15) and (2.3.16). O
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2.4 Additional comments for Chapter 2

The chapter is mostly based on the results obtained in [60]. In contrast to the aforemen-
tioned work, where most of the results were stated for periodic optimization problems,
the results of this chapter are stated in the general LRAOC setting, in which the as-
sumption of the periodicity is replaced by a “recurrence” type assumption (Assumption
2.1.2). Note that this assumption is satisfied for the periodical regimes (see Proposition
2.1.3).
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On construction of a near optimal solution
of the long run average optimal control

problem

In Section 3.1, we show that a solution of the max-min problems defined on a finite
dimensional subspace of the space of continuously differentiable functions can be used
for construction of near optimal solution of optimal control problem. In Section 3.2,
we present an algorithm that allows one to solve the semi-infinite dimensional linear
programming (SILP) problems. The convergence of this algorithm is proved in Section
3.3. In Section 3.4, we demonstrate the construction of a near optimal control with a

numerical example.

3.1 Construction of a near optimal control.

In this section, we assume that a solution 7™ () of the N approximating problem (2.2.7)

exists for all N large enough (see Proposition 2.2.8) and we show that, under certain
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Chapter 3 Construction of a near optimal control

additional assumptions, a control u” () defined as a minimizer of the problem
min{q(u, y) + (V0" (v))" f(u, 9)} (3.1.1)

(that is, u™ (y) = arg min,ep{q(u, y)+ (V™ (y))* f(u,y)}) is near optimal in optimiza-
tion problem (1.1.3). The additional assumptions that we are using to establish this

near optimality are introduced below.
Assumption 3.1.1 The following conditions are satisfied:

(i) The equality (2.1.1) is valid and the optimal solution v* of the IDLP problem
(1.2.11) is unique;

(ii) The optimal solution (u*(-),y*(-)) of the problem (1.2.11) exists and satisfies As-
sumption 2.1.2.

Remark 3.1.2 Note that, Assumption 3.1.1 implies that v* is the occupational mea-
sures generated by (u*(-),y*(+)).

Assumption 3.1.3 For almost all t € [0,00), there exists an open ball Y, C IR™

centered at y*(t) such that, the following conditions are satisfied:

(i) the solution u™(y) of the problem (3.1.1) is uniquely defined (the problem (5.1.1)

has a unique solution) for y € V;;

(ii) the function u™(y) satisfies Lipschitz conditions on Y, (with a Lipschitz constant
being independent of N and t). That is,

[u(y') =™ < LAY = y"ll) VY " € D, (3.1.2)
where L is a constant;
(iii) the solution y™(-) of the system of differential equations
y'(t) = fu"(y(1),y(t)) (3.1.3)

exists. Moreover, this solution is unique and is contained in Y for t € [0,00).
Also, for any t > 0, the Lebesgue measure of the set Ay(N) =) {t'" € [0,1] :

yN(t') & Yy} tends to zero as N — oo. That is,

lim meas{A:(N)} = 0. (3.1.4)

N—oo

36



Chapter 3 Construction of a near optimal control

Assumption 3.1.4 The pair (u™(t),y™(t)), where y™(t) is the solution of (3.1.3) and
uN (t) = uN(yN (1)), generates the occupational measure ¥~ on the interval [0,00), the
latter being independent of the initial conditions y™ (0) =y for y in a neighbourhood of
y*(+). Moreover, for any continuous h(u,y) : U x Y — R',

% /0 h(u™ (t), y™ (£))dt — / h(u, )7 (du, dy)| < 6,(S),  lim 6,(S) =0 (3.1.5)

UxY S—o0
(the estimate is uniform in N ).

Theorem 3.1.5 Let U be a compact subset of R™ and let f(u,y) and q(u,y) be Lip-
schitz continuous in a neighborhood of U x Y. Also, let the system (1.1.1) be locally
approzimately controllable on'Y and let Assumptions 2.1.2, 3.1.1, 3.1.8 and 3.1.4 be
satisfied. Then

lim v (y™ (1)) = u*(t) (3.1.6)
N—o00
for almost all t € [0,00) and
. Ny x4 —
nggogg%fg] y™ (@) =y () =0 vt € [0, 00). (3.1.7)
Also,
lim Y = +*. (3.1.8)
N—o00

Proof. The proof is given below and it is based on the following Lemma.

Let d((u,y), Q) stands for the distance between a point (u,y) € U X Y and a set
de

QCUXY :d((wy) Q) mt {|l (wy)=—('y) I}

Lemma 3.1.6 Let Assumption 2.1.2 (ii) be satisfied. Then for almost all t € [0, 00)

lim d((u*(t),y*(t)),0") =0, (3.1.9)

N—o0

where ON & {(W,yM), 1=1,..., Kn} and (ul¥,y) are the points as in (2.3.11).

Proof. Let ¢ be such that Assumption 2.1.2 (ii) is true and assume that (3.1.9)
is not true for this t. Then there exists a number » > 0 and a sequence N;,i =

1,2,..., lim N; = oo, such that
1—>00
d((u(t),yt),0N) >r i=1,2,... (3.1.10)

The inequality in (3.1.10) implies that
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(ulNlulel) ¢ Br(u(t)vy(t))7 [ = 17 "’7KNi7 L= 1’27 e

Note that B,(-,-) is defined as in (2.1.12). By (2.3.12), the latter implies that

v (B, (u(t), y(t))) = 0. (3.1.11)

From (2.3.10) it follows that
lim p(y™, %) = 0.

1—>00

Consequently (see, e.g., Theorem 2.1 in [25]),

0= lim v™ (B, (u(t), y(t))) = 7" (B, (u(t), y(t))).

1—00
The latter contradicts (2.1.13) and thus proves the lemma. [

Proof of Theorem 3.1.5. Let ¢ € [0,00) be such that ), # 0 (see Assumption
3.1.3) and such that Assumption 2.1.2 (i) is valid. By (3.1.9), there exists (v}, 4} ) €
©Y such that

Aim (g yi) = (™ (1), y7(0)]] = 0, (3.1.12)

the latter implying, in particular, that y,\ € )} for N large enough. Due to (2.3.16),
u = uN(y)). (3.1.13)
Hence,
| (t) = u™(y* () 1< || w™(t) —uiy |+ 11w (yiy) — u™ (v (1) |
< () =gy 1 +L Lyl =y (1) I, (3.1.14)
where L is a Lipschitz constant of «”(-). From (3.1.12) it now follows that

lim u (y*(t)) = u*(t). (3.1.15)

N—o0

By Assumption 3.1.3, the same argument is applicable for almost all ¢ € [0, 00). This

proves the convergence (3.1.15) for almost all ¢ € [0, c0).

Taking an arbitrary t € [0, 00) and subtracting the equation

v =w+ F ),y ()t (3.1.16)
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from the equation )
<w::yo+lé F® @™ (@), g™ (1))t (3.1.17)

one obtains

Iy™ () —y(t) ||§/0 £ ™™ (@), 5™ () = f (), 5" () || at

S/O ™™ @), y™ () — Fu™ (™ (), 57 () || d
+/0 I F@™ (), y* (1) = fFla(t), y*(t)) | dt" (3.1.18)
It is easy to see that
/0 @™ E), v () = Fu™ (™ (), " (@) || at’
S/ I f ™™ (@) y™ () = fu™ (). y* (1) || @t
t'¢AL(N)
+/t€A U F™ @) y™ ) 1+ 1 F @ (@), v () [l)a

< Ll/ Iy NIl d + Ly meas{Ay(N)}, (3.1.19)

where L; is a constant defined (in an obvious way) by Lipschitz constants of f(-,-) and

u™(-), and L, ™ 2( Igla[}( Y{H f(u,y) ||}. Also, due to (3.1.15) and the dominated
S

convergence theorem (see, e.g., p. 49 in [15]),

lim / @™ (), g™ (1)) = flu (), y"(t)) || dt’ = 0. (3.1.20)

N—oo 0

Let us introduce the notation
t
def * * * *
ki(N) = Lemeas{A(N)} +/ I f ™y (), y* (1) — fu (@), y" () || dt’
0
and rewrite the inequality (3.1.18) in the form

170 =0 b Lo [ 10 0) = (@) + k), (3.1.21)
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which, by the Gronwall-Bellman lemma (see, e.g., p.218 in [20]), implies that

max || y™(t) — y*(t) || < ke (N)e™ . (3.1.22)

t'e[0,t]

Since, by (3.1.4) and (3.1.20),
lim & (N) = 0, (3.1.23)

N—o0
(3.1.22) implies (3.1.7).

For any t € [0, 00) such that u” () is Lipschitz continuous on ), one has
™™ (@) = w (@) <l w™ (™ (@) — u® (™ @) | + [ u™(y*(#) — u* @) |
SLIyh®) =y @) I+ e @) —u @) | -

The latter implies (3.1.6) (due to (3.1.22), (3.1.23) and due to (3.1.15)).

Let t € [0,00) be such that V; # () and (2.1.13) is satisfied for an arbitrary r > 0.
By (2.1.11) and (3.1.5), for any continuous h(u,y) and for any arbitrary small o > 0,
there exists S > 0 such that

/ = [ by dy)] < 5 (3.124)
UxY 2
and 5
1 N o
5 [ Bt O~ [ )y dg)| < 5. (3.1.25)
0 Uxy
Using (3.1.24) and (3.1.25), one can obtain
[ )i audy) = [ b)) <
UxY UxY
1 /8
/ Y™ (t))dt — § R(u*(t), y*(t))dt] + a. (3.1.26)
Due to (3.1.6) and (3.1.7), the latter implies the following inequality
Mol [ by (dundy) = [ bl dy)] < o
UxY UxY
which in turn, implies
i | [ by dudy) ~ [ by (dudy)] =0 (3.1.27)
N—oo' Juxy Uxy
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(due to the fact that o can be arbitrary small). Since h(u,y) is an arbitrary continuous
function from (3.1.27) it follows that

lim p(7Y,7*) = 0. (3.1.28)
N—oo
O

Corollary 3.1.7 Denote by VN a value of the objective function obtained with the

control u™N(-). That is

. 1 [°
VNE Jim —/ q(uN(t),yN(t))dtZ/ a(u,y)7" (du, dy). (3.1.29)
S—00 5 Jg UxY
By (3.1.8)
Jim VN =G (3.1.30)

Proposition 3.1.8 Let the optimal solution of the problem (1.1.3) be periodic with a
period T™ and let Assumptions 3.1.1, 3.1.8 and 3.1.4 be satisfied. Assume in addition
that, there exists a T*-periodic solution g~ (t) of the system (1.1.1) obtained with the
control u™ (t) = u® (y™ (t)) such that

max || gV (t) — v (t) [|< v (N), lim 7 (N) =0, (3.1.31)

te[0,7%] N—oco

then the pair (u™(t), 7™ (t)) is a near optimal solution of the periodic optimization
problem (1.1.11) in the sense that

lim — /0 A (1), 7V (B)dt = V. (3.1.32)

N—oo T
Proof. Note that from (3.1.31) it follows that

I _ )
= | @ o -,

~| [ oo 2 [ .o

T*
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L (" ; ]
ST 1157 @) =y O + 1y () =y Ol + [[u™ () — u* (B)][]dt,
where L is a Lipschitz constant. The latter implies (3.1.32) (due to (3.1.6), (3.1.7) and
(3.1.31)). O

In conclusion of this section, let us introduce one more assumption, the validity of
which implies the existence of a near optimal periodic admissible pair (see the last part
of Proposition 3.1.8).

Assumption 3.1.9 The solutions of the system (1.1.1) obtained with any initial values
yi, © = 1,2 and with any control u(-) satisfy the inequality

Lyt uC)m) — y(tu()u) [ EWO [ — w2l with  lm ) =0.  (3.1.33)

Note that from Lemma 3.1 in [52] it follows that if Assumption 3.1.9 is satisfied
and if £(T*) < 1, then the system

(the latter is the system (1.1.1), in which the control u™ (t) = u™ (y™¥()) is used) has a

unique T*- periodic solution. Denote this solution as 5™ (T').

Proposition 3.1.10 Let the assumptions of the Proposition 3.1.8 be satisfied. Also,
let Assumption 3.1.9 be valid with

&(T7) < 1. (3.1.34)

Then, the T*-periodic solution §™(t) of the system (1.1.1) obtained with the control
uN(t) satisfies (3.1.81) and the pair (u™N(t), g™ (t)) is a near optimal periodic solution
of the problem (1.1.83) in the sense that (3.1.32) is true (see Proposition 3.1.8).

Proof. For any t € [0,77], one has

1™ () = y™ () <l 5™(0) — ™ (0) | +/0 FF@™ @), g™ () = F™ ),y (W) |l

<[l 9" (0) —y™(0) | +L/0 I~ ) —y™ () | dt’

which, by the Gronwall-Bellman lemma, implies that

g™ (&) =y (@) 1<) 77(0) = y™(0) || 7. (3.1.35)

max
te[0,77]

42



Chapter 3 Algorithm for numerical solution of the SILP problem

Due to Assumption 3.1.9 and the periodicity condition g% (0) = g™V (T*), the following

relationships are valid:
157 (0) = y™(©0) <] g%(0) = y™(T*) || + | y™(T*) = 4™ (0) ||
=[ M () =y (@) |+ | y™(T*) = 5™ (0) |

<ET) [ 97(0) =y (0) [ + 1 y™(T") = 5™ (0) ] -

Note that y™(0) = y*(0) = y*(T™*). Hence (see also (3.1.7)),

Iy™(T7) = y™(0) 1=l y™(T%) = y*(T7) ||< v(N)

=50 5 0) [ 6@ [1540) 5 (0) || +v()
S FAURTAUNER

Substituting the above inequality into (3.1.35) one obtains

~N N v(N) e
) -y (1) || T(T*)e .

This proves (3.1.31). The validity of (3.1.32) is established as above. [

max
te[0,77]

3.2 Algorithm for numerical solution of the SILP

problem.

In this section, we describe an algorithm for solving the SILP problem (2.3.4). It finds
the optimal solution vV of the SILP problem via solving a sequence of finite dimensional
LP problems, each time augmenting the grid of Dirac measures concentration points
with a new point found as an optimal solution of a certain nonlinear optimization
problem.

For simplicity, let us denote X “ U Y,z = (u,y) and h;(z) X (Vo)) fu,y).
Thus, the SILP problem (2.3.4) can be rewritten as follows

wrgvil;}v/)(q($)7(d$) = GV, (3.2.1)
where
Wy (e P(X) - /hi(x)v(dx)zo, i= 1, N}, (3.2.2)
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Let points ; € X, [ =1,....,L (note that L > N + 1) be chosen to define an
initial grid Ay on X. That is

Xo={y eX, 1=1,.,L.

At every iteration a new point is defined and added to this set. Assume that af-
ter J iterations the points xy.1,...,z5.s; have been defined and the set X’; has been

constructed. Namely,
XJ:{SL’ZGX, lzl,,L+J}
The iteration J+1 (J =0,1,...) is described as follows:

(i) Find a basic optimal solution v7 = (7{) of the LP problem

L+J

. def
= g7 3.2.3
Viglvgj{; gz} =g (3.2.3)
where
L+J L+J

WXJ déf {f}/ Dy = {fyl} >0, Z’}/l =1, Z hl(.ﬁl}l)”yl =0, 1=1,.., N} (324)
=1 =1

Note that, no more than N + 1 components of v/ are positive, these being called
basic components. Also, find an optimal solution A/ = (\J, A/, i = 1,...,N) of
the problem dual with respect to (3.2.3). The latter is of the form

N
max{\g : ¢(x;) + Zhi(ﬂfz))\i >Ny, Vi=1,..,L+ J}. (3.2.5)

1=1

(ii) Find an optimal solution x, ;.1 of the problem

N

min{q(z) + Z hi(z)M\]} oy, (3.2.6)

rzeX
i=1
where A\ = (\], A/, i =1,...,N) is an optimal solution of the problem (3.2.5).
(iii) Define the set X;,; by the equation
Xy =X, Uz}
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Chapter 3 Convergence of the algorithm

Here and in what follows, J stands for the number of an iteration. Note that, by

construction
gt <qg!, T=1,2,... (3.2.7)

In the next section, we establish that, under certain regularity (non-degeneracy) con-
ditions, the optimal value g’ of the problem (3.2.3) converges (as J tends to infinity)
to the optimal value GV of the problem (2.3.4) (see Theorem 3.3.1 below).

3.3 Convergence of the algorithm.

Let X = {@1, 20, ..., ans1} € XV and let (%) = {(X), Vj =1,.,N+1} >0
satisfy the system of N + 1 equations

N+1 N+1
S E) =1, > hi(z)(X) =0, Vi=1,..N. (3.3.1)
j=1 j=1

Assume that the solution of the system (3.3.1) is unique (that is, the system is non-

singular) and define

V(x)E Y gle)(). (332)

j
Also, let A(X) = {Xo(X), M(X), ..., A\n(X)} be a solution of the system

N
Ao(X) = hi(z)Mi(X) =qlay), j=1,...,N+L (3.3.3)
i=1
and let
def al
a(X) = min{g(x) + ; hi(z)Ai(%)}. (3.3.4)
Lemma 3.3.1 For any X Cc XN+1,
—Xo(X) + a(X) < 0. (3.3.5)

Proof. By the definition of DV (see (2.2.8)), a(X) < DV.  Also, due to the
duality theorem (see (2.3.13))
DY =GV, (3.3.6)

Hence,
a(X) < GV. (3.3.7)
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Chapter 3 Convergence of the algorithm

Note that, by multiplying the j equation in (3.3.3) by v;(X) and by summing up the
resulted equations over j = 1,..., N + 1 one can obtain (using (3.3.1) and (3.3.2)) that

N+1

Mo(X) = al;)7;(X) = V(X), (3.3.8)

J=1

Since V(X) > G, from (3.3.8) it follows that \o(X) > GV. The later and (3.3.7)
proves (3.3.5). O

Corollary 3.3.2 [If
—Xo(X) +a(X) =0, (3.3.9)

then ~(X) = SN Yj(X)ds; (where 6., is the Dirac measure concentrated at x;) is

j=1
an optimal solution of the SILP problem (2.3.4) and n(y) L SV (X)) bi(y) is an

optimal solution of the N-approximating problem (2.2.8).
Proof. Due to (3.3.7) and (3.3.8), we have

a(X) < DV =GN <V(X) = M(X). (3.3.10)
From (3.3.9) and (3.3.10) it follows that
a(X)=D" (3.3.11)

and
V(x)=aG". (3.3.12)
The equalities (3.3.11) and (3.3.12) prove the statements of the corollary 3.3.2. [J

Definition 3.3.3 An (N + 1)-tuple X C XVT1 is called regular if

(i) the system (3.5.1) has a unique solution (that is, the corresponding (N + 1) x

(N + 1) matriz is not singular); and

(ii) the solution v(X) of this system is positive. That is,

de .
(X)) Y (%), Vj=1,.,N+1}>0.

Assume that X is regular and examine the case when
—Xo(X) +a(X) < 0. (3.3.13)
Denote by A(X) the (N + 1) x (N + 1) matrix of the system (3.3.1). That is
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Chapter 3 Convergence of the algorithm

A(X) = {H(w), H(z), s H(zno)},
where columns H(x;),j =1,2,...,N + 1 are defined as follows
H(z;) = (1, hu(z)), ha(z)), ... v (25)) T

Using this notations, the solution v(X) of the system of equations (3.3.1) can be written
in the form

Y(X) = ATHX)p, (3.3.14)

where b = (1,0,0, ...,0)7. Similarly, the solution of the system (3.3.3) can be presented

as follows
M) % (X)), M(X), i=1,..,N) = (AT(X))e(X), (3.3.15)

where (%) < (q(a1), q@2). -, alana) )7
Let B(X) stand for the set of the optimal solutions of the problem (3.3.4). That is,

Bx) ™ Arg min{q(z) + Z hi(2) A (X))} (3.3.16)

Choose an arbitrary & € B(X) and consider the system of equations

N+1 N+1

S 0)+0=1, > hi(z;)7(0) + hi(#)0 =0, Vi=1,..N, (3.3.17)

j=1
where § > 0 is a parameter and v;(0),7 = 1,2,..., N + 1 are defined by the value of
this parameter. Note that this system also can be presented in the form

A(X)Y(0) + H(7)0 = b. (3.3.18)

Let also V (X, 0) be defined by the equation

N+1
de ~
V@6 <Y ala)(0) +a@)e. (3.3.19)
j=1
Observe that, by multiplying the j” equation in (3.3.3) by v;(#) and summing up the
resulted equations over j = 1,..., N + 1 one can obtain (using (3.3.17) and (3.3.19))

Mo(X) (L= 0)+ ) hi(@)X(X)0 = V(X,0) — q(2)0. (3.3.20)

=1
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Due to (3.3.4), (3.3.8) and the fact that & € B(X), from(3.3.20) it follows that
VI(X,0) =V(X) + (=X(X) + a(X))0. (3.3.21)

By (3.3.13), the bigger value of 6 is, the better is the resulted value of the objective

function V(X,0). The value of 6 is, however, bounded from above by 6(X, ) wf

min (%)N , where d(X, %) = A7Y(X)H(Z) (this constraint is implied by the fact
i >0 dj (X, 7)
that 7(#) defined by (3.3.18) must remain non-negative). Thus, the improvement,

induced by replacing one of the columns of A(X) with the column H(Z) in accordance

with Simplex Method (see [37]) is determined by the following expression

[~ Ao(X) + a(X)] O(X, 7). (3.3.22)

Let us denote min v;(X) = v(X) >0 and maxd;(X,7) = B(X,z) > 0. Also, let
J

J

~\ def
;ggg)ﬁ(%,x) = B(%).

Define
v(X)

B(x)
Lemma 3.3.4 If X is reqular and a(X) < M\(X), then ¥V € B(X) the replacement of
the one of the column in A(X) by H(Z) (according to Simplex Method) leads to the

improvement of the objective value no less then V(X). That is,

V() Y (—20(X) + a(X))

(3.3.23)

(= Xo(X) + a(X))0(X, 7) > V(X). (3.3.24)

Proof. The proof follows from the discussion preceding the statement of the lemma.
U

Note that if X is regular, then any ¥’ € B, = {X' : | X' — X ||< r} (where r > 0 is
small enough) will be regular as well, with v(X’) being continuous function of X" and

B(X’, &) being continuous function of X’ and Z.

Lemma 3.3.5 Let X be reqular. Then the function 5(-) is upper semicontinuous at X.
That s,
lim B(x") < B(X%). (3.3.25)

X=X

Proof. Let us first of all show that

lim B(X') c B(X). (3.3.26)

X=X

48



Chapter 3 Convergence of the algorithm

That is, if V2! € B(X!) and llim 2! =x € X, then
—00
r € B(X). (3.3.27)

The fact that 2! € B(X') means that

N

g(@') + D N(XDhi(2!) = a(X"). (3.3.28)

1=1

Passing to the limit as [ — oo in (3.3.28) one can obtain (having in mind that \;(-)

and a(-) are continuous function in a neighbourhood of X), one obtains the equality

q(x) + Z A (X)hi(z) = a(X). (3.3.29)

The latter proves (3.3.27) and thus establishes validity of (3.3.26). To prove (3.3.25)
let X! — X as | — oo. Recall that

B = max B 7). (3.3.30)

Let 7' € B(X!) be such that maximum in (3.3.30) is reached. Without loss of generality,
one may assume that there exists a limit
lim 7' = & € B(X),

=00

with the inclusion being due to (3.3.26). Thus, passing to the limit as [ — oo in (3.3.30)

one can get
Jim B(XH = Jim B(xLa) = p(X, ) < B(X). (3.3.31)

U
Lemma 3.3.6 If X is reqular and a(X) < \o(X) then Iro > 0 such that

V() > @ (3.3.32)

for any X' such that ||X" — X|| < ro, where V(+) is defined by (3.3.23).

Proof. To prove (3.3.32) let us show that V(-) is lower semicontinuous at X.
According to (3.3.23),

(3.3.33)
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Chapter 3 Convergence of the algorithm

By taking the lower limit in (3.3.33) one can obtain (using Lemma 3.3.5)

i = (— a v im L
xl}jmxv(%)—( Ao(X) + a(X)) (35)%1,?%5(%,)

= (=A%) +a(X)) V(%)m-

X' —x

Due to (3.3.25), it follows that

xlli_me(%') > (—A(X) + a(%))% = V(). (3.3.34)

Thus, V(X) is lower semicontinuous at X. Hence, for any € > 0, there exists r > 0 such
that for
V(E) > V(X)) -« (3.3.35)

for X’ such that ||[X" — X|| < r. By taking ¢ = @ in (3.3.35), one establishes the
validity of (3.3.32). O

Let X7 ={af, ... ,a{} € XVt where 2/, j = 1,...N+1 are defined by the basic
components {7{, ..., 7%} of an optimal solution of the problem (3.2.3). That is,

N+1
> Alalzl) =g’ (3.3.36)
j=1
and
N+1 N+1
Z%J =1, Zhi(xj)yfzo, i=1,..,N. (3.3.37)
j=1 j=1

Let A ¢ X"*! stand for the set of cluster (limit) points of {X”} obtained with
J — o0.

Theorem 3.3.1 Let there exist at least one reqular X € A. Then

}LrgogJ =GV, (3.3.38)
Also, if X X {z;} € A s regular, then Z;V:ll 7;(X)0, is an optimal solution
of the SILP problem (2.3.4) and S~ Ni(X)¢i(y) is an optimal solution of the N-
approximating problem (2.2.8), where ~(X) = {v,;(X), Vj =1, ..., N+1} is the solution
of the system (3.3.1) and A\(X) = {Ao(X), A\ (X), ..., An.1(X)} is the solution of the
system (3.3.3).
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Proof. Let X € A be regular. By definition, there exists a subsequence {X”'} €
{X’} such that
lim X7 = X. (3.3.39)

=00

Note that from the fact that X is regular it follows that X7 is regular as well for .J;
large enough. Hence,
lim V(X7) = V(X). (3.3.40)

=00

Also, due to (3.2.7), there exists a limit

lim ¢’ “ V. (3.3.41)

J—o0

Since, by definition, V(X71) = G, it follows that
V(X)=V. (3.3.42)
By Lemma 3.3.1 there are two possibilities
(i) =Xo(X) +a(X) =0, and
(i) —Xo(X) +a(X) < 0.

If a(X) = \o(X), then by (3.3.12), V(X) = GV and, hence, the validity of (3.3.38)
follows from (3.3.41) and (3.3.42). Let us prove that (ii) leads to a contradiction.
Observe that, due to (3.3.41),

Sl gl < V(%) (3.3.43)

for [ large enough. On the other hand, due to (3.3.39)
X7 — X|| < 7o,

for [ large enough, with ry being as in Lemma 3.3.6. Hence, by this lemma and by
Lemma 3.3.4,

lg" T — g7 > @ (3.3.44)
The latter contradicts (3.3.43). Thus, the inequality —A\o(X)+a(X) < 0 can not be valid
and (3.3.38) is proved. Also, by Corollary 3.3.2, from the fact that —X\o(X) +a(X) =0
it follows that Zjvjll 7j(X)d,; is an optimal solution of the SILP problem (2.3.4) and

Zi\il Xi(X)¢i(y) is an optimal solution of the N-approximating problem (2.2.8). O
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Chapter 3 Numerical example

Remark 3.3.7 Note that the assumption that there exists at least one reqular X &
A is much weaker than one used in proving the convergence of a similar algorithm
in [63], where it was assumed that the optimal solutions of the LP problems (3.2.3)
are “uniformly non-degenerate” (that is, they remain greater than some given positive
number for J = 1,2, ...; see Proposition 6.2 in [63]).

3.4 Numerical example (a nonlinear pendulum).

Consider the problem of periodic optimization of the nonlinear pendulum
2" (t) + 0.32'(t) + 4 sin(z(t)) = u(t) (3.4.1)

with the controls being restricted by the inequality |u(t)| < 1 and with the objective

function being of the form

inf L /0 (W2() — 22 (1)) dt. (3.4.2)

u(-),T

By re-denoting z(t) and 2/(t) as y;1(t) and ys(t) respectively, the above problem is

reduced to a special case of the periodic optimization problem (1.1.3) with

y=(y1,y), fluy) = (i), fo(u,9) < (y2,u — 0.3y, — 4sin(y)),

def
qlu,y) = u® —yi

and with

de de
UY-1,1eR, Y {(yy) |y €[-17,17], ype[-4.4]} € R
(note that the set Y is chosen to be large enough to contain all periodic solutions of
the system under consideration).

The SILP problem (2.3.4) was formulated for this problem with the use of the
monomials ¢;, ;,(y) =) Yy, iy, ip =0,1,...,J, as the functions ¢;(-) defining Wy in
(2.3.2). Note that in this case the number N in (2.3.2) is equal to (J + 1)? — 1. This
problem and its dual were solved with the algorithm proposed above (see Section 3.2 )
for the case J = 10()N = 120). In particular, the coefficients A} ; defining the optimal
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Fig.1: Near optimal state trajectory Fig.2: Near optimal control trajectory

solution of the corresponding N-approximating max-min problem

Ny = D ALl (3.4.3)
0<i1+i2<10
were found (note the change of notations with respect to (2.2.13)), and the optimal
value of the SILP was evaluated to be ~ —1.174.

In this case the problem (3.1.1) takes the form

onN onN
min { Ui (ylva)y2_|_ Ui (y17y2)(

ue[—1,1] oy1 0y

u — 0.3yy — 4sin(y1)) + (u* — y?)}.

The solution of the latter leads to the following representation for u” (y):

_ 100N (wiye) if lanN(y1,y2)| <1
— )

2 Ay2 2 N5y2
uN(y) = ~1 R (3.4.4)
1 if gl 5

Substituting this control into the system (1.1.1) and integrating it with the ode45
solver of MATLAB allows one to obtain the periodic (7* & 3.89) state trajectory
gV (t) = (gN(t),yY(t)) (see Figure 1) and the control trajectory u(t) (see Figure
2). The value of the objective function numerically evaluated on the state control
trajectory thus obtained is &~ —1.174, the latter being the same as in SILP (within the
given proximity). Note that the marked dots in Fig. 1 correspond to the concentration
points of the measure vV (see (2.3.12)) that solves (2.3.4). The fact that the obtained
state trajectory passes near these points and, most importantly, the fact that the
value of the objective function obtained via integration is the same (within the given

proximity) as the optimal value of the SILP problem indicate that the admissible
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solution found is a good approximation of the optimal one.

3.5 Additional comments for Chapter 3

The chapter is based on results obtained in [60]. Note that the algorithm for solving
SILP problems described in Section 3.2 was originally proposed in [63]. Note also
that the convergence of the algorithm was established in [63] under significantly more

restrictive conditions then those used in Section 3.3 (see Remark 3.3.7).
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Part 11

On near optimal solution of
singularly perturbed long run

average optimal control problems
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Augmented reduced and averaged IDLP
problems related to singularly perturbed

LRAOC problem

In this chapter, we build a foundation for the developments in the subsequent Chap-
ters 5 and 6. The chapter consists of three sections. In Section 4.1, we introduce the
singularly perturbed LRAOC problem and the corresponding IDLP problem. Also, we
show that the asymptotic behaviour of the latter can be characterised with the help of
a specially constructed “augmented” LP problem. In Section 4.2, we introduce the av-
eraged LRAOC problem and the corresponding “averaged” IDLP problem. In Section

4.3, the augmented and the averaged IDLP problems are shown to be equivalent.
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Chapter 4 Singularly perturbed LRAOC problem

4.1 Singularly perturbed LRAOC problem and re-
lated perturbed IDLP problem. The augmented
reduced IDLP problem.

Consider the singularly perturbed (SP) control system written in the form

ey’ (t) = flu(t),y(t), 2(1)), (4.1.1)
() = glu(®),y(t), 2(1)), (4.1.2)

where € > 0 is a small parameter; t > 0; f(u,y,2): U x R™ x R* — R™, g(u,y, z) :
U x R"™ x R" — IR" are continuous vector functions satisfying Lipschitz conditions
in z and y; and where controls u(-) : [0,7] — U or u(-) : [0,400) — U (depending
on whether the system is considered on the finite time interval [0, 7] or on the infinite

time interval [0, +00)) are measurable functions of time satisfying the inclusion
u(t) e U, (4.1.3)

U being a given compact metric space.

The presence of € in the system (4.1.1)-(4.1.2) implies that the rate with which
the y-components of the state variables change their values is of the order % and is,
therefore, much higher than the rate of change of the z-components (since € is assumed
to be small). Accordingly, the y-components and z-components of the state variables
are referred to as fast and slow, respectively. The parameter € is called the small

singular perturbation parameter.

Let Y be a given compact subset of R™ and Z be a given compact subset of R"
such that the system (4.1.1)-(4.1.2) is viable in Y x Z for any € > 0 small enough (see
the definition of viability in [16]).

Definition 4.1.1 Let u(-) be a control and let (y.(-), z.(+)) be the corresponding solution
of the system (4.1.1)-(4.1.2). The triplet (u(-),y.(+), ze(+)) will be called admissible on
the interval [0, T] if

(ye(t), ze(t)) €Y x Z ¥Vt > 0. (4.1.4)

The triplet (u(-),ye(+), z.(+)) will be called admissible on [0,00) if it is admissible on
any interval [0,T], T > 0.
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Chapter 4 Family of IDLP problems

We will be dealing with the LRAOC problem formulated as follows

nf lm nf— Ndt = V*(e 4.1.5

where ¢(+) is a continuous function and inf is sought over all admissible triplets of the
singularly perturbed system. Note that, like in (1.1.3), the initial conditions are not
fixed in (4.1.1)-(4.1.2) and finding them is a part of the optimization problem.

Similarly to Part I, along with the problem (4.1.5) we will be considering the fol-

lowing optimal control problem considered on the finite time interval

W T/ () dt=V" (e, T), (4.1.6)

where inf is sought over all admissible triplets on the interval [0, 7.

The SP optimal control problem (4.1.5) is related to infinite dimensional linear

programming problem (see Chapter 1)

min / a(u,y, 2)y(du, dy, d=) = G*(e), (4.17)
YEW(e) JUuxyxz

where the set W(e) C P(U x Y x Z) is defined by the equation

W()dCf{fyeP(UxYxZ) :/

UXY xZ

V(O () xelusy, 2)|(du, dy, d2)

=0 Vo() € CHR™), V() e CHRM},
(4.1.8)
with x.(u,y, 2)T= (2 f(u,y,2)", g(u,y,2)"). Namely, the optimal values of this two
problems are related by the inequality

V*(e) > G*(e) Ve>0, (4.1.9)
and also, under certain conditions (see [48] and [58]),
V() =G"(e) Ve>0. (4.1.10)

Note that the set W (e) would not change if the product test functions ¢(y)i(z) in
(4.1.8) are replaced with the test functions of the general form 6(y, z). This is due to
the fact that any function 6(y,z) € C'(IR™ x IR") and its gradient V0(y, z) can be

simultaneously approximated on Y x Z by linear combinations of the product functions
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Chapter 4 The augmented reduced IDLP problem

é(y)1(2) and their gradients V(é(y)1(2)) (in fact, any function 6(y, z) € C*(R™x R™))
and its gradient can be simultaneously approximated on Y x Z by linear combinations
of monomials yily;’;zilz#, where i1,...,0, = 0,1, ..., J1,.Jm = 0,1, .5 (see

84]).

In what follows, it will be assumed that (4.1.10) is valid and hence one can use the

IDLP problem (4.1.7) to obtain some asymptotic properties of the problem (4.1.5).

Observe that, by multiplying the constraints in (4.1.8) by € and taking into account
the fact that

V(6w() = (46) (Vo). () (Vi(=)")

one can rewrite the set W (e) as follows
WO ={rePWUxYx2) s [ [wETo0) fup.2) +e()(To)

9(u,y,2)) | Wdu, dy,dz) =0 ¥o() € CHR™), Vo() € C' (R}, (4.1.11)

Taking € = 0 in the expression above, one arrives at the set

W={yePUxY xZ) : / T (s ,2) Dldudy.d2) =0

Vo() € CHR™), Yy(-) € C'(R")}. (4.1.12)

It is easy to see that limsup W (e) C W. In general case, however, W (e) - W when

e—0

¢ — 0, this being due to the fact that the equalities defining the set W (e) contain some
“implicit” constraints that are getting lost with equating € to zero. In fact, by taking
¢(y) = 1, one can see that, if v satisfies the equalities in (4.1.11), then it also satisfies
the equality

[ 0 gy 2] 2 dydz) = 0 () € CHEY (@113)
UxY xZ
for any € > 0 (note that equality (4.1.13) have been reduced by €). That is,

Wi(e)=W(E)nA Ve>D0, (4.1.14)
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where

A ePW Y x2) ¢ [ (V0 gl 2 (s dy. ) =0 )

V() € (I }.

Define the set W+ by the equation

WAL N A (4.1.16)
and consider the IDLP problem
min / q(u,y, 2)y(du, dy, dz) = G, (4.1.17)
YEWA Uy xz

We will be referring to this problem as to augmented reduced IDLP problem (the term
reduced problem is commonly used for the problem obtained from a perturbed family

by equating the small parameter to zero).

Proposition 4.1.2 The following relationships are valid:

limsup W (e) € W4, (4.1.18)
e—0

liminf G*(e) > G4 (4.1.19)
e—0

Proof The validity of (4.1.18) is implied by (4.1.14), and the validity of (4.1.19)
follows from (4.1.18). O
In Section 4.3, we will show that the inclusion (4.1.18) and the inequality (4.1.19)

are replaced by equalities under the assumption that the averaged system (see Section

4.2) approximates the SP system on the infinite time horizon.

4.2 Averaged optimal control problem. Averaged
IDLP problem.

Along with the SP system (4.1.1)-(4.1.2), let us consider a so-called associated system

y' (1) = flu(r),y(1),2) , 2 = const . (4.2.1)
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Note that the associated system (4.2.1) looks similar to the “fast” subsystem (4.1.1)
but, in contrast to (4.1.1), it is evolving in the “stretched” time scale 7 = %, with z
being a vector of fixed parameters. Everywhere in what follows, it is assumed that the

associated system is viable in Y (see the definition of viability in [16]).

Definition 4.2.1 A pair (u(-),y(+)) will be called admissible for the associated system
if (4.2.1) is satisfied for almost all 7 (u(-) being measurable and y(-) being absolutely

continuous functions) and if
u(r) e U, y(r)eyY V1 > 0. (4.2.2)

The occupational measure formulation of the problem (4.1.6) defined by associated
system (4.2.1) implies definition of the set M(z,S,y) (see Section 1.1) that is the
union of occupational measures generated on the interval [0, S] by the admissible pairs

of the associated system that satisfy the initial conditions y(0) = y. Namely,
Mz 8y)= | OO P <),

(u(-)9(-)

where £(()¥0) is the occupational measure generated on the interval [0, S] by an admis-
sible pair of the associated system (u(-),y(-)) satisfying the initial condition y(0) =y
and the union is over such admissible pairs. Also, denote by M(z,S) the union of
M(z,8,y) over all y € Y. That is,

M(z,8)= | JIM(= S.y)}-

yey

Let us define the set W(z) C P(U x Y') as follows

W(2) ™ {ue PUXY) : / (Vo))" s 2l dy) = 0

(4.2.3)
Vo() € CHIR™)}.
In [57] it has been established that
1i1;n sup coM(z,5) C W (z) (4.2.4)
and that, under mild conditions (see Theorem 2.1 (i) in [57]),
Sh—>nol<> pu(coM(z,S),W(z)) =0, (4.2.5)
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where co stands for the closed convex hull of the corresponding set. Also, it has
been established that, under some additional conditions (see Theorem 2.1(ii),(iii) and
Proposition 4.1 in [57]),

Jim pu(M(z,5,y),W(2)) =0 VyeY, (4.2.6)

with the convergence being uniform with respect to y € Y.
Define the function g(u, z) : P(U x Y) x Z — IR™ by the equation

def

31, 2) = / gl ldu.dy) Ve PUxY) (4.2.7)

and consider the system
Z(t) = g(u(t), 2(1)), (4.2.8)

in which the role of controls is played by measure valued functions p(-) that satisfy the

inclusion

p(t) € Wiz(t)). (4.2.9)

The system (4.2.8) will be referred to as the averaged system. In what follows, it is

assumed that the averaged system is viable in Z.

Definition 4.2.2 A pair (u(-), z(+)) will be referred to as admissible for the averaged
system if (4.2.8) and (4.2.9) are satisfied for almost all t (u(-) being measurable and

z(+) being absolutely continuous functions) and if
At)eZ V>0 (4.2.10)

From Theorem 2.8 of [56] it follows that, under the assumption that (4.2.6) is satis-
fied (and under other assumptions including the Lipschitz continuity of the multi-valued
def

map V(2) = Uuew(:) 19(1t, 2)}), the averaged system approximates the SP dynamics

on the infinite time horizon in the sense that the following two statements are valid:

(i) Given an admissible triplet (u(-), y(+), zc()) of the SP system (4.1.1)-(4.1.2) that

satisfies the initial condition

(¥(0), 2(0)) = (Yo, 20), (4.2.11)

there exists an admissible pair of the averaged system (u(-), 2(+)) satisfying the
initial condition

2(0) = 2z (4.2.12)
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such that

sup ||ze(t) — z(t)|| < d(e), where  limd(e) =0 (4.2.13)

te[0,00) =0

and, for any Lipschitz continuous functions h(u,y, z),

1 (7.
sup |= / z(t))dt — 7—, h(p(t), z(t))dt| < on(e), (4.2.14)
T>0
where li_r% On(e) = 0 and where
)2 [ by 2)aldudy) Ve PO XYY (12.15)
UxY

(i1) Let (u(+), 2z(+)) be an admissible pair of the averaged system satisfying the initial
condition (4.2.12). There exists an admissible triplet (u(-), ye(-), z.(+)) of the SP
system satisfying the initial condition (4.2.11) such that the estimates (4.2.13)
and (4.2.14) are true.

Note that the statements (i) and (ii) can be interpreted as a justifications of a
decomposition of the slow-fast dynamics interaction into two phases. First is the “fast”
phase, during which the slow variables almost do not move, and the dynamics of the
fast components is approximately described by the associated system (4.2.1), with the
set of occupational measures generated by the latter converging to the limit set W(z).
Second is a “slow” phase. During this phase, the slow state variables evolve according
to the averaged system (4.2.8), with the fast dynamics influencing the slow one only
through “limit” occupational distributions which take values in W(z).

Let us introduce the following definition.

Definition 4.2.3 The averaged system will be said to uniformly approximate the SP
system on Y if the statements (i) and (ii) are valid, with the estimates (4.2.18) and
(4.2.14) being uniform with respect to the initial conditions (yo,20) € Y X Z.

Note that a special case, in which the averaged system uniformly approximates the SP
system, is considered below (see Assumption 6.1.2 in Section 6.1).

Consider the optimal control problem

def

f l f— ))dt=V*, 4.2.16
" 1n 1m1n 'T/ ( )
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where

a(p, )dCf/U (g, 2u(du,dy) (4.2.17)

and where inf is sought over all admissible pairs of the averaged system (4.2.8). This

problem will be referred to as averaged optimal control problem.

Proposition 4.2.4 [f the averaged system uniformly approzimates the SP system, then

lir% V*(e) = V™. (4.2.18)

Proof. Let us show that
1nf hm1nf7—_/ ,2(t))dt > > mf 11m1nf7—_/ ))dr — d,4(€)
(4.2.19)

where J,(¢€) is defined as in (4.2.14).
Take an arbitrary admissible triplet (u(t),y(t), z(¢)) and let T; — oo be such that

Ti T
lim %/0 q(u(r),y(7), 2(T ))dt—hmmf%/o q(u(t), y(t), z(t))dt. (4.2.20)

i—o0 'f; T —o00

Due to our assumption, there exists an admissible pair (u(7), z(7)) such that

T
%A<m@w t——/ 2))dr| < 6, (e). (4.2.21)

From (4.2.20) and (4.2.21) it follows that

T T:
hmﬁ%égwm@(»ﬁxmm%éqwmmwpm@z

T—o0 i—00 i
1 T
liTnii.I.}f 7—_/ ))dT — 04(€) > (1;15) llTIILlOI.}f 7—_/0 Gu(r), 2(7))dT — 04(€).
(4.2.22)

Note that, the obtained inequality is true for any admissible triplet (u(t),y(t), z(t)).

Hence, (4.2.19) is proved. In a similar way one can show that

mf hm1nf7—,/ ,2(t))dt < < mf hm1nf7—,/ ))dT—d,(€).

(4.2.23)
O
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The averaged optimal control problem (4.2.16) is related to the IDLP problem

wmin / i, 2)E(dp, d=) = G (4.2.24)
EewW JF

where F'is the graph of the map W(-) (see (4.2.3)),

def

F={(p,2) : peW(z), z€Z} CPUXY)xZ, (4.2.25)

and the set W C P(F) is defined by the equation

<, def

W={¢eP(F): L(V¢(2))T§(u72)§(dujd2) =0 W() € CHR")}.  (4.2.26)

This IDLP problem plays an important role in our consideration and, for convenience,

we will be referring to it as to the averaged IDLP problem.
The relationships between the problems (4.2.16) and (4.2.24) include, in particular,

the inequality between the optimal values
V> G (4.2.27)
which, under certain conditions (see Theorem 2.2 of [62]), takes the form of the equality

V= G" (4.2.28)

4.3 Equivalence of the augmented reduced and the

averaged IDLP problems.

In this section, we are going to establish that the averaged IDLP problem (4.2.24) is
equivalent to the augmented reduced IDLP problem (4.1.17).

Let us first of all observe that the set W+ allows another representation which
makes use of the fact that an arbitrary v € P(U x Y x Z) can be “disintegrated” as
follows

v(du, dy, dz) = p(du, dy|z)v(dz), (4.3.1)

where v(dz) =~y(U x Y,dz) and p(du,dy|z) is a probability measure on U x Y such

that the integral [, h(u,y, z)p(du, dy|z) is Borel measurable on Z for any continuous
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h(u,y, z) and

/U><Y><Z h(u,y, z)y(du, dy,dz) = /z (/ny h(U,y,Z)u(du,dy|z)) v(dz).

The fact that the disintegration (4.3.1) is valid follows from the existence of “regu-
lar conditional probabilities” for probability measures defined on the Borel subsets of

compact metric spaces (see, e.g., Definition 6.6.3 and Theorems 6.6.5 and 6.6.6 in [14]).
Proposition 4.3.1 The set WA can be represented in the form:

WA = {y = p(du,dy|z)v(dz) : u(-|z) € W(z) for v—almost all z € Z,
(4.3.2)
/Z [ (VU(2))"9(u(]2), 2)]v(dz) = 0 ¥ ¥(:) € CH(R™)},

where W (z) C P(U xY) is defined as in (4.2.8) and §(u(-|2),2) = [y 9(u,y, 2)
pu(du, dylz).

Proof. Let v belong to the right hand side of (4.3.2). Then, by (4.3.1),
| (Vo) fuy. 2 (. dy. )
UxY xZ

= [0 [ (Vo) .t dylz) i) = o

for any ¢(-) € C'(IR™) and for any ¢(-) € C'(IR") (the equality to zero being due to
the fact that u(-,-|z) € W(z) for v- almost all z € Z). Also,

/U><Y><Z[ (V(2))" g(u, y, 2) Jv(du, dy, dz)

— [ 1) [ gty ot dylz) olaz) = o

UxY

These imply that v € W, Assume now that v € W4, Thatis, v € W and v € A (see
(4.1.12), (4.1.15) and (4.1.16)). Using the fact that v € W (and taking into account
the disintegration (4.3.1)), one can obtain that

/EZW(Z’) /U Y(Vqﬁ(y))Tf(u, y, 2)p(du, dy|z) Jv(dz) =0, (4.3.3)

the latter implying that fUXy(ng(y))Tf(u, Y, z)p(du, dy|z) = 0 for v-almost all z € Z
(due to the fact that ¢(z) is an arbitrary continuously differentiable function). That
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is, p(-]z) € W(z) for v-almost all z € Z. This, along with the inclusion v € A, imply
that ~ belongs to the right hand side of (4.3.2). This proves (4.3.2). O

To establish the relationships between the augmented reduced and the averaged
IDLP problems, let us introduce the map ®(-) : P(F) — P(U x Y x Z) defined as
follows. For any £ € P(F), let ®(£) € P(U x Y x Z) be such that

[y )0©udy. ) = [ hw2)edndz) V() € CUxY x 2)
UxXY xZ F

(4.3.4)
where Ry, z) = Jorey P(u,y, 2)p(du, dy) (this definition is legitimate since the right-
hand side of the above expression defines a linear continuous functional on C(UxY x Z),
the latter being associated with an element of P(U x Y x Z) that makes the equality
(4.3.4) valid). Note that the map ®(-) : P(F) — P(U x Y x Z) is linear and it is

continuous in the sense that
lim ®(&;) = (¢), (4.3.5)
§1—¢€

with & converging to & in the weak® topology of P(F') and ®(¢;) converging to ®(£) in
the weak* topology of P(U x Y x Z) (see Lemma 4.3 in [56]).

The following result establishes that the averaged IDLP problem (4.2.24) is equiv-
alent to the augmented reduced IDLP problem (4.1.17).

Proposition 4.3.2 The averaged and the augmented reduced IDLP problems are equiv-
alent in the sense that
WA = o(W), (4.3.6)

GA =G (4.3.7)

Also, v = ®(€) is an optimal solution of the augmented reduced IDLP problem (4.1.17)
if and only if £ is an optimal solution of the averaged IDLP problem (4.2.24).

Proof. To prove (4.3.6), let us first prove that the inclusion
O(W) c WA (4.3.8)
is valid. Take an arbitrary v € ®(W). That is, v = ®(¢) for some & € W. By (4.3.4),

/U LT .y, ) 0(E)(du. dy. )

_ /F 0(2) / (V0" . )l dy) € o).
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By definition of F' (see (4.2.25)),

[0 S ) =0 ) € F
Consequently (see (4.1.12)),
/UXsz[¢(Z)(V¢(y))Tf(u,y,z) [0(6)(du, dy,dz) =0 = ®E) €W,  (43.9)
Also, from (4.3.4) and from the fact that & € W it follows that
[ 156 gt 2) Yol dy. 2

— [1(V66) 300 2) el ) = 0 = a(e) € A

Thus, v = ®(§) € W N .A. This proves (4.3.8). Let us now show that the converse
inclusion

(W) > W (4.3.10)

is valid. To this end, take ~ € W4 and show that v € ®(W). Due to (4.3.2), v can be
presented in the form (4.3.1) with u(du, dy|z) € W (z) for v almost all z € Z. Changing
values of 1 on a subset of Z having the v measure 0, one can come to the conclusion

that ~ can be presented in the form (4.3.1) with
p(du, dy|z) e W(z) VzeZ (4.3.11)

Let £ be a subspace of C'(F') defined by the equation

LE{R(G,) « h(w,2) = / h(u,y, z)pu(du,dy), he C(UxY x Z)}. (4.3.12)
UxY
For every he L, let &iz) : L — IR' be defined by the equation

(i) / =) o) / eZ[ / g uldndyls) Jolds) (@3.13)

UxY

Note that & is a positive linear functional on £. That is, if hy (i, 2) < ho(, 2) ¥(u, 2) €
F , then &2(hy) < &2(hy). Note also that 1 € £. Hence, by Kantorovich theorem (see,
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e.g., [1], p. 330), {¢ can be extended to a positive linear functional £ on the whole
C(F), with
¢(h) =¢.(h) YheL. (4.3.14)

Due to the fact that £ is positive, one obtains that

sup §((+)) < sup £(|B()]) <&(1) =1, (4.3.15)

B(HeB B(-)eB

where B is the closed unit ball in C(F) (thatis, B= {3(-) € C(F) : max,,.)er |B(1, 2)|
<1} ). Thus, £ € C(F), and, moreover, ||£|| = &(1) = 1. This implies that there exists
a unique probability measure £(dpu, dz) € P(F') such that, for any §(u, z) € C(F),

£(8) = /F By, 2)€(dps, d2) (4.3.16)

(see, e.g., Theorem 5.8 on page 38 in [91]). Using this relationship for f(u,z) =

h(u,z) € F, one obtains (see (4.3.13) and (4.3.14)) that

/Fﬁ(,u, z){(du,dz):/ h(u,y, z)y(du, dy, dz). (4.3.17)

UxY

Since the latter is valid for any h(u,y,z) € C(U x Y x Z), it follows that

v = d(€). (4.3.18)

Considering now (4.3.17) with h(u,y, 2) = Vi(2)Tg(u,y, z), and taking into account
that, in this case, h(u, z) = Vip(2)7§(p, z) one obtains that

[ (7o) a0, 9] et dz)

[ [T au )|l dy.dz) =0,
UxY xZ
where the equality to zero follows from the fact that v € A (see (4.1.15)). This implies
that € € W. Hence, by (4.3.18), v € ®(W). This proves (4.3.6).

The validity of (4.3.7) as well as the fact that v = ®(¢) is optimal in (4.1.17) if and
only if € is optimal on (4.2.24) follow from (4.3.6) and the definition of the map ®(-)
(see (4.3.4)). O
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Proposition 4.3.3 The following relationships are valid

lim inf V*(e) > liminf G*(¢) > G*. (4.3.19)
e—0 e—0

If the averaged system uniformly approximates the SP system (see Definition 4.2.3 )
and if (4.2.28) is valid, then

lim V*(e) = lim G*(¢) = G*. (4.3.20)
Proof. Note that the first inequality in (4.3.19) follows from (4.1.9).The validity
of (4.3.20) follows from (4.2.18), (4.2.28) and the second inequality in (4.3.19).
Thus, to prove the proposition, it is sufficient to establish the validity of the sec-
ond inequality in (4.3.19), which can be proved on the basis of Proposition 4.1.2 and
Proposition 4.3.2. More specifically, by (4.1.19)

liminf G™(¢) > min/ q(u,y, 2)y(du, dy, dz). (4.3.21)
UxYxZ

Also, by (4.3.6),
win, [ gl (du.dy. d2) =
VEWA JUuxyxz (4.3.22)
mill/ q(u, y, 2)®(€)(du, dy, dz) = G*
CeW JUxYxZ

By comparing (4.3.21) and (4.3.22), one obtains the second inequality in (4.3.19). O

4.4 Additional comments for Chapter 4

The consideration of this chapter is based on the results obtained in [61] and [64]. Note
that the paper [64] is devoted to the development of LP approach to singularly per-
turbed optimal control problems with time discounting. Many results obtained in this
paper are formulated in terms of IDLP problems. These results are straightforwardly
extendable to the IDLP problems related to singularly perturbed LRAOC problems.
Examples of such extensions are Proposition 4.1.2, Proposition 4.3.1 and Proposition
4.3.2. These can be proved by equating the discount rate to zero in the corresponding
statements of [64]. We, however, do not follow this path and we give the full proofs of
the aforementioned propositions (for the sake of completeness).

Note that a most common approach to problems of optimal control of singular
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perturbed systems is based on the idea of approximating the slow z-components of
the solutions of the SP system (4.1.1)-(4.1.2) by the solutions of the so-called reduced

system
(1) = g(u(t), s(u(t), 2(1)), 2(t)), (4.4.1)

which is obtained from (4.1.1) via the replacement of y(t) by s(u(t), 2(t)) , with s(u, 2)

being the root of the equation
f(u,y,z) =0. (4.4.2)

The equation (4.4.2) can be obtained by formally equating € to zero in (4.1.1). Being
very efficient in dealing with many important classes of optimal control problems (see,
e.g., [22], [39], [74], [76], [78], [88], [90], [102], [105]), this approach may not be applicable
in the general case (see examples in [8], [51], [52], [82]).

The validity of the assertion that the system (4.4.1) can be used for finding a
near optimal control of the SP system (4.1.1)-(4.1.2) is related to the validity of the
hypothesis that the optimal control of the latter is in some sense slow and that (in
the optimal or near optimal regime) the fast state variables converge rapidly to their
quasi steady states defined by the root of (4.4.2) and remain in a neighborhood of
this root, while the slow variables are changing in accordance with (4.4.1). While the
validity of such a hypothesis has been established under natural stability conditions by
famous Tikhonov’s theorem in the case of uncontrolled dynamics (see [89] and [101]),
this hypothesis may not be valid in the control setting if the dynamics is nonlinear
and/or the objective function is non-convex, the reason for this being the fact that the
use of rapidly oscillating controls may lead to significant (not tending to zero with ¢)
improvements of the performance indexes. The approach that we are developing in the

thesis allows the construction of such near optimal rapidly oscillating controls.
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In this chapter, we introduce the concept of an average control generating (ACG) fam-
ily and we use duality results for the IDLP problems involved and their semi-infinite
approximations to characterize and construct optimal and near optimal ACG families.
The chapter consists of six sections. In Section 5.1, the definitions of an ACG family
and of optimal/near optimal ACG families are given. In Section 5.2, averaged and
associated dual problems are introduced. Also in this section, sufficient and necessary
optimality conditions for an ACG family to be optimal is established. In Section 5.3,
approximating averaged semi-infinite dimensional linear programming (SILP) problem
and the corresponding approximating averaged and associated dual problems are intro-
duced. In Section 5.4, it is proved that solutions of these approximating dual problems
exist under natural controllability conditions. In Sections 5.5 and 5.6, it is established
that solutions of the approximating averaged and associated dual problems can be used

for construction of near optimal ACG families.

5.1 Average control generating families.

The validity of the representation (4.3.2) for the set W motivates the definition of

the average control generating family given below. For any z € Z, let (u,(-),y.())
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be an admissible pair of the associated system (4.2.1) and p(du,dy|z) be the occu-
pational measure generated by this pair on [0,00) (see (1.1.20)), with the integral

Jorey P(u,y, 2)p(du, dy|z) being a measurable function of z and

S
|%A h(uz(7)>yz(7_)> Z)dT N []Xy h(u>y> Z):U(dua d’y|2’)| < 6h(5) vz e Z’

Jim 6,(8) = 0, (5.1.1)

for any continuous h(u,y,z) : U XY x Z — IR'. Note that the estimate (5.1.1) is valid
if (u.(-),y.(+)) is T,-periodic, with T, being uniformly bounded on Z. Note that due
to (4.2.4),

w(du, dy|z) € W(z) Vze Z. (5.1.2)

Definition 5.1.1 The family (u.(),y.(-)) will be called average control generating
(ACG) if the system
2Z(t) = gu(z(t), 2(0) = z, (5.1.3)

where
3,(2) L (u(]2), 2) = / gy, (. dy) (5.1.4)

has a unique solution z(t) € Z ¥Vt € [0,00) and, for any continuous function h(p, 2) -

F — IRY, there exists a limit

-
lim %_/0 h(u(t), z(t))dt, (5.1.5)

T—o00

where p(t) = p(du, dy|2(t)).

Note that, according to this definition, if (u.(-), y.(+)) is an ACG family, with p(du, dy|z)
being the family of occupational measures generated by this family, and if z(-) is the
corresponding solution of (5.1.3), then the pair (u(-), 2(+)), where pu(t) = p(du, dy|z(t)),
is an admissible pair of the averaged system (for convenience, this admissible pair will
also be referred to as one generated by the ACG family). From the fact that the limit
(5.1.5) exists for any continuous h(u, z) it follows that the pair (u(-), 2(-)) generates

the occupational measure £ € P(F) defined by the equation

-
lim %/0 ﬁ(u(t),z(t))dt:/Fiz(,u,z)ﬁ(du,dz) Vh(u, 2) € C(F). (5.1.6)
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Also note that, the state trajectory z(-) generates the occupational measure v €
P(Z) defined by the equation

T—o0

.
lim — /0 h(=(t))dt — /Z Ww(ds)  Vh(z) € C(Z). (5.1.7)

Proposition 5.1.2 Let (u,(-),y.(+)) be an ACG family and let p(du, dy|z) and (u(-), z(+))
be, respectively, the family of occupational measures and the admissible pair of the aver-
aged system generated by this family. Let also, & be the occupational measure generated

by (u(+),z(+)) and v be the occupational measure generated by z(+) (in accordance with
(5.1.6) and (5.1.7) respectively). Then

ceWw (5.1.8)

and

O(&) = pul(du, dy|z)v(dz), (5.1.9)

where ®(+) is defined by (4.5.4).

Proof. For an arbitrary v (-) € C*(IR"),

Hence, by (5.1.6),

/F (V(2) 3, e (dundz) =0 () € CHRY).

The latter implies (5.1.8). To prove (5.1.9), note that, for an arbitrary continuous

function h(u,y, z) and h(p, z) defined in accordance with (4.2.15), one can write down

)
/F A 2)e(dp,d2) = Jim / B(u(t), =()dt =

T—o0

71520%/07 [/UY h(u,y,z)u(du,dyp(t))}dt:/Z(/UXY h(u,y,z)u(du,dmz)) v(d2).
(5.1.10)

By the definition of ®(-) (see (4.3.4)), the latter implies (5.1.9). O
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Definition 5.1.3 An ACG family (u.(-),y.(-)) will be called optimal if the admissible
pair (p(+), 2(+)) generated by this family is optimal in the averaged problem (4.2.16).
That s,

i,
lim %/0 Gu(t), =(8))dt = T (5.1.11)

T—o0

An ACG family (u,(+),y.()) will be called a-near optimal (o > 0) if

T—o0

lim %/OTq(u(t),z(t))dt <V*+a. (5.1.12)

Corollary 5.1.4 Let the equality (4.2.28) be valid. An ACG family (u.(-),y.()) gen-
erating the admissible pair (u(-), z(+)) will be optimal (near optimal) if and only if the
occupational measure £ generated by this pair (according to (5.1.6)) is an optimal (near
optimal) solution of the averaged IDLP problem (4.2.24).

Remark 5.1.5 The “near optimal” solutions are defined by the value of the objective
function. To measure the error of the approzimation in terms of solutions would require

imposing stronger regularity conditions. These are not considered in the thesis.

5.2 Averaged and associated dual problems. Suffi-

cient and necessary optimality condition.

Let H (p, z) be the Hamiltonian of the averaged system

e def

H(p,2)= min {q(u, 2) +p" g(n, 2)}, (5.2.1)
neW (z)
where §(u, 2) and G(u, z) are defined by (4.2.7) and (4.2.17).
Consider the problem

sup  {d:d < H(V((2),2) Vze Z} =G, (5.2.2)

¢(eCH(R™)
where sup is sought over all continuously differentiable functions ((-) : R" — IR'.
Note that the optimal value of the problem (5.2.2) is equal to the optimal value of the
averaged IDLP problem (4.2.24). The former is in fact dual with respect to the later,
the equality of the optimal values being one of the duality relationships between the
two (see Theorem 1.3.1). For brevity, (5.2.2) will be referred to as just averaged dual

problem. Note that the averaged dual problem can be equivalently rewritten in the
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form

sup  {d :d < q(p,2) + (V((2)Ta(p, 2) V(p,2) € F} =G, (5.2.3)
¢()eC(Rr™)

where F' is the graph of W(-) (see (4.2.25)). A function ¢*(-) € C*(IR"™) will be called
a solution of the averaged dual problem if
G* < H(V('(2),2) Yz€ Z, (5.2.4)
or, equivalently, if
G* < d(p,2) + (VC(2)) (k. 2) Y, 2) € F . (5.2.5)

Note that, if *(-) € C1(IR") satisfies (5.2.4), then (*(-) + const satisfies (5.2.4) as well.

Assume that a solution of the averaged dual problem (that is, a functions (*(-)
satisfying (5.2.4)) exists and consider the problem in the right hand side of (5.2.1) with
p = V(*(z) rewriting it in the form

min { /U N [q(u,y,z)+(VC*(Z))Tg(u,y,z)],u(du,dz)} = A(VC(2),2).  (5.2.6)

REW (2)

The latter is an IDLP problem, with the dual of it having the form

sup {d cd < qlu,y,z) + (VC(2) 9wy, 2) + (Vn(y) " f(u,y, 2) (5.2.7)
n(-)eCL(R™)

V(u,y) € U x Y} = D*(2),

where sup is sought over all continuously differentiable functions n(-) : R™ — R'. The
optimal values of the problems (5.2.6) and (5.2.7) are equal. That is, H(V(*(2),2) =
D*(z), this being one of the duality relationships between these two problems (see
Theorem 1.3.1). The problem (5.2.7) will be referred to as associated dual problem. A
function n’(-) € C'(IR™) will be called a solution of the problem (5.2.7) if V(u,y) €
UxY

H(V( (2),2) < qluy, 2) + (V) 9wy, 2) + (Vi () fuy,2). (5.2.8)
Note that from (5.2.4) and from (5.2.8) it follows that V(u,y,z) € U x Y x Z

q(u,y, 2) + (V¢ () 9wy, 2) + (Vi ()" flu,y, 2) = G (5.2.9)
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Chapter 5 Sufficient and necessary optimality condition

The following result gives sufficient and also (under additional periodicity assumptions)
necessary condition for an ACG family (u.(-),y.(-)) to be optimal and for the equality
(4.2.28) to be valid.

Proposition 5.2.1 Let a solution (*(z) of the averaged dual problem exists and a
solution n*(y) of the associated dual problem exists for any z € Z. Then an ACG
family (u,(+),y.(+)) generating the admissible pair of the averaged system (u(-), z(+)) is
optimal and the equality (4.2.28) is valid if

q(uz((7), Yoo (7), 2(1)) + (VC(2(8))) " 9wy (7), Yo (7), 2(1))
F(V0% ) a0y (M) f (e (7), Y20 (7), 2(8)) = G VrePR, VieA (5210
for some P, C R' and A C IR' such that
meas{R'\ P,} =0 Vtcec A and meas{R"'\ A} = 0. (5.2.11)
Under the additional assumption that an ACG family (u.(-),y.()) is periodic, that is,
(uz(7),9:(7)) = (wo(7 + T2),y:(7 + 1)) V7 =0 (5.2.12)

for some T, > 0 and that the admissible pair of the averaged system (u(-),z(+)) gener-
ated by this family is periodic as well, that is,

(u(t), 2(t)) = (u(t + T), 2(t +T)) ¥ >0 (5.2.13)

for some T > 0, the fulfillment of (5.2.10) is also necessary for (u.(-),y.(-)) to be
optimal and for the equality (4.2.28) to be valid.

Proof. Assume (5.2.10) is true. Then

lim < /0 (2= (7). a0 (7), 2(8)) + (VC(2(6)))" 9 (a0 (7), (o) (7), 2(1))

S—o00

(V20 Y0 (D)) (e (7), 920 (), 2(8))]dr
= q(u(t), 2(t) + (VC(=(0)Tg(u(t), 2(t) = G vt e A, (5.2.14)

where it has been taken into account that

fm - / (V2 (-0 (T F aty () 0y (), 2

S—o00
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Chapter 5 Sufficient and necessary optimality condition

1, ,
= Jim = [n2 (5:00 (9) = nl (920 (0))] = 0.

Since

N O A T~ : ‘ .
lim 7—-/0 (VC (=) g(u(t), 2(t))dt = lim =[¢"(=(T)) — ¢*(2(0))] = 0,

T—o0

from (5.2.14) it follows that

N
lim %/0 G(u(t), =(8))dt = G

T—o0

By (4.2.27), the latter implies that (u,(+),y.(-)) is optimal and that the equality (4.2.28)

1s valid.

Let us now prove (assuming that (5.2.12) and (5.2.13) are true) that the fulfillment
of (5.2.10) is necessary for an ACG family (u.(-),y.(-)) to be optimal and for the
equality (4.2.28) to be valid. In fact, let an ACG family (u,(-),y.(-)) be optimal and
let (4.2.28) be true. Then

and, hence, by (5.2.5),

q(p(t), =(t) + (VC(2())) " a(u(t), =(t) = G* (5.2.15)
for almost all ¢ € [0, 7]. Note that (due to periodicity condition (5.2.13)) the equality

above is also valid for almost all ¢ € [0, o0].

Let the set A (meas{R'\ A} = 0) be such that the equality (5.2.15) is valid and
let t € A. Due to the periodicity condition (5.2.12), to prove the required statement
it is sufficient to show that the equality (5.2.10) is satisfied for almost all 7 € [0, T%)].
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Assume it is not the case and there exists a set @y C [0, T%(], with meas{Q;} > 0, on
which (5.2.10) is not satisfied, the latter implying (due to (5.2.9)) that

q(uz() (7). Yoo (1), 2(1)) + (VC(2(8)))" 9 (w0 (7). Yo (7), 2(2))

(V) (a0 (M) (a0(7), 420 (1), 2(1) > G V7 € Q.

From the above inequality and from (5.2.9) it follows that

1 T, 1) .,
T /0 [q(uza) (7), Yoy (7), 2(£)) + (VC(2(0)) T g (uaey (7), Yoo (1), 2(1))

(V) a0 () F (t0(7), a0 (7), 2(0) | dr > G (5.2.16)
By (5.2.12), .
/0 (it (st ()T F (g (7). e (7). 2(8))
= o) W= (Ter))) — My (Y1) (0)) = 0. (5.2.17)

Hence, from (5.2.16) it follows that

! o T -
T / [Q(Uz(t)(T)ayz(t)(T),Z(t))—l—(VC*(z(t))) g(uz(t)(T),yz(t)(T)’Z(t))] ir > &

0

which is equivalent to

q(u(t), 2(6) + (V¢ (2(0))) " g(u(t), 2(1)) > G*.

This contradicts to the fact that ¢ was chosen to belong to the set A on which (5.2.15)
is satisfied. This completes the proof of the proposition. [

Remark 5.2.2 Note that, due to (5.2.9), the validity of (5.2.10) implies the validity

of the inclusion
(uz(t) (T)7 Yu(t) (T)7 Z(t)) S Argmin(u,y,z)EUXYxZ{q(uv Y, Z) + (Vg*(Z))Tg(u’ Y, Z)

+(vn:(y))Tf(u,y,z)} VrePp, VieA (5.2.18)
which, in turn, implies
Uz (t) (T) € ArgminuEU{Q(ua yz(t)(T)> Z(t)) + (VC*(Z(t)))Tg(ua Y=(t) (T)a Z(t))
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Chapter 5 Approximating averaged IDLP problem

+(VnZe (o) (TN f (s Yoy (7)), z(t))} Vre P, VteA. (5.2.19)

That is, if the equality (4.2.28) is valid, then for an ACG family (u,(+),y.(+)) satisfying
the periodicity conditions (5.2.12) and (5.2.13) to be optimal, it is necessary that the
inclusion (5.2.19) is satisfied.

5.3 Approximating averaged IDLP problem and ap-
proximating averaged/associated dual prob-

lems.

Let ¢;(-) € CY(R™) , i = 1,2,..., be a sequence of functions such that any ((-) €
CY(IR™) and its gradient are simultaneously approximated by a linear combination of
¥;(+) and their gradients. Also, let ¢;(-) € CY(IR™) , i = 1,2,..., be a sequence of func-
tions such that any n(-) € C'(IR™) and its gradient are simultaneously approximated
by a linear combination of ¢;(-) and their gradients. Examples of such sequences are
monomials 2.z, iy, ....i, = 0,1,... and, respectively, y'...y"m, iy, ... iy = 0,1, ...,

with zg, and y; standing for the components of z and y (see, e.g., [84]).

Let us introduce the following notations:

def

Wat(2) & {u e P(U X Y) - / (V)" sl ) =0, i = 1,0 M),

(5.3.1)
Fy={(u,z) : peWnyl(z), z€2Z} CPUxXY)xZ, (5.3.2)

and
Waar 246 € P(Fa): [ (V0 g, 60 d) =0, i = 1N, (5:33)

(compare with (4.2.3), (4.2.25) and (4.2.26), respectively) and let us consider the fol-
lowing SILP problem (compare with (4.2.24))

min / G, 2)E(d, dz) & GV, (5.3.4)
Fyr

EEWN M

This problem will be referred to as (N, M)-approximating averaged problem. It is
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obvious that
Wi(z) D Wa(z) D ... D Wy(z) D ... D W(z)

= FNDFKD..DFyD..DF. (5.3.5)
Defining the set Wy by the equation

def

Wy (e PF): [ (Vi) 3(n )6 ds) =0, i=1..N), (530
F
one can also see that
Wyy DWyDOW  YN,M=12,.. (5.3.7)

(with Wy ar, Wy and W being considered as subsets of P(P(U x Y) x Z)), the latter

implying, in particular, that

GNM <G VYN, M=12,... (5.3.8)

It can be readily verified that (see the proof of Proposition 2.3.1 above) that

lim Wy (z) = W(z), lim Fy = F, (5.3.9)

M—o0 M—o0

where, in the first case, the convergence is in the Hausdorff metric generated by the
weak® convergence in P(U x Y) and, in the second, it is in the Hausdorff metric

generated by the weak* convergence in P(U x Y') and the convergence in Z.

Proposition 5.3.1 The following relationships are valid:

lim Wy = W, (5.3.10)
M—o0
lim Wy =W, (5.3.11)
N—o0

where the convergence in both cases is in Hausdorff metric generated by the weak*
convergence in P(P(U xY) x Z). Also,

lim lim GMM =G~ (5.3.12)

N—o00 M—o0

If the optimal solution £* of the averaged IDLP problem (4.2.24) is unique, then, for
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an arbitrary optimal solution ENM of the (N, M)-approzimating problem (5.3.4),

lim limsup p(¢VM, %) = 0. (5.3.13)

N—oo prseo

Proof. In order to prove (5.3.10), due to (5.3.7), it is sufficient to show that, if
¢M e Wy, and if N}im M= ¢ then & € Wy. By (5.3.9), for any § > 0,
1 —00

Fy € F+6B

if M is large enough, where B is the closed unit ball in P(U x Y) x Z. Hence, from
the fact that supp(éM) € Fy, it follows that

¢M(F+0B) =1
for M, large enough. Since
li—mong(F + 53) < S(F—F(SB),

one obtains
E(F+6B) =1,

the latter being valid for any ¢ > 0. This implies the equality
E(F)=1 = supp(&) € F. (5.3.14)

From the fact that £ € Wy, it follows that

V- /F (Vi(2))" 9, 26" (dps, dz) =

l

L+6B<V¢i(z))T§(u, 2)EM(dp, dz), i=1,...,N. (5.3.15)

Passing to the limit when M; — 0o, one obtains
/ (Vi(2)" g, 2)€(dp, dz) =0, i=1,..,N.
F+6B
Due to (5.3.14), the expression above implies that

/F (Vo) 2)E(pndz) = 0, i =1,... N,
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which, in turn, implies that £ € Wy

The proof of (5.3.11) is straightforward (it is analogous to the proof of Proposition
2.3.1). From (5.3.10) it follows that

lim GNM = min / (g, 2)E(dp, dz) = GV, (5.3.16)

M— o0 §€WN F

and from (5.3.11) it follows that

lim GV = G*. (5.3.17)

N—oo

The above two relationships imply (5.3.12). If the optimal solution £* of the averaged
IDLP problem (4.2.24) is unique, then, by (5.3.17), for any solution £V of the problem
in the right-hand side of (5.3.16) there exists the limit

lim ¢V = ¢, (5.3.18)

N—o0

Also, if for an arbitrary optimal solution ¢é¥* of the (N, M) approximating problem
(5.3.4) and for some M’ — oo, there exists hm VM then this limit is an optimal
solution of the problem in the right-hand 81de of (5 3. 16) This proves (5.3.13). O

Define the finite dimensional space Qy C C'(IR") by the equation

def

Qn = {¢(-) € CY(R™) - Z Nithi(2), A= (\) e RV} (5.3.19)

and consider the following problem

C(S)ug {d:d <q(u2)+ (V¢(2)"3(p.2) V(p,2) € Fy} =DV (5.3.20)

This problem is dual with respect to the problem (5.3.4), its optimal value is equal to
the optimal value of the later. That is,

DNM — GNM (5.3.21)

Note that the problem (5.3.20) looks similar to the averaged dual problem (5.2.3).
However, in contrast to the latter, sup in (5.3.20) is sought over the finite dimensional
subspace Qy of C'(IR") and Fy is used instead of F. The problem (5.3.20) will be
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referred to as (N, M)-approzimating averaged dual problem. A function ¢NM(-) € Qy,

¢MM(2) ZAN Myi(2) (5.3.22)

will be called a solution of the (N, M )-approximating averaged dual problem if

GNM < G, 2) + (VM N g, 2) V(. 2) € Fay. (5.3.23)

Define the finite dimensional space Q,; C C*(IR™) by the equation

def

Qu = {n(-) e C'(R™) : n Za,@ . a= () e RM} (5.3.24)

and, assuming that a solution (M (z) of the (NN, M)-approximating averaged dual

problem exists, consider the following problem

sup {d:d<qluy,2)+ (V@) glu,y,2) + (Vn(y) flu,y, 2)

V(u,y) e Ux Y} DVM(3), (5.3.25)

While the problem (5.3.25) looks similar to the associated dual problem (5.2.7), it differs
from the latter, firstly, by that sup is sought over the finite dimensional subspace €2,
of C*(IR™) and, secondly, by that a solution (V' (z) of (5.3.20) is used instead of a
solution (*(z) of (5.2.2) (the later may not exist). The problem (5.3.25) will be referred
to as (N, M)-approximating associated dual problem. It can be shown that it is, indeed,
dual with respect to the SILP problem

min {/U Y[Q(u,y,Z)Jr(VCN’M(Z))Tg(u,y,Z)]M(du,dy)}ZDN’M(Z% (5.3.26)

HEW N (2)

the duality relationships including the equality of the optimal values (see Theorem
1.3.1 and also Theorem 5.2(ii) in [48]). A function nV(-) € Qyy,

M
M y) =" aliMei(y), (5.3.27)
=1

will be called a solution of the (N, M)-approximating associated dual problem if
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V(u,y) e U XY
DNM(2) < q(u,y, z) + (VM () g(u, y, 2) + (Vo M) f(u,y,2). (5.3.28)

In the next section, we show that solutions of the (N, M)-approximating averaged and

associated dual problems exist under natural local controllability conditions.

5.4 Controllability conditions sufficient for the ex-
istence of solutions of approximating averaged

and associated dual problems.

In what follows it is assumed that, for any N =1,2,..., and M = 1,2, ..., the gradients
Vii(z), i1 =1,2,..N, and V¢;(y), i = 1,2,...M, are linearly independent on any open
subset of IRY and, respectively, IRM. That is, if Z is an open subset of IRY, then the
equality

N
Zvivwi(z) =0 VzeZ
i=1

is valid only if v; = 0, ¢ = 1,..., N. Similarly, if ) is an open subset of IRM then the

equality
M

D 5 Vei(y) =0y e

i=1
is valid only if v; =0, i =1, ..., M.

The existence of a solution of the approximating averaged dual problem can be
guaranteed under the following controllability type assumption about the averaged

system.

Assumption 5.4.1 Let the averaged system be locally approximately controllable on
Z. That is, there exists a set Z° C Z, such that any two points in Z° can be connected
by an admissible trajectory of the averaged system (that is, for any 2',2" € Z°), there
exists an admissible pair (u(-),z(+)) of the averaged system defined on some interval
0, 7] such that 2(0) = 2" and 2(T) = 2") and such that the closure of Z° has a
nonempty interior (int(clZ°) #10).

Proposition 5.4.2 If Assumption 5.4.1 is satisfied, then a solution of the (N, M)-

approzimating averaged dual problem exists for any N and M.
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Proof. The proof is given at the end of this section (its idea being similar to that
of the proof of Proposition 3.2 in [63]).

The existence of a solution of the approximating associated dual problem is guar-
anteed by the following assumption about controllability properties of the associated

system.

Assumption 5.4.3 Let the associated system be locally approzimately controllable on
Y. That is, there exists a set Y°(z) C Y such that any two points in Y°(z) can
be connected by an admissible trajectory of the associated system (that is, for any
v, y" € Y°z) , there erists an admissible pair (u(-),y(:)) of the associated system
defined on some interval [0,S] such that y(0) =y and y(S) = y") and such that the
closure of Y°(2) has a nonempty interior (int(clY°(z)) #0).

Proposition 5.4.4 If Assumption 5.4.3 is satisfied for any z € Z, then a solution of
the (N, M)-approximating associated dual problem ezists for any N and M, and for
any z € Z.

Proof. The proof is given at the end of this section. [J

The proofs of Propositions 5.4.2 and 5.4.4 are based on the following lemma.

Lemma 5.4.5 Let X be a compact metric space and let h;(-) : X — R', i =0,1,..., K,

be continuous functional on X. Let

K
D* = sup{f : 6 < ho(x) + Z Aihi(z) Vo € X}, (5.4.1)
{\i} i=1

where sup is sought over )\déf{)\i} € RE. A solution of the problem (5.4.1), that is

5 def

N ={\} € RE such that

K
D* < ho(z) + Y Arhi(z) Vo e X (5.4.2)
=1
exists if the inequality
K
0< > vihi(z) Vo € X (5.4.3)
=1

s valid only with v; =0, 1 =1,..., K.

Proof. Assume that the inequality (5.4.3) implies that v; =0, i = 1,..., K. Note

that from this assumption it immediately follows that D* is bounded (since, otherwise,
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(5.4.1) would imply that there exist {);} such that S5 N\hi(z) > 0 Vz € X). For
any k= 1,2,..., let \* = (\¥) € R" be such that

B LI 1 k
D" = < holz) + > AMhi(z) Vo e X (5.4.4)

Let us show that the sequence \* .k = 1,2, ..., is bounded. That is, there exists 5 > 0
such that

Nl <8,  k=1,2... (5.4.5)
Assume that the sequence \* |k = 1,2,..., is not bounded. Then there exists a
subsequence \* such that
lim ||\ = oo Jim » Ep ||| = 1 (5.4.6)
Koo - [ o a

Dividing (5.4.4) by ||[\¥|| and passing to the limit along the subsequence {k'}, one can
obtain that

K
< vahl(x) Vo e X,
i=1

which, by our assumption, implies that v = (v;) = 0. The latter contradicts (5.4.6).
Thus, the validity of (5.4.5) is established. Due to (5.4.5), there exists a subsequence
{k'} such that there exists a limit

lim AF = A" (5.4.7)

k’'—o00

Passing to the limit in (5.4.4) along this subsequence, one proves (5.4.2). [

Proof of Proposition 5.4.2. By Lemma 5.4.5, to prove the proposition, it is sufficient
to show that, under Assumption 5.4.1, the inequality

can be valid only with v; =0, i =1,..., N. Let us assume that (5.4.8) is valid and let

us rewrite it in the form
N
< (VY(2)) g(p.2) Y(uz) € Fy,  where  9(2) =) wihi(2).  (5.4.9)
i=1
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Let 2/, 2" € Z°(z) and let an admissible pair (u(-), 2(+)) of the associated system be
such that z(0) = 2’ and 2(7) = 2" for some 7 > 0. Then, by (5.4.9),

(") —v(7) = /OT(Vw(Z(t)))Té(M(t), (t)dt >0 = Y)Y
Since 2/, 2 can be arbitrary points in Z°, it follows that
V() = const Vz € Z° = Y(2) = const Vz € clZ°.
The latter implies that

N
= ZviV@bi(z) =0 Vzeint(cdz®),

which, in turn, implies that v; = 0, i = 1,..., N (due to linear independence of V;(-)).
0

Proof of Proposition 5.4.4. By Lemma 5.4.5, to prove the proposition, it is sufficient
to show that, under Assumption 5.4.3, the inequality

M
ZT) Vo) f(u,y,2)] Y(u,y) €U XY (5.4.10)

can be valid only with v; =0, ¢ =1, ..., M (remind that z = constant). Let us assume
that (5.4.10) is valid and let us rewrite it in the form

0< (Vo) fu,y,2) Y(u,y) €U XY,  where y) = Z (5.4.11)

Let ¢/,y"” € Y°(z) and let an admissible pair (u(-),y(+)) of the associated system be
such that y(0) = ¢ and y(S) = y” for some S > 0. Then, by (5.4.11),

S
o) =00 = [ (T () uln) ar =0 = 6l > o),
Since ¢/, y" can be arbitrary points in Y°(z), it follows that

#(y) = const Vy € Y°(2) = ¢(y) = const Vy € clY?(2).
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The latter implies that

Voé(y) = mei(y) =0 Vy€int(cdY’(z)),

which, in turn, implies that v; =0, i = 1,..., M (due to linear independence of V¢;(+)).
U

Remark 5.4.6 Note that the proof of Propositions 5.4.2 and 5.4.4 is similar to the
proof of Proposition 2.2.8.

5.5 Construction of near optimal ACG families.

Let us assume that, for any N and M, a solution (V™ (z) of the (N, M)-approximating
averaged dual problem exists and a solution 7™M (y) of the (NN, M)-approximating
associated dual problem exists for any z € Z (as follows from Propositions 5.4.2 and

5.4.4 these exist if Assumptions 5.4.1 and 5.4.3 are satisfied).

Define a control u™-*(y, z) as an optimal solution of the problem

min{g(u,y, z) + (VUM () g(uy, 2) + (VM (1)) f (u.y, 2)}- (5.5.1)

That is,
WM (y, 2) = argminger{q(u,y, 2) + (VM (2) g(u,y, 2)

(VM (y)" f(u,y, 2)} (5.5.2)

Assume that the system

V() = fM(ya(7),2),9:(7),2),  5:(0) =y €Y, (5.5.3)

has a unique solution y™ () € Y. Below, we introduce assumptions under which it

will be established that ("M (-),yNM(.)), where ulM(7) = uNM(yNM(7) 7)) is a

near optimal ACG family (see Theorem 5.5.8).
Assumption 5.5.1 The following conditions are satisfied:

(i) the optimal solution & of the IDLP problem (4.2.24) is unique, and the equality
(4.2.28) is valid;
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Chapter 5 Construction of near optimal ACG families

(i1) the optimal solution of the averaged problem (4.2.16) (that is, an admissible pair
(1*(+), 2*(+)) that delivers minimum in (4.2.16)) exists and, for any continuous

function h(p, z) : F' — RRY, there exists a limit

-
lim %/0 h(p*(t), 2" (t))dt; (5.5.4)

T—o0

(i11) for almost all t € [0,00) and any r > 0, the & -measure of the set

B (1), 2* (8) = {1, 2)  plu, i (1)) + |z = 2 (1)]| <7}

1s not zero. That is,
& (B (p'(t), 2" (1)) > 0. (5.5.5)

Note that from Assumption 5.5.1 (ii) it follows that the pair (u*(-),2*(-)) generates
an occupational measure and from Assumption 5.5.1 (i) it follows that this measure
coincides with £* (see Corollary 5.1.4). That is,

1 (7. .
lim — / R (1), =" (8))dt = / R, )€ (dy, d2). (5.5.6)
T Jo F
The following statement gives sufficient conditions for the validity of Assumption 5.5.1
(i)
Proposition 5.5.2 Let Assumptions 5.5.1 (i) and 5.5.1 (ii) be satisfied. Then As-

sumption 5.5.1 (ii) will be satisfied if the pair (u*(-), 2*(:)) is T-periodic (T is some

positive number) and if j*(+) is piecewise continuous on [0, T].

Proof. Let t be a continuous point of x*(+). Due to the assumed periodicity of the
pair (p(-), 2*(-)),

7~—~
% /0 h(p(t), 2" (t))dt = /F (i, 2)€* (dp, dz)

& (B (u*(t),2°(1))) = %meas{ti te [0, 7], (u (1), 2" (1) € Bo(u*(t), 2" (1))} (5.5.7)

Since t is a continuous point of p*(+) and since z*(+) is continuous, there exists a > 0
such that (u*(t'), z*(t")) € B, (u*(t),z*(t)) Vt' € [t — a,t + «a]. Hence, the right-hand-

side in (5.5.7) is greater than 270‘ This proves the required statement as the number of
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discontinuity points of p*(+) is finite (due to the assumed piecewise continuity). [
Assumption 5.5.3 The following conditions are satisfied:

(1) for almost all t € [0,00), there exists an admissible pair (u;(7),y; (7)) of the
associated system (considered with z = z*(t)) such that p*(t) is the occupational

measure generated by this pair on the interval [0,00). That is, for any continuous
h(u,y) : U x Y — IRY,

S—o0

im < [ i) = [ b @ (659

(i1) for almost all t € [0,00), for almost T € [0,00) and for any r > 0, the p*(t)-

measure of the set

By (u; (r), 45 (1) =H{(w,) ¢ [Ju—wi ()| + [ly =y (7)]| < 7}

18 not zero. That is,
' () (B (ug(7),y; (7)) > 0. (5.5.9)

The following proposition gives sufficient conditions for the validity of Assumption
5.5.3 (ii).

Proposition 5.5.4 Let Assumption 5.5.3 (i) be valid. Then Assumption 5.5.3 (ii)
will be satisfied if, for almost allt € [0,00), the pair (u;(7),y; (7)) is Ti-periodic (T} is

some positive number) and if u*(-) is piecewise continuous on [0, T;].
Proof. The proof is similar to that of Proposition 5.5.2. [
Assumption 5.5.5 The following conditions are satisfied:

(i) the pair (uM (1), yNM (7)), where y™M (1) is the solution of (5.5.8) and uYM (1)
= ulM(yNM (1) 2) is an ACG family that generates the occupational measure
pNM(du, dy|z) on the interval [0,00), the latter being independent of the initial

conditions yN-M(0) = y fory in a neighbourhood of y;(+). Also, for any continuous

h(u,y,2) : U XY x Z — IR,

1 /S
| g/ h(UiV’M(T),yiV’M(T),Z)dT—/ h(u,y, 2)p™ (du, dy|z) | < 6u(S)
0

UxY

Vz e Z, lim 6,(S5) = 0; (5.5.10)

S—o00
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(i)

the admissible pair of the averaged system (u™™(-), 2NM (.)) generated by (uY-M(+),
yNM () generates the occupational measure ENM € P(F), the latter being inde-
pendent of the initial conditions ™M (0) = z for z in a neighbourhood of z*(-).

Also, for any continuous function h(u, z) : F — R,

R B L A 1IN i EN.M
i o [ RGN @)t~ [ B € () | < 65(T),

T—oo T 0 F

Jim 3,(T) =0. (5.5.11)

To state our next assumption, let us re-denote the occupational measure p™ (du,
dy|z) (introduced in Assumption 5.5.5 above) as '™ (z) (that is, ™" (du,dy|z) =

pM(2)).

Assumption 5.5.6 For almost all t € [0,00), there exists an open ball Z;, C IR™
centered at z*(t) such that:

(i)

(i)

the occupational measure ™M (2) is continuous on Z;. Namely, for any 2, 2" €
Zt;
p(p M (), M (2") < w(|]2 = 2", (5.5.12)

where k(0) is a function tending to zero when 6 tends to zero ((l)in(l] k(0) = 0).
—

Also, for any 2, 2" € Z,,

| g(u,y, 2 )M () (du, dy)— / glu,y, 2" ™M (") (du, dy)|| < L||2'=2"||,
UxY UxY

(5.5.13)
where L is a constant;
let zVM(2) be the solution of the system
2(t) = g™ M (=), (1)), 2(0) = 2. (5.5.14)
We assume that, for any t > 0,
lim limsup meas{A:(N, M)} =0, (5.5.15)
N—=oo poo
where
AN, MYE{t €0,4] = NM@) ¢ 2} (5.5.16)

and meas{-} stands for the Lebesque measure of the corresponding set.
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In addition to assumptions above, let us also introduce

Assumption 5.5.7 For eacht € [0,00) such that Z, # 0, the following conditions are
satisfied:

(1) for almost all T € [0,00), there exists an open ball Yy, C IR™ centered at y;(T)
such uNM(y, 2) is uniquely defined (the problem (5.5.1) has a unique solution)

fO’f’ (ya Z) € yt,r X Zt;

(ii) the function u™NM(y, z) satisfies Lipschitz conditions on Y;, x Z;. That is,
B ) — ™M 2 < LG 1 L 21D

V(' 2), (", 2") € Vir x Zi, (5.5.17)

where L is a constant;

(11i) let yiV’M(T)d—efyji(]y( ) be the solution of the system (5.5.3) considered with z =
2*(t) and with the initial condition y.(0) = y;(0). We assume that, for any T > 0,

hm lim sup meas{ P, (N, M)} = 0, (5.5.18)

N—=0o Moo

where
P (N, M)={r" e[0,7] : yVM(7') ¢ Y} (5.5.19)

Theorem 5.5.8 Let Assumptions 5.5.1, 5.5.8, 5.5.5, 5.5.6 and 5.5.7 be satisfied. Then
the family (uM(-),yMM(.)) introduced in Assumption 5.5.5 (i) is a B(N, M)- near
optimal ACG family, where

lim limsup (N, M) = 0. (5.5.20)
N—=oo Moo

Also,
lim limsup p(£¥M,¢%) =0, (5.5.21)

N—=oo Ao

where ENM s defined by (5.5.11).

Proof. The proof is given in Section 5.6. It is based on Lemma 5.5.9 stated at the
end of this section. Note that in the process of the proof of the theorem it is established
that

lim limsup max ||z (#) — 2*(#)|| =0 Vt € [0,00), (5.5.22)

N—=oo N oo t'E[0]
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where 2V (.) is the solution of (5.5.14). Also, it is shown that

lim limsup p(p™M (ZNM (), p*(t)) = 0 (5.5.23)

N—oo prsoo

for almost all ¢t € [0, 00), and

lim limsup |[VYY — G*| =0, (5.5.24)
N—=oo Moo
where T
VM Jim — / GuNM(ZNM (1)), 2N (t))dt. (5.5.25)
T—o00 T 0

The relationship (5.5.24) implies the statement of the theorem with
B(N, M)ZVyNM _ G (5.5.26)
(see Definition 5.1.3).

Lemma 5.5.9 Let the assumptions of Theorem 5.5.8 be satisfied and let t € [0, 00) be
such that Z; # 0. Then,

lim lim sup max. M) =y ()| =0 VYT €0, 00). (5.5.27)

N—=oo pfoo T€[07]

Also,
lim lim sup ||uN’M(y£V’M(T), 25(t)) —u; ()| =0 (5.5.28)
N—=oo Moo

for almost all T € [0, 00).

Proof. The proof is given in Section 5.6.0]

Remark 5.5.10 Note that from (5.3.13) and (5.5.21) it follows that

dim_lim sup p(ENM ¢y — (5.5.29)
N—oo Moo
where ENM s an arbitrary optimal solution of the (N, M)-approzimating averaged prob-
lem (5.3.4).

5.6 Proof of Theorem 5.5.8
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Note, first of all, that there exists an optimal solution £ of the problem (5.3.4)

which is presented as a convex combination of (no more than N + 1) Dirac measures

(see, e.g., Theorems A.4 and A.5 in [95]). That is,

KN,M

N,M
= E gk’ 0, NM _NM.,
(Uk 2L )
k=1

: . NM _N,M
where 6 v vy is the Dirac measure concentrated at (p, ™, z,") and
k "k
KN,.M

(™M My e By, 60M >0, k=1, KN < N41; Z M

Lemma 5.6.1 For any k=1,..., KNM,

N N,M

That s, ,ukN’M is a minimizer of the problem

min {q(p, 27" + (VM () g, 20 ).
HEWNM (2,,77)

Proof. From (5.3.20) and (5.3.23) it follows that

GMM = min {q(u,2) + (V¢ (2) g, 2) ).

(ms2)EFM

Also, for any & € WN,M>

[ a2tz
= [ 1012+ (FC () 0 s ),

Consequently, for & = ¢NVM,

G — / a1 2)ENM (d, d2)
Fy

- / 31, 2) + (VEM (207G (1, 2V (dp, d2)

KN,M

Z»f G M) (WM (V)T (NN

p = argming v (G, 20 + (VM () TG (0 20

(5.6.1)

. (5.6.2)

(5.6.3)

(5.6.4)

(5.6.5)
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Since (up ™, 2 M) € Fy, from the equalities above and from (5.6.5) it follows that

Q™2™+ (VM () T (™, 20

= min {q(u, 2) + (V"M () g, 2) }, k=1, K™

(1,2)EF N

That is, for k =1, ..., KN,

(g™ 2 ™) = avgming, yep, {300, 2) + (VEM(2)) TG0, 2) 3.

The latter imply (5.6.3).0

Lemma 5.6.2 In the presentation (5.6.1) of an optimal solution ENM of the problem

(5.3.4), ,ukN’M can be chosen as follows:

JN, M,k
N,M __ N, M,k o N,M
My = 2; bj 5(u;_\T,M,k7y;V,M,k), k= 1, ceey K s (566)
]:
where
JN. M.k
N, M.k . N, M.k N,Mk
U I T L I Y (5.6.7)
j=1
and
JNME <N+ M +2. (5.6.8)

In (5.6.6), 6, varw varwy € P(U X Y) are the Dirac measures concentrated at
J e

(WM VIR € U Y, = 1y VM, with

wM = argminger{alu,y) A + (VO )T g, ) 20)

H(Vn VM (T (u, M, 20 (5.6.9)

Proof. Assume that &, k = 1,.., KN™ in (5.6.1) are fixed. Then puy ™, k =

1,..., KM form an optimal solution of the following problem

min{ 3 €V /U (g (s dy) (5.6.10)

where minimization is over uy € P(U xY), k= 1,..., K™M that satisfy the following
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constraints

KON M

Z oM (Vb2 " NWog(u,y, 22" e (du, dy) =0, i=1,..,N, (5.6.11)

UxY
/ (Vo, (N fu,y, 2o p(du, dy) =0, j=1,..M, k=1,.., K"
o (5.6.12)

In fact, if gy, k= 1,..., KNM is an optimal solution of the problem (5.6.10)-(5.6.12),
then £V-M — szNl’M gliv’M(s(ui\f,l\/I’Z]]C\f,l\/I) will be an optimal solution of the problem (5.3.4).

Let us show that the former has an optimal solution that can be presented as the sum
in the right-hand side of (5.6.6). To this end, note that the problem (5.6.10)-(5.6.12)

can be rewritten in the following equivalent form

KN M

{ min k}{ Z erMuky (5.6.13)
wh wk v

where minimization is over wg,wy,vf, i =1,..,N, j=1,.,M, k=1,.., K™ such
that

KN,M
YoMk =0, i=1,..,N, (5.6.14)
oh=0, j=1,..M, k=1,.,K"M (5.6.15)

and such that

{wh,wi,0f, i=1,..,N, j=1,.,M, }ecoV, k=1, K" (5.6.16)
where
nuk s wh = q(uy, M), wf = (Vi) Ty, 20,

V;c_{w0>w aU

oF = (Vo;w)" fluy,zp ™), i=1,.,N, j=1,...,M; (u,y) €U x Y}.

By Caratheodory’s theorem,
coVi = Upp {01 Vi + oo + b2 Vi 1,

where the union is taken over all b > 0, [ = 1, ..., N+ M +2, such that ZN+M+2 b = 1.
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Thus, an optimal solution of the problem (5.6.14)-(5.6.16) can be presented in the form

N+M+2 N+M+2
o= > Batufyf 2, @f= Y Ve gl b ),
=1 =1

N+M+2
of = Y W(Vew)” fluf yf M), i=1, N, j=1,.., M
=1

The latter implies that there exists an optimal solution of the problem (5.6.10)-(5.6.12)
that is presentable in the form (5.6.6).

Let us now show that the relationships (5.6.9) are valid. Note, firstly, that from
(5.3.25) and (5.3.28) it follows that

DY) = i fal g 2) + (V) g ,2) + (V95 () .20
(5.6.17)
By Lemma 5.6.1, ,ukN’M is an optimal solution of the problem (5.6.4). That is,

/U Y[q(u, y, 20 M)+ (VM (N g (wy, 2™ M (du, dy)

=  min / [q(u,y, 2p7") + (VM (20" g (u,y, 20 ™) (du, dy)
UxY

HEW s (2 ™M)

= D)

the latter equality being due to the duality relationships between the problem (5.3.25)
and (5.3.26). Since pn ™ € Wy (22",

| fatin 2 4 (V8 ) g 27 s dy)
UxYy
= / [, 20+ (VM (M) g w,y, 22
UxYy

VM) f(u,y, 2 ’M)} M (du, dy).

Consequently,
| Jatw =)+ (9 ) gy )
UxY

(VM) fu,y, 2p ™M) | M (du, dy) = DNM(20M).

After the substitution of (5.6.6) into the equality above and taking into account (5.6.7),
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one can obtain

JN]\/Ik

N, M,k N.Mk  NMk NM 7 N,M N,M,k N,Mk _N,M
> b [ A M) (TN ()T g M N N
_‘_(vnN,M(ij,M,k))T (;Y,M,k’yév,M,k’Z]i\f,M) — DM IiVM) —0. (5.6.18)

By (5.6.17), from (5.6.18) it follows that

g(uy My M) (VM () T g (ug 0y 2
+(vnN,M(ij,M,k))T (uN,M,k’ij,M,k’Z]iV,M) — DVMNMY g JMNk
Also by (5.6.17), the latter implies
("M, g M) = argming, ey {a(u, g, 20M) + (VM (0Y)) g (u,y, 200)
+ (VM) fu,y, 2}, (5.6.19)

which, in turn, implies (5.6.9). O

Lemma 5.6.3 For anyt € [0,00) such that (5.5.5) is satisfied, there exists a sequence

(M 2NMy € {2, k=1, KVMY, N=1,2,., M =1,2,..,

(5.6.20)
(with {(piy ™, 20™), k=1, ..., KNM} being the set of concentration points of the Dirac
measures in (5. 6.1)) such that

lim lim sup (p(,u*(t) :U’kN M) +["(t) — 2N, M||> (5.6.21)

N—=oo Ao

Let t be such that (5.6.21) is valid and let (p ffVNMM, ,iVN v) be asin (5.6.21), then for
any T € [0,00) such that (5.5.9) is satisfied, there exists a sequence

M NM M ENM NM MENM M N M

N, M N, M » Y

(u] ]

Y

N=1,2.., M=12.. (5622)

N,M kNM N M ENM
({(u )

M,N,kN-M
i Y o

} being the set of concentration points of
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the Dirac measures in (5.6.6) taken with k = k™™ ) such that

. . « M ENM " M N M
i lim sup (17 (7) = w21+ i (7)) = w380 = . (5.6.23)
o0 —00
Proof. Assume that (5.6.21) is not true. Then there exists a number r > 0 and
sequences N;, M; ; withi=1,2,..., j=1,2,... and with lim N; =00, lim M;; = c0
1—00 J—00
such that

dist((p*(t), 2 (t)), @NoMid) > r, (5.6.24)
where ©MM is the set of the concentration points of the Dirac measures in (5.6.1), that
is,

OVME (M ), k=1, KM,

taken with N = N; and M = M, ;, and where

dist((u,z), @MY= min )+ = 2|
(10" 2 min (ol 1) + 12 2}

Hence,
Ni’MiJ?ZNi’Mi’j B,,. _72 9 k: 17"'7KNi’Mi’j7 | = 172"" :
2 k H J

The latter implies that
MM (B (11,2)) =0, j=1,2,.., (5.6.25)

where ¢V is defined by (5.6.1). Due to the fact that the optimal solution £* of the
IDLP problem (4.2.24) is unique (Assumption 5.5.1(i)), the relationship (5.3.13) is

valid. Consequently,
lim lim sup p(&N0Mei €%) = 0. (5.6.26)

From (5.6.25) and (5.6.26) it follows that

§"(B,(j1,2)) < lim lim sup gNi’Mi’j (B, (11,2)) = 0.

1—00 j—00

The latter contradicts to (5.5.5). Thus, (5.6.21) is proved.
Let us now prove the validity of (5.6.23). Assume it is not valid. Then there
exists » > 0 and sequences NN; , M;; with ¢« = 1,2,... , j = 1,2,..., and with

lim N; = oo, lim M, ; = oo such that
1—00 Jj—00

dist((u} (1), y; (7)), 0ViMid) > r, (5.6.27)
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where 6™ is the set of the concentration points of the Dirac measures in (5.6.6),
def N,M,ENM - N M N M . M N M
9N7M i {(uj Y )’ j = 1., JNMk }’
taken with k = k™™ and with N = N;, M = M, ;, and where

1,59

dist((u,y),0™) = min {|lu— o'l +[ly = y'I[}.

(/ /egNM

From (5.6.27) it follows that
dist((u} (1), yr (7)), 0NoMed)y > 45 =1,2,.... (5.6.28)

Hence,

Ni M kNoMid NG M g kN M
(u; 'Yj

The latter implies that
poni?, (Br(@, 7)) =0, d,j=1,2,.., (5.6.29)

where p " is defined by (5.6.6) (taken with k = kNoMii N = N; and M = M, ;).
From (5.6.21) it follows, in particular, that

lim limsup p(u*(t), ukNM) =0 = lim lim sup p(u* (t),ugN%J) =0. (5.6.30)

N=oo Moo 1900 0o B

The later and (5.6.29) lead to

p () (By (@, 7)) < lim limsup o5 (B, (1, 5)) = 0,

=00 j_y00

which contradicts to (5.5.9). Thus (5.6.23) is proved. [

Lemma 5.6.4 For any t € [0,00) such that Z; is not empty and (5.5.5) is valid for
an arbitrary r >0, and for any 7 € [0,00) such that Y,, is not empty and (5.5.9)

1s valid for an arbitrary r >0,

lim limsup ||u}(7) — u™M(y7 (1), 2*())|| = 0. (5.6.31)

N—=oo Ao
: NM _NM : :
Proof. By Lemma 5.6.3, there exist (1,5, 2.~,n) such that (5.6.21) is satisfied
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and there exist (uNNAA/[lkNM yﬁv’%’kN’M) such that (5.6.23) is satisfied.

Note that, due to (5.6.9),

N,M N,M
u%%ﬁ :ﬂggﬁﬁk  Zoar); (5.6.32)

where u(y, z) is as in (5.5.2). From (5.6.21) and (5.6.23) it follows that z]iVN% € Z; and

y]\zfvﬂzékN Ye V.- for N and M large enough. Hence, one can use (5.5.17) to obtain

g () = M (g5 (), 2* O] < [ (r) — w5 |

N,M N,M
Hlulypn s zown) = wM (1), 2 (O] < g (7) = wjend®™ ||

* N, M EN-M *
+L(ly; (7) = yowme 1+ 1127(8) = zowiae|])-

By (5.6.21) and (5.6.23), the latter implies (5.6.31). Since )} . is not empty for almost
all 7 € [0,00) (Assumption 5.5.7 (i)), the convergence (5.6.31) takes place for almost
all 7 € [0, 00). O

Proof of Lemma 5.5.9. Let t € [0,00) be such that Z; is not empty and (5.5.5)
is satisfied for an arbitrary r > 0. Note that, from the assumptions made, it follows
that (5.6.31) is valid for almost all 7 € [0, 00).

Take an arbitrary 7 € [0, 00) and subtract the equation

yp (1) = /fut Lyl (T, 25 (t)dr! (5.6.33)
from the equation
AN =i+ [ ) )@ (6563
We will obtain
I =i < [, 0) (7). 0)

— (7)), 4 (), 2 (1) || d7’
< @M M), 2 0), y M (), 2 () = f M (g (), 2 (8), yi (), 2 ()| dr
+ [ F @M (), 2 (@) 5 (7). 25 (1) = g (7). g (), 2 () |ldr. (5.6.35)
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Using Assumption 5.5.7 (ii),(iii), one can derive that

/OT 1 @M M (), 25 (), 92 M (1), 24 () = FM (g (1), 25 (1), g (7). 2 (1) ||

S/ F @My M (), 25 (), u M (7)), 24 (1))
"¢ Py~ (N,M)
—Fu™M (i ("), 25 (1), yi (), 2 ()| dr’
+/T/6P”(N7M)(||f(u Py (1), 25 (1), v (7)), 2 ()]
HIf @My (), 25(), w7 (), 2 ()| dr'’
<1, / M () — g ()| A7 + Lameas{Por(N, M)}, (5.6.36)

where L; is a constant defined (in an obvious way) by Lipschitz constants of f(-) and

UN’M(')a and Lo =2 mal'(u,y,z)enyxz{Hf(U, Yy, 2)|[}-

Also, due to (5.6.31) and the dominated convergence theorem (see, e.g., p. 49 in

15))
i im0 () = £ (). (). @)l =0,

=0 M—o0
(5.6.37)
Let us introduce the notation
ke (N, M)= Ly meas{P,.(N, M)}
[ M . 220,50, 27(0) = £ )7 () )
and rewrite the inequality (5.6.35) in the form
() =i DI < L [ 1) = )l + (N0, (5.638)
By Gronwall-Bellman lemma (see, e.g., p.218 in [20]), it follows that
max, g™ (7') =y ()] < Rar (N, M) (5.6.39)
7'el0,7
Since, by (5.5.18) and (5.6.37),
lim limsup k. (N, M) =0, (5.6.40)

N—=oo 0o
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the inequality (5.6.39) implies (5.5.27).
By (5.5.27), y; ™ () € Vyr for N and M large enough (for 7 € [0,00) such that
the ball ), ; is not empty). Hence,

¥ (2 (), 2 (8) = wi () < M (7). 2 (@) = M (i (7), 2" @)

™M (i (7), 2% () = wi (NI < Llly2y (1) = i (0l + ™Y (g7 (7), 25 (1) = ui (7)]].

The latter implies (5.5.28) (by (5.5.27) and (5.6.31)).00

Proof of Theorem 5.5.8. Let t € [0,00) be such that Z; is not empty and (5.5.5)
is satisfied for an arbitrary r > 0. By (5.5.8) and (5.5.10), for any continuous h(u,y)

and for an arbitrary small o > 0, there exists S > 0 such that

5 [ B = [ b @ dp) < § (5.6.41)
S 0 UxY 2
and
1S . N o
5 | A ) @ [ b= O)dudy)] < G
0 P
(5.6.42)
Using (5.6.42) and (5.6.41), one can obtain
[ e @) dudy) — [ g 0. dy)
UxY UxY
< 1 5 h N,M/ N,M * N,M d 1 ° hiu * d
< Ig | B ). ) )i =5 [ b)) o
Due to Lemma 5.5.9, the latter implies the following inequality
i tiwsp| [ N (0) ) — [ B (0)(du dy)] < o
N—=oo Moo Uxy Uxy
which, in turn, implies
fim timsup| [ b)Y ) dundy) ~ [ by (6. dy)| =0
N—=oo Moo UxY UxY
(5.6.43)

(due to the fact that o can be arbitrary small). Since h(u,y) is an arbitrary continuous
function, from (5.6.43) it follows that

lim limsup p(u™M (2*(t)), u*(t)) = 0. (5.6.44)

N—=oo Ao
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Note that from the assumptions made it follows that Z; is not empty and (5.5.5) is
satisfied for an arbitrary r > 0 for almost all ¢ € [0,00). Hence, (5.6.44) is valid for
almost all ¢ € [0, 00).

Taking an arbitrary ¢t € [0, 00) and subtracting the equation
t
2*(t) = 2o +/ g(u*(t"), 25 (t'))dt' (5.6.45)
0
from the equation
t
M) = 2 + / G, ANMEYat (5.6.46)
0
one obtains
t
|[2MM () — 2 ()] < /0 g(u™M VM), 2N (W) = g(u (), 2 ()] |dt!

t
< /0 g™ M VM (@), M () = g™ (27 (1)), 2 () |at!
t
+/0 19(u™ M (27 (X)), 2*(¢) = g(u™ (), 2" (t)[]dt’. (5.6.47)
From (5.5.13) and from the definition of the set A;(N, M) (see (5.5.16)), it follows that

/0 g™ (M), () = g™ (25 (), 2 (1) |’

< / g (M VM @), MM @) = g(u™M (2 (1)), 25 ()] dt!
/¢ A(N,M)

+/ (g™ M @)), M@+ g™ (7 (), 2 (O)I] !

t’EAt N, M
<L / [[ZVM (@) — 2*(#)||dt + 2L,meas{A;(N, M)}, (5.6.48)
where Lgdéf MaX(yy)eUxyxz ||9(t, Yy, 2)||. This and (5.6.47) allows one to obtain the
inequality
t
VM) — 2 (1)]] < L/ [[ZM () — 2*(#)||dt + ke(N, M), (5.6.49)
0
where

re(N, M) = 2Lgmeas{ A(N, M) }+/ g™ (2 (1), 2 (t') — g(u™ (t'), 2" ()|t
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Note that, by (5.6.44),

Jim hmsup/ 19(u™ M (2 (X)), 2*(¢) = g(u™(¢), 2" ()|t = 0, (5.6.50)

N—oo Moo

which, along with (5.5.15), imply that

lim lim sup s (N, M) = 0. (5.6.51)

N—=oo pfeo

By Gronwall-Bellman lemma, from (5.6.49) it follows that
mazpepy||zM ) — 2 ()] < k(N, M)e™

The latter along with (5.6.51) imply (5.5.22).

Let us now establish the validity of (5.5.23). Let ¢ € [0,00) be such that the ball
Z, introduced in Assumption 5.5.6 is not empty. By triangle inequality,

U (1), (1)) < ™ (0), 1 (1) + ol (0). 1),
(5.6.52)
Due to (5.5.22), zVM(t) € Z; for M and N large enough. Hence, by (5.5.12),

p(u M (), M (27 (1)) < w(([ME) = 2 (@),

which implies that

lim Timsup p(u™ (2™ (1)), 1w (27(1))) = 0.

N—=oo Moo

The latter, along with (5.6.44) and (5.6.52), imply (5.5.23).

Finally, let us prove (5.5.24). By (5.5.6) and (5.5.11), for any continuous function
hp, 2) : P(P(U xY) x Z) — R', and for an arbitrary small a > 0, there exists 7 > 0
such that

T ~ Q
% / Bt (8), 2 (£))dt — / (., 2)€" Ay d2) < (5.6.53)

and

]
% / RO (), 2 (1))t — / R, 2)EM (dp, d2)| <

(5.6.54)
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Using (5.6.54) and (5.6.53), one can obtain
[ a8 ) = [ G 2)¢ )

T _ T _
< % / RO (1), 299 (1)t — % / R (8), 2 (8))dt] + o

Due to (5.5.22) and (5.5.23), the latter implies the following inequality

lim limsup| / R, 2)E¥M (dp, dz) — / R, 2)€ (dp, d2)] < o,
F F

N—oo prseo

which, in turn, implies

lim limsup|/Fiz(u,z)gN’M(du,dz) —/Fiz(u, 2)* (dp, dz)| =0 (5.6.55)

N—=oo Ao

(due to the fact that a can be arbitrary small). This proves (5.5.21). Taking now
h(p, z) = G(p, z) in (5.6.55) and having in mind that

/d( 26" (dp, dz) = lim l/T G(u™M (t), 2N () dt
|, 1, fm = |l ,

(see (5.5.11)) and that
/Fd(u, )€ (dp, dz) = G,

one proves the validity of (5.5.24). This completes the proof of the theorem. [J

5.7 Additional comments for Chapter 5

The concept of an ACG family was introduced for singularly perturbed problems with
time discounting criteria of optimality and it was extended to LRAOC problems in

[61]. The consideration of this chapter is based on results of the paper [61].
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Asymptotically near optimal controls of the

singularly perturbed problem

In this chapter, we discuss a construction of an asymptotically optimal (near optimal)
controls of singularly perturbed (SP) problems with long run time average criteria.
Namely, in Section 6.1, we indicate a way how asymptotically near optimal controls
of the SP problems can be constructed on the basis of near optimal ACG families.
In Section 6.2, a linear programming based algorithm allowing one to find solutions
of approximating averaged problem and solutions of the corresponding approximating
(averaged and associated) dual problems numerically is discussed. In Section 6.3, we
consider an example of SP optimal control problem, the near optimal solution of which

is obtained with the proposed technique.
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Chapter 6  Construction of asymptotically near optimal controls of the SP problem

6.1 Construction of asymptotically optimal /near op-
timal controls of the singularly perturbed prob-

lem.

In this section, we describe a way how an asymptotically optimal (near optimal) control
of the SP optimal control problem (4.1.5) can be constructed given that an asymptoti-
cally optimal (near optimal) ACG family is known (a way of construction of the latter

has been discussed in Section 5.5 ).

Definition 6.1.1 A control u(-) will be called asymptotically c-near optimal (o > 0)
in the SP problem (4.1.5) if the solution (y.(+), z.(+)) of the system (4.1.1)-(4.1.2)obtained
with this control satisfies (4.1.4) (that is, the triplet (uc(-), ye(+), ze(+)) is admissible) and

if
e—0 T—oo e—0

:
hmmm%/q@w%@amﬁgmMW@+& (6.1.1)
0

For simplicity, we will be dealing with a special case when f(u,y, 2z) = f(u,y). That
is, the right hand side in (4.1.1) is independent of z (the SP systems that have such a
property are called “weakly coupled”). Note that in this case the set W (z) defined in
(4.2.3) does not depend on z too. That is, W(z) = W.

Let us also introduce the following assumptions about the functions f(u,y) and

g(p, 2).

Assumption 6.1.2 (i) There exists a positive definite matriz Ay such that its eigen-

values are greater than a positive constant and such that
(f(u,y) = flu,y") ALy — o) (6.1.2)

<=y =)V —y") Y.y eR", VueUl.

(i1) There exists a positive definite matriz As such that its eigenvalues are greater

than a positive constant and such that
(9(n, ") = g, ") As(2 = 2") (6.1.3)
< (= -2 VY ERY, YueW.

Note that these are Liapunov type stability conditions and, as has been established
in [56], their fulfillment is sufficient for the validity of the statement that the SP system
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is uniformly approximated by the averaged system (see Definition 4.2.3). Also, as can
be readily verified, Assumption 6.1.2(i) implies that the solutions y(7,u(-),y;) and
y(7,u(:),y2) of the associated system (4.2.1) obtained with an arbitrary control u(-)
and with initial values y(0) = y; and y(0) = y2 (y1 and ys being arbitrary vectors in
Y') satisfy the inequality

Ny (7 ul), 1) = y(7ul), y)l| < cre” Ty — v, (6.1.4)

where ¢, ¢y are some positive constants. Similarly, Assumption 6.1.2(ii) implies that
the solutions z(t, uu(+), z1) and z(¢, ju(+), 22) of the averaged system (4.2.8) obtained with
an arbitrary control u(-) and with initial values z(0) = 2z; and 2(0) = 23 (21 and 2

being arbitrary vectors in Z) satisfy the inequality

[l2(t 1(-), 21) = 2(t, 1(-), )] < ese™ |21 = 2], (6.1.5)

where c3, ¢4 are some positive constants.

From the validity of (6.1.4) and (6.1.5) it follows that the associated system (4.2.1)
and the averaged system (4.2.8) have unique forward invariant sets which also are
global attractors for the solutions of these systems (see Theorem 3.1(ii) in [52]). For

simplicity, we will assume that Y and Z are these sets.

Let (uMM(7),yMM(7)) be the ACG family introduced in Assumptions 5.5.5(i)
and let N M(du,dy|z) = pNM(2), ZNM(t) and  pNM(2NVM(t)) be generated by
this family as assumed in Section 5.5 (all the assumptions made in that section are
supposed to be satisfied in the consideration below). Let yM*(r y) stand for the
solution of the associated system (4.2.1) obtained with the control v (7) and with
the initial condition y™"(0,y) =y € Y. From (6.1.4) it follows that
“II-

1y () =y M (Ol < eae™ maxc ly' —y

The latter implies that, for any Lipschitz continuous function h(u,y, z), there exists
on(9), Slim 0n(S) = 0, such that
— 00

< / BN (7), M (7, ), 2)dr — - / YNV (7). 2)dr| < 5(S), (6.1.6)
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which, due to (5.5.10), implies that

< / BN (7). g (1, ), 2)dr — / Wy, M (du, dyl2))| (6.17)

UxY
< 6p(S) + 6,(S) = 5,(9),

with lim 6,(S) = 0. Hence,
S—o00

lim p(p™M(S,y), k™ M(2)) < §(9), lim §(S) =0, (6.1.8)

S—o00 S—o00

where pV'M (S, y) is the occupational measure generated by the pair (u¥"M (1), yN-M (7, 1))
on the interval [0, S]. That is, the family of measures p’**(2) is uniformly attainable
by the associated system with the use of the control u"*(7) (see Definition 4.3 in

[64]).

Partition the interval [0, c0) by the points

t=IA(e), 1=0,1,.., (6.1.9)
where Af(e) > 0 is such that
A
lim A(e) = 0, i 20 _ (6.1.10)
e—0 e—0 €

Define the control u™*(¢) by the equation

e t_t
uN’M(t)d:fuiVJ\’%,(tl)(Tl) Vt e[t ti), [=0,1,... (6.1.11)

€

Theorem 6.1.3 Let the assumptions of Theorem 5.5.8 be satisfied and let the function
M (1) = M (M () (6.1.12)

has the following piecewise continuity property: for any T > 0, there may exist no
more than a finite number of points T; € (0,7T), i =1,...k, , with

k<cT, ¢ = const, (6.1.13)
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such that, for anyt # T,

max{|[§(u" M (1), 2) — g™ (), 2], 1g(p™MX), 2) — G (1), 2)]} < vt —t)
(6.1.14)
Vi' e (t —ag, t + ay)

where v(-) is monotone decreasing, with éirr(l) v(0) =0, and where a; > 0, with rs,
%

rs = infla, © t ¢ U (T — 0, T +0)},

being a positive continuous function of § (which may tend to zero when § tends to
zero). Let also Assumption 6.1.2 be valid and the solution (y™M(-),zNM(.)) of the
system (4.1.1)-(4.1.2) obtained with the control u™™(-) and with the initial condi-
tions (yNM(0), zVM(0)) = (y™M(0), 2VM(0))  satisfies the inclusion (4.1.4). Then

the control u™N-*(-) is B(N, M)-asymptotically near optimal in the problem (4.1.5),

€

where B(N, M) is defined in (5.5.26). Also,

lim sup ||zVM(t) — M (@) = 0 (6.1.15)

€
€0 4¢[0,00)

and, if the triplet (ulM (), yNM (), 2NM () generates the occupational measure YN
on the interval [0,00) (see (1.1.18)), then

p(ANM D(ENMY) < k(e)  where  limk(e) = 0, (6.1.16)

e—0

with ENM being the occupational measure generated by (u™"M(-), 2NM(2)) (see (5.5.11))
and the map ®(-) being defined by (4.5.4).

Remark 6.1.4 Note that, in case when the function p™"*(t) is periodic (as in the nu-
merical example considered in Section 6.3 below) the inequality (6.1.13) will be satisfied

if ptNM(t) is picewise continuous.

Proof. Denote by z(t) the solution of the differential equation
2(t) = g(u™M (1), 2(1)) (6.1.17)
considered on the interval [7o, Ty + T that satisfies the initial condition

2(To) =z2€ Z. (6.1.18)
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Also, denote by z(t) the solution of the differential equation
(1) = g(p™M (1), =(t)) (6.1.19)

considered on the same interval [Ty, 7o + 7| and satisfying the same initial condition

(6.1.18), where ™" (t) is the piecewise constant function defined as follows
VM NM ) Ve [t ti), 1=0,1, ... (6.1.20)

Using the piecewise continuity property (6.1.14), it can be readily established (using a
standard argument, see, e.g., the proof of Theorem 4.5 in [64]) that

Z(t) — z(t)|] < h li =0. 6.1.21
L (=) =20 € me ), where  limr(eT) (6.1.21)

The latter implies, in particular,

max ||zVM(t) — ZVM(#)|| < ki(e, To), (6.1.22)
t[0, 7o)

where zVM(t) is the solution of (6.1.19) that satisfies the initial condition z™*(0) =

2VM (),

Choose now 7y in such a way that

def

cse =g < 1 (6.1.23)

and denote by z""(t) the solution of the system (6.1.19) considered on the interval
(70, 275] with the initial condition z)"™ (75) = 2N (T5). From (6.1.5) and (6.1.22) it
follows that

120°7(275) = 2¥M 2Tl < al|zY(To) = 2¥M(To)|| < ami (e, To).- (6.1.24)
Also, taking into account the validity of (6.1.21), one can write down

1244 (2T) = 2 M QT < |IMY2T0) = 2N T + 120 (2T) — 27 2To)|

"il(67 76)

< ki(e,To) + ari(e,Ty) < e
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By continuing in a similar way, one can prove that, for any £k = 1,2, ...,

., To
[T~ VET] < (ot ot a (e ) < BT
Hence, by (6.1.5),
N,M ~N,M k1(e, To)

) =z € eg———= Vk=0,1

Lm0 = )] < o™ 1
and, consequently,

sup ||V () — M ()| < eyl &T0) lim#a(e) = 0. (6.1.25)
te[0,00) 1—a e—0

Using (6.1.25), one can obtain
L7 v N,M VT N,M
= [ a . o) [ a2 o)
T Jo T Jo

1 T
< 7 [N, 0) ~ @), )+ Lo

L oT5)

1
=

< / M @), 2NV () = G ), M () dE + Lea(e) + 2KA(e)

t

—~
o

(6.1.26)
VT > 1,

where |-] stands for the floor function (|z] is the maximal integer number that is less

or equal than ), L is a Lipschitz constant (for simplicity it is assumed that q(u,y, 2)

. . . . . def
is Lipschitz continuous in z) and K = max lg(u,y, 2)|.
(u,y,2)EUXY XZ

Without loss of generality, one may assume that rs is decreasing with ¢ and that
rs < 0 (the later can be achieved by replacing rs with min{d, rs} if necessary). Having

this in mind, define é(€) as the solution of the problem

min{d : rs > A2(e)}. (6.1.27)
That is,
rse = A2 (). (6.1.28)
Note that, by construction,
lim 6(e) = 0, §(e) > A2 (e). (6.1.29)

e—0
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By (6.1.14), if ;¢ U (T; — d(e), Ti + 0(€))

/tl (), Y @)t — G ), @) < AWAE). (6.130)
Also, if  t; € U, (T; — 0(e), T; + d(€))
/ (0, M @) — G ), @) < 2KAE). (61.31)

t

Taking (6.1.13), (6.1.30) and (6.1.31) into account, one can use (6.1.26) to obtain the

following estimate

T T
| a2 ey — [ . )
1. T 1 20(€)
< FlaglAEvaE) + 7—,(07')[ A9 +2](2KA(0) + Lrale) + 2KA()
Zrsle) VT > 1.
Thus,

T T

s7u>11|%/0 d(uN’M(t),zN’M(t))dt—%_ 0 G M (), Z2VM (1)) dt| < ks(e),  (6.1.32)

lim r3(e) = 0.

e—0

Denote by Z(t) the solution of the differential equation (6.1.19) considered on
the interval [To, To + 7] and satisfying the initial condition Z(7y) = 2M(7;), where

€
def

To = loA(e) for some [y > 0. Subtracting the equation

tiva1
Hti) = 5(0) + / G () ()t 1> s,
t

from the equation

t—t
) ylM @), M @) dt 1=,

) Je ? Ye

ti+1
MM (1) = 2NV (1) / g(ugmarge)

t

one can obtain
2V (t4) = 2] < 1120M (1) — Z2(0)]

tl+1 t_tl N.M N.M t_tl
+ g (uomany (=), 5 (£), 277 (2))dt — g(uzmarey (

t

),y M (t), 2 ()t

?Je
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+ ||/l+1 iVN%@l ?), yNME), ZNMNdt — AN M (), 2N )]

[ a0 ), 2 ) — g ), )

Ale)

€

< |28 (1) =20 + LAE@2MM (0) = 20|+ LA () + Ale)dy(—=), (6.1.33)

where L;, i = 1,2, are positive constants and gg(~) is defined in (6.1.7). Note that, in

order to obtain the estimate above, one needs to take into account the fact that

max{ max {||z""(t) =z ()]}, max U@ = 2@l } < LsAle), Ly >0
e[t tia] tefty by
(6.1.34)
as well as the fact that (see (6.1.7))

I / g S, g, VM ))aE — AFN (1), 2N (1))

€

= A@UEE [ g 0y (), 5 )i
= M (), M (1) < A, (AL

B4 and yg\}%(tl)(ﬂ yNM (1)) = yNM(t; + er). From (6.1.33) it follows
(see Proposition 5.1 in [52])

), (6.1.35)

where 7 =

_ T
||z£V,M(tl) —Z(t)|| < kale, T), L=y, lo+1,..., lo+ LA(E)J’ 11_1&% k4(€) = 0.

This (due to (6.1.34)) leads to

N,M = .
My — 51| < T, h 1 ,T)=0, (6.1.36
te[%g_oxmlm () = 2Ol < w5(e,T),  where  limrg(e, T) ( )

and, in particular, to

max ||zNM () — ZVM()|| < ks(e, To) (6.1.37)
te[0,70]

(since, by definition, 2MM(0) = 2MM(0) and zNVM(0) = 2NM(0)). Assume that

7o is chosen in such a way that (6.1.23) is satisfied and denote by Zz;(¢) the solution
of the system (6.1.19) considered on the interval [7p,27;] with the initial condition
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Z1(To) = 2NM(Tg). By (6.1.5) and (6.1.37),
120(270) — 2 2To)l| < all="" (To) — MY (To)ll < ars(e, To)- (6.1.38)
Also, by (6.1.36),

120M(2T0) = 2V M @To)I| < [1:5M(2T0) = 212T0)|l + ||Z2:1(270) — 24 (275

’%5(67 76)

1l—a

S H5(6776) + aH5(6776> <

Continuing in a similar way, one can prove that, for any k = 1,2, ... ,

H5(€7 76)

NV TG) = SMYET)| < (14 a+ a6 ) <

(6.1.39)

Denote by Zzj(t) the solution of the system (6.1.19) considered on the interval [£7Ty, (k+
1)7o] with the initial condition Z(k7y) = 2™ (k7). By (6.1.5) and (6.1.37),

max _|[0M(8) = 2V (@) < max [z () — Z ()]
te[kTo,(k+1)To] te[kTo,(k+1)7o)

2(t) — 2VM ()] < ,To) + sl |2XM(kTo) — 28M (K To) |-
te[k%&%ﬁm]sz() z O] < rs(e,To) +csllze ™ (KTo) — 2 (kTo)l]

Thus, by (6.1.39),

Rs (6, 76) def

sup |[2ZVM () = ZNM )| < ks(e, To) +cs = ke (€), lim rg(€) = 0.
te[0,00) 1— e—0
(6.1.40)
From (6.1.25) and (6.1.40) it also follows that V7 > 1
[ a2 a3 [ @, 2 ol
< I / q(uva@),yéW(t), it - / (1))t
T Jo
i uNM t —by N N,M
+ L(kra(€) + kg(€)) 7. |/ U N (g T)?ye (), 2 ())dt

-, " B0, )+ L) o) + KA + 2L, (6141

where L and K are as in (6.1.26) and it has been taking into account that
max ||z () =2V M (4)|] < LsA(e), with L3 being the same constant as in (6.1.34).

te[tl7tl+1]
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Similarly to (6.1.35), one can obtain (using (6.1.7))

| / < (5
A(e )
-

), M, V() )t — A G5 (), M @) |

—1
6 / (580 () 258 (M 1), 2 (1) )
0
= 1 Ale
W1, ()] < a3,(29D),
The latter along with (6.1.41) imply that V7 > 1
.
L a2 a1 [ @@, 2 ol < s
0
(6.1.42)
where
def < A(€>
kr(€) = L(ka(€) + re(€)) + 2KA(e) + 2LL3A(e) + d4( ; ), 11_1}01%;7( €) = 0.
Hence, by (6.1.32), VT > 1
[ w2 wa- - [ M < Ryle) + ir(e)
(6.1.43)
and, consequently,
|hm1nf7—_/ VM) M ()t — TNM| < ga(e) + ma(e),
1

= hmhmmf—/ quNM @), yNM (), 2NM (1)) dt = VM = G 4 (N, M)

e—0 T—oo 0 e

(see (5.5.25) and (5.5.26)). Due to (4.3.19), the latter proves the (N, M)-asymptotic
near optimality of the control u™*(-). Also, the estimate (6.1.15) follows from (6.1.25)
and (6.1.40).

Using an arbitrary Lipschitz continuous function h(u,y, z) instead of ¢(u,y, z), one
can obtain (similarly to (6.1.43)), VT >1

/ ), g (g), N T/ Mdt] < rs(e),
(6.1.44)
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N,M

where lim kg(e) = 0. If the triplets (u™M(-), yMM(.), 2MM(.)) generates the occupa-
€E— 00

tional measure MM then (see (1.1.20))
1 T
lim —/ h(uﬁV’M(t),yiv’M(t),zéV’M(t))dt:/ h(u,y, 2)vNM (du, dy, dz).
T—o0 T UxYxZ
Hence, passing to the limit in (6.1.44) with 7 — oo and taking into account (5.5.11),

one obtains

| b,y 2 (s dy,d2) — [ R, €N )] < )

UxXY xZ F

By the definition of the map ®(-) (see (4.3.4)), the latter implies that

| hu, y, 2)7" (du, dy, dz) — / h(u,y, 2) (MY (du, dy, dz)| < ks(e),

UXY xZ UXY xZ

which, in turn, implies (6.1.16). This completes the proof. [
Note that from (5.5.29) and (6.1.16) it follows (due to continuity of ®(-)) that

p(yIM (ENM)) < k() + (N, M), where im limsup (N, M) =0 (6.1.45)

1

N—=oo N0

and where VM is an arbitrary optimal solution of the (I, M )-approximating averaged
problem (5.3.4). This problem always has an optimal solution that can be presented

in the form (see Section 5.6 )

K K
EMEN G, D G =1 &>0 k=1_.K (6.1.46)
k=1 k=1
where
Jk Jk
o= U0y, Y MW=L b >0, j=1 (6.1.47)
=1 =1

5(u§7y§;) being the Dirac measure concentrated at (u?,yf) ceUxY (j=1,....,J;) and
O(uy,2) being the Dirac measure concentrated at (uy, 2x) € P(UXY)xZ (k=1,..K).

As can be readily verified,

K K Jy

OO b)) = D D kbl 4 2y (6.1.48)

k=1 k=1 j=1
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where 5(u§,y§7zk) is the Dirac measure concentrated at (uf,ys, z.). Thus, by (6.1.45),

K J

PN DTN G S yray) < R(E) + O(N, M) (6.1.49)

k=1 j=1

That is, for N, M large enough and e small enough, the occupational measure -

is approximated by a convex combination of the Dirac measures, which implies, in
N,M

particular, that the state trajectory (y*(.),zN¥*(.)) spends a non-zero proportion

of time in a vicinity of each of the points (uf, yf, 2k)-

6.2 LP based algorithm for solving (N, M) - approx-

imating problems.

For convenience, let us outline the algorithm for solving SILP problems discussed above

(see Section 3.2) using slightly different notations. To this end, consider the problem

min{/X ho(z)p(dz)} < o*, (6.2.1)

peEQ

where 0Z{pePX) : / hi(x)p(dz) =0, i=1,.., K}, (6.2.2)

with X being a non-empty compact metric space and with h;(-) : X — R, i =
0,1, ..., K, being continuous functional on X. Note that the problem dual with respect
to (6.2.1) is the problem (5.4.1), and we assume that the inequality (5.4.3) is valid only
with v; =0, ¢ = 1,..., K (which, by Lemma 5.4.5, ensures the existence of a solution
of the problem (5.4.1)).

It is known (see, e.g., Theorems A.4 and A.5 in [95]) that among the optimal

solutions of the problem (6.2.1) there exists one that is presented in the form
K+1 K+1

p* = Zp75$?7 where p? Z 07 sz’( =1,
=1

where 0.+ are Dirac measures concentrated at zj € X, [ = 1,.., K + 1. Having
in mind this presentation, let us consider the following algorithm for finding optimal
concentration points {z; } and optimal weights {p;} . Let points {z; € X , [ =1,...,L}
(L > K + 1) be chosen to define an initial grid Xy on X

Xo={y eX, l=1,.. L}
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Chapter 6 LP based algorithm for solving (N, M)-approximating problems

At every iteration a new point is defined and added to this set. Assume that af-
ter J iterations the points xy.1,...,z5.s have been defined and the set X’; has been
constructed. Namely,

Xy={meX, l=1,.,L+J}

The iteration J + 1 (J =0, 1,...) is described as follows:

(i) Find a basic optimal solution p” = {p/} of the LP problem

L+J

i def _J
;Iggzr;{;plho@,)} =0’ (6.2.3)
where
L+J L+J

def

G={p:p={p}>0, Y p=1 Y philz)=0, i=1,. K} (624)
=1 =1

Note that no more than K + 1 components of p’ are positive, these being called
basic components. Also, find an optimal solution A7 = {\J, X/, i =1,..., K} of
the problem dual with respect to (6.2.3). The latter being of the form

K
max{Xo : Ao < ho(m) + > Nhi(w) VI=1,. K+ J} (6.2.5)

i=1

(ii) Find an optimal solution x ;41 of the problem

zeX

min{ho(z) + Z A hi(z)} = o (6.2.6)

(iii) Define the set X;,; by the equation
Xy =X U{rpy 54}

As has been established in Section 3.3, if o’ > )\‘0’ , then ¢’ = o* and the measure

Zp;féxl (where I7 stands for the index set of basic components of p”) is an opti-
ler’

mal solution of the problem (6.2.1), with A’ = {\/, i = 1,..., K} being an optimal
solution of the problem (5.4.1). If a’/ < A], for J = 1,2, ..., then, under some non-

degeneracy assumptions, Jlim o’/ = o*, and any cluster (limit) point of the set of
— 00
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Chapter 6 LP based algorithm for solving (N, M)-approximating problems

measures {Zp 0z, J =1,2,...} is an optimal solution of the problem (6.2.1), while

ler’
any cluster (limit) point of the set {\’, J = 1,2,..} is an optimal solution of the

problem (5.4.1) (see Theorem 3.3.1).

The (N, M) approximating problem (5.3.4) is a special case of the problem (6.2.1)

with an obvious correspondence between the notations:

:(/’L7Z>7 XIFM? p:£7 Q:W]\LM? KZN’

ho(x) = q(u, 2), hi(x) = (Vei(2))" g(p, 2), i =1,... N.

Assume that the set
XJ:{(/J,l,Zl)EFM, lzl,,L+J} (627)

has been constructed. The LP problem (6.2.3) takes in this case the form

L+J
dcf =~
mln {Z &, 2)} = GNMY (6.2.8)

J

where

L+J L+J

WYMELe s e={gr =0, Y a=1 Z& V() G, 2)] = 0
=1

i=1,..,N},
with the corresponding dual being of the form

max{Ao © Ao < G(u ) + Y Nl(Vei(2) G, 2)] Vi=1,..K+J} (629)

i=1
Denote by ¢V = {§NM J} an optimal basic solution of the problem (6.2.8) and by
{)\éVMJ, AiVMJ, , = 1,..., N} an optimal solution of the dual problem (6.2.9). The
problem (6.2.6) identifying the point to be added to the set X, takes the following

form
N

min {G(u, 2) + Y N (Vi(2)) (. 2)]} = Izgig{QN’M’J(Z)}, (6.2.10)

(1,2)EF N ,
i=1
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where
GNMI(z) = min {/U Y[Q(u,y,z)+ZAZJ-V’M’J(V%(Z))TQ(U;y,Z)]u(duady)}-

nEWr(2) =1
(6.2.11)
Note that the problem (6.2.11) is also a special case of the problem (6.2.1) with

xz(u,y), X =UXxY, P = H, Q:WM(Z)> K =M,

ho(2) = g(u,y, 2) + Y A (Vi(2) g (u,y, 2),

hi(z) = (Voi(y) ' f(u,y,2), i=1,..., M.

Its optimal solution as well as an optimal solution of the corresponding dual problem

N,M,J

can be found with the help of the same approach. Denote the latter as p. and

{aNMJ iVZMJ, i = 1,..., M}, respectively. By adding the point (,uz* M. *) to the
set X (2* being an optimal solution of the problem in the right-hand side of (6.2.10)),
one can define the set X;,; and then proceed to the next iteration.

Under the controllability conditions introduced in Section 5.4 (see Assumptions
5.4.1 and 5.4.3) and under additional (simplex method related) non-degeneracy condi-
tions similar to those used in Section 3.3, it can be proved that the optimal value of the
problem (6.2.8) converges to the optimal value of the (N, M)-approximating averaged
problem

lim GNAMT = GN-M (6.2.12)

J—o0

and that, if ANVM =AM i =1, N} is a cluster (limit) point of the set of optimal
solutions  AVMJ = (AN G ,...,N} of the problem (6.2.9) considered with
J=1,2,..., then

N
M) =AMy (2)
i=1

is an optimal solution of the (N, M)-approximating averaged dual problem (5.3.20).
In addition to this, it can be shown that, if oM = {aNM i=1,..,M} is a cluster
(limit) point of the set of optimal solutions oM = {a3""/ i = 1,..,M} of the

problem dual to (6.2.11) considered with J = 1,2, ..., then

M
ef
M) =Y aliMeuly)
=1

is an optimal solution of the (N, M)-approximating associated dual problem (5.3.25).
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Chapter 6 Numerical example

S. Rossomakhine developed a software that implements this algorithm on the basis
of the IBM ILOG CPLEX LP solver and global nonlinear optimization routines de-
signed by A. Bagirov and M. Mammadov has been developed (with the CPLEX solver
being used for finding optimal solutions of the LP problems involved and Bagirov’s
and Mammadov’s routines being used for finding optimizers in (6.2.10) and in prob-
lems similar to (6.2.6) that arise when solving (6.2.11)). A numerical solution of the
SP optimal control problem introduced in Section 6.3 was obtained with the help of

this software.

Remark 6.2.1 The decomposition of the problem (6.2.6), an optimal solution of which
identifies the point to be added to the set X, into problems (6.2.10) and (6.2.11)

resembles the column generating technique of generalized linear programming (see [37]).

6.3 Numerical example.

To illustrate the construction of asymptotically near optimal controls, let us consider

the optimal control problem

1 T
inf liminf—/ 0.1u3(t) 4+ 0.1u3(t) — 25 (t))dt = V*(e), 6.3.1
@Oz () T T Jo (0 ui(?) 2(t) — 21 (1)) (€) (6.3.1)

where minimization is over the controls u(-) = (u(+), us(+)),

def

(Ul(t),UQ(t)) ceU= {(ul,u2) : |UZ| < 1, 1= 1,2}, (632)

and the corresponding solutions y.(-) = (y1.¢(+), y2..(*)) and z.(-) = (z1.¢(+), z2..(+)) ) of
the SP system

ey(t) = —yi(t) +u(t), i=1,2, (6.3.3)
21 (t) = 2(t), 25(t) = —4z1(t) — 0.322(t) — y1 (H)ua(t) + yao(t)uy (t), (6.3.4)
with
(), p2(t) € Y ={(yr,12) ¢ Jwil <1, i=1,2}
and with

def

(21(t), 22(t)) € Z={(z1,22) : |z1| < 2.5, |za] <4.5}.

The averaged system (4.2.8) takes in this case the form

at) =2(t), 2 =—4a() + /U Y(—yluz + yaua)p(t)(du, dy),  (6.3.5)

125



Chapter 6 Numerical example

where

u(t) € WE (e PUXY) - / Y[a§§f><—y1+ul>+8§;f><—yz+u2>]u<du,dy>=o

Vo(-) € CHIR?)}, (6.3.6)

Note that, as can be readily verified, the function f(u,y) = (—y1 + u1, —y2 + uo)
satisfies Assumption 6.1.2(i) and the function g(u, z) = (22, —4z1 + [,y (—y1u2 +
you1)p(du, dy) ) satisfies Assumption 6.1.2(ii), with A; and A, being equal to the
identity matrix.

The (N, M)-approximating averaged problem (5.3.4) was constructed in this exam-
ple with the use of the monomials 27'zJ> (1 < j; + j, < 5) as the test functions in
(5.3.3) and the monomials 'yt (1 < i; +1iy < 5) as the test functions in (5.3.1).
Note that N, M = 35 in this case (recall that N stands for the number of constraints
in (5.3.3) and M stands for the number of constraints in (5.3.1)). This problem was
solved numerically with the help of the linear programming based algorithm described
in the previous section, its output including the optimal value of the problem, an opti-
mal solution of the problem and solutions of the corresponding averaged and associated
dual problems.

The optimal value of the problem was obtained to be approximately equal to —1.186:
G ~ —1.186. (6.3.7)
Along with the optimal value, the points
2= (21p200) €Z, k=1.,K, (6.3.8)
and weights {£;} that enter the expansion (6.1.46) as well as the points
uf = (ufjus ) €U, i =@l ey, =10, k=1,.,K, (639)

and the corresponding weights {¢}'} that enter the expansions (6.1.47) were numerically
found. Below in Figure 1, the points {z;} that enter the expansion (6.1.46) are marked
with dotes on the “z-plane”. Corresponding to each such a point z, there are points
{y¥} that enter the expansion (6.1.47). These points are marked with dots on the
“y-plane” in Figure 2 for 2z, ~ (1.07,—0.87) (which is one of the points marked in
Fig.1; for other points marked in Fig. 1, the configurations of the corresponding {yf}

points look similar).
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Graphs of z3>3(t) and y>>%(7)

z,=1.072394 z, = -0.870159

Z20 y2
= 1 Zo1 1 2 =) -1 yo1 1 2
Fig. 1: 253 (t) = (212%(1), 23, (1)) Fig.2:  yP%(r) = (1757 (), 552 (7))

The expansions (5.3.22) and (5.3.27) that define solutions of the (N, M) - approxi-

mating averaged and (N, M) - approximating associated dual problems take the form

BB (5) = Z )\5)15;)252112%27 nPB(y) = Z 0455;13,?2 yity2 o (6.3.10)

1<j1+72<5 1<i14+i2<5

where the coefficients {)\35 35} and {ai"r’lf’i} are obtained as a part of the solution with

the above mentioned algorithm. Using ¢**3°(z) and 7% (y), one can compose the
problem (5.5.1):

8C35 35( ) 8C35’35<Z>

min {O luf + 0.1uj — 22 + 2y +

(—421 — 0.322 — Y1U2 + y2u1)+

u;€[—1,1 821 022
o> (y) o> (y)
——(—y1 + + ——(—y2 + , 6.3.11
ayl ( Y1 ul) 8y2 ( Y2 Ug)} ( )
the solution of which is written in the form
=56, (y, 2) if 1565 (y, 2)] < 1,
u Py, z) = ~1 if 5By, ) < 1, p, i=1,2,
1 if —505% (y, 2) > 1,
(6.3.12)
o 35,35, 35,35 e 5,35 35,35
where b (y, 2) & 20TE,, | 06 W) g Gy, ) OEPE, e

Using the feedback controls u35 Py, z), i = 1,2, with fixed z = z, ~ (1.07, —0.87)

and integrating the associated system with MATLAB from the initial conditions defined

by one of the points marked in Figure 2, one obtains a periodic solution 353 (1) =
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(yi’i’%(T), yg’i’%(T)). The corresponding square like state trajectory of the associated

system is also depicted in Figure 2. Note that this trajectory is located in a close
vicinity of the marked points, this being consistent with the comments made after the
statement of Theorem 6.1.3.

Using the same controls u?”*(y, ), i = 1,2, in the SP system (6.3.3)-(6.3.4) and
integrating the latter (taken with ¢ = 0.01 and ¢ = 0.001) with MATLAB from the
initial conditions defined by one of the points marked in Figure 1 and one of the points
marked in Figure 2, one obtains visibly periodic solutions, the images of which are
depicted in Figures 3 and 4, with the state trajectory of the slow dynamics 23>3°(¢) =
(232% (1), zg’i’%(t)) being also depicted in Figure 1. The slow z-components appear to
be moving periodically along an ellipse like figure on the plane (zq, z5), with the period
being approximately equal to 3.16. Note that this figure and the period appear to be
the same for € = 0.01 and for e = 0.001, with the marked points being located on
or very close to the ellipse like figure in Fig. 1 (which again is consistent with the
comments made after Theorem 6.1.3). In Figures 3 and 4, the fast y-components are
moving along square like figures (similar to that in Fig. 2) centered around the points
on the “ellipse”, with about 50 rounds for the case ¢ = 0.01 (Fig. 3) and about 500
rounds for the case € = 0.001 (Fig. 4). The values of the objective functions obtained
for these two cases are approximately the same and ~ —1.177, the latter being close
to the value of G3 (see (6.3.7)). Due to (4.3.19) and due to (5.3.8), this indicates

that the found solution is close to the optimal one.

Images of the state trajectories of the SP system for ¢ =0.01 and €= 0.001

Fig. 3: (y¥35(t), 22>35(t)) for e = 0.01 Fig.4:  (y3°(t), 22>%(t)) for € = 0.001
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Note, in conclusion, that by taking € = 0 in (6.3.3), one obtains y;(t) = u,(t), ¢ =

1,2, and, thus, arrives at the equality
—yl(t)u2(t) + yg(t)ul (t) =0 ‘v’t,

which makes the slow dynamics uncontrolled and leads to the optimality of the “trivial”
steady state regime: wy(t) = us(t) = y1(t) = y2(t) = 2z1(t) = 22(t) = 0 V¢ implying
that V*(0) = 0. Thus, in the present example

lim V*(e) = —=1.177 < 0 = V*(0).

e—0

6.4 Additional comments for Chapter 6

Consideration of Sections 6.1 and 6.3 is based on [61]. The LP based algorithm of
Section 6.2 was originally described in [64] for SP optimal control problems with time
discounting. Note that problems of optimal control of singularly perturbed systems
can be very difficult to tackle with the help of traditional optimization techniques
(due to the fact that they may be very ill-conditioned for small values of the singu-
lar perturbation parameter €). The proposed numerical technique deals with “limit”
problems that are independent of €. This allows one to overcome difficulties caused by

the ill-conditioning.
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Part 111

Perturbations of semi-infinite
dimensional linear programming

problems
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Regularly and singularly perturbed
semi-infinite dimensional linear

programming problems

In Part IIT and, in particular, in this chapter we consider a family of semi-infinite
dimensional linear programming (SILP) problems depending on a small parameter
e. Recall that the perturbed problems (that is, the problems that depends on small
parameter €) can be of two types: regularly perturbed and singularly perturbed. The
family of SILP problems is called regularly perturbed if its optimal value is continuous
at € = 0. The family is called singularly perturbed if its optimal value is discontinuous
at € = 0. The chapter consists of two sections, Sections 7.1 and 7.2, devoted to regularly
and singularly perturbed SILP problems respectively. In Section 7.1, we state some

regularity condition under which it is establishes that the family is regularly perturbed.
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Chapter 7 Perturbed and reduced SILP problems

7.1 Regularly perturbed SILP problems.

Consider a family of semi-infinite dimensional linear programming (SILP) problems

depending on a small parameter e. Namely

’YEWN(E)

min /)<Q(93)7(d37) = G (e), (7.1.1)

where

W(e) < {7:76P(X),/X[h?(x)+eh}(m)]7(dm):0, i=L..N} (712)

where X is a compact metric spaces and ¢(x), hY(z), h}(x) are continuous functions on
X.

Consider also, a SILP problem obtained from the above with ¢ = 0. That is,

. def ~N
min, /X a(@)1(dz) < 6N (0), (7.1.3)
where
Wi (0) & {7 L~ € P(X), /Xh?(x)v(dx) =0, i= 1,2,...,N}. (7.1.4)

The family of problems (7.1.1) is called perturbed problem. The problem obtained
from the perturbed problem by equating € to zero (problem (7.1.3)) is called reduced

problem.

Definition 7.1.1 The family of problems (7.1.1) will be referred to as reqularly per-
turbed, if
lim G (e) = G™(0),

e—0

and, it will be called singularly perturbed, if

lim G™ (e) # G™(0).

e—0

Let us define the problem dual to the perturbed problem (7.1.1) by the equation

DV (e) ! max {d < q() +§:v,- (h?(x) +eh}(x)), v=(v;) € RNV € X}. (7.1.5)

d
) i=1

U
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Similarly, we define the dual to the reduced problem (7.1.3). Namely,

Ny ded < 0 () N
D™ (0) I(ri%x{d q(x +szh ), v={(v;) € R ,‘v’xeX}. (7.1.6)

The problems (7.1.5) and (7.1.6) will be referred to as perturbed and reduced dual
problems respectively.

Note that the relationships between the SILP problem (7.1.3) and its dual (7.1.6) are
similar to those established in Theorem 2.3.3 (see Section 2.3). Namely, the following

results are valid.

Theorem 7.1.2 (i) The optimal value of the dual reduced problem is bounded (that
is DV (0) < oo) if and only if the set Wy (0) is not empty;

(i) If the optimal value of the dual reduced problem is bounded, then
DN (0) = GM(0). (7.1.7)

Theorem 7.1.3 (i) The optimal value of the dual perturbed problem is bounded (that
is DN (€) < 00) if and only if the set Wi (e) is not empty;

(i) If the optimal value of the dual perturbed problemis bounded, then
DN (e) = GV (e). (7.1.8)

Proof. The proofs of these theorems are similar to the proof of the corresponding
parts of Theorem 2.3.3. [

*

A vector v* = (v) i =1,2,..., N, will be called an optimal solution of the problem
(7.1.6) if

G (0) = min { )+ Z vihd(x } (7.1.9)

and, a vector v*(e) = (vf(e)) ¢ =1,2,...,N, will be called an optimal solution of the
problem (7.1.5) if

G¥(€) = min {q(m) + i v (e) (h?(x) + ehl (x)) } (7.1.10)

zeX

Definition 7.1.4 The perturbed problem will be said to satisfy the reqularity condition
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if the inequality
N

Zvi<h?(x) n Eh;(x)) >0, VreX, (7.1.11)

i=1

can be valid only with v; =0, i=1,...,N.

Definition 7.1.5 The reduced problem will be said to satisfy the reqularity condition

if the inequality
N

> whl(x) >0, VreX, (7.1.12)

1=1

can be valid only with v; =0, 7=1,...,N.

Proposition 7.1.6 If the reduced problem satisfies the regqularity condition, then the

perturbed problem also satisfies the reqularity condition for any € > 0 small enough.

Proof. Assume that the perturbed problem does not satisfy the regularity condi-
tion. Then, there exists a sequence ¢, llim e, = 0, such that v(e) = (vi(g)), i =1,..., N
— 00

satisfies the inequality

Zvi(el)(h?(z) +elhg(x)) >0 and ||v(e)]| > 0. (7.1.13)

Note that, without loss of generality, one may assume that

ole) wtz g =1, (7.1.14)
a=0 |[v(e)]]

Dividing (7.1.13) by ||v(€)|| and passing to the limit along the sequence ¢;, one can

obtain

N
> 5hl(x) >0 VreX. (7.1.15)
=1

Hence, by the assumption of the proposition o = (9;) = 0, which is in contradiction
with (7.1.14). Thus, the perturbed problem satisfies the regularity condition for € > 0

small enough. [

Proposition 7.1.7 If the reduced problem satisfies the reqularity condition, then both

optimal solutions of the perturbed dual and the reduced dual problems exist.

Proof. The proof below is the same for both perturbed and reduced dual problems
and therefore we will use the following notations h;(z) = h?(x) 4 eh! (z) (valid for both

e > 0 and for e = 0).
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Let us define the set Vy as follows

VN wf {v=(v;): DY < q(x) + Zvi hi(z), Vxe X}. (7.1.16)

We have to show that Vy # 0.
Let v* = (vf) € R™ be such that

N
1
DN—E <qgla)+ Y vf hi(x), VeeX, k=12, .. (7.1.17)
=1

Show that the sequence v* is bounded. That is,

| % ||< c=const, k=1,2,.... (7.1.18)
In fact, if v, k = 1,2, ..., were not bounded, then there would exist a sequence v*
such that
lim || v* ||= oc. (7.1.19)
k' —o00
Also note,
kl
. v def . -

Dividing (7.1.17) by || v* || and passing to the limit over the subsequence {k'}, one

would obtain the following inequality:
N

0< ohi(z), VreX. (7.1.21)
i=1

Due to regularity condition, the fact that (7.1.21) is valid implies that o = (v;) = 0,
which is in contradiction to (7.1.20). Thus (7.1.18) is true.

Due to (7.1.18), there exists a subsequence {k'} such that there exists a limit
lim v* %y, (7.1.22)

Passing over this subsequence to the limit in (7.1.17), one can obtain
N
DN <q(w)+ > wvihi(z), YreX = v=(v;)€ Vy. (7.1.23)
i=1

The latter proves that Vy is not empty. [
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Proposition 7.1.8 If the reduced problem satisfies the reqularity condition then the
set Vn(e) = {v = (v;) : DN(e) < q(z) + N vi(hd(z) + ehl(x))} of optimal solutions
of the perturbed dual problem (7.1.5) is bounded. That is,

sup{|| v || | v € Vn(e)} <k, k= const (7.1.24)
for € small enough.

Proof. Assume that the statement of the proposition is not true, then there exist

a sequence €, — 0, such that v;(¢;) satisfies the inequality

N

D¥(g) < q(z) + Zvi(q)(hg(x) +hl(z)), VzeX. (7.1.25)
and
elliir%) | v(e) ||= oco. (7.1.26)

Also, note that, without loss of generality, one may assume that

&) et g g 6 =1 (7.1.27)
a=0 || v(e) |

Dividing (7.1.25) by || v(¢) || and passing to the limit as ¢, — 0 one can obtain
N
0<> #h(x), VoeX (7.1.28)
i=1

Due to fulfilment of the regularity condition of the reduced problem, the fact that
(7.1.28) is valid implies that © = (9;) = 0, which is in contradiction to (7.1.27). Thus,
the validity of (7.1.24) is established. [J

Proposition 7.1.9 If the reduced problem satisfies reqularity condition, then

lim GN(e) = GN(0) (7.1.29)
and
11_1301 pr(Wy(e), Wn(0)) = 0. (7.1.30)

Proof. Let us divide the proof of (7.1.29) in two parts. First of all, we will prove
that
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(i) lime_oGN(e) < GN(0)
and then,
(it) lim,_,,G"(e) = G™(0).

(i) Let a sequence {¢} be such that

lim G (¢) = hmGN( ). (7.1.31)

e —0

Due to Proposition 7.1.8 passing to the limit as ¢, — 0 in (7.1.25) and taking in

consideration (7.1.8) one can obtain

Ny _ N 0
Elll_IPOG (€) = Elllin D™ () < q(z) + E v;h; (x), Ve X. (7.1.32)
Hence,
N( 0
11_I>I(1]G )+ E v;h; (z), Vre X. (7.1.33)

Consequently (see 7.1.6),

HmGY (e) < sup mln{q )+ szho )} = DY(0). (7.1.34)

e—0
Thus, the first part of the proof is established and

mG™(e) < G™(0). (7.1.35)
ii) Let a sequence {¢} be such that

lim, G (e) = llim GN(e), (7.1.36)

and let 77 be an optimal solution of the perturbed problem (7.1.1) (it exists due to
compactness of Wy (¢e)). That is,

de

M) [ gty (), (7.1.37)

where 77 € Wi (e), that is it satisfies the equations

/X (h?(x) + elh}(:c))fyjl (dz) = 0. (7.1.38)
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Due to compactness of P(X), without loss of generality, one may assume that

lim 7 < 5. (7.1.39)
l—o0
Hence, by (7.1.37) and (7.1.38)
llim GN(e) = / q(z)7(dx) (7.1.40)
—00 X
and
lim (h?(a:) + elh}(:):))vjl(da:) - / R (2)3(dz) = 0 (7.1.41)
l—oo [ x X
and thus ¥ € Wy (0). Consequently,
/ q(z)7(dz) > GN(0). (7.1.42)
be
Due to (7.1.36), (7.1.40) and (7.1.42)
lim,_ GV () > G™(0). (7.1.43)
From (7.1.35) and (7.1.43) follows that
lim,_ GV (€) = lim._,oG" (e) = GV (0). (7.1.44)
Hence,
lim G™ (e) = G™(0). (7.1.45)

e—0
Since (7.1.45) is valid for any continuous functions ¢(z) (used as integrand in (7.1.1))
the validity of (7.1.30) follows from (7.1.45)(see, e.g., [59]). O

7.2 Singularly perturbed SILP problems.

Let us assume that the reduced problem does not satisfy the regularity condition. That
is, there exist vy, vo, ..., vy such that

N

> hl(x) >0, VreX (7.2.1)

i=1

and
[o]| # 0. (7.2.2)
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Assumption 7.2.1 Assume that the following Slater Type condition is satisfied: Iy €
Wi (0) such that for any open ball @ C R™, QX # 0

(@ N X) > 0. (7.2.3)

Lemma 7.2.2 Let Assumption 7.2.1 is satisfied. If vy, vs,...,vN are such that (7.2.1)

1s true, then
N

> whl(x) =0 VzeX. (7.2.4)

i=1

Proof. Assume it is not true, then there exists z € X such that

N
> wihl(z) > 0. (7.2.5)
=1
Hence,
N
D wihl(x) >0, Va € B,(1), (7.2.6)
=1

where B,.(Z) is an open ball of radius r centered at = and r > 0 is small enough. Thus,

N
> wh(x) >0, VzeB.(z)NX. (7.2.7)

i=1
One can observe that the constraints in (7.1.4) can be rewritten as follows

N N

/B . ;whg(x)’Y(dx) + /X \ (BT@)OX) > wihf(x)y(dz) = 0. (7.2.8)

i=1

Note that, the integrant in the second term is greater than or equal to zero (due
to (7.2.1)), whereas the integrant in the first term is strictly positive. The sum can
be equal to zero only if the measure of the set B,.(z) N X is zero, which contradicts to
Assumption 7.2.1. Thus, the statement of the Lemma 7.2.2 is proved. [J

Assume that the reduced problem does not satisfy the regularity condition, but
Assumption 7.2.1 is valid. Then, by Lemma 7.2.2, there exists a vector v* = (v}), i =
1,2,...N, |[v!|| # 0 such that

> wlhd(z) =0, V(z) € X. (7.2.9)
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Observe that, by multiplying the constraints (7.1.2) by v} and summing up the resulted

equations over ¢ = 1,2, ..., N one can obtain

/ Zvlho +eZvlh1 = 0. (7.2.10)

Due to (7.2.9), the first term in (7.2.10) is zero. Hence, for any v € Wy (e)

/ Zvlhl =0. (7.2.11)

Since € is positive it can be reduced in (7.2.11). That is,

/ Zv hl(x =0. (7.2.12)

The above equality defines the new constraint that can be added to the set of constraints
W (€) without changing the set. That is,

(hg(x) + ehil(:c))fy(d:c) —0, i=1,2,..,N,

/ Zvlhl 0}
(7.2.13)

Let us assume that there exist k linearly independent vectors v/, j = 1, ..., k, such that

W) = Wik {7 e P(x), |

X

N N

> wihl(x) =0, > vPh(x) =0, kaho =0, Vze X. (7.2.14)
i=1 i=1
By following the procedure described above, one can augment the set of constraints
defining the set Wy (€) (without changing the latter) as follows

WN<e>=W§‘<>“f{v 7€ P, [ (W) + ebl@))(dn) =0,

X

/Zqﬂhl )=0,i=1,2,. N,j:1,2,...,k}.

(7.2.15)

142



Chapter 7 Additional comments for Chapter 7

By taking € = 0 in (7.2.15), one obtains the set Wx}(0) defined as follows
WO {r 7 € PEX), [ Wla(de) =
be
/Z VI @)y (da) = 0, i:1,2,...,N,j:1,2,...,k}.

Note that, in the general case

(7.2.16)

W5 (0) # Wi (0).
Also note that, due to (7.2.14), k constraints in the definition (7.2.16) of Wi (0) are

redundant, and we assume that these are removed.

Consider the problem

min / q(z)y(dz) = GR(0). (7.2.17)
VEWR0) Jx

Proposition 7.2.3 If the reqularity condition is satisfied for WzH0) (with the redun-

dant constraints being removed), then

1. lim Wy (e) = Wi(0); and

e—0

2. lim GN(e) = G2 (0).

e—0

Proof. The proof follows from Proposition 7.1.9. [J

7.3 Additional comments for Chapter 7

A possibility of the presence of implicit constraints in families of finite-dimensional
LP problems depending on a small parameter was noted in [92], where such families
were called singularly perturbed. In [92] it has been also shown that, under certain
conditions, the “true limits” of the optimal value and of the optimal solutions set of
such SP families of LP problems can be obtained by adding these implicit constraints
to the set of constrains defining the feasible set with the zero value of the parameter
(see Theorem 2.3, p. 149 in [92] and also more recent results in [17]). This chapter

extends the aforementioned earlier results to the SILP setting.
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Perturbations of semi-infinite dimensional
linear programming problems related to

long run average optimal control problems

The purpose of this chapter is to establish some interconnections between regularly
and singularly perturbed SILP problems and the corresponding perturbed LRAOC
problems. The chapter consists of two sections. In Section 8.1, we deal with regularly
perturbed semi-infinite dimensional linear programming (SILP) and related perturbed
LRAOC problems. In Section 8.2, we consider singularly perturbed SILP related to
singularly perturbed LRAOC problems.

8.1 Regularly perturbed SILP problems related to

long run average optimal control problems.

Let us consider the perturbed control system

y'(t) = fo(u(t), y(t)) + efi(u(t), y(t)), (8.1.1)
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Chapter 8 Regularly perturbed SILP problems related to LRAOC problems

where fo(u,y) : U x R™ — R™, fi(u,y) : U x R™ — IR™ are continuous in (u,y)
and satisfy Lipschitz conditions in y. The controls u(-) are assumed to be Lebesgue

measurable and take values in a given compact metric space U.

Also, consider the long run average optimal control problem defined on the trajec-

tory of the system (8.1.1). Namely,

1 T
inf liminf—/ u(t),y(t))dt, 8.1.2
Lt tmin = [ o), 0(0) (8.12)

where q(u,y) : U x R™ — IR' is a given continuous function and inf is sought
over all admissible pairs of the system (8.1.1) (that is ones that satisfy the inclusions
u(t) e U, y(t) € Y).

The problem (8.1.2) can be reformulated as the IDLP problem of the form (see
Section 1.2)

min /U Yq(u,y)y(du,dy), (8.1.3)

YEW (¢)

where

Wi = e P =), [

UxY

(Vo) | folw y) + efi (. y) |7 (du. dy) = 0,

Vo € Cl}. (8.1.4)

The above problem can be approximated by the following SILP problem (see Section
2.3 and also Section 7.1)

min /U Yq(u,y)v(du, dy) = G (e), (8.1.5)

YEWN (€)

where

W) = {oly € PO V). [ (Vautu))” [fousn) + efilunn)]|y(du,dy) =0,

UxY

i—1.2, N} (8.1.6)

and V¢;(y) being assumed to be linear independent (see 2.2.5). By taking e = 0 in the

problem defined above, one can obtain the reduced problem

min / a(u, y)y(du, dy) = GN(0), (8.1.7)
YEWNQO) Juxy
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where

W (0) = {7|7 € P(U x Y),/

UxY

(Vi) folu,y)y(du,dy) =0, i =12, N}.

(8.1.8)
The dual problems of the perturbed and reduced SILP problems (8.1.5) and (8.1.7) are
as defined in Section 7.1. Namely,

DY(0) < max {d < alu,y)+ 3 v (Vo:lw) 2. 9) + €(Vau(0)) ! (w.9)). (8.19)
v=(v;) € RN}
and
DN(0) max {d < a(uy) + > 0(Voi(y) fluyy), v=(v) € RN}. (8.1.10)

i=1

The duality relationships between the perturbed and reduced SILP problems and the
corresponding duals have been established in Section 7.1.
Note that with the change of the notations

(wy)==z, UxY =X, ~(du,dy)=r(dz),
Voi(y) folu,y) = hi(x),  Veily)fi(u,y) = hy(z),
the problems (8.1.5) and (8.1.7) take the form (7.1.1) and (7.1.3).

Theorem 8.1.1 [f the system (8.1.1), taken with € = 0, is locally approximately con-
trollable on Y (see Definition 2.2.7), then the reduced problem (8.1.7) satisfies the
reqularity condition of Definition 7.1.5 and, hence (by Proposition 7.1.9),

lim GV (€) = G™(0). (8.1.11)

e—0

Proof. The proof is similar to that of Lemma 2.2.9. [
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8.2 Singularly perturbed SILP problems related to

long run average optimal control problems.

Consider the LRAOC problem (4.1.5). The IDLP problem related to the problem
(4.1.5) is of the form (4.1.7), where W (e) is defined by (4.1.8). The IDLP problem
(4.1.7) is approximated by the following SILP problem

win [ gy 2 (du dy d2) GV, (8.2.1)
UXYxZ

YEWN, 0 (€)
Wy (€)= {7\7 ePUXY x Z),
/U o [%(Z)(Vcbi(y))Tf(u,y,Z) + edi(y) (Vipy(2))" g(u,y,Z)]v(du,dy,dZ) =0,

i=0,1,2,..., N, j:O,1,2,...,M}, (8.2.2)

where Vi;(2), j =1,..,M and V¢;(y), i = 1,...,N, are assumed to be linearly
e def

independent (as in Section 5.4), and where ¥y(z) = 1 and ¢(y) = 1.

The reduced problem is obtained from (8.2.1) and (8.2.2) by taking € = 0:

min / a(u, v, 2)y(du, dy, dz) = GVM (0), (8.2.3)
UxY xZ

YEWN,m(0)

Wacatl0) = {31y € PW Y % 2), [ (Vo))" 202 (dus dy. ) =0,

i=0,1,2,..,N, j:O,l,Q,...,M}. (8.2.4)

Consider the group of constraints in (8.2.2) corresponding to i = 0. Recalling that

¢o(y) = 1, one can obtain
6/ (Vb (2)  g(u, v, 2)v(du, dy, dz) = 0. (8.2.5)
UXYxZ
Since € is positive, the equalities (8.2.5) are equivalent to
/ (Ve,(2)) g,y 2)(du, dy, d=) =0, j=1,2,.... M. (8.2.6)
UXY xZ

By adding these constraints to the set of constraints in Wy p(€), one can define the
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set
def

W]“\‘,‘,M(d = {7\7 ePUXY x Z),
L [ .2+ )T gy, 2)| (g, dz) =0

/ (Vi () g(u,y, 2)y(du, dy,dz) =0, i=1,2,...,N, j=0,1,2, M}
UxY xZ

(8.2.7)
By taking € = 0 in (8.2.7), one obtains the set (compare with the derivation of Section
4.1)

W]“\‘,‘,M(O) = {”y|”y ePU XY x Z),/ wj(z)(V@-(y))T f(u,y, 2)v(du,dy,dz) = 0,

UXY xZ

/ (Vo (2) g(u, y, 2)y(du,dy,dz) =0, i=1,2,..,N, j=0,1,2,... M.
UXY xZ

(8.2.8
Note that, from the augmentation process described above, it follows that W;V‘{ u(€)
W, a(€). However, in the general case, W ,,(0) # W ar(0).

~—

Consider the problem

min /X q(z)v(dx) = G 1,(0). (8.2.9)

VEP@}éﬂl(O)

Recall some definitions and notations from Section 4.1. The associated and the

averaged systems are defined by the equation

y'(7) = f(u(r),y(7),2), 2= const, (8.2.10)

2(1) = eq(p(r), 2(1)), (8.2.11)
where
302 [ gty s(dudy (8.2.12)
and
u(r) € W(z), (8.2.13)

W(z)déf{,u:uep(UxYxZ),/

UXY XZ

(Vo) f (u,y, 2)pu(du, dy, d2) = 0}.
(8.2.14)
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Let us assume that the associated system (8.2.10) and the averaged system (8.2.11)
satisfy the local controllability condition on Y and Z, respectively (see Assumptions
5.4.3 and 5.4.1).

Theorem 8.2.1 If the associated system (8.2.10) and the averaged system (8.2.11)
satisfy the local controllability condition in'Y and Z (that is, the Assumptions 5.4.3 and
5.4.1 are satisfied), then the optimal value of the perturbed problem (8.2.1) converges
to the optimal value of the augmented reduced problem G;ﬁ‘,,M(O). That is,

lim GMM(e) = G4 4(0). (8.2.15)

e—0

Proof. By Proposition 7.2.3, the converges (8.2.15) will follow if one shows that
the constraints defining W;é 1(0) satisfy the regularity condition. That is, it is enough
to show that V(u,y, z) € U x Y x Z the inequality

N M M
ZZ’U”’(/J] )(Voi(y))" fu,y, 2 Zf} (V;(2)) g(u,y,2) >0 (8.2.16)
i=1 7=0 j=1
is valid only if v;; =0 1 =1,2,...,.N, 7=0,1,2,.., Mand0; =0 j=1,2,..., M.
Take p € W(z). By integrating (8.2.16) over u(du, dy), one can obtain

/U ZZ“M% (Vo ()T flu,y, 2)pu(du, dy)+

XY@I]O

y (8.2.17)
[ (V) gty (i dy) 2 0, Hwy2) €U XY x Z
UxY 4
Note that the first integral is zero due to (8.2.13). Hence,
M
| S 000 e, 2t ) > 0 (3.2.15)
UxY j=
By (8.2.12), from (8.2.18) it follows that
M
> 5 (Vi(2) gl 2) > 0. (8.2.19)

Jj=1
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Let (u(7), 2(7)) be a solution of the averaged system (8.2.11). From (8.2.19),

Z@ (Vab; (z(T)) T g(u(r), (7)) > 0. (8.2.20)
Denote,
U(z) = Z@j¢j(z). (8.2.21)

From (8.2.19) it follows that

T T
W(z) — U(z) = / (VOEE) Gulr),2(7)dr 20 = () > W(z). (82.22)
0
Since 21, 2z are arbitrary points in Z°, the above inequality allows one to conclude that
U(z) =const Vz€ 272" = VU(z)=const Vz€ (2.

The latter implies that VU¥(z) = 0, Vz € int(clZ"). Hence, due to the linear
independence of V;(2)
5 =0. j=1,2,.., M. (8.2.23)

Let us show that v; ; = 0. By (8.2.23), from (8.2.16) it follows that

N M
DY i) (Veou(y) " fu,y,2) > 0. (8.2.24)
i=1 7=0
Denote,
M
2 vihi(2). (8.2.25)
j=0
Then, the inequality (8.2.24) will take the form
N
> wi(2)(Veu(y) " flu.y,z) > 0. (8.2.26)
i=1

By following the same procedure as above, it can be shown that the inequality (8.2.26)
is valid only if v;(z) = 0,Vz € Z. Thus, due to (8.2.25)

M M
szjwj =0 VzeZ = ZUZ'J’VID)'(Z) =0 Vze mt(Z) (8227)

j=0
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The latter implies that v;; =0 j = 1,2,..,M, i =1,2,..,N, (due to the linear
independence of V;(2)).

Thus, to finalise the proof, we need to show that v;o =0, Vi=1,2,...,N.

From (8.2.16), we obtain

Z vio(Voi(y) T f(u,y, ) > 0. (8.2.28)

This implies that v; o = 0 (due to the local controllability condition of the associated

system on Y'; see the proof of Proposition 5.4.4). OJ

8.3 Additional comments for Chapter 8

The results of this chapter are related to the results of the Sections 5.3 and 5.4. The
difference is that in Sections 5.3 and 5.4 we dealt with SILP approximation of the aver-
aged IDLP problem and the corresponding associated dual problems. In this chapter,
however, we consider SILP problems approximating the IDLP problem related to the
singularly perturbed LRAOC problem.
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Conclusions and suggestions for further

research

We have developed techniques for analysis and construction of near optimal solutions
of optimal control problems with long run average optimality criteria (LRAOC). Our

main results can be summarised as follows.

In Part I, we have shown (based on results about relationships between the LRAOC
problem and the corresponding IDLP problem), that necessary and sufficient optimal-
ity conditions for the LRAOC problem can be stated in terms of a solution of the
HJB inequality (see Proposition 2.1.1 and Proposition 2.1.4), which is equivalent to
the problem dual with respect to the IDLP problem. Note that the difference of Propo-
sitions 2.1.1 and 2.1.4 from “classic” sufficient and necessary conditions of optimality
is that a solution of the HJB inequality (rather than that of the HJB equation) is used.
The dual to the IDLP problem is a max-min type variational problem on the space of
continuously differentiable functions. This dual problem is approximated by max-min
problems on finite dimensional subspaces of the space of continuously differentiable
functions, which are dual to the semi-infinite dimensional linear programming (SILP)
problems approximating the IDLP problem. We have given conditions under which
solutions of these “semi-infinite” duals exist and can be used for construction of near
optimal solutions of the LRAOC problem (see Proposition 2.2.8 and Theorem 3.1.5).
One of the results obtained in Part I is stated in the form of an algorithm, the conver-
gence of which is proved (see Theorem 3.3.1) and which is illustrated with numerical

example (see Section 3.4).

In Part II, we extend the consideration of Part I to singularly perturbed LRAOC
problems. The key concepts introduced and dealt with, in this part, are those of
optimal and near optimal average control generating (ACG) families (see Definitions
5.1.1 and 5.1.3). Sufficient and necessary optimality conditions for an ACG family to

be optimal (based on the assumption that solutions of the averaged and associated
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dual problems exist) are established (see Proposition 5.2.1). Sufficient conditions for
existence of solutions of approximating averaged and associated dual problem have been
given (see Propositions 5.4.2 and 5.4.4), the latter being used for construction of near
optimal ACG families (see Theorem 5.5.8). Also, a linear programming based algorithm
allowing one to find solutions of approximating averaged problem and solutions of the
corresponding approximating (averaged and associated) dual problems numerically is
outlined. A way how an asymptotically near optimal control of a singularly perturbed
LRAOC problem can be constructed on the basis of a near optimal ACG family is
indicated (see Theorem 6.1.3), the construction being illustrated with a numerical
example (see Section 6.3).

In Part III, we have studied families of SILP problems depending on a small pa-
rameter. We introduced a regularity condition and we showed that if it is fulfilled,
then the family of SILP problems is regularly perturbed and if it is not fulfilled, then
the family is likely to be singularly perturbed (see Proposition 7.1.9 and Section 7.2).
We have shown that the phenomenon of discontinuity of the optimal value in the SILP
setting can be explained by the presence of some implicit constraints that disappear
with equating of the small parameter to zero. By adding these constraints, we con-
structed the problem the optimal value of which defines the “true limit” of the optimal
value of the singularly perturbed family (see Proposition 7.2.3). Also, we showed, how
the obtained results can be used in dealing with a family of SILP problems related to
perturbed LRAOC problems (see Sections 8.1 and 8.2).

Many of the results obtained are readily extendable to other classes of optimal
control problems and some of the ideas that we exploited can be used in the dynamic

games setting. This, however, will be the subject of future research.
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A Construction of the dual problem

Let {¢;(-) € C1,i = 1,2,...} be the sequence of functions introduced in Section 2.2.
Observe that due to approximating property (see (2.2.4)) of this sequence of functions,

the set W (see (1.2.1)) can be presented in the form of a countable system of equations.
That is,

W:{vep(UxY): /

UxY

(Vorly) flu ) (dudy) =0, i=1,2,..}, (A

where, without loss of generality, one may assume that the functions ¢;(-) satisfy the

following normalization conditions:
1 .
max{|¢:(y)], [[Vei(w)ll IVPoiy)} < 550 i= 1,2, (A.2)
y

In the above expression, ||V;(y)|| is a norm of V¢;(y) in R™, ||[V3¢;(y)|| is a norm
of the Hessian (the matrix of second derivatives of ¢;(y)) in R™ x R™, and B is closed

ball in IR™ that contains Y in its interior.

Let [; and [, stand for the Banach spaces of infinite sequences such that, for any

[/l = ) Jl < 00
i

and, for any A = (A1, Mg, ...) € I,

r = (r1,%2,...) € Iy,

def

Nl sup ] < oo.

It easy to see that, given an element A € [, one can define a linear continuous functional
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A(-) : I = R' by the equation

a\(z) = ZAI Vo € 1, A = M- (A.3)

It is also known (see, e.g., [96], p.86) that any continuous linear functional A(-) : [} —
IR! can be presented in the form (A.3) with some \ € l.

Note that from (A.2) it follows that (¢1(y), d2(y),...) € le and (%,%, .)€l

for any y € Y. Hence, the function n,(y),
M) Y Noiy), A= (A de, ) € L, (A4)

is continuous differentiable, with Vny(y) = > . AiVi(y).

Let us now rewrite problem (1.2.11) in a “standard” LP form by using the rep-
resentation (A.1). Let M(U x Y) (respectively, M, (U x Y)) stand for the space of
all (respectively, all nonnegative) measures with bounded variations defined on Borel
subsets of U x Y, and let A(:) : M(U x Y) + IR' x I, stand for the linear operator
defined for any v € M(U x Y') by the equation

A= ([ vt [

UxY

(Vou(y) " f(w,y)r(du,dy), i =1.2,...).
In this notation problem (1.2.11) takes the form
min{{g, )| A7) = (1,0), v € My}, (A.5)

where 0 is the zero element of [;, and (-,7), here and in what follows, stands for the

integral of the corresponding function over ~.

Define now the linear operator A*() : R! X I, — C(U xY) C M*(U xY) by the

equation
def

where 7,(+) is as defined in (A.4). Note that from (A.6) it follows that, for any v €
MU xY),

(A"(d, A),w:/ (d Loy () + (Vi (9)" £ (u, y)(du, dy) = ((dA), AQN). (A7)

UxY

That is, the operator A*(+) is the adjoint of \A(+), and, hence, the problem dual to (A.5)
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can be written in the form (see [5], p.39)

sup  {d| —A*(d,A) +q() = 0} (A.8)

(dN)ER xloo

and, by (A.6), is equivalent to

sup  {d| —d = (Vin()" f(w, ) + qlu,y) >0 V(u,y) €U x Y}  (A9)

(d,\)ER xloo

Due to the approximation property (2.2.4), the optimal value in (A.9) will be the same

as in the problem

sup  {d| —d— (Vo) flu,y) +q(u,y) >0 Y(u,y) €U xY}
(dm(-))eRtxCt

= sup  {d| d < (Vn(y)" f(u,y) +q(u,y) Y(u,y) €U x Y} = D",
(dn(-))eRtxC1

the latter being equivalent to (1.3.1).

B Proof of Theorem 1.3.1

Proof of Theorem 1.3.1 (iii). If the function 7(-) satisfying (1.3.5) exists, then

min (=Vn(y))" f(u,y) >0

(u,y)€UXY

and, hence,
lim min {q(u,y) + a(=Vn(y))" f(u,y)} = co. (B.10)

a—00 (u,y)eUXY
This implies that the optimal value of the dual problem is unbounded (D* = o).

Assume now that the optimal value of the dual problem is unbounded. That is,

there exists a sequence (dg,nx(+)) such that

d < qlu,y) + (V)" flu,y)  Y(u,y) €U XY, Jim dy =00 (B.11)
1 1 T
= 1< d—kq(u,y) + d—k(Vm(y)) f(u,y) V(u,y) € U x Y. (B.12)
For k large enough,
1 1
k
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Hence,

N —

< dikWnk(y))Tf(u,y) V(uy) €U X Y. (B.13)

That is, the function 5(y)= — ink(y) satisfies (1.3.5). O
Proof of Theorem 1.3.1 (i). From (1.3.3) it follows that, if W is not empty, then

the optimal value of the dual problem is bounded.

Conversely, let us assume that the optimal value D* of the dual problem is bounded
and let us establish that W is not empty. Assume that this is not true and W is empty.
Define the set () by the equation

def

Q¥ {r = (w20, 2= / (VO S dy). 5 € PUXY) . (B14)

It is easy to see that the set @) is a convex and compact subset of ; (the fact that @ is
relatively compact in [; is implied by (A.2); the fact that it is closed follows from that

P(U x Y) is compact in weak convergence topology).

By (A.1), the assumption that W is empty is equivalent to the assumption that the
set () does not contain the “zero element” (0 ¢ ). Hence, by a separation theorem
(see, e.g., [96], p.59), there exists A = (Ay, Ay, ...) € lo such that

0=X(0) > max 3" Niry = _max / (Tm )" w1 d dy)

= max (V’f]j\(y))Tf(uv y)’

(u,y)€UXY

where 05 (y) = >, Midi(y) (see A.4). This implies that the function n(y) = 55 (y) satisfies
(1.3.5), and, by Theorem 1.3.1 (iii), D* is unbounded. Thus, we have obtained a
contradiction that proves that W is not empty. [

Proof of Theorem 1.5.1 (ii). By Theorem 1.3.1 (i), if the optimal value of the dual
problem (1.3.1) is bounded, then W is not empty and, hence, a solution of the problem
(1.2.11) exists.

Define the set Q € R! x [ by the equation

Q= {0.0:0> [ atwytdnay) (B.15)

UxY
The set () is convex an closed. Also, for any j = 1,2, ..., the point (0;,0) ¢ Q, where
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0,= G — % and 0 is the zero element of /;. On the basis of a separation theorem (see

j
96] p.59), one may conclude that there exists a sequence (7, M) € R' x I, j =1,2, ...

[
(with M= (M A2, ...)) such that

HE e gt (e ) -

inf ){kjﬁ —|—/ny(ij(y))Tf(u,y)fy(du,dy) s.t. GE/U

du, d
yeP(UxXY q(u,y)fy( u, y)}v

(B.17)
where 67 > 0 for all j and 7y = >, M¢i(y). From (B.17) it immediately follows that
k7 > 0. Let us show that &/ > 0. In fact, if this were not the case, one would obtain
that

XY

0<&< min / (V) F gy (dudy) = min (T ()" F0.0))

YEP(UXY') (u,y)eUXY
= max {(=Vnu () flu,y)} < =& <0.
(u,y)eUXY

The latter would lead to the validity of the inequality (1.3.5) with n(y) = —n(y),
which, by Theorem 1.3.1 (iii), would imply that the optimal value of the dual problem
is unbounded. Thus, &7 > 0.

Dividing (B.17) by &/ one can obtain that

min {/ny (q(u,y) +%(Vﬁm(y))Tf(u’y))V(du,dy)} —

YeP(UXY')
1

(w)eUxY {atu.s)+ 57

(Vi) f(u,y) } < D*
= G <D
The latter and (1.3.3) prove (1.3.4). O

Note that the proof of the Theorem 2.3.3, that defines the duality type relationships
of the SILP problem (2.3.4) and the N-approximating max-min problem (2.2.7), follows

the same steps as those in the proof of Theorem 1.3.1.

Namely, the proofs of statements (i) and (ii) of the theorem are based on separation
theorem in finite-dimensional spaces and follow the argument used in the proofs of
Theorem 1.3.1 (i) and Theorem 1.3.1 (ii), with the replacement of the set ) defined in
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(B.14) by the set Q" C RY,

y def

Q= (hrshn) s b= /U () (dudy). 5 € POXY)}, (B9

and with the replacement of the set Q defined in (B.15) by the set @ ¢ R' x R",

Qf“:“{(e,h);e)z/ o, y)(du, dy), b= (has o )
Uxy (B.19)

hi = Jyoy (V)7 f (0 ) (du, dy). 5 € PU x Y) .

The proof of the statement (iii) of the theorem follows the argument used in the

proof of Theorem 7.1.3 (iii), with the replacement of n(y) in (B.10) by

m(y) = va(y), v=(v;) € R",

and with the replacement of 7, (y) in (B.11), (B.12) by

N
no(y) =Y _vkei(y), vF = (vf) € RV,
=1
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