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Abstract

Regular and exact categories were first introduced by Michael Barr in 1971; since then,
the theory has developed and found many applications in algebra, geometry, and logic. In
particular, a small regular category determines a certain theory, in the sense of logic, whose
models are the regular functors into Set. In 1986 Barr showed that each small and regular
category can be embedded in a particular category of presheaves; then in 1990 Makkai gave
a simple explicit characterization of the essential image of the embedding, in the case where
the original regular category is moreover exact. More recently Prest and Rajani, in the
additive context, and Kuber and Rosicky, in the ordinary one, described a duality which
connects an exact category with its (definable) category of models. Considering a suitable
base for enrichment, we define an enriched notion of regularity and exactness, and prove a

corresponding version of the theorems of Barr, of Makkai, and of Prest-Rajani/Kuber-Rosicky.
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Introduction

When talking about theories we may think of two different approaches, a logical one and a
categorical one. From the logical point of view, a theory is given by a list of axioms on a
fixed set of operations, and its models are corresponding sets and functions that satisfy those
axioms. For instance algebraic theories are those whose axioms consist of equations based on
the operation symbols of the language (e.g. the axioms for abelian groups or rings). More
generally, if the axioms are still equations but the operation symbols are not defined globally,
but only on equationally defined subsets, we talk of essentially algebraic theories.

Example: Graphs, seen as sets with a relation, are models of the essentially algebraic
theory with two global operations s,t : edge — vertex (source and target), a partial operation
o : edge x edge — edge such that o(z,y) is defined if and only if s(x) = s(y) and t(z) = t(y).
The azioms of the theory are then: o(x,y) = x, o(z,y) = y.

A further step can be made considering regular theories, for which we can allow existential
quantification over the usual equations.

Example: Von Neumann regular rings are models the regular theory with axioms those of
rings plus the following: Vx dy x = xyzx.

Categorically speaking, we could think of a theory as a category C with some structure, and
of a model of C as a functor F' : C — Set which preserves that structure, this approach was first
introduced by Lawvere in [Law63|. Algebraic theories then correspond to categories with finite
products, and models are finite product preserving functors. On the other hand a category
with finite limits represents an essentially algebraic theory, and functors preserving finite
limits are its models [Fre72|. Regular theories correspond instead to regular categories: finitely
complete ones with coequalizers of kernel pairs, for which regular epimorphisms are pullback
stable [MR77]. Models here are functors preserving finite limits and regular epimorphisms;
we refer to them as regular functors.

These two notions, categorical and logical, can be recovered from each other: given a
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logical theory, there is a syntactic way to build a category with the relevant structure for
which models of the theory correspond to functors to Set preserving this structure, and vice
versa. For essentially algebraic theories this translates into a duality between locally finitely

presentable and finitely complete categories:

Theorem (Gabriel-Ulmer, [GU71|). The following is a biequivalence of 2-categories:

Lfp(—, Set) : Lfp = Lex® : Lex(—, Set),

where Lfp s the 2-category of locally finitely presentable categories, finitary right adjoints,

and natural transformations.

Such a duality can be considered also in the context of regular theories; to describe it let
us recall the most important results involving regular categories. First of all, Barr proved in
[Bar86] that every small regular category can be regularly embedded in the functor category

based on its models:

Theorem (Barr’s Embedding). Let C be a small reqular category; then the evaluation functor

ev : C — [Reg(C, Set), Set] is fully faithful and regular.

Later Makkai proved in [Mak90|] that if the category C is moreover exact, then it can be

recovered from its category of models Reg(C, Set) as follows:

Theorem (Makkai’s Image). Let C be a small exact category. The essential image of the
embedding ev : C — [Reg(C,Set), Set| is given by those functors which preserve filtered

colimits and small products.

Then on one side of the duality we can consider the 2-category Ex of exact categories,
regular functors, and natural transformations. On the other we have the categories of models
of regular theories; these can also be described as full subcategories of some locally finitely
presentable category which are closed under small products, filtered colimits, and pure sub-
objects. Equivalently they are finite injectivity classes in some locally finitely presentable
category; we refer to them as definable categories. A morphism between definable categories
is then a functor that preserves filtered colimits and products; denote by Def the correspond-

ing 2-category. The duality can hence be expressed as:

Theorem. The following is a biequivalence of 2-categories:
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Def(—, Set) : Def —— Ex” : Reg(—, Set)

This was first proved in the additive context as Theorem 2.3 of [PR10|; while the ordinary
version is Theorem 3.2.5 of [KR18] (though we should mention that the proof appearing in
the latter contains a gap, as we explain at the end of Section .

Gabriel-Ulmer duality has been extended to the enriched context by Kelly in [Kel82b.
The aim of this thesis is to extend the other three theorems, finding a common path that
includes both the ordinary and the additive context. Note that an enriched version of Barr’s
Embedding Theorem already appeared in |[Chill], but the notion of regularity appearing there
is different from ours.

First we need to specify our assumptions on the base for enrichment we are going to
work with. Start as usual from a symmetric monoidal closed complete and cocomplete
VYV = Vo, I, ®); since we want to talk about finite weighted limits and regularity, this should at
least be locally finitely presentable as a closed category (in the sense of [Kel82b|) and regular.
In fact we ask something more, our bases for enrichment will be (unsorted) finitary varieties:
categories of the form FP(C, Set), consisting of finite product preserving functors for some
small category C with finite products. Equivalently a finitary variety can be described as
an exact and cocomplete category with a strong generator made of finitely presentable and
projective objects. In addition to this, we ask these finitely presentable and projective objects
to respect the monoidal structure (in a sense made clear in Section [2.3)). We call a finitary
variety with such a structure a symmetric monoidal finitary variety, while if the exactness
property is dropped we call it a symmetric monoidal finitary quasivariety (this, even if not
exact, is still a regular category).

In this context we define an enriched version of regularity and exactness (Section , which
are similar to the ordinary ones but with the additional request that regular epimorphisms
should be stable under finite projective powers. This allows us to prove an enriched version
of Barr’s Embedding Theorem , saying that for each small and regular V-category C
the evaluation functor

ev:C — [Reg(C, V), V]

is a fully faithful regular embedding. If the underlying ordinary category on C is moreover
exact, the essential image of eve is given by those functors that preserve filtered colimits, prod-

ucts, and projective powers (Theorem [3.3.4)), recovering a corresponding version of Makkai’s
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Image Theorem. To obtain these results it’s enough to enrich over a symmetric monoidal
finitary quasivariety.

An enriched notion of definable V-category is also introduced (Chapter [4)); a priori this
lies somewhere between the ordinary one, and that of exactly-definable V-category, namely
categories of the form Reg(B,V) for an exact V-category . Then, if our V is a symmetric
monoidal finitary variety, we are able to recover the duality between the 2-category V-Ex of
small exact V-categories, and V-Def of definable V-categories (Theorem , showing that
each definable V-category is actually exactly definable. In Section [4.4] we use this to give an
explicit description of the free exact completions over finitely complete V-categories and over

regular V-categories, while in Section we treat the ordinary and additive cases.



Chapter 1

Background

1.1 Regular and Exact Categories

In this section we recall the definitions and the most important results about regular and exact
categories. These notions were first introduced and developed by Michael Barr in [BGOT71];

a more recent description can also be found in |[Bor94].

Definition 1.1.1. A category C is called regular if it has all finite limits, coequalizers of
kernel pairs, and regular epimorphisms are pullback stable. A functor F' : C — B between
regular categories is called regular if it preserves finite limits and regular epimorphisms; write

Reg(C, B) for the full subcategory of [C, B] given by regular functors.
Examples 1.1.2. The following are examples of regular categories:

e the categories Set of sets and Ab of abelian groups;

e the category [A,C] for any small A and regular C;

e every Grothendieck topos;

e any abelian category;

e categories CT of T-algebras for a monad T' : C — C that preserves regular epimorphisms,
over a regular category C (for C = Set any monad preserves regular epimorphisms since

they are all split).

The following is a list of the important properties involving regular epimorphisms in a

regular category; this is going to be useful also when we move to the enriched context.

Proposition 1.1.3. Let C be a reqular category; then:
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1. each morphism f in C can be factored as f = m o e, where e is a reqular epimorphism

and m a monomorphism; the factorization is unique up to unique isomorphism;
2. regular and strong epimorphisms coincide in C;
3. if f and g are reqular epimorphisms then f o g is too;
4. if f =goh is a reqgular epimorphism, then g is too;
.

reqular epimorphisms are stable under finite products.

Barr proved, in Theorem 1.3 of [BGOT71|, that each small regular category can be regu-
larly embedded in a category of presheaves [A, Set| for a small A4; if we drop the smallness

hypothesis on A we can replace it with Reg(C, Set):

Theorem 1.1.4 (Barr’s Embedding, Corollary 15 in [Bar86]). Let C be a small reqular cate-
gory; then the evaluation functor ev : C — [Reg(C, Set), Set] is fully faithful and regular.

Before introducing the notion of exactness we need to recall that of equivalence relation for

a morphism in a category:

Definition 1.1.5. An equivalence relation in a category C is a monomorphism r = (ry,73) :
R — A x A such that C(X,r) is an equivalence relation in Set (namely, it is reflexive,

symmetric, and transitive). Equivalently, r is an equivalence relation if there exist:

e amap 0 : A— R such that r; 0 =idy, fori =1,2;
e amap o: R — Rsuchthat r,ooc =ryand ro00 =1ry;
e if p1,p2: R X4 R — R denote the pullback of r1 and ry (with p; opposite to r1); a map

T:R x4 R— Rsuchthat r,or =ry0p;, fori=1,2.

It’s easy to see that every kernel pair is an equivalence relation (checking that it is true in
Set, or using the universal property of the kernel pair to find the maps §, o, and 7). We may

ask the opposite implication to hold:

Definition 1.1.6. A category B is called ezact if it is regular and all equivalence relations in

C are kernel pairs.

Remark 1.1.7. All the examples of still hold if we replace regular with exact. Moreover

in the additive context, an additive category is exact if and only if it is abelian.
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For any regular category C, the category Reg(C, Set) is closed in [C, Set] under filtered col-
imits and small products; hence, for each C' € C the evaluation functor ev(C') : Reg(C, Set) —
Set preserves them. Makkai proved that, if C is moreover exact, then this is enough to describe

the essential image of ev:

Theorem 1.1.8 (Makkai, 5.1 in [Mak90|). Let B be a small exact category. The essential
image of the embedding ev : B — [Reg(B, Set), Set| is given by those functors which preserve

filtered colimits and small products.

1.2 Enriched Categories

In this section we recall the main features of enriched categories that we are going to use
throughout the thesis; the main reference for this is Kelly’s book [Kel82a].

Fix henceforth a complete and cocomplete symmetric monoidal closed category V = (Vy, I, ®);
where [ is the unit and ® : Vo x Vy — Vy the tensor product. We denote by [—, —| the internal
hom Vy x Vy — Vp that makes V closed, so that —®Y is left adjoint to [V, —] for each Y € V.

Given a V-category C, which hence has hom-objects C(X,Y') in Vy, we denote by Cy the un-
derlying ordinary category of C; this has the same objects as C, but Co(X,Y) = Vo(I,C(X,Y)).
Similarly, for any V-functor F' : C — B we denote by Fy : Co — By the induced ordinary func-
tor between Cy and By. Note that we allow all our V-categories to be large, unless specified
otherwise.

For any two V-categories C and B, we denote by [C, B] the enriched category of V-functors
from C to B. If C is large this may not exist as a V-enriched category; this problem can be
avoided by considering [C, B] as a V'-category for some extension V' of V (as explained in
Section 2.6 of [Kel82a]); this allows us still to work with category of functors with a large
domain.

Let’s now consider the various notion of limits (and colimits) present in the enriched context,

starting with powers and copowers:

Definition 1.2.1. Let C be a V-category, C' an object of C, and X an object of V. The power
of C'by X in C, if it exists, is given by an object C* of C together with a map X — C(CX,C)

inducing a V-natural isomorphism

C(B,C*) = [X,C(B,0O)]
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in Vy. Dual is the notion of copower of C' by X, which is denoted by X - C.

For an ordinary category KC, the power if an object A of K with a set S is just the product
[L.cg A of S copies of A.

Given an ordinary locally small category IC, we can consider the free V-category Ky, over K;
it has the same objects of KL but hom-objects given by Ky (A, B) := K(A, B) - I the coproduct
of (A, B) copies of I in V. This will be useful for the next definition.

Definition 1.2.2. Let C be a V-category, T : K — Cy an ordinary functor, and Ty, : Ky, — C
the induced V-functor. The conical limit of Ty, in C, if it exists, is given by an object limTy, of C

together with a V-natural transformation A(lim7),) — 7}, inducing a V-natural isomorphism

C(C,limTy) 2 [, Cl(A(C), Ty)

in Vy. Dual is the notion of conical colimit.

If im7), exists in C, then it coincides with the ordinary limit of 7" :  — Cy in Cy. The
converse doesn’t hold in general, but does so if C has copowers with a strong generator of V.
Both the notion of power and of conical limit are a particular case of weighted limits. For
our purposes we don’t need to recall their definition (which can be found in Section 3.1 of
[Kel82a]); it’s important though to know the following fact: a V-category has all weighted
limits if and only if it has all conical limits and all powers.

Next we state the enriched version of the Yoneda Lemma for ordinary categories:

Lemma 1.2.3 (Yoneda). Let F' : C — V be a V-functor and C' an object of C. Then the map

C,V](C(C,~), F) —s FC

given by evaluating at 1o, 1s invertible.
A direct consequence is:
Theorem 1.2.4 (Yoneda Embedding). Let C be a V-category; the V-functor

Y. cr — [CV]

sending an object C to YC = C(C,—), is fully faithful and continuous.
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Finally, we recall the notion of the right Kan extension Ran;F' for a V-functor F': C — V
along an embedding J : C — B. More generally one could replace V, from the codomain of
F, with any V-category A and J with any V-functor; in this case the existence of the right
Kan extension is related to that of some weighted limits in B. Since we are considering only

functors to V, which is complete, Ran;F' always exists and can be defined this way:

Definition 1.2.5. Let F': C — V be a V-functor and J : C — B be fully faithful. The right
Kan extension of F' along J is the V-functor Ran;F : B — V defined on objects by

Ran;F(B) = [C,V](B(B,J—), F)

for each B € B.

Since J is assumed to be fully faithful, and thanks to Yoneda, the right Kan extension

satisfies Ranj;F o J = F.

1.3 Weak Reflections

Recall the following definitions for ordinary Set-enriched categories:

Definition 1.3.1. Given an arrow h : A — B in a category L, an object L € L is said to
be h-injective it L(h,L) : L(B,L) — L(A, L) is a surjection of sets. Given a small set M of
arrows in £ write M-inj for the full subcategory of £ consisting of those objects which are

h-injective for each h € M. Categories arising in this way are called small injectivity classes.

Definition 1.3.2. Let D be a full subcategory of £ and L € L; we say that p: L — S is a
weak reflection of L into D if S € D and each K € D is p-injective. We say that D is weakly

reflective in L if each object of £ has a weak reflection into D.

The first result of this section is a well-known one which relates injectivity classes and

weakly reflective subcategories:

Theorem 1.3.3. Each injectivity class M-inj in a locally presentable category is weakly re-
flective. Moreover, the weak reflections can be taken in the closure of M wunder transfinite

composition (along filtered colimits) and pushouts.

The proof we propose is inspired by that in Section II1.6 of [AR93] with some changes to

make the last part of the statement true. A similar approach can be also found in [Bar86].
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Proof. Let D = M-inj be a small injectivity class in a locally presentable category L. Given
L € L we want to build a weak reflection into D; we do this by defining a chain of objects
(La)acorp indexed on ordinals, with connecting maps xg, : Lg — L, for 8 < «a, and proving
that this reaches at some point an object of D with the desired property. Set Ly := L and
Ly := colimg.y Lg for each limit A; for « = 8+ 1 we define L, as the colimit of another chain

built as follows. Order the set of diagrams of the form:
A—>pB

|

Lg

for any h € M and f: A — Lg, and call the ordinal ordering this set x. Then we can define
Xo = Lg and X := colims<)X; for each limit A < k. Given X;, § < kK, define Xs1; as the

pushout

L, |
Xg----- r Xo1

where hs and f; correspond to d in the given order. At the end we obtain a chain (Xs)s<x
and we can define Lgy; as its colimit.

Now let v be a regular cardinal such that each arrow in M has ~-presentable domain and
codomain; we are going to prove that L. is a weak reflection for L (the existence of v is
guaranteed by the fact that £ is locally presentable, Remark after 1.20 in [AR94]).

(1) L, € D = M-inj. For each h: A - Bin M and f: A — L,, since A is y-presentable
and L, := colimg.,Lg, f factors through some x5, as f = xg, o f. Consider then the

diagram:

TB,6+1

where the square exists by definition of Lg;;. Then f = fj, o h and, as a consequence, L, is

h-injective for each h € M.
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(2) p == zo : L = L, is a weak reflection of L in D. Let K € D be M-injective; we
need to show that it is also p-injective. Given any ¢ : L — K, travelling through the steps
of the construction of L., we can prove inductively that g factors compatibly through each
xo,p and hence through p. Indeed, let’s first prove that if it’s true for 3 then it is also true
for 4 1; by definition Lgy; = colims(Xy), and assume by induction that ¢ factors through

L2 Lg — X5 with a map g5 : X5 — K, then we can consider the following diagram

A(;L)B(;

il

Lg

|

Xs — Xs1

9s K

where [ exists since K is M-injective. This gives gs;1 : X511 — K and iterating provides a
factorization of g through o g1. For limit ordinals the factorization exists since each step is

done compatibly with the colimits Ly = colimgyLg. O

Now we move to the enriched context and consider a corresponding notion of weak reflection.
For this, let us fix a symmetric monoidal closed complete and cocomplete category V =

(Vo, ®, ) as our base.

Definition 1.3.4. Let £ be a V-category and D a full subcategory of £. Given F' € L, a
weak reflection of F into D is a morphism p : F' — S such that S € D and

L(p,T): L(S,T) — L(F,T)

is a regular epimorphism in V for each T' € D. We say that D C L is weakly reflective if each

F in £ has a weak reflection into D.

Since in V there are several kinds of epimorphisms; one could ask £(p,T) to be just an
epimorphism, or a strong one (or even something else) instead of a regular epimorphism. For
instance, to prove the Proposition below it would be enough to consider just epimorphisms.
We prefer however, to keep the definition as it is since all the weakly reflective categories we’ll
consider in the following sections arise in that way.

The proof of the following Proposition is inspired by that of Theorem 9 in [Chill].
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Proposition 1.3.5. Let J : D — L be the inclusion of a full weakly reflective subcategory for
which the weak reflections can be chosen to be reqular monomorphisms. Then D s codense

in L; meaning that the functor

J:=L(1,J]): L — [D,V)]
F r--» L(F,J-)

15 full and faithful.
Proof. Let us fix F and G in £, we need to prove that Jrg : £(G, F) — [D,V|(JF, JG) is an

isomorphism. For each 7" in D denote by

mr: [D,V|(JF, JG) = / [L(F,S), L(G, S)] — [L(F,T), L(G,T)]

the projection; then i rq is defined by
w0 Jpg = L(=,T) : L(G,F) — [C(F,T), £(G,T)].

Consider a weak reflection p: F'— S of F' in D, which by hypothesis we can assume to be a
regular monomorphism in £. Let u,v : S — S’ be such that p is their equalizer; replacing u
and v with their composite with a weak reflection of S’ we may suppose S’ € D.

Now, for each f: F — T with T' € D, define the morphism:

T [D,V(JF, JG) =5 [L(F,T), £L(G,T)] =5 £(G, T);

it’s easy to see that L(G,u)op = (uop) = (vop)=L(G,v)op. But L(G,p) is the equalizer
of £(G,u) and L£(G,v), then there exists m : [D,V|(JF, JG) — L(G, F) such that

(D, V|(JF, JG) —— L(G, S)

N ﬁ(a,m
L(G,F)

G, F

commutes. We want to prove that m is a section for 7, ra; to do this it’s enough to show that
the following triangle

[D,V|(JF, JG) —— [L(F,T),L(G,T)]

S

L(G, F)
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commutes for each T' € D. Fix then T in D; since p is a weak reflection, L(p, T) is an epimor-
phism and hence [L(p,T),1] : [L(F,T),L(G,T)] — [L£(S,T),L(G,T)] is a monomorphism.
Thus, it is enough to prove that [L(p,T'), 1] o = [L(p,T),1] 0o L(—,T) o m. Consider hence

the diagram

[D,V|(JF,JG) = L(G,F)
T \T)) L(GM £(=,T)
L(G, S)

[£L(p,T),1]

[L(F.T), L(G,T)] h [L(F,T),L(G,T)]
L(=,T)

Mp, 7),1]

[£(5,T), £(G,T)]

The upper triangle commutes by the definition of m, the square on the right by naturality,

that on the left since p = ev, o mg and thanks to the commutativity of

[D,V|(JF,JG)

g

E(G S)

[1, evp]
l A

[£(5,T), £(G,T)]

where ogr and pgr are those appearing in the definition of [D, V](j F,J () as an end. Conse-
quently m is a right inverse for J, ra, or equivalently J, ra 1s a spit epimorphism. To conclude
observe that

PoJrg = ev, 0 Tg o Jre = ev, o L(—,S) = L(G,p)

and L£(G,p) is a monomorphism since p is. Thus Jrc is both a monomorphism and a split

epimorphism, and hence is an isomorphism.
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Bases for Enrichment

2.1 Locally Finitely Presentable Categories

In this Section we recall the most important properties of locally finitely presentable categories
in the ordinary and in the enriched context. The main reference for the first part is [AR94],

while for the second [Kel82b].

Definition 2.1.1. Let £ be a category, an object A of L is called finitely presentable if the
hom-functor £(A, —) : L — Set preserves filtered colimits. Denote by L the full subcategory
of finitely presentable objects.

The following proposition will be useful later

Proposition 2.1.2 (1.7 in [AR94]). A category L has filtered colimits if and only if it has
colimits of smooth chains (diagrams D : o — L, for an ordinal o, such that D(X) = colimD|y
for any limit A\ < ). Any functor between such categories preserves filtered colimits if and

only if it preserves colimits of smooth chains.

Definition 2.1.3. We say that a category L is locally finitely presentable if it is cocomplete

and has a small strong generator G C L.
Let us now state some properties of locally finitely presentable categories:

Proposition 2.1.4. Let L be a locally finitely presentable category with strong generator
G C Ly. Then:

1. Ly is the closure of G under finite colimits, in particular Ly is a small and finitely

cocomplete category;
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2. each object of L can be written as a filtered colimit of objects from Ly;
3. filtered colimits commute in L with finite limits;

4. L is complete.

A morphism F' : L — L’ between locally finitely presentable categories is a right adjoint
functor that preserves filtered colimits; denote then by Lfp the 2-category of locally finitely
presentable categories, morphisms between them, and natural transformations. Similarly
define Lex to be the 2-category of finitely complete categories, finite limit preserving functors,

and natural transformations.

Theorem 2.1.5 (Gabriel-Ulmer, |[GU71]). The following is a biequivalence of 2-categories:

(=) : Lfp ——— Lex” : Lex(—, Set)

The same concepts were introduced in the enriched context by Kelly in [Kel82b]. As al-
ways we should consider a symmetric monoidal closed complete and cocomplete category
VYV = Vo, I,®); but we ask in addition V, to be locally finitely presentable and that finitely

presentable objects respect the monoidal structure in the following sense:

Definition 2.1.6. We say that V = (W, I,®) is a locally finitely presentable as a closed

category if:

1.V, is locally finitely presentable with strong generator G C (Vy) f;
2. 1€ (Vg)f;
3.if A, B €Gthen A® B € (V).

In this context we can talk about locally finitely presentable V-categories generalising the

previously stated results.

Definition 2.1.7. Let £ be a V-category, an object A of L is called finitely presentable if
the hom-functor £(A,—) : £L — V preserves conical filtered colimits. Denote by L; the
full subcategory of finitely presentable objects. We call £ locally finitely presentable as a

V-category if it is V-cocomplete and has a small strong generator G C Ly.

Note in particular that V is itself locally finitely presentable as a V-category; moreover by
the closure property (2) and (3) in Definition [2.1.6, being finitely presentable in V or in V, is

the same: Vo5 = Vyo.
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Definition 2.1.8. We say that a V-category C has finite weighted limits, or that is finitely
complete, if it has all finite conical limits and finite powers, where with the latter we mean
powers with finitely presentable objects of V,. Denote by V-Lex the 2-category of finitely

complete V-categories, finite limit preserving V-functors, and V-natural transformations.

Finite limits can then be thought as combinations of finite conical limits and finitely pre-
sentable powers; a more direct description for general weighted limits can be found in Section
4 of |Kel82b].

Then all the properties of Proposition still hold if we replace the ordinary notions with
the new enriched ones; as a consequence, if L is locally finitely presentable as a V-category,
then L is an ordinary locally finitely presentable category and Los = L.

Moreover, denoting by V-Lfp the 2-category of locally finitely presentable V-categories,
right adjoint V-functors that preserve filtered colimits, and V-natural transformations, we

obtain once again:

Theorem 2.1.9 (Kelly, [Kel82b|). The following is a biequivalence of 2-categories:

(—)(}p : V-Lfp —— V-Lex” : Lex(—, V)

2.2 Locally Projective Categories

In this section we study the main properties of categories with a strong generator consisting

of projective objects:

Definition 2.2.1. Let K be a category; an object P of K is called projective if the hom-
functor IC(P,—) : K — Set preserves all regular epimorphisms existing in &C; in other words,
if K(P,—) sends regular epimorphisms to surjections. Denote by K, the full subcategory of
IC given by the projective objects.

Note that this is not the usual definition of projective object; indeed the normal request

would be for IC(P, —) to preserve epimorphisms not regular epimorphisms.

Definition 2.2.2. We say that a category K is locally projective if it has finite limits and

coequalizers of kernel pairs, and there exists a (small) strong generator P C KC,.

Lemma 2.2.3. Let B be a regular category, A have finite limits and coequalizers of kernel
pairs, and F : A — B a functor which preserves finite limits and regqular epimorphisms. Then

the following are equivalent:
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1. F 1s conservative;

2. F reflects regular epimorphisms.
Furthermore A is then regular.

Proof. (1) = (2). In a category with finite limits and coequalizers of kernel pairs, regular
epimorphisms coincide precisely with coequalizers of kernel pairs, and these are preserved by
regular functors. Now, since F' is conservative, it reflects all limits and colimits that it pre-
serves; in particular it then reflects coequalizers of kernel pairs, namely regular epimorphisms.

(2) = (1). Let f be a morphism in A such that F'(f) is an isomorphism. Then (2) implies
that f is a regular epimorphism; thus we only need to prove that it also is monomorphism.

Let (u,v) be the kernel pair of f and § the diagonal:

Since F'(f) is an isomorphism and F' preserves finite limits, F'(d) is an isomorphism, and in
particular a regular epimorphism; thus (2) implies that § is a regular epimorphism, which
means exactly that the kernel pair is trivial and f is a monomorphism.

Finally, if they hold, to prove that A is regular it’s enough to show that regular epimorphisms
in A are stable under pullback. Consider a regular epimorphism e in A and the pullback € of
e along any other morphism in A. The functor F' preserves and regular epimorphisms; then

F(e) is such (B is regular) and hence (2) implies that € is a regular epimorphism in A. [

The following result gives a simple way to recognise regular epimorphisms in a locally

projective category:

Proposition 2.2.4. Let K have finite limits and coequalizers of kernel pairs. The following

are equivalent:

1. K is locally projective;
2. there exists a small P C IC, such that for every morphism f in IC, if IC(P, f) is surjective

for each P € P then f is a reqular epimorphism in K.
Furthermore, if they hold, K is a reqular category.

Proof. (1) = (2). Let P C K, be a strong generator for IC, we are going to prove that it has
the required property. Consider the functor

N :=1:K — [P, Set]
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such that N(K) = K(i—, K), where i : P — K is the inclusion (we are seeing P as a full
subcategory of K). Since P is a strong generator, N is continuous and conservative; thus by
the previous Lemma N reflects regular epimorphisms, which is a rephrasing of the property
in (2).

(2) = (1). Let P C K, as in (2); we prove that it strongly generates K. For this, it is
enough to prove that N : I — [P°P, Set| defined as before, is conservative. This follows again
from the previous Lemma since N preserves finite limits and reflects regular epimorphisms

by construction. O]

Proposition 2.2.5. Let K be locally projective; then regular epimorphisms are stable under

all small products that exist in K.

Proof. Let (e;)icr be a set of regular epimorphisms in K such that ], e; exists; then for each
PeP,K(P [l e) =1l K(Pe) is a surjection (since they are product stable in Set). As a

consequence [ ], e; is a regular epimorphism in . ]

Proposition 2.2.6. Let IC be locally projective with strong generator P and small coproducts;

then:

1. K, is closed under small coproducts;
2. K has enough projectives;

3. Q isin IC, if and only if it is a split subobject of a coproduct from P.

Proof. (1) Consider a coproduct [ [, P; of projective objects, then K([ [, P, —) = [[, K(P;, —)
is surjective because surjections are product stable in Set. It follows that [, P is projective.
(2). Let K be an object of K, since P is strongly generating, there exists a regular epimorphism
P :=1[, P — K, with P, € P. But K, is closed under coproducts, then P € K,,.

(3). Let @ € K,, then as before there is a regular epimorphism [, P, - @ with P, € P
for each 7. Since @) is projective this regular epimorphism splits as desired. On the other
hand, consider a coproduct P := [], P; of elements from P (P € K, by the first point), and
a split subobject ¢ : @) = P. Let p : P — @ be such that p o i = idg; then given a regular
epimorphism e : A — B in K and f : Q — B, since P is projective there is ¢’ : P — A such
that eo ¢’ = f o p. Define then g := ¢’ o i; it is easy to see that e o ¢ = f and hence that
Q € kK,. O
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2.3 Finitary Varieties and Quasivarieties

We now merge the two notions of locally finitely presentable and locally projective categories

into the following:

Definition 2.3.1. A category K is called a finitary quasivariety if it is cocomplete and has
a strong generator formed by finitely presentable and projective objects. If moreover K is an
exact category, it is called a finitary variety.

Denote by K, the full subcategory of finitely presentable projective objects of K.

By Theorem 3.24 in [AR94] (or actually, the correction appearing in [AR13]), this corre-
sponds to the usual definition of finitary quasivariety and variety. In fact, finitary varieties
can be described as the categories of models of multi-sorted Algebraic Theories (whose axioms
are systems of linear equations); while finitary quasivarieties are the categories of models of
theories whose axioms are implications of linear equations.

Finitary varieties can also be described as some particular categories of functors:

Theorem 2.3.2 (3.16 in [AR94]). A category K is a finitary variety if and only if it is
equivalent to FP(C,Set) for some small category C with finite products. In particular we

could take C to be (KCpp)P.
Examples 2.3.3.

e Set and Ab are finitary varieties; we may take P equal to {1} and {Z} respectively.

e The category CRng of commutative rings (with unit) and ring homomorphisms is a
finitary variety: note first that a morphism in CRng is a regular epimorphism if and only
if it is surjective; then if we consider Z[z], it’s easy to see (since morphism Z[z] — R are
in bijection with elements of R) that it is finitely presentable, projective, and a strong
generator. (It’s interesting to note that Z[x] is not projective in the usual algebraic
sense.)

e The category Gra of graphs seen as sets with a relation, is a finitary quasivariety (but
not a finitary variety), with strong generator given by the finite graphs.

e For any small A, the functor category [A, Set] is a finitary variety with strong generator
‘P given by the set af all representable objects.

e More generally, if (T, u,n) is a monad on a finitary variety (resp. quasivariety) K and

T preserves filtered colimits, then the Eilenberg-Moore category K7 is a finitary variety
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(resp. quasivariety). The strong generator of KT is given by the set of free algebras

over finitely presentable and projective objects of K.

e All the examples from 3.20 of [AR94].

Note that if IC is a finitary quasivariety then it is both locally finitely presentable and locally

projective, and in particular a regular category.

Proposition 2.3.4. LetV be a symmetric monoidal closed complete and cocomplete category,
and let IC be any cocomplete V-category for which Ky is a finitary variety (resp. quasivariety).
Then for any small V-category A, the category [A, Klo of V-functors from A to K is a finitary

variety (resp. quasivariety).

Proof. Let P C K, be a strong generator for K made of finitely presentable projective objects.
Define P’ in [A, K] as the collection of those functors of the form A(d, —) - P for each d € A
and P € P. These are projective since for any regular epimorphism « in [A, K] the following

isomorphisms hold
[A7 K](A(d> _) ’ P7 a) = [-A> V](A(dv _>7IC<P> a_)) = K(P7 ad)

and the last is a regular epimorphism since «y is one and P is projective. The same chain
of isomorphisms shows that the elements of P’ are finitely presentable (each p € P is finitely
presentable and evaluation at d preserves all limits and colimits).

It remains to prove that P’ is a strong generator. Given F'in [A, K], it’s enough to prove that
for any d € A there are P € P and n : A(d, —)- P — F such that 7, is a regular epimorphism;
because then we can just take the coproduct of those maps over d € A. Since K is locally
projective, given d there are P € P and a regular epimorphism f : P — F'd, define then 7 as
the natural transformation whose transpose 77 : A(d,—) — K(P, F—) corresponds, through
Yoneda, to f. Consider then the following diagram

I-P

ar| \

A(d,d)- P ——3 Fd

since Ky is regular (by Proposition [2.2.5) and f a regular epimorphism, 7y is regular too. [J

Example 2.3.5. It follows that, for each commutative ring R, the categories R-Mod, GR-

R-Mod of R-modules and graded R-modules, are finitary varieties. Moreover if A is abelian
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and a finitary variety (resp. quasivariety) then so is the category Ch(.A) of chain complexes

on A.

Definition 2.3.6. Let V = (W, ®, I) be a symmetric monoidal closed category. We say that

V is a symmetric monoidal finitary quasivariety if:

1. V, is a finitary quasivariety with strong generator P C (Vo),f;
3. if P,Q € Pthen P®Q € W)ps-

We call it a symmetric monoidal finitary variety if Vy is also a finitary variety.
Examples 2.3.7. The following are examples of symmetric monoidal finitary quasivarieties:

e Set and Ab with the cartesian and group tensor product respectively;
e R-Mod and GR-~-R-Mod, for each commutative ring R, with the usual algebraic tensor

product;

[C°P, Set], for any category C with finite products, equipped with the cartesian product;

non-positively graded chain complexes Ch(A)~ for each abelian and symmetric monoidal

finitary quasivariety A, with the tensor product inherited from A;

the category Aby of torsion free abelian groups with the usual tensor product;

Gra with the cartesian product, as well as the category DGra of directed graphs;

the full subcategory Mono of all monomorphisms in Set?.

The first three are always symmetric monoidal finitary varieties, the same holds for the fourth
if A is such. Non examples are: Cat with any tensor product (since it is not a quasivariety);
the categories RGra of reflexive graphs, and sSet of simplicial sets with the cartesian product

(since the product of two projective objects may not be projective).

Remark 2.3.8. Let V be a symmetric monoidal finitary quasivariety; then point (3) of the
previous definition implies, by Proposition 5.2 in [Kel82b], that Vyf is closed under tensor
product. The same holds for Vy,: given two projective objects P, Q) € V,, there are split
monomorphisms P — [[. P and @ — ]_[j Qj, with P;,Q; € P. Then P ® @ is a split

subobject of

[Hre]le=]]re),

.3
which is projective; hence P ® @ is projective. It follows then that (Vp), is also closed under

tensor product.



2.3 Finitary Varieties and Quasivarieties 22

The following Proposition gives a characterization of the monoidal structures on a finitary

variety that make it a symmetric monoidal finitary variety.
Proposition 2.3.9. Let C be a category with finite products; there is an equivalence between

o symmetric monoidal structures on C for which — ® — : C x C — C preserves finite
products in each variable;
o symmetric monoidal structures on FP(C,Set) which make it a symmetric monoidal

finitary variety.

Moreover, the induced structures make the Yoneda embedding Y : C? — FP(C, Set) a strong

monoidal functor.

Proof. On one side, since FP(C, Set), s >~ C, the remark above implies that every symmetric
monoidal structure on FP(C,Set) which makes it a symmetric monoidal finitary variety,
restricts to a symmetric monoidal structure on C. The functor — ® — : C x C — C preserves
finite products since Y : C? — FP(C, Set) preserves finite coproducts and these commute
with the tensor product.

On the other side, let (C, ®, I) be a symmetric monoidal structure on C as in the first point.
It is proven in [Day70] that it induces a symmetric monoidal closed structure on [C, Set] for
which the Yoneda embedding C — [C, Set] is strong monoidal and for every F,G : C — Set
and c € C

c1,c2€C
(F & G)(c) = / Cler @ 09,0) x Fley) x Flc)

can be expressed as a coend. Now, if F' and G preserve finite products, by Corollary 2.8
of [AR11], we can write them as sifted colimits of representables: F = colim;Y (¢;) and
G = colim,;Y (d;). Since sifted colimits commute with products and coends in Set, it follows
that

F® G = colim; ;Y (¢;) ® Y(d;) 2 colim, ;Y (¢; ® dj),

making F'®G a sifted colimits of representables and hence a finite product preserving functor.
As a consequence the tensor product on [C, Set| restricts to FP(C, Set), and satisfies condi-
tions (2) and (3) of Definition (with P = YC); we are only left to prove that the sym-
metric monoidal structure induced on FP(C, Set) is closed. For this it’s enough to show that
if F' and G preserve finite products, then the internal hom |G, F] (seen in [C, Set]) preserves
them too. Write G = colim;Y (d;) as before; then [G, F] = [colim,;Y (d;), F| = lim;[Y (d;), F]
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and it suffices to show that [Y(c), F] preserves finite products for every ¢ € C. Fix d € C,
then

[Y'(c), Fl(d) = [C, Set](Y(d), [Y (c), F])
>~ [C,Set](Y(d) ® Y(c), F)
~C,Set](Y(d®c), F)

~ Fd®c);

(&)

in other words [Y(c¢), F] = F(— ® ¢), and this preserves finite products since F' does and

— ® — : C x C — C preserves finite products in each variable by assumption. O

Remark 2.3.10. Note that if V is a symmetric monoidal finitary quasivariety it is in particular
locally finitely presentable as a closed category, and hence Vo = Vyo.

We can show similar results for the full subcategory of projectives. Denote with V), the full
subcategory of V given by the V-projective objects: those P € V such that [P,—] : V —
V) preserves regular epimorphisms. Then the equality Vi, = Vo holds too; indeed given
P €V, and a regular epimorphism e, the function of sets V,(Q, [P, €]) = Vo(Q ® P,e) is a
surjection for each ) € P (since Q® P is projective); hence [P, ¢] is a regular epimorphism (by
Proposition and P € V, (this means exactly that regular epimorphisms are stable in
V under projective powers). Conversely, given P € V,, since I € Vy,, the functor Vy(P, —) =
Vo(I, [P, —]) preserves regular epimorphisms; thence P € V,. As a consequence we can omit
the subscript 0 and write Vy for the full subcategory of finitely presentable objects, V, for
the full subcategory of projectives, and V,s for the full subcategory of both projective and

finitely presentable ones.



Chapter 3

Regular and Exact V-categories

3.1 Regular V-Categories

From now on we assume that our base category V is a symmetric monoidal finitary quasivariety
with strong generator P C V.

The following is the notion of regular category we are going to introduce in this context:

Definition 3.1.1. A V-category C is said to be regular if it has all finite weighted limits
(equivalently finite conical limits and finite powers), coequalizers of kernel pairs, and is such
that regular epimorphisms are stable under pullback and powers with elements of P.

A V-functor F' : C — D between regular V-categories is called regular if it preserves finite
weighted limits and regular epimorphisms; we denote by Reg(C, D) the V-category of regular

functors from C to D.

Remark 3.1.2. A different notion of regularity appeared before in [Chill|; there, in a regular
V-category, regular epimorphisms need to be stable under all finite powers, instead of just
finite-projective ones like in our case. At the same time the base for enrichment can be
assumed to be only locally finitely presentable as a closed category, and one can still prove
the analogue of [3.2.4. We chose to consider a different approach to recover the usual notions
of regularity and exactness for V = Ab; in fact Ab itself is not regular as an additive category

in the sense of |Chill], but it is regular in our sense (since P can be chosen to be just Z).

It follows from the definition that a V-category C is regular if and only if it has all finite
weighted limits, Cy is an ordinary regular category, and regular epimorphisms are stable under

powers with elements of P. Indeed, this is easily checked to be necessary; on the other hand it
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is sufficient because, considering that C has P-powers and P is a strong generator, coequalizers

of kernel pairs in C and C; are the same.

Remark 3.1.3. Our notion of regular V-category is a particular case of what are called ®-
exact V-categories in [GL12], ® being a class of weights. More precisely, there is a suitable
choice of ® for which a V-category is regular if and only if it is ®-exact; this follows by our
embedding Theorem and Theorem 4.1 of [GL12]. As a consequence, by Corollary 3.7
of the same paper, it follows that every finitely complete V-category C has a free regular
completion Cieg/lex; meaning that there is a lex functor F' : C — Cieg/rex Which induces an
equivalence Reg(Creg/iex, B) =~ Lex(C, B) for each regular V-category B. See also Remark
and Section 4.4l

Proposition 3.1.4. Let C be a regular V-category; then reqular epimorphisms are stable under

powers with each element of V.

Proof. Let h : A — B be a regular epimorphism in C and P € V,;. By Proposition [2.2.6]
P is a split subobject of a coproduct @ := [[, P, with P, € P; write m : P — @ for the
split monomorphism. Since P is also finitely presentable, we can assume the coproduct to be
finite; as a consequence () is finitely presentable and h< exists in C. Moreover h® = [T, (k")
is a regular epimorphism since the h’" are, and regular epimorphisms are stable under finite

products in each ordinary regular category. Consider then the square

he
AQ ——» B@Q

Aml le

AP ——— BF
hP

where A? and BY are split epimorphisms, and hence regular. As a consequence, since Cy is

regular, it follows that h” is a regular epimorphism as desired. O

Remark 3.1.5. V itself is regular as a V-category since it is both complete and cocomplete,

Vo is regular in the ordinary sense by Proposition [2.2.5] and regular epimorphisms are stable

under all projective powers (by Remark [2.3.10)).

3.2 Barr’s Embedding Theorem

Let us fix a small regular V-category C and consider R := Reg(C, V) as a full subcategory of
L :=Lex(C,V).
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Lemma 3.2.1. L is a coregular V-category.

Proof. 1t is shown in Theorem 3 of [Chill] that regular monomorphisms are stable in £
under pushouts (note that the notion of regular category appearing in the cited paper is
different from ours, but the same proof applies to this setting). Hence we only need to show
that if H is a regular monomorphism in £ then so is P - H for each P € P. It is proven
in the same Theorem of [Chill] that each regular monomorphism of £ is a filtered colimit
of regular monomorphisms between representables; since P - — preserves colimits it is then
enough to consider H = C(h, —) for a regular epimorphism A in C. Now, the restricted Yoneda
embedding C — L preserves finite limits; hence P - C(h,—) = C(h*,—) for each P € P.
But C is regular, therefore h'" is a regular epimorphism and as a consequence, P - C(h, —) is

a regular monomorphism as claimed. O
The next definition and the following result are useful to understand how R sits inside L.

Definition 3.2.2. Let £ be a V-category and M a set of arrows in £; denote by M-inj the full
subcategory of £ whose objects are those L € L for which L(h, L) is a regular epimorphism
for each h € M. Subcategories of this form are called enriched injectivity classes, or just
ingectivity classes if no confusion will arise. If £ is locally finitely presentable and the arrows in
M have finitely presentable domain and codomain, we call M-inj an enriched finite injectivity

class.

A more detailed treatment on finite injectivity classes will be given in Section We will
see, in that section, how they relate to definable categories and categories like R, namely of

the form Reg(C, V) for a regular V-category C.

Lemma 3.2.3. R s an enriched finite injectivity class and a weakly reflective subcategory of

L.

Proof. A lex functor F' € L is in R if and only if F'h is a regular epimorphism for each regular

epimorphism A in C, as a consequence R = M-inj where

M :={C(h,—) | h regular epimorphism in C},

since by Yoneda Lex(C,V)(C(h,—), F) = Fh. Moreover, L(C(h,—),S) is a regular epimor-
phism in V if and only if the function Vy(P, Lo(C(h,—),S)) = Lo(P - C(h,—),S) is surjective
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for each P € P (Proposition [2.2.4), it follows that Dy = M,-inj, with
Mg :={P-C(h,—) | h regular epimorphism in C, P € P},

is an ordinary finite injectivity class in £o. By Theorem [1.3.3] R, is then an ordinary weakly
reflective subcategory of L£y. But given any ordinary weak reflection s : L — S and T € R,
the function Vo(P, L(s,T)) = Lo(s, TT) is surjective for each P € P, since TX € R (R is
closed under projective powers in £ by Proposition . It follows then that L(s,T) is a

regular epimorphism and s is an enriched weak reflection. O

This allows us to prove an enriched version of Barr’s Embedding Theorem.

Theorem 3.2.4 (Barr’s Embedding). Let C be a small reqular V-category; then the evaluation
functor eve : C — [Reg(C, V), V] is fully faithful.

Proof. Let R = Reg(C,V) and £ = Lex(C,V) as before. It follows by the previous Lemma
that R is a weakly reflective subcategory of £ and that an ordinary weak reflection is also an
enriched one. Remember also, from Theorem [I.3.3] that the ordinary weak reflections can be
obtained as filtered colimits and pushouts of the arrows that define R as a finite injectivity
class.

Our aim is to apply Proposition [1.3.5, hence we need to prove that our weak reflections can
be chosen to be regular monomorphisms. For this let us first note that, since £ is coregular by
Lemma , the elements P - C(h, —) in the class defining Ry are regular monomorphisms.
Now, the fact that £ is locally finitely presentable (since C is finitely complete) and coregular
implies that filtered colimits commute in £ with finite limits, and regular monomorphisms are
stable under pushouts. Thus, by Theorem [1.3.3], our weak reflections can actually be chosen
to be regular monomorphisms.

In conclusion, note that the functor eve is given by the composite of the restricted Yoneda
embedding Y : C — £ and of J : L — [R,V] = [Reg(C, V), V] where J = £(1,.J) (J being
the inclusion of R in £); the first is always fully faithful and the second is so because R is

codense in L. Hence eve is fully faithful. O

Similarly, for each small regular category C, we can find a regular embedding of C into a

category of presheaves over a small base:

Theorem 3.2.5. Let C be a small reqular V-category. Then there exists a small V-category

A and a fully faithful and regular functor F : C — [A,V)].
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Proof. Let Y : C — L% = Lex(C, V) be the codomain restriction of the Yoneda embedding.

For each representable functor L = C(C, —) in £ we can consider an equalizer

L>;>SL—>TL

where S; and T}, are in Reg(C.V), and s is a weak reflection of L into Reg(C.V). Consider
then the full subcategory B of £ given by the representable functors and, for each of them,
two regular functors Sy and T, with the property just described. Let A C B be the full
subcategory consisting of all regular functors in B. Then A is weakly reflective in B and the
weak reflection can be chosen to be regular monomorphisms (if B € B is representable, then
this is true by construction; if B is one of the new objects, then B € A and the identity map is
a weak reflection). By construction .4 and B are small categories, and, thanks to Proposition
[1.3.5] A is codense in B. Write Y’ : C — B for the codomain restriction of Y; then we can
consider the functor F': C — [A, V)] defined as the composite

Y’ B(1,J)

C Ber (A V]

where J : A — B is the inclusion. F' turns out to be just the evaluation functor restricted
to A; thence, since A C Reg(C,V), the functor F is regular too. Finally F' is fully faithful

because Y’ is, and A is codense in B. O

3.3 Makkai’s Image Theorem

A notion strictly related to that of regularity is exactness:

Definition 3.3.1. A V-category B is called exact if it is regular and in addition the ordinary

category By is exact in the usual sense.

Taking V = Set or V = Ab this notion coincides with the ordinary one of exact or abelian

category. Note moreover that our base V may not be exact (but only regular).

Remark 3.3.2. If V is a symmetric monoidal finitary variety, then Vj, is an ordinary exact
category and V is exact as a V-category. Arguing as in Remark [3.1.3] it’s easy to see that our
notion of exactness coincides with that of ®’-exactness for a suitable @’ (different from that
defining regularity). It follows then by Theorem 7.7 of [GL12| that each regular V-category
has an exact completion Cex/reg. Similarly each finitely complete V-category C has an exact

completion Cex/iex. These will be described explicitly in Section
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Given any exact category B, which is in particular a regular category, we can consider the
fully faithful functor
evg : B — [Reg(B,V),V]

given by Theorem . Moreover Reg(B,V) is closed in [B,V] under products, projective
powers and filtered colimits: this can be checked directly, or will follows from Proposition
plus the fact that Lex(B,V) is closed in [B, V] under the same (co)limits. It’s then easy
to see that the essential image of evg is contained in the full subcategory Def(Reg(B,V), V)
of [Reg(B,V), V] given by those functor preserving products, projective powers and filtered
colimits (the notation is that of Section . We are going to see that it actually is the

essential image of evg; to do this we use the following result for ordinary categories:

Lemma 3.3.3 (1.4.9 in [MR77)). Suppose that F : B — C is a conservative, full and reqular
functor between ordinary reqular categories, and B is exact. If for every object C' € C there
are an object B € B and a regular epimorphism F(B) — C, then F is an equivalence of

categories.

Then we are ready to prove the following Theorem; the ordinary version appeared originally
as Theorem 5.1 of [Mak90]. Another proof of the same result in the ordinary context can be

found in Theorem 2.4.2 of [Lurl§].

Theorem 3.3.4 (Makkai’s Image). For any exact V-category B; the evaluation map
evg : B — Def(Reg(B,V), V)

s an equivalence.

Note that the proof relies on two results proven in Section below, but of course we will

not use it in obtaining these.

Proof. Since evy is fully faithful by Theorem [3.2.4, we only need to prove that it is essentially
surjective on objects, or equivalently, that the ordinary functor (evg)y is an equivalence.
Thanks to Remarkand Proposition , applied to Reg(B, V) as a definable subcategory
of Lex(B,V), for each F' € Def(Reg(B,V),V) there are an object C' € B and a regular

epimorphism evi(C') — F'; hence we can apply the previous Lemma and conclude. O]



Chapter 4

Definable V-categories

4.1 Enriched Finite Injectivity Classes

We consider again categories enriched over a base V which is a symmetric monoidal finitary
quasivariety with strong generator P C V,¢.

The following is the corresponding enriched version of Definition [I.3.1}

Definition 4.1.1. Given an arrow h : A — B in a V-category L, an object L € L is said to
be h-injective if L(h,L) : L(B,L) — L(A, L) is a regular epimorphism in V. Given a small
set M of arrows from £ write M-inj for the full subcategory of £ consisting of those objects
which are h-injective for each h € M. V-categories arising in this way are called enriched
ingectivity classes, or just injectivity classes if no confusion will arise. If £ is locally finitely
presentable and the arrows in M have finitely presentable domain and codomain, we call

Me-inj an enriched finite injectivity class.

Remark 4.1.2. Injectivity classes in the enriched context were first considered in [LR12].
In that setting a more general notion is introduced: regular epimorphisms are replaced by a
suitable class € of morphisms from V. This way an object L is called E-injective if L(h, L) € &,
and an E-injectivity class is a full subcategory of £-injective objects with respect to a small

set of morphisms.

It’s easy to see that, since V is locally projective, for each enriched injectivity class D the
underlying category Dy is an ordinary injectivity class: indeed, if D = M-inj in L, then
Dy = My-inj in Ly where

Moy={P-h|PeP, he M},
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this because L(h, S) is a regular epimorphism in V if and only if Lo(P-h,S) = Vo(P, L(h, S))
is surjective for each P € P. In particular, the underlying ordinary category of each injectivity
class D of a locally finitely presentable L is accessible and accessibly embedded in £y (Theorem
4.8 in [AR94]).

In the ordinary case each finite injectivity class is known to be closed under pure subobjects

inside its locally finitely presentable category; let us recall the definition.

Definition 4.1.3. Let f: X — Y be a morphism in a locally finitely presentable V-category

L. We say that f is pure if for each commutative square

A—" B

Ay

with h: A — B in Ly, there exists [ : B — X such that [ o h = u.

Note that the notion of purity we are considering is the ordinary one; meaning that when-
ever we consider f pure in £, we are actually seeing it as a pure morphism in the underly-
ing category Ly. Proposition 2.29 in [AR94] shows that each pure morphism is actually a

monomorphism, so that we can talk about pure subobjects.

Proposition 4.1.4. Each finite injectivity class D = M-inj of a locally finitely presentable
V-category L is closed under (small) products, projective powers, filtered colimits and pure

subobjects (meaning that if f: X =Y is pure and Y € D then X € D).

Proof. Given any arrow h € M and L € L, we can see L(h, L) as an object of the category
of arrows V2; since the domain and codomain of h are finitely presentable, the hom-functor
L(h,—)o : Lo — VZ preserves filtered colimits as well as products and projective powers (since
it preserves all limits). Note moreover that regular epimorphisms are stable in V under filtered
colimits, products, and projective powers (as we saw in Section . As a consequence, if
S = colim;S; is a filtered colimits of objects of D, then L(h,S) = colim;L(h, S;) is a regular
epimorphism; hence S € D. The same applies if S is a product or a projective power of
elements from D.

Now let f: X — Y be pure with Y € D, and consider h € M. By hypothesis L(h,Y) is a
regular epimorphism; thus Lo(P-h,Y) is surjective for each P € P and then, since P-h is still
a morphism with finitely presentable domain and codomain, purity implies that Lo(P - h, X)
is surjective as well for each P € P; thus L(h, X) is a regular epimorphism and X € D. [
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In the ordinary case, closure under these constructions is enough to characterize finite
injectivity classes; indeed it is proven in Theorem 2.2 of [RAB02| that a full subcategory D of
a locally finitely presentable category L is a finite injectivity class if and only if it is closed in
L under products, filtered colimits and pure subobjects (powers are not necessary since they

are a special kind of products). We can obtain a similar result in this context.

Proposition 4.1.5. Let D be a full subcategory of a locally finitely presentable V-category L;
then D is a finite injectivity class of L if and only if it is closed in L under products, projective

powers, filtered colimits, and pure subobjects.

Proof. One side is given by the previous Proposition. For the other, assume that D is closed
in £ under products, projective powers, filtered colimits, and pure subobjects. By Theorem
2.2 in [RAB02], D, is an ordinary finite injectivity class in £y. Let M be the set of arrows
defining D as such; we prove that it also defines D as an enriched finite injectivity class of
L. Given S € D, Ly(h,S) is surjective for each h € M; but D is closed under projective
powers, hence Vyo(P, L(h,S)) = Lo(h,ST) is surjective for each P € P; thus L(h,9) is a
regular epimorphism and S € M-inj. Conversely, given S € M-inj, Lo(h,S) = Vo(I, L(h, S))

is surjective since I € Vy,, and as a consequence, S € D. O

Proposition 4.1.6. Fach finite injectivity class D of a locally finitely presentable V-category
L is a weakly reflective subcategory of L (in the sense of Definition .

Proof. We saw at the beginning of this section that Dy is also an ordinary injectivity class
in Ly; hence, by Theorem [1.3.3] it is an ordinary weakly reflective subcategory of Ly. It’s
then enough to show that the weak reflections are actually enriched. Given an ordinary weak
reflection s : L — S and T' € D, the function Vo(P, L(s,T)) = Lo(s, T") is surjective for each
P € P, since T* € D (D is closed under projective powers in £). It follows then that £(s,T)

is a regular epimorphism and s is an enriched weak reflection. O

4.2 Definable V-Categories

As we move on to the notion of definable V-category, we should point out that our definition
looks different from the usual one introduced in [Prell] for V = Ab, and in [KR18] for

V = Set, for which a definable category is just a finite injectivity class.
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Definition 4.2.1. Call a V-category D definable if there is a locally finitely presentable V-
category L, with Ly coregular, for which D is an enriched finite injectivity class of £ with
respect to a small set of regular monomorphisms. A morphism between definable V-categories
is a V-functor that preserves products, projective powers and filtered colimits. Denote by
V-Def the 2-category of definable V-categories, morphisms between them, and V-natural

transformations.

Remark 4.2.2. For any regular V-category C, the category Reg(C, V) is a definable subcategory
of Lex(C,V). Indeed, Lex(C,V) is coregular by Lemma [3.2.1} moreover, by Lemma [3.2.3]
Reg(C,V) = M-inj in Lex(C,V) where M := {C(h,—) | h regular epimorphism in C}. To
conclude it’s then enough to note that each C(h,—) in M is a regular monomorphism since

h is a regular epimorphism in C.

The notion of definable category we are considering lies somewhere between the ordinary
one, of finite injectivity class, and that of ezactly-definable category. We call a V-category D
exactly-definable if D ~ Reg(B,V) for an exact V-category B. Then the previous Remark
says that each exactly-definable V-category is definable, and hence a finite injectivity class.
If we take V to be Set or Ab, then we can prove (see Section that each finite injectivity
class is conversely an exactly-definable category; showing that in the ordinary and additive

context the three notions coincide.

Remark 4.2.3. Note that each locally finitely presentable V-category is definable. Indeed, if
L is locally finitely presentable, then £ ~ Lex(C, V) for a finitely complete V-category C; thus
by Remark [3.1.3] £ ~ Reg(B,V) for some regular V-category B (this will also follow later
from Proposition . Hence L is definable by the previous Remark.

Proposition 4.2.4. Let D be a definable subcategory of L (which is thence a locally finitely
presentable V-category and Ly is coreqular). Then D is weakly reflective in L and the weak

reflections can be chosen to be regular monomorphisms.

Proof. By definition D = Me-inj for a small set M of regular monomorphisms in £. That
D is a weakly reflective subcategory of L follows from Proposition The fact that the
weak reflections can be chosen to be regular monomorphisms follows from Theorem
since filtered colimits commute in £ with finite limits (being locally finitely presentable) and

regular monomorphisms are pushout stable (L is coregular). O]
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Given any V-categories M and N with filtered colimits, products, and projective powers,
we can consider the full subcategory Def(M,N) of [M,N] consisting of those V-functors
that preserve filtered colimits, products, and powers with projective objects. If M and N are
definable categories, this is just the hom-category Def(M,N) in the 2-category V-Def.

In the remaining part of this section, we are going to see some properties about the V-

category Def(D, V) for a definable V-category D.

Lemma 4.2.5 (First part of 3.2.2 in [KR18] for V = Set). Let L be a locally finitely
presentable V-category and J : D — L an enriched finite injectivity class of L. Given
F € Def(D,V), suppose that for each L € D and x : I — FL there exist A € Ly and
n: L(A,J=) = F such that x factors through ng. Then there is a B € Ly and a regular
epimorphism L(B, J—) — F.

Proof. Since Dy is an ordinary injectivity class, it is also an accessible category. Consider
then a regular cardinal A such that Dy is A-accessible, and denote by D, the full subcategory
of A-presentable objects in Dy. For each S € D, take Ps € V, and a regular epimorphism
Ts: Ps — FS which corresponds to an arrow zg: I — (F\S)"s = F(STs).

Define S = HSeD SPs with projection maps 7g : 8 = SFs: then SenD and, since F'
preserves products and projective powers, F/(S) 2 [] sep, F(8)"s. Consider then 2 : [ — F S
with components zg : I — F(S)'s for each S € D). By our assumptions there exist A € L,
and a natural transformation n : £(A, J—) — F such that x = ngoy for some y : I — L(A, S).

For each S € D), we can consider the following diagram:

/\

L(A,8) —— pg

,C(A,ﬂ’s)J/ J{FWS

L(A, SPs) —— F(SP5)

M(sPs)

NJ k

L(A,8)Ps —— F(S)Ps

(ns)Fs

Transposing the vertical arrows then we obtain maps ys : Ps — L(A, S) such that the diagram

/\

L(A,S) —= 5 Fs
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commutes.

Since Zg is a regular epimorphism, 7g is a regular epimorphism too for each S € D, (remember
that V), is regular by Proposition , but D, generates D under M-filtered colimits and
L(A,J—) and F preserve them; then nr is a regular epimorphism for each 7" in D. Since
regular epimorphisms in Def(D,V) are computed pointwise, it follows that 7 is a regular

epimorphism as desired. O

Lemma 4.2.6. Let L be a locally finitely presentable V-category with Ly coreqular, and D
a definable subcategory of L; denote by J : D — L be the inclusion. Then for any functor
F : D — V preserving filtered colimits, the right Kan extension RanjF : L — V preserves

filtered colimits too.

Proof. First we prove that Ran;F preserves some particular limits. For each L € L there
is a weak reflection s : L ~— S, with S € D, which by Proposition [£.2.4] can be chosen
to be a regular monomorphism. Consider then the cokernel pair u,v : S — M of s and
a weak reflection ¢ : M ~— T associated to M (which again we suppose to be a regular

monomorphism):

L—— S —— I Mr——T
Then towu and t ov define L as an equalizer of elements from D; call this a presentation for L.

We are going to prove that these presentations are J-absolute, in the sense that they are sent

to coequalizers by L(—, R) for each R € D. For, given R € D, consider the induced diagram

L(t, R) L(u, R) L(s,R)
o(r, Ry 20 £, R) —— £(5,R) =% £(L, R).
L(v, R)

Then L(t, R) and L(s, R) are regular epimorphisms since ¢ and s are weak reflections; while
L(u, R) and L(v, R) form the kernel pair of L(s, R) since L£(—, R) transforms colimits into
limits. As a consequence L(s, R) is the coequalizer of L(t o u, R) and L(t o v, R) as desired.
It follows then that the presentations we are considering are actually codensity presentations,
and hence by Theorem 5.29 of |[Kel82a|, Ran;F preserves those limits. In particular, since
moreover RanyF o J = F, the object Ran;F(L) is defined as the equalizer

F(tou)

Ran,;F(L) — F(S) ———— =2 F(T)
F(tow)
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To prove that Ran; F' preserves filtered colimits it is enough to show, by Proposition [2.1.2]
that it preserves colimits of smooth chains: diagrams (Lg)g<, indexed by an ordinal «, such
that for each limit A < «, L) = colimg<)Lg.

Consider hence a smooth chain (Lg)s<q in £ with connecting maps dg - : Lg — L.; for each

£ < a we define by transfinite induction a presentation

s ug t
Lg —r Ss { Mg — T3
v

for Lg, and smooth chains of such presentations compatibly with (Lg)s<,; meaning that for
each 8 < v < a we define a commutative diagram:
L,3>—>S/34g M5>—>T5

dB,'yJ eﬁﬁl fB,'yJ gﬁ/‘/l

Ly—S, — M, —T,

If 8 = 0 any presentation for Lg is fine. Suppose now that everything is defined at level
B < «, then we define a presentation for Lg,; and the connecting maps
ug

t
Lﬂ>s—5>5/3—§ MﬁéTﬂ

I vs I I
I I I
dB,ﬁJrlJ €8,8+1 | fe.6+1 ! 98,841 |
v u5+1 v v

Lgs1 5= Spa -2-o3 M1 -~ Tonr

as follows: take the pushout SBH of sg and dg g1 and call the two induced maps 5541 :
Lgi1 — Sgy1 and €341 : Sg — Spy1, where 3541 is a regular monomorphism because L is
coregular. Consider now a weak reflection 7544 : gﬂﬂ — Sp41; it’s then enough to consider
Sg41 = Tp41 O Sp11, which is still a weak reflection and a regular monomorphism (using
projective powers each ordinary weak reflection is an enriched one), and eg g1 := 7341065 541.
We define (ug41,vp41) as the cokernel pair of sgyq, while fz 541 is induced by the universal
property of ug and vg. Finally define t3,1 and gggy1 as in the first step. This gives a
presentation for Lgy; which is compatible with the chain already defined.

If A < «a is a limit ordinal, we take as presentation associated to L, the one obtained as
the colimit of the presentations defined so far, in other words we consider z, := colimg)(z3)
for x = s,u,v,t. It’s easy to check that s, and t, are still weak reflections: given an arrow
f : Ly — T, define by induction compatible arrows fg : S — T, for B < A, such that

fodsy = fso s then the colimit of the fs induces a factorization of f through sy. This
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proves that sy is an ordinary weak reflection and hence, using projective powers, an enriched
one (the same applies for ¢)). As a consequence, since in addition regular monomorphisms
and cokernel pairs commute with filtered colimits, the one just defined is a presentation for
Ly. Moreover, by construction, the colimit cocones induce maps eg y, fz.x and gg which are
compatible with the chains defined so far.

We can then consider the colimit of these chains:

colimgo (L) = colimg,(Ss) £§ colimg., (Mp) — colimg.(1p)

By the previous arguments this is a presentation for colimg,(Lg); hence it is preserved by

Ran;F', which means that the following is an equalizer
F(tou)
Ran;F'(colimg.,Lg) —— F(colimg.,Ss) ——2 F(colimg,T}5)
F(tow)
Similarly each Ran;F'(Lg) is given by the equalizer
F(tg oug)
RanJF(Lﬁ) —_— F(Sﬁ) —; F(Tg)
F(tg ovp)
In conclusion, since F preserves filtered colimits and equalizers commute with them, the

following isomorphisms hold

Ran;F(colimge,Lg) = eq(F(tou), F(t owv))

= eq(colimp F'(tg 0 ug), colimpo F'(ts 0 vg))
= colimgq(eq(F (g 0 ug), F(lg o vg)))
= colimg,Ran; F'(Lg)
as desired. ]

By Proposition and Theorem [1.3.5] each definable category J : D < L is a codense
subcategory of L, in other words the functor £(1,J) : L — [D,V)] is fully faithful. Hence

we can consider the full and faithful functor
Yp: L;lp — Def(D, V)

defined as the composite of the inclusion £” < L and L(1, J); explicitly, this sends A € L}
to L(A,J—) : D — V. Then the following holds:
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Proposition 4.2.7. Let D be a definable V-category; for each F € Def(D,V) there exist
A,B € Ly and maps f,g: B — A such that F is the coequalizer of Yp(f),Yp(g):

L(f,J-)
LA, J-) ———= L(B,J-) —» F
['(ngf)

In particular Def(D, V) is a small V-category.

Proof. Let us first prove that the hypotheses of Lemma [4.2.5| are satisfied. For this, consider
F € Def(D,V), L € L,and x : [ — FL, and write L as a filtered colimit of finitely presentable
objects L = colim(A;). By the previous Lemma, G := RanF' preserves filtered colimits, then
GL = colim G(A;). Since [ is finitely presentable in V, = factors through some colimit map
G(A;) = GL; but G(4;) = [L,V](L(A;,—),G), hence the factorization corresponds to some
n: L(A;,—) — G. Its restriction nJ : L(A;, J—) — F then satisfies the required property.

Now, thanks to Lemma , for each F' € Def(D,V) there exists a regular epimorphism
n: L(B,J—) — F with B € Ly; take then the kernel pair o, 3 : F' — L(B,J—) of n.
Considering again a regular epimorphism ~ : £L(A,J—) — F' (A € L) and composing it
with o and 8 we obtain F' as the coequalizer of restricted representables. Finally, the maps

defining F' as a coequalizer come from Ly since the functor Yp : L3 — Def(D,V) is full. [

The same result holds for any locally finitely presentable V-category, even if it is not coreg-

ular:

Proposition 4.2.8. Let £ be a locally finitely presentable V-category and Yy : E;p —
Def(L,V) as before. For each F' € Def(L,V) there exist A,B € L; and maps f,g: B — A
such that F is the coequalizer of Y (f),Yz(g):

L(f,J—)
LA, J-) ——2L(B,J-) —»F
L(g,J—-)

In particular Def(L,V) is a small V-category.

Proof. The same proof of the previous Proposition applies, with the only difference that there

is no need to consider the right Kan extension of F'. O

Remark 4.2.9. The coequalizers defined in the previous proofs are preserved by regular func-
tors since they are given by the composite of a coequalizer of a kernel pair and a regular

epimorphism.
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4.3 Duality for Enriched Exact Categories

Let us consider again categories enriched over a base V which is a symmetric monoidal finitary
quasivariety with strong generator P C V.

We proved in Proposition [£.2.7] that, for a definable D, the category Def(D, V) is small; since
V is regular as a V-category, Def(D, V) is a regular V-category too (being closed in [D, V] under
finite limits and coequalizers of kernel pairs). Moreover, given any regular category B, regular
functors from B to V form a definable category Reg(B,V) of Lex(B,V) (as shown in Remark
. As a consequence, if we denote by V-Reg the 2-category of small regular V-categories,

regular V-functors, and V-natural transformations, we obtain an adjunction

Def(—, V)

V-Def | 1 V-Reg™

Reg(—,V)
of 2-categories. Indeed for each regular C and each definable category D the following holds
V-Def(D, Reg(C,V)) = V-Reg(C, Def(D, V))

since a functor D — Reg(C, V) is definable if and only if the corresponding functor DR C — V

is definable on the first variable and regular on the second, if and only if the induced functor
C — [D,V)] is regular and takes values in Def(D, V).

The counit and unit of this adjunction are given by the evaluation functors:
eve : C — Def(Reg(C, V), V)

for a regular C, and

evp : D — Reg(Def(D, V), V)

for a definable D. We already saw in Theorems [3.2.4] and [3.3.4] that the counit is a fully

faithful functor, and an equivalence if the category is moreover exact. In the next passages
we are going to show that the unit is always an equivalence.

Fix a definable subcategory D of £ and consider the regular functor @ : Def(L,V) —
Def(D, V) given by precomposition with the inclusion J : D < L. Remember also that we
have defined (just before Proposition the two fully faithful functors Y, and Yp such
that the following
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L% 2, Def(L, V)

Ny

Def(D, V)

commutes.

Lemma 4.3.1. Let f € Def(D, V) be fized; consider the category Cy whose objects are of the

form

Ypa g 4’; Ypb o /
y

with a,b € Ly, w and z are regular epimorphisms, and (x,y) is the kernel pair of z. Morphisms

between such objects are commutative diagrams:

Ypa —» g: Ypb

Ll

YD(I,/ — g/ - Y’Db,

Then Cy is connected, in the sense that it is non-empty and given any two objects in Cy there

is a zigzag of arrows connecting them.

Proof. That Cy is not empty follows by Proposition Before proceeding note that given
a cospan ¢ 5 f<& hin Def(D, V) with = a regular epimorphism, we can always complete it

to a square

!

Ypa — h
g /

with @ in £ and 2’ a regular epimorphism. Indeed it’s enough to take the pullback [ of (x,y)

—»
x

and then a regular epimorphism Ypa — [ as in Proposition [4.2.7]
Consider now two different objects of C;

Wi Z4
YDCLZ' —» i - Ypbl —
Yi

for i = 1,2, and construct the following diagram:
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Ypbsz — Ypags Ypas
(4) (3) l“”
Ypass 922 go
Y22
(2) Ypbyy, —% Ypby
212l (1) LZQ

Ypay ——» 91 —X Ypby ——» f
Y1

Square (1) is built as explained at the beginning of the proof; the pair (xas, y20) is defined as
the kernel pair of z; 0219 (or, which is the same, of z50291). The horizontal and vertical arrows
from go9 are given by the universal property of the kernel pair, while the squares (2), (3), and
(4) are obtained with the same argument as (1). To conclude, it’s then easy to check that the
diagonal of this diagram is an object of Cy and, together with the remaining horizontal and

vertical arrows, gives a zigzag of length 2 between the two fixed objects of Cy. O

Lemma 4.3.2. The functor
Reg(Def(D, V), V) < Lex(Def(D, V), V) =% Lex(£7, V)

is fully faithful. The same holds for any locally finitely presentable V-category L' in place of
D, with respect to Yer : (L) — Def(L', V).

Proof. Call that functor (—oYp)’; since P C V is a strong generator, it’s enough to prove that
Vo(P, (= o Yp) ) is a isomorphism of sets for each P € P and F,G € Reg(Def(D,V),V).
Now, D := Reg(Def(D, V), V) and L = Lex(L, V) are definable, hence they have powers

with elements of P and (— o Yp)’ preserves them; therefore
Vo(P, (= 0 Yp)pa) = Vo(I, (= 0 Yp)pgr) : Do(F,G") — Lo(F o Yp, G o Yp).

But Vy(I, (= o ¥p)}or) is the action of the ordinary functor (— o Yp); on morphisms; as a
consequence, if the ordinary functor (— o Yp)j is fully faithful, Vo(P, (- o Yp)% ) will be an
isomorphism for each P € P, and hence (— o Yp) will be fully faithful. In conclusion, it’s

enough to show that (— o Yp)j is fully faithful.
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To prove faithfulness, take n,v : F' — G such that nYp = vYp. For any f € Def(D, V) there

is a regular epimorphism ¢ : Ypa — f with a € Ly; consider then the square:

Mpa
FYpa *; GYDCL

VYpa
T
nf
Ff—=Gf

f
Now, since ny,a = Yvpa by hypothesis, and Fq is a regular epimorphism (F' being a regular
functor), it follows that ny = 77, and so that n = ~.
It remains to prove fullness; given 1 : F'Yp — GYp in Reg(Def(L, V), V), we definey: FF — G
such that vYp = n as follows: for each f € Def(D, V) consider a presentation in C;

Ypx
Ypa —= Ypb —— |
DY

where we are discarding the middle term since it is not needed now. Then, since F' and G

are regular functors, we obtain a diagram

FYpa —Z FYpb—» Ff

I
nal nbl : 3! Yf
-

GYpa —2 GYpb —» G'f

in which the rows are coequalizers and so there is a unique v : F'f — G f making the right
square commute. This defines v : F' — G} it’s easy to see that vYp = n; hence we only need
to prove that v is well defined and V-natural.

Given f € Def(D,V) and two different presentations, if there is a morphism in C; between
them, then the universal property of the coequalizer implies that the induced v is the same
for both presentations. In general this follows since, by the previous Lemma, Cy is connected.
To prove V-naturality, first note that since F' and G (being regular functors) preserve powers
with finitely presentable objects, it’s enough to show that the ~ just defined is natural in the

ordinary sense. Consider hence z : f — g in Def(D, V) and fix a presentation

Ypa :; Ypb—» ¢

for g; arguing as in the previous Lemma, we can build a presentation for f and a diagram
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YD(Z, :; Ypb/ . f

A &

Ypa *; Ypb —» g

Now, since Yp is fully faithful, the two vertical arrows on the left come from E‘}p . As a
consequence, applying F,G and n : FYp — GYp to that diagram, we find a commutative
square expressing the naturality of y at x : f — g¢.

The last assertion regarding a locally finitely presentable V-category L', follows with exactly
the same proof since, thanks to Proposition the previous Lemma still holds if we replace
D with L. O

Corollary 4.3.3. The functor
— o @ : Reg(Def(D, V), V) — Reg(Def(L, V), V)

is fully faithful.

Proof. The functors (— o Yp)" and (— o Y.)" are fully faithful by the previous Lemma, and
(—oYr) o(—0Q)=(—oYp). It follows then that (— o Q) is fully faithful. O

Proposition 4.3.4. For each locally finitely presentable category L the following is an equiv-
alence:

eve : L — Reg(Def(L, V), V).

Proof. Write £ =~ Lex(C,V) where the category C = L7” is finitely complete, and consider
the evaluation functor ev : C — Def(L,V) (which can also be seen as Yz). Then we define

R : Reg(Def(L,V),V) — L as the composite
Reg(Def(£, V), V) < Lex(Def(£, V), V) == Lex(C, V);

this is fully faithful by Lemma [4.3.2] In the other direction, we consider the evaluation map
L:=ev;: L — Reg(Def(L,V),V) as suggested. Take f € L = Lex(C,V) and C € C, then

RLf(C) = (Lf oev)(C) = Lf(ev(C)) = ev(C)(f) = f(C).

Similarly for each morphism 7 in £, RLn = n; as a consequence Vy(I, (RL)s,) = Vo({,id) for
each f,g € L. Since both R and L preserve powers from P, this implies that Vo(P, (RL)¢,) =



4.3 Duality for Enriched Exact Categories 44

Vo(P,id) for each P € P; but P is a strong generator, then (RL)s, = id, and hence RL = id.
As a consequence R is also essentially surjective; therefore R is an equivalence and L its

inverse. [
It remains only to prove the equivalence for each definable category D:

Proposition 4.3.5. If D is a definable V-category, then the evaluation map
evp : D — Reg(Def(D, V), V)

1 an equivalence.

Proof. D is a definable subcategory of some locally finitely presentable £; denote by J the

inclusion. We can hence consider the commutative square:

D2, Reg(Def(D, V), V)

J{ |20

L % Reg(Def(L, V), V)

where @ : Def(L,V) — Def(D, V) is the restriction along J, and we already know that ev, is
an equivalence. It follows that evp is fully faithful since J, ev,, and — o ) are; therefore we
only need to prove that evp is essentially surjective.

Consider a regular functor F' : Def(D,V) — V, then F o Q) = evg(L) some L € L. It’s
enough to prove that L € D, this would imply evp(L) o Q = evy(L) = F o  and hence, by
Corollary F = evp(L). Consider then a collection M of morphisms from £, such that
D = M-inj. For each (h: A — B) € M, since A and B are finitely presentable £(A, —) and
L(B,—) are in Def(L,V); moreover Q(L(h,—)) is a regular epimorphism in Def(D, V) since
Q(L(h,—))(D) = L(h, D) is for each D € D. But F is a regular functor, thus F o Q(L(h,—))
is still a regular epimorphism. As a consequence L(h, L) = evo(L)(L(h,—)) = FoQ(L(h,—))

is a regular epimorphism for each h € M, and L is in D. O

Now assume that our base for enrichment V is a symmetric monoidal finitary variety; then
Vo is an exact category and V is exact as a V-category. As a consequence Def(D,V) is an
exact V-category for each definable D; hence the 2-adjunction between V-Def and V-Reg

restricts to



4.4 Free Exact V-Categories 45

Def(—, V)
V-Def | 1 V-Ex
Reg(—,V)

where V-Ex is the 2-category of all small exact V-categories, regular V-functors, and V-natural
transformations. By Theorem the counit of this adjunction is an equivalence; the same

holds for the unit by the previous results. Thence we have proven:

Theorem 4.3.6. Let V be a symmetric monoidal finitary variety. Then the 2-adjunction

Def(—,V) : V-Def — V-Ex” : Reg(—, V)

1 a biequivalence.

This duality was first shown for the additive case in Theorem 2.3 of [PR10], while the
ordinary version appeared more recently in Theorem 3.2.5 of [KR18]. We should mention
that the proof of Proposition 3.2.2 from |[KRI8| contains an unjustified isomorphism which
affects the proof of the duality; our Theorem [4.3.6] together with the results in Section [4.5]

provides a solution for this.

4.4 Free Exact V-Categories

Consider again V to be a symmetric monoidal finitary variety as in the last part of the previous
section. We are going to use Theorem to find the free exact categories associated to
finitely complete and regular ones.

In the ordinary context, exact completions over regular categories were first considered in
[Law73]; while regular and exact completions over finitely complete categories have been dealt
with in [CCM82] and [CV98]. A different, but equivalent, description of them has been given
in [Hu96] and [HT96|, where exact completions are built as certain categories of functors

preserving determined limits and colimits.

Proposition 4.4.1. Let C be a finitely complete V-category and define L = Lex(C,V). Then

for each exact V-category B, precomposition with ev : C — Def(L,V) induces an equivalence:
Reg(Def(L, V), B) ~ Lex(C, B).

In other words Def(L, V) is the free exact V-category over C as a V-category with finite limits.
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Proof. By Proposition [4.3.4] the equivalence holds for B = V and hence for all functor cate-
gories [A, V]. Let now B be any exact category; by Theorem we can assume that B is
a full subcategory of some [R, V] with the inclusion H : B — [R, V)] a regular functor. Since

the equivalence holds for [R, V] we can consider the commutative square

Reg(Def(L, V), B) ——— Lex(C, B)

Reg(Def(L, V), [R,V]) —— Lex(C, [R, V])

in which the bottom arrow is invertible and the vertical ones fully faithful.
Thus the upper horizontal is fully faithful, and it is enough to prove that, given F' € Lex(C, B),
the induced extension of H F' to Def(L, V) takes values in B. Let G be the mentioned extension

of HF', then we can consider the diagram

Def(£L, V) —+ [R, V]

The commutativity of this square (up to isomorphism) says that G restricted to the evaluation
functors ev(C), for C' € C, takes values in B. Given any other M € Def(L, V) we can write it

as a coequalizer:

ev(C) s N == ev(D) —» M
B
where (o, (3) is the kernel pair of  and, since ev if fully faithful, a0y = ev(u) and foy = ev(v)

for some u,v : C' — D in C. Since G preserves finite limits and coequalizers of kernels pair,

the image of the previous diagram through G leads to

G Go G
FC —2% GN —= FD —% GM
Gp

where Ga, GB : GN — FD form the kernel pair of Gn. Since [R,V)] is regular, GN and
(Ga, GP) are given by the image factorization of (Fu, Fv) : FC — FD x F'D and hence GN
is actually in B and Ga and G5 exist as arrows of B. Moreover, being a kernel pair (in [R, V)])
the pair (Ga, G3) is an equivalence relation. But B is exact and hence all equivalence relations

are effective; this means that Ga and G have a coequalizer in B which hence coincides with
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GM. As a consequence G takes values in B as claimed.

O

This says that the left biadjoint to the forgetful functor Ue iex @ V-Ex — V-Lex is given
by the composite

Lex(— o Ultp/def Def(—, V)
VLex—>VLf P ——— V.Def” — V-Ex

where Ulgy/aer © V-LEfp — V-Def is the forgetful functor. Since the first and the last are

actually biequivalences, it follows that Uy, qer has a left biadjoint too, which is given by

De f( V) ch/lcx Lex (
V-Def —— V-Ex”” —— V-Lex® 4> V-Lip.

The next Proposition gives an explicit description of the free exact V-category on a regular

one:

Proposition 4.4.2. Let C be a regular V-category and define R = Reg(C, V). Then for each

exact V-category B, precomposition with ev : C — Def(R, V) induces an equivalence:
Reg(C, B) ~ Reg(Def(R, V), B).

In other words Def(R,V) is the free exact V-category over C as a regular V-category.

Proof. Note that R is a definable subcategory of Lex(C,V), hence by Theorem 4.3.6 the
equivalence

Reg(C,V) = R ~ Reg(Def(R, V), V)

holds and is induced by the evaluation map. Arguing as in the preceding proof we obtain the

equivalence for any exact B in place of V. O

As before, this says that the left biadjoint to the forgetful functor Uey/reg : V-Ex — V-Reg
is given by the composite

Reg(—,V) Def(—,V)
V-Reg ——— V-Def”” —— V-Ex.
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4.5 The Ordinary Case

In this last section we give an equivalent characterization of definable categories in the ordinary
case, showing how things get easier in this context.

Recall the definition of regular congruence from [Ben89]:

Definition 4.5.1. Let C be a regular category. A reqular congruence on C is a class X of

maps of C satisfying:

e cvery isomorphism belongs to 3;
e if f = hog and two of the three maps are in X, so is the third;
e Y is pullback stable: for any pullback in C

X X

Pl s

Yoo

if f €, then f' €%
e Y is local: for any pullback in C as above, for which f is a regular epimorphism, if ¢’ € ¥

then g € 2.

The following Lemma states the existence of categories of fractions (for regular congruences)

in the 2-category Reg:

Lemma 4.5.2 (1.7.3 and 2.2.3 of [Ben89]). Let C be a regular category and ¥ a regular
congruence on C. There exists a reqular category C[¥71] and a reqular functor Ps, : C — C[X7!]

such that:

e a functor I : C — B factors uniquely through Ps as F' = Fx.o Ps, if and only if F' inverts
the elements of ¥;

o Iy is a regular functor if and only if F' is.

Next we can proceed with the characterization of definable categories in the ordinary con-

text.
Proposition 4.5.3. Let D be a category; the following are equivalent:

1. D is definable in the sense of Definition[4.2.1]
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2. D is a finite injectivity class in some locally finitely presentable category L;

3. D is exactly definable: there exists an exact category B such that D ~ Reg(B, Set).

Proof. (1) = (2) follows by definition and (3) <> (1) is Theorem [4.3.6} hence it suffices to prove
(2) = (3). Let then D = M-inj be a finite injectivity class in a locally finitely presentable
category L. Write £ as Lex(C, Set) where C = L;p ; then M can be identified with a collection
of morphisms from C, and D coincides with the full subcategory of Lex(C, Set) given by those
functors that send each h € M to an epimorphism. Consider now C’ = Cyg/1ex to be the free
regular category over C; it follows that Lex(C,Set) ~ Reg(C’,Set). Under this equivalence
M corresponds to a small set of arrows in C’, and D to the full subcategory of Reg(C’, Set)
given by those regular functors that send each h € M to an epimorphism. For each h € M
take its image factorization h = my o e, in C’, where e, is a regular epimorphism and my, a
monomorphism; then a regular functor F' : C' — Set sends h to a regular epimorphism in
Set if and only if it sends my, to an isomorphism. Thus, defining N'={ m, | h € M }, D
corresponds to the full subcategory of Reg(C’, Set) given by those regular functors that invert
the maps in N. Let now X be the saturation of N with respect to D:

Y :={f €| F(f) is invertible for each F' € D} D N,

where we are seeing D in Reg(C’,Set) as above. It’s easy to check that ¥ is a regular
congruence in C'; hence by the previous Lemma, C” := C'[X7!] exists and by construction
D ~ Reg(C”, Set). Finally take B to be the free exact category over C”, then D ~ Reg(3, Set)
as desired. O]

Remark 4.5.4. Assuming this result it’s easy to prove the duality

Def(—, Set) : Def = Ex” : Reg(—, Set).

Indeed the 2-functor Reg(—, Set) is essentially surjective by the previous Proposition, and
(bi)fully faithful since the unit of the adjunction is an equivalence (Theorem [3.3.4). It then

follows that Reg(—, Set) is a biequivalence of 2-categories.

Let us also note that Lemma has an additive version (corollary 2.6.2 in [Ben89)|),
saying that if C is abelian and 3 a regular congruence on C then C[X7!] is abelian too. It
follows that the same arguments apply to the additive context, retrieving the characterization

of definable categories given in [Prell].
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Future Directions

There are several ways we could continue this project:

e We strongly believe that the same argument used for V = Set in Section works also
for a general V; so that one could consider a definable V-category to be just a finite
injectivity class in a locally finitely presentable V-category. The only thing left to prove
would be the analogue of Lemma for regular V-categories.

e Another possible generalization would be to give an infinitary version of each of the
obtained results; replacing everywhere “finite” with “less than \” for a fixed regular
cardinal \. In this context } would be a A-(quasi)variety, and the notions of regularity
and exactness would be replaced by some notions of A-regularity and A-exactness (that
should be compared to those appearing in [Mak90]). Similarly, A-definable categories
would be A-injectivity classes in some locally A-presentable V-category.

e In the ordinary and the additive context the notion of definable category is strictly
related to logic and model theory. In fact, a category D is definable if and only if there
exists a regular logical theory T whose category of models Mod(T) is equivalent to D. Tt
would be interesting to recover this equivalence in our context too, introducing suitable
notions of Logical Theories and Models for enriched categories.

e In this thesis we saw two different dualities, one involving finitely complete V-categories
(Theorem and the other about exact V-categories (Theorem [4.3.6). In the or-
dinary context a further step has been made; Makkai in [Mak87] moved from exact
categories to the 2-category of pretoposes, proving a new duality. One could then ask
if this has a corresponding enriched version.

e As suggested by the examiners, it would be interesting to find more examples of sym-
metric monoidal finitary quasivarieties, and in these new cases to spell out in detail how

the enriched notions actually differ from the ordinary ones.



Bibliography

[AR11]
[AR13]
[AR93]
[AR94]
[Bar86]
[Beng9)
[BGOT1]
[Bor94]
[CCM82]
[Chill]
[CVS]
[Day70]

[Fre72]
[GL12]

[GUT1]

[HT96]

[Hu96]

J. Adamek and J. Rosicky. On Sifted Colimits and Generalized Varieties. In: The-
ory and Applications of Categories, Vol. 8, No. 8 (2011), pp. 33-53.

J. Adamek and J. Rosicky. List of Corrections - Locally Presentable and Accessible
Categories. In: https://www.tu-braunschweig.de/Medien-DB /iti/cor.pdf (2013).

J. Adamek and J. Rosicky. On Injectivity in Locally Presentable Categories. In:
Transactions of the American Mathematical Society Volume 336 (1993).

J. Adamek and J. Rosicky. Locally Presentable and Accessible Categories. Cam-
bridge University Press, 1994.

M. Barr. Representation of Categories. In: Journal of Pure and Applied Algebra,
Volume 41 (1986), pp. 113-137.

J. Benabou. Some remarks on 2 -categorical algebra. I. In: Bull. Soc. Math. Belg.
Sér. A 41(2) (1989), pp. 127-194.

M. Barr, P.A. Grillet, and D.H. van Osdol. FEzact Categories and Categories of
Sheaves. Lecture Notes in Mathematics Springer, 1971.

F. Borceux. Handbook of Categorical Algebra: Volume 2, Categories and Structures.
Cambridge University Press, 1994.

A Carboni and R. Celia Magno. The Free Fxact Category on a Left Exact One.
In: J. Austral. Math. Soc. (Series A) 33 (1982), pp. 295-301.

D. Chikhladze. Barr’s Embedding Theorem for Enriched Categories. In: Journal
of Pure and Applied Algebra 215 (2011), 2148-2153.

A Carboni and E.M. Vitale. Regular and exact completions. In: Journal of Pure
and Applied Algebra 125 (1998), pp. 79-116.

B. Day. On closed categories of functors. In: Reports of the Midwest Category
Seminar IV, Lecture Notes in Mathematics Vol. 137 (1970), pp. 1-38.

P. Freyd. Aspects of Topoi. In: Bull. Austr. Math. Soc. 7 (1972), pp. 1-76.

R. Garner and S. Lack. Lex colimits. In: Journal of Pure and Applied Algebra,
Volume 216 (2012), pp. 1372-1396.

P. Gabriel and F. Ulmer. Lokal Praesentierbare Kategorien. Springer Lecture Notes
in Mathematics 221, 1971.

H. Hu and W. Tholen. A Note on Free Regular and Exact Completions and Their
Infinitary Generalizations. In: Theory and Applications of Categories, Vol. 2, No.
10 (1996), pp. 113-132.

H. Hu. Flat Functors and Free Exact Categories. In: J. Austral. Math. Soc. (Series
A) 60 (1996), pp. 143-156.

ol



[Kel82a]

[Kel82b]

[KR18]
[Law63]
[Law73]
[LR12]
[Lurlg
[Maks7]
[Mak90]

IMR77]
[PR10]

[Prell]

[RAB02]

G.M. Kelly. Basic Concepts of Enriched Category Theory. Cambridge University
Press, 1982.

G.M. Kelly. Structures Defined by Finite Limit Theories in the Enriched Context,
L In: Cahiers de Topologie et Géométrie Différentielle Catégoriques, Volume 23,
no. 1 (1982), pp. 3-42.

A. Kuber and J. Rosicky. Definable Categories. In: Journal of Pure and Applied
Algebra 222 (5) (2018), pp. 1006-1025.

W. Lawvere. Functorial Semantics of Algebraic Theories. In: Ph.D. thesis Columbia
University (1963).

F.W. Lawvere. Category theory over a base topos. In: Mimeographed Notes, Uni-
versity of Perugia (1973).

S. Lack and J. Rosicky. Enriched weakness. In: Journal of Pure and Applied Alge-
bra, Volume 216 (2012), pp. 1807-1822.

J. Lurie. Ultracategories. In: http://www.math.harvard.edu/ lurie/papers/Concep-
tual.pdf (2018).

M. Makkai. Stone Duality for First Order Logic. In: Advances in Mathematics 65
(1987), pp. 97-170.

M. Makkai. A Theorem on Barr-Exact Categories, with an Infinitary Generaliza-
tion. In: Annals of Pure and Applied Logic 47 (1990), pp. 225-268.

M. Makkai and G.E. Reyes. First Order Categorical Logic. Springer, 1977.

M. Prest and R. Rajani. Structure sheaves of definable additive categories. In:
Journal of Pure and Applied Algebra, Volume 214 (2010), pp. 1370-1383.

M. Prest. Definable Additive Categories: Purity and Model Theory. Memoirs of the
American Mathematical Society, 2011.

J. Rosicky, J. Adamek, and F. Borceux. More on Injectivity in Locally Presentable
Categories. In: Theory and Applications of Categories, Vol. 10, No. 7 (2002),
pp. 148-161.



	Introduction
	Background
	Regular and Exact Categories
	Enriched Categories
	Weak Reflections

	Bases for Enrichment
	Locally Finitely Presentable Categories
	Locally Projective Categories
	Finitary Varieties and Quasivarieties

	Regular and Exact V-categories
	Regular V-Categories
	Barr's Embedding Theorem
	Makkai's Image Theorem

	Definable V-categories
	Enriched Finite Injectivity Classes
	Definable V-Categories
	Duality for Enriched Exact Categories
	Free Exact V-Categories
	The Ordinary Case

	Future Directions
	Bibliography

